
QM3 workshop 4, Problem 1 (Problems from D. Griffiths, Introduction to QM)
A hydrogen atom is placed in a time-dependent electric field E = E(t) ẑ.
We consider the ground state (n = 1) and the quadruply degenerate first excited states (n = 2).
(a) Calculate all four matrix elements H ′ij of the perturbation H ′ = −eEz between the ground
state (n = 1) and the quadruply degenerate first excited states (n = 2).
Note: Only one integral is nonzero; you can realise which one it is if you exploit oddness with
respect to z.
(b) Show that H ′ii = 0 for all five states.
The eigenfunctions of the hydrogen atom are: (m = −l, . . . , l; l = 0, 1, . . . , n− 1; n = 1, 2, . . .)
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rk exp(−αr) dr = k!/αk+1.

Problem 2: As a mechanism for downward transitions, spontaneous emission competes with
thermally stimulated emission (i.e. by the blackbody radiation). Show that at room temperature,
(T = 300K) thermal stimulation dominates for frequencies well below 5 × 1012Hz, whereas spon-
taneous emission dominates for frequencies well above 5 × 1012Hz. Which mechanism dominates
for visible light?

The spontaneous emission rate is:

A =
ω3|P|2

3π ε0~c3

Rate for emission stimulated by thermal (blackbody) radiation:
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Problem 3 Calculate the rate for spontaneous emission
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and the lifetime, τ = 1/A, for each of the four n = 2 states of hydrogen.

P is the matrix element of the dipole moment qr in the initial and final states P = 〈ψin|qr|ψfi〉.
You will need to evaluate matrix elements of the form 〈ψ100|x|ψ200〉 and so on. Remember:

x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ.

The ground state energy of the H atom and the Bohr radius a are:

E1 = − ~2

2ma2
, a =
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Problem 4 The Hamiltonian for a particle with charge q, mass m in a vector potential A is:

H =
1

2m

[
p− qA(r)

]2
. (1)

In general, the commutator [p,A(r)] does not vanish.
For vector operators, the commutator is defined: [p,A(r)] = p ·A(r)−A(r) · p .
(a) Obtain the commutator

[
p,A(r)

]
.

(b) Expand the Hamiltonian (1). Explain why it is convenient to choose the gauge of A to satisfy
∇ ·A(r) = 0.

[Hint: Use a test function φ to obtain the commutator and when you expand the Hamiltonian.]
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