
QM3 workshop 3

Problem 1
The Hermitian operator A has eigenvectors u, v, Au = λu, Av = µ v. A commutes with the

Hermitian operator B, [A,B] = 0. (a) Show that if λ 6= µ then u, v are also eigenvectors of B. (b)
When there is double degeneracy, i.e. λ = µ, explain where the proof fails and sketch how we can
obtain two eigenvectors of B. (Not full derivation.)

Problem 2
Two non-interacting electrons, bound by the attractive potential v(r), are described by the

2-electron Slater determinant Φ:

Φ(r1, σ1; r2, σ2) =
1√
2

∣∣∣∣ ψ1(r1)χ1(1) ψ1(r2)χ1(2)
ψ2(r1)χ2(1) ψ2(r2)χ2(2)

∣∣∣∣
The non-interacting Hamiltonian that describes the system is:

H0 = h(r1,p1) + h(r2,p2), h(r,p) = −~2∇2

2m
+ v(r)

• Show that the expectation value of H0 is

〈Φ|H0|Φ〉 =
2∑

i=1

∫
d3r ψ∗i (r)

(
− ~2

2m
∇2ψi(r)

)
+

∫
d3r ρ(r) v(r), ρ(r) =

2∑
i=1

|ψi(r)|2

[Hint: work out first 〈Φ|h|Φ〉 =
∫∫

d3r1 d
3r2 Φ∗(r1, σ1; r2, σ2)h(r1,p1) Φ(r1, σ1; r2, σ2)]

Problem 3: Why we need approximations in the theory of electronic structure.
This problem is to demonstrate that the amount of information in the many-particle wavefunc-

tion Ψ(r1, r2, . . . , rN) is overwhelming and that it is hopeless to attempt to solve Schrödinger’s
equation numerically, fully, i.e. without introducing some approximation. Below we ignore spin.

(a) Estimate the amount of information in the wavefunction ψ(r) for the electron in the H
atom, when we know the values of this function on a grid inside a box. Use a coarse grid with 10
grid points per coordinate x, y, z. How much capacity (in bytes) would it take to store this wf in
memory? (A real number requires 4 bytes).

(b) Repeat the estimate for the wf of the Li atom. Does the amount of information in the wf
for one state of the Li atom fit in a DVD? A DVD holds ∼ 10GB.

(c) For the atom of which element would the mass of DVDs required to store the wf of a single
state exceed (i) the mass of the Earth? (ii) the mass of the Sun? (iii) the mass of the Milky
Way? (DVD mass ∼ 1g, Earth mass ∼ 6× 1024 kg, solar mass ∼ 2× 1030kg, mass of Milky Way
∼ 5× 1011 solar masses. )
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Problem 4 (Optional): Localised identical particles can be considered as distin-
guishable

Two identical particles are localised in positions A and B and do not interact. We ignore spin.
The (normalised) wave-function that describes one of the particles localised at A is φA(r) and
the (normalised) wave-function that describes one of the particles localised at B is φB(r). The
wave-functions φA(r), φB(r) do not overlap anywhere in space: φA(r)φB(r) = 0, ∀ r.
Indistinguishable particles must be described with a wave-function of the correct symmetry. For
two bosons/fermions, the two-particle wave-function is

Ψind
AB(r, r′) =

1√
2

[φA(r)φB(r′)± φB(r)φA(r′)]

Distinguishable particles are described with a simple product wave-function:

Ψdis
AB(r, r′) = φA(r)φB(r′)

a. Are these two-particle wave functions normalised?

b. Work out the expression for the expectation values of the operator Ô1 = O1(r,p)+O1(r
′,p′):

〈Ψind
AB|Ô1|Ψind

AB〉 =

1

2

∫∫
d3r d3r′ [φA(r)φB(r′)± φB(r)φA(r′)]

∗
[O1(r,p)+O1(r

′,p′)] [φA(r)φB(r′)± φB(r)φA(r′)]

〈Ψdis
AB|Ô1|Ψdis

AB〉 =

∫∫
d3r d3r′ φ∗A(r)φ∗B(r′)[O1(r,p) +O1(r

′,p′)]φA(r)φB(r′)

c. Work out the expression for the expectation values of the operator Ô2 = O2(|r − r′|):

〈Ψind
AB|Ô2|Ψind

AB〉 =

1

2

∫∫
d3r d3r′ [φA(r)φB(r′)± φB(r)φA(r′)]

∗
O2(|r − r′|) [φA(r)φB(r′)± φB(r)φA(r′)]

〈Ψdis
AB|Ô2|Ψdis

AB〉 =

∫∫
d3r d3r′ φ∗A(r)φ∗B(r′)O2(|r − r′|)φA(r)φB(r′)

What is your conclusion?
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