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Prelude

0.1 References
For further reading and reference:

e Quantum Field Theory and the Standard Model
Matthew D. Schwartz

e An Introduction to Quantum Field Theory
Michael E. Peskin and Daniel V. Schroeder

e Quantum Field Theory in a Nutshell
Anthony Zee

e Quantum Field Theory Lectures
David Tong

www.damtp.cam.ac.uk/user/tong/qft.html

e Sidney Coleman’s QFT Lectures
https://arxiv.org/abs/1110.5013
www.physics.harvard.edu/events/videos/Phys253


www.damtp.cam.ac.uk/user/tong/qft.html
https://arxiv.org/abs/1110.5013
www.physics.harvard.edu/events/videos/Phys253

0.2 Conventions

These lecture notes use the following conventions.

0.2.1 Vectors

E
M = (Ct,f) p“ = (p7ﬁ>

where c is the speed of light. Greek letters will be used for spacetime indices = 0, 1,2, 3 that can
be understood to correspond to t,x,y, 2.
We use the Minkowski metric in the mostly-minus convention

1 0 0 0
o -1 0 o
w=1o 0o -1 0
0 0 0 -1

which obeys n*#n,, = 6, such that
z, =N’ = (ct, —7)
0 0 =
Ou = g = <8(ct) : V)

We can also write the quantum mechanical energy and momentum operators into the combined
operator p* as
E ih 0 . S )
pH = < =——= , p= th) = tho"

0.2.2 Dimensional Analysis

Eventually, we will use natural units which is standard in quantum field theory
c=2988 x10°ms ™' =1
h=1.055x 10" Js =1

which gives all quantities dimensions of energy (usually in units of electronvolt, eV') to some power.
We usually denote the mass dimension of a quantity within square brackets, such as

[mass] =1 [length] = —1
and some more relevant quantities:

1
-1

[E] = [@J = [pu]
[da] = [2] = [t]

which you can derive by thinking about how physical quantities relate to each other with equations
from quantum mechanics and special relativity, for example:

E? = m2ct + p2c?
p = hk

20 =t

where k here is a wavenumber (i.e. the number of waves per unit length).



0.3 Useful Formulae
Here are some formulae you might find helpful for this course.
e The Dirac Delta
/ dk e*® = (27)6(x)

¢ Commutators

[A, BC] = [A, B|C + B|A,C]

e Cauchy’s Integral Formula
For f(z) analytic within the curve C, such as in fig. 1

%dz /(z) = 2mif(z0)

zZ— 20

Figure 1: Example contour C on the complex plane



1 Quantum Field Theory: Why, What and How?

The language that our most fundamental description of Nature is written on is quantum field
theory. Learning this language takes time and (well spent) energy, so it is good to first pause and
see what is in it for us by answering three questions.

1.1 Why do we need quantum field theory?

We do because:
a) We need a consistent quantum treatment of relativistic particles.
b) Our theory should be local & causal, as nature has shown itself to be.
¢) Our theory should allow for a dynamical number of particles.

Let’s elaborate on what we mean by each of this points, while the way in which QFT addresses
them will be unvelied throughout the course.

1.1.1 a) Consistent Relativistic Quantum Theory
Take non-relativistic quantum mechanics. I'm guessing you already know about:
e Quantum mechanical states: [i)

o Wavefunctions: (z|y) = ¢(x)

e The Schroedinger equation: ih%w(x) = —hzvzw(x)

2m

_

e The energy of a particle with momentum p: E T

Now try the same thing for relativistic quantum mechanics. One has E, = /m2c* + p%¢? and
we can try to plug this into the Schroedinger equation:

z'h%p(x) — “y/m2c — V2R2E () (4)

But we run into a problem: eq. (4) isn’t a valid parital differential equation (because of this v'V?),
so how about we try squaring it

,fﬂiz

pIe = (m264 — Vzhzcz) P (5)

which has a solution
efiEpt/h+i17'f/h (6)

and Ef, = m2c* + p2c2. Unfortunately, when we take the square root, there are two solutions:
E, = £v/m2ct + p?c? (7

one of which has negative energy. Bad news - negative energy states are associated with unstable
systems: a continuum of negative energy until —oo!



Figure 2: Massive, charged objects m1, Q1 and mq, Q2 at positions 1 and xs.

1.1.2 b) Locality & Causality

Take two massive, charged objects m1, Q1 and mo, Q2 at positions x; and o respectively, sketched
in fig. 2. The potential energy they feel classically is given by Newton’s law of gravitation &
Coulomb’s law:

mimsa Q1Q2 (8)

|f1 —fgl 47T60|fl —fg|

V=-Gy

But does object 1 know of object 2 instantly? Clearly not, since for example we know if the sun
disappeared, it would take us ~ 8 minutes for us to realise.

The solution to this is that fields mediate the interaction and travel at a speed v < ¢. Recall
from classical electromagnetism, Maxwell’s equations in terms of a scalar potential & = &(Z,¢)

and vector potential A = A(Z, t):

—V2® -9,V -A=ple (9)
— = — 12 bl — -
VXVXA+—27<V<I)+6tA>:uOJ (10)
CcC° €
, YA
E=-vo- 22 11
Ve - = (11)
B=VxA (12)

such that the potential felt by object 1 is sourced by object 2, which we can write as follows:

Edt'dPk g m ARl
o(7,1) = 92° / ) (iﬁlkl(f*t Je +h.c.) (13)
€0 Joo (2m)32]K]

where the exponential terms describe waves travelling at the speed of light. Now we are able to
formulate the dynamics of object 1 locally, for example the potential energy of object 1 as a result
of 2 is:

V(Z1) = Q12(Z1,1) (14)

1.1.3 c¢) Variable Number of Particles

In quantum mechanics, the number of e.g. electrons is fixed and does not change. The combination
of special relativity & quantum mechanics does, however, imply that particle number is a dynamical
(changing) quantity.



—>
Ax=L—>0

Figure 3: A shrinking box.

Heuristic argument: Localise a particle in a box with volume L2, which gets ever
smaller such as in fig. 3. Heisenberg’s uncertainty principle tells us that

AxAp > h (15)

so where Az is decreasing, Ap increases. We can write down the uncertainty in the
energy as

2
AE? ~ Ap*c® = e . (16)
Ax

Whenever AE ~ z—; > 2mc? there is enough energy to produce pairs of particles.

Alternatively, take the real life Large Hadron Collider (LHC) case. We collide
high-energy protons, and produce a shower of lower-energy particles as in fig. 4.

+E>\/
+/\

Figure 4: A very simple schematic of a collision at the Large Hadron Collider (LHC).

1.2 What can we do with quantum field theory?

Treat all particles on the same footing, with a common framework. The spin-statistics relation
“emerges”.

Z

B) It is language to formulate our most fundamental theorem of nature parts of which are the
most precise € sucessful theory.

C) It supports a consistent, low energy theory for quantum gravity our next to last theory.



1.3 How will we build a quantum field theory?

The short answer is by analogy with the theories we know:
A) Dynamics: Review Lagrangian & Hamiltonian mechanics, and apply it to fields.
B) Quantise: Implement canonical commutation relations.

C) Interpret the theory we obtain: Introduce Fock space, and identify familiar operators.

10



2 A: Classical Mechanics Review

2.1 Lagrangian Mechanics

=
3
3

q(t)‘

o
+ + »
b Lt

Figure 5: Paths of the coordinate ¢ between fixed ¢y and ¢;. The path which minimises the action
is labelled gunin. A small deviation around this path is highlighted, and labelled dgq.

We can formulate finding the equations of motion (EoM) of a system as a minimisation problem.
Consider some coordinate ¢, with time derivative ¢ = dg/dt, which is fixed at the endpoints ¢ and
t1. We want to extremise the action S, which is a function of the path between the endpoints, as
shown in fig. 5. We can write the action S as the time-integral of the Lagrangian L:

s [ L0 (17)
Take ¢pmin(t), Gmin(t) as minimising the action. Small “variations" around these functions

q = qmin + 09 (18)
4 = Gmin + 0¢ (19)

will leave the action invariant (as we’re varying around a stationary point)

59 = /dt<5 3—L+5 85):0 (20)
oL oL oL|"
o (- () (2]

where by definition d¢g = 0 at the start and end points, so we can ignore the right-most term. We
are left with:

(21)

(22)

oL _d (oL =0 Euler-Lagrange Equations (23)
dq g

11



2.2 Legendre Transform

We will use the Legendre transform to find the inverse of a function F’(v).

Maths
— or aa

Take our function F'(v) and define w = 5. Then the inverse of w is 52 with:
G(w) =w-v(w) — F(v(w)) (24)

such that G(w) is the Legendre transform of F'(v).

Proof.

50 L ar

oG [ OF Ov 0
ov

Physics
For us, this is a ticket to Hamiltonian mechanics, i.e. a change of variables from velocity to
momentum (v — w) ~ (¢ — p) and a change of function from Lagrangian to Hamiltonian
(F—G)~(L— H).
This transformation also has use in statistical mechanics and the path integral formulation
of QFT.

2.2.1 Hamiltonian Mechanics

First we apply the Legendre transform: treat ¢ as independent from ¢ and trade it for p (the

canonical momenta) as
F
p= 8—/: (w = 8) (25)

a4 ov
and so we can write the Hamiltonian H in terms of the Lagrangian L
H(q,p) = pi(p.a) — L(g,4(p, q)) (26)
but the Legendre transformation gives us a first order differential equation
0G OH
— = — =4 27
ow v dp q (27)

Next to obtained a closed set of differential equations, the evolution of p is, :
0H 04 oL oL )
dq dq a4 dq

where we have used eq. (23) (Euler-Lagrange equations) to reach the RHS. We have reached:

. OH . om

q= ) D= ~ g Hamilton’s Equations (29)

We have doubled the degrees of freedom, but halved the order of the differential equations.

12



2.2.2 Example

Consider a point-like mass m in a potential V' such as fig. 6.

k Vup

% "

Figure 6: Example potential.

Lagrangian Formulation

The Lagrangian is:
1

L= iqu - V(q).
Using the Euler-Lagrange equations, the EoM is
doL 0L d

—— = —
dt 9q dq dt
which is Newton’s second law of motion.

Legendre Transformation

Let the momentum p = m¢q. Then we can write the Hamiltonian using Eq. 26

.1
H:p@75m3+V@)

2 2
R
= 2m+V@
2
b
—meJrV(q).

And using Hamilton’s equations Eq. 29 for the EoM

. OH p . oH _
dqg

= T p=

We see that nothing is lost, or gained. These are equivalent formulations.

Incidentally
6L inverse 8H Yy
—|._ =m s — ==
dq 'a=v Y Op 'P=Y m

13

(35)



2.3 Poisson Brackets and Time Evolution

Let’s look for constants of motion. Consider an arbitrary function O = O(q, p, t).

dO t 00 o0 00
d0fg.pt) _ 99 ,

i Tag TPay Tar (37)
0H 00 0HO00 00
el dieta i Wit 38
9p ¢ 0q op | ot (38)
where we have used the equations of motion to go from the first to second line.
We define a Poisson bracket as
0A0B 0A0OB
ABlp=————— 39
such that
doO 00
=~ _H - 4
—=[mo)+ (40)
then we have that
e Any magnitude O such that
00

is conserved.
e For H time-independent, H itself is conserved.

e This resembles QM and Heisenberg’s picture.

2.4 Classical Field Mechanics [PS 2.2, S 3, T 1.1]

Formally, the number of degrees of freedom will blow up now, since there is one per space-point
o(t,Z), so space is somewhat like time but not quite. If this sounds funny, you’ve seen this before:

E(@),B(&) ; &), A() (42)
E:—V@—%E . B=VxA (43)
The change is then
R — R q(t) « o(t, x) R™ 5 R
R —R p(t) +— TI(t, 2) R*T 5 R
t+—t;x

We can picture the field as a “mattress”, like in fig. 7 (see Zee).

2.4.1 Lagrangian Formulation

Sure, the Lagrangian formulation should do, but what are we to make of the extra label? Let
¢ =22, then

S = / dtL(¢,$, V9, ...) (44)

— / dt ( / APz A(p(x)) + / Brd®yB (p(z), o(y)) + ) (45)

14



pet,2,4)
M ot
the feld points can
Move vp down.
/ N mcalcct horizontal motion)

7 t ™
Q(t,OIO)

Figure 7: Zee’s “mattress” visualisation of a field.

But remember locality! The field at ¢(¢,0) does not have it’s dynamics influenced directly and
instantaneously by the field at ¢(¢, z). As such, B(é(x), ¢(y)) = 0 and instead we introduce the
Lagrangian Density, L.

S = / dt / L(¢, ), V) (46)

including boundary conditions (BC). A small deviation of the action, shown in fig. 8, is given by

Figure 8: A small variation of the field ¢, d¢ in dark green from that which minimises the action
@min shown in lighter green.

15



65 = /dtd3 5¢—+5¢£ 85? oL
o ()

oL 0 0L g oL

/&;ﬁ—d?’ | /dt5¢ — f: (49)

611

(47)

where, d3. is an infinitesimal element normal to the surface we integrate over and on the final line,
the first term cancels for Dirichlet boundary conditions, and we assume that ¢ — 0 which sends
the second term to zero. Note if we’re in finite space, there is a choice of Neumann or Dirichlet
boundary conditions. We can now extract field equations

0 0L 0 oL oL . .
a% + = @ ~ 9= 0 Field Equations (50)

where time and space are now on the same footing. We can package them up into a 4-vector
at = (ct, T), and rewrite the field equations:

0 oL oL
9ui (a0 95 ° (51)
"o (%)
This formula holds regardless of Lorentz invariance.

2.4.2 Hamiltonian Formulation

The Hamiltonian formalism for fields now has variations where we had derivatives:

/ dPrép Il = / d%(s(i)ag (52)
/ Bzdg (M Vag) (53)
oler Vo
such that the canonical coordinate is
I1(Z) = oL GOk (54)
5‘¢ oV

where in almost all cases we will consider, the right-most term will vanish. Now we can write the
Hamiltonian as

H = /dgsc?-[ = /d3x (H p— E) Hamiltonian (55)

The equations of motion now follow from Legendre’s inverse transform such that
oL oL
e [ (5 (1) .
[ #as0 o) 5 (56)

16



as
b= OH OH . OH OH

- on oVII 99 V¢
Poisson’s bracket has a generalisation such that

d 00

0= [H 0lp+ 5 (58)

2.4.3 Example: Klein-Gordon Field

We are headed, eventually, to our theory of elementary particles; in this context the Klein-Gordon
field is fundamental & including interactions will describe the Higgs boson. Here it is, it’s La-
grangian density is

1r. -
L=3 ¢* — (csV)* — ag® (59)
where c4, a are constants. The EoM is given by:

0oL = 0L 0L

2= ~ = 60
ot 9 ovVe 09 (60)
= ¢-EVo+ap=(O+a)p=0 (61)
The Hamiltonian density follows from the canonical coordinate
me 9% _ ) (62)
¢
such that
.1 -
H=11p— 5 [H2 — (csV)? — aqﬂ (63)
1 -
= 5 (T2 + (csV9)* + ag?) (64)

2.4.4 Example: Low Energy Accoustic Phonons

A small modification of the Klein-Gordon Lagrangian allows us to describe low-energy phonons.
Take D(z) to be the displacement of an atom of mass m interacting with it’s neighbours via a
spring (see fig. 9.

1 . -
L=3 (mD2 — K(IVD)? + ’Z(szﬁ) (65)
with a Hamiltonian density
_ Lo Kl ((V)D)?
H= %H + Bl (IVD)” — 1 (66)

2.4.5 Example: Electromagnetism

It’s as simple as

Lpn = %0 (EQ - c2§2) (67)
- 50 ((5v<1> + atff)z —c? (ﬁ X ff)2> (68)

17



—
D000 2

Figure 9: A schematic of atoms of mass m interacting with it’s neighbours with springs of spring
constant K. The displacement of the atom at the z'" and 2*" position at time ¢ is labelled as
D(t,z,y).

where we note that E is the canonical momenta of A, and we have used egs. (11) and (12). We
will find it useful to rewrite the Lagrangian in terms of the field strength tensor

0 (ﬁ@ n at/T)T

FM»V - - . .
—Vo — 8tA C (—ViA] + VjAZ)

(69)

where we have used that u € [0,4] and ¢ = 1,2,3. Recall the Minkowski metric, defined in
section 0.2.1 can be used to raise and lower indices. Then we can rewrite the Lagrangian density

as
Lenm = +%0T7"(77F77F) (70)

2.4.6 Example: Complex, Constrained Field

One last example is a complex field ¢ (conjugate is ¢*), with a first order EoM

207, % .
L =ihp*0p — WV - Ve (71)
2m
we treat ¢, " as independent so that the EoM are
oL - oL AL h2V2p
— — — =— —th¢ =0 72
CE e T (72)
oL = oL oL h2V2
_ —_—— —— = h o =
Oy 9% + vaw 95 ithe o 0 (73)
the canonical momenta is
II =ip*hll* =0 (74)

18



and so we find the Hamiltonian density is

H—H¢+U¢V—GM—

B hﬁap* . ﬁgo
B 2m
ihVIL- Vi

2m

19

hﬁgo* : ﬁg&

2m

)

(76)

(77)



3 B: Quantisation [P.S. 2.3, S 2.3, Z 1.8, T 2.1-2.4]

Thus far, we have reviewed classical mechanics and even seen how, with Poisson brackets, the
evolution of observables is akin to that of quantum mechanics. To quantise the theory, however,
we need to input the uncertainty principle. Again, parallels help:

(X, P] = ih = [¢,11] = ih*1” (78)

This tells us we cannot measure momentum and position simultaneously, and to arbitrary preci-
sion. When we translate to canonical variables, we cannot determine the field value and it’s time
derivative to arbitrary precision either. This is our starting point: we promote ¢, II to operators
and impose a form that satisfies commutation relations.

3.1 The Quantum Harmonic Oscillator
3.1.1 Review

The way we will go about quantisation calls for a review of the harmonic oscillator first. Take a
Hamiltonian

1 P2 mw?X?
22m + 2
where X and P are position and momentum operators respectively. We introduce creation a and
annihilation a operators, such that [a,a] = 1 and we write an ansatz for X and P as

H= (79)

X =(a+a")C (80)
P =i(a—a")Bh (81)
which satisfies the commutation relations
(X, P] = ik([a, —a'] + [a',a])CB = —2ihCB (82)
where we can take C, B such that

R

X =4[5 —(a+a) (83)
P=—i h”;” (a —a) (84)
which give us [X, P] = ik, but also
= (5= (-5) (@ + (@"? —{a.a"}) ) & (85)
+ Z;Z (a® + (") + {a,al}) n (86)
=" ({a.a'y) (87)

_MGJ+;)h (88)

where {a,a'} = aa® + a'a, i.e. the anti-commutator, so that
[H,a'] = hwa'[a, a'] = hwa' (89)
[H,a] = hwla®, a)a = —hwa (90)

20



The action of a (a) on a Hamiltonian eigenstate is to increase (decrease) the energy by w. Given
the positive definite spectrum, there must be a state |0) such that a |0) = 0 and the whole spectrum

is spanned by the Hilbert space:
D) o) (91)

which has the following promising features:
e Energy is ~ vw? and we have a positive spectrum.

e Creation and annihilation operators offer a simple picture of quanta.

3.1.2 Quantum Harmonic Oscillator Field

For fields now we should specify what happens to the labels &, % on the right hand side of the
commutator. In our mattress picture fig. 7, there’s an oscillator at every Z so we have that the
commutator is only ¢/ for ¢, Il on the same side:

[6(2), TL(7)] = ihé°(F — )1 (92)

where I refers to the identity matrix. We now try the same type of ansatz as for X and P above:

o(%) = /[d/;]A (a;ce“;‘f + aze_“g‘f) (93)
I(z) = —i/[dl%"]B (Unkfe“g/‘f - az/e_”g/'f) (94)
with the notation
- A3k 3 i
[dk] = @277 N: ; lar, a},] = (2m)3Npo® (k — &) (95)

with k, k" wavevectors of units 1/[length).
Ny is a normalisation that differs in different texts. It does not matter for physical results. We
note that

[0 1w o) = (5. ) (96)
Now let’s look at the commutator
[¢(2), ()] (97)
=~ / [dk]|[dF'| AB (ekeky lax, —al,] (98)
+ e R T o] a;}> (99)
= +i / [dk|AB (eiE@—@ + h.c.) = ih6%(Z — 7)) (100)

such that 2A B — h after expanding our notation. Now the Hamiltonian will dictate the energy
relation to momentum and give us the spectrum of the theory, which should be bounded from
below on energy.
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3.1.3 Example: Klein-Gordon Field

To be explicit, let’s use the Klein-Gordon field, which will also show us the way to a consistent,
relativistic theory. The EoM is

82
(3t2 -V + a) d(z) =0 (101)
which resembles the equation we got by “squaring" the dispersion relation in Eq. 60, but recall

when applied on the wavefunction gave F — —oo states. Here however, ¢ is a field and we shall
hold our conclusions until we have studied the Hamiltonian

H= / d%% (H2 + (csV)? + a¢>2) (102)
where we substitute our ansatz from earlier, eqs. (93) and (94)
b B; (R [d] (akeiz.f B aleﬂ'l%f) (akleiﬁ’-f _ a};/efuz'.f) (103)
AZ(% [dl;] [dl;’} (akei}g'”6 — aLe*iE'f) ik - ik (ak/ei’?'“3 - az,e*”?"ﬂ (104)
+ O‘TAQ (dR][aR') (are™ + he.) (awe™ 7 + hec.) (105)

If we collect terms and integrate over d3z, we can use that [ Brei@F-F) = (27)383(k — k') and
we obtain

1
H= [[dF) (—-B* + A22k> + A%) B2k — e (106)
2 N
T
o 1
+ / dR] (B? + A2202 + A%a) %%} L (107)
2 Ng
+
- / [dk]Eki{akéak} (108)
where by forcing the form of H in the final line, we find a set of equations (k = p/h)
(1) B? = A*(K*c% + o)
2AB
2 =
B? + A%2(k?¢2 + «)
3) N, . = Ej

Noting that since Ny > 0, energy Ej > 0 also. The normalisation Ny is a given value (commonly
N = 1 such as in Peskin & Schroeder, and Tong; also Ny = 2F}), so we can solve for the 3
unknowns: Ej, A, B. The solutions are

Ek- —B /kQCi +a more relgivistic E \/m (109)
hN, h2N
A2 = 2’“ V2 + o k (110)

T 2E,
B? = hg’“m N’“QE’“ (111)
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We have found the field that presents the relativistic energy relation (provided that ¢4 = ¢,
the speed of light, and o = m?c*/h?) and has a positive definite spectrum as

3 3
H= /[dk]Ek (aLak & W) (112)
B = I\ k2¢® + a = /2 + m2ct (113)
lak, al,] = (2m)3 Ny.6% (k — k') (114)
ag [0y =0 where |0) is the vacuum (115)

This field quantum harmonic oscillator system is the basis for QF T and our ansatz for the fields
is

o(Z) = h/[dl;] R/ (ake”z'f + a,ﬂeiig'f) (116)

Bk . -
—hf % ik-T T —ik-& 117
/ (27)3/Ne2Es (a’“e tage ) (137}
() = — / [dE]/Np2Ex Ey, (akeig'f - a,te—“?'f) (118)

d*kE, Tz t ik
_ 1k-T __ —1k-T 119
z/ —(277)3 N, (ake age ) (119)

3.1.4 The Quanta Of The Field

What is specific to a Klein-Gordon field is the energy relation Ej, but we can apply the rest to our
other examples. A common feature is that the quanta created by a' has a particle interpretation

[H,a},] = / [dk][a}ak, a}, ] By = Eyal,
so that if we act on an energy eigenstate |E;) with energy F,, with the Hamiltonian H:
|Ey) = af |E,) H|Ey) = ([H,af,) + . 1) |E,) (120)

= (Ek + Es) |Es/> : (121)

I.e. what is returned is another energy eigenstate, with energy increased by a quanta FEj from
when af acts. On the other hand, a decreases E5 and so we are led to the conclusion that

aL s creates particle with momentum 7 = hk (122)
ax, < annihilates particle with momentum 5 = hk (123)

Note that the 62(0) term does not affect [H, a'], i.e. the difference of energy between states, and is
present even for |0); it is a vacuum energy & an overall shift of all energies. Here we are interested
only in energy differences and so we will drop it. Side note, that it relates to one of the deepest
puzzles in physics, the cosmological constant A.

To drop this term, we introduce normal ordering : O : where

. ot
Lag,ap, 1= ap, ag,
LAk, a aT a ClT L= aT aT A, ko
© Oky Ok Qg Ok Qg kg Yk k1 ko Qky
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That is, all a’s left of the a’s, so that:

H=: %/d% (II* + (cV)* + ag?) : (124)
_ / [dF|E), - {GL’Q“’“} : (125)
_ / () Eral, a (126)

With our normal ordered definition of H, H |0) = 0. Next, is the first excited state with H aL |0) =

Eka;fC |0) where Ey > mc?. Next, a two-particle state aLaL, |0) and so on. A general state in this
space will be a superposition of such states as

) = £O10) + fO (k1)ay, [0) + £ (k. k2)a, af,, 0) (127)

=3 f(ky, . k) (Ha£> |0) (128)

with
H(a}, ...a}, )|0) = (Z Ek> al, ...aj, |0) (129)

This space is larger than your usual Hilbert space & its dimensions are hard to grasp; it is, however,
the space we were looking for, a space that includes multiparticle states and will allow us to describe
transitions. It is called Fock Space.

Normalisation of momentum states

e In a bor: If in a box of volume V we have discretised momentum and

2m)383(k — F) — / dBgeiF—F)E E2F (130)
174
so that
_ ag
by = 2 10 AklR), =1 (131)

e Non-Relativistic: We use arrow notation ‘IZ>

<E‘/§> — 2n)3B (- F) (132)
- a
‘k> = \/711\677 10) (133)
o Relativistic: Now without an arrow |k)
(k|k) = (27)%8° (k — k') (134)

k) = \/%ak 10) (135)
s@0) = [laie %, /2] o (136)

- / (d%ei’?'f k) (137)

also note



3.1.5 Complex Klein Gordon Field

The motions are the same if we have a complex scalar field with

L=41¢—VeIVe —agle (138)
H =916+ VeIVo +adle (139)
SO now we propose a non-hermitian ansatz
[ak, al,] = [bg,bl] = (27)3 Np03 (k — ) (140)
o= [dE]A (ake“z'f + b,teii’z'f (141)
=i / [dF|B (a,ie*“?'f - bke“;'f) (142)
and, as you're asked to show yourselves,
: / Pt : = / (R (a'a + b1b) B, (143)
_ 7 & ik-Z T —ik-Z
o= [ [dk] 2, (ake +be ) (144)
o IN.Ev s+ oo -
=i / [dR]y/ =5 (a;e*l’” - bke””> (145)

3.1.6 Example: Complex, Constrained Field
At times, our system will have constraints which reduce the degrees of freedom. Let’s see a case:

ViV

— rotife 14
L = hp'idsp oT (146)
5L oL W2V oive
= o4+ —pt—p=""F 'F 14
H=got o £ o (147)

The key is in phase-space dimension, the momentum is not independent as IT = ip!. Let’s recklessly
push ahead nonetheless:

o= / (k] (Aake“s'f + BbLe‘i’;'f> (148)
M= / (d) (A*ale™F 7 4 Brbye™ 7 (149)

Hamiltonian
H ik’ (A*a;e“?'f - B*bk,e—“?“f) x ik (Aak,e“?"f - Bb;e—“?'f) (150)

where AB = A*B* = 0. We are forced to give up one degree of freedom! This is what phase space
was trying to tell us, instead of the two d.o.f. of a complex field, this system has one only. We will
see more versions of this & its interplay with Lorentz invariance. For now we conclude:

- h2k2

H= /[dk] o alag (151)
. Nk“;‘f

@:/[dk}? a, (152)
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In passing, we note that this, which gives a non-relativistic particle Fock space, is a QFT version
of Schroedinger’s equation. The fact that field & wavefunction have the same equation is partially
to blame for the name “second" quantisation.

3.2 Fock Space and Operators [PS 2.4, S 2.3, Z 1.8, T 2.4-2.6]

Whatever our classical field theory, after quantisation, we have our Hamiltonian & Fock space.
This is all we need to lay out the expectation for a given observable represented by a Hermitian
operator O.

Expectation value of O at a time t:

Schroedinger Heisenburg
(s,t|O(Z)|s, 1) (s|O(t, Z)|s)
ihZ|s,t) = H|s,t) ih20 =[0,H]
where now position is a label and the two pictures are equivalent. They will come in handy at

different stages.
It is useful to define the evolution operator

15,t) = Uo(t,0) |s, 0) (153)
O(t, ) = Ul (t,0)0(0, Z)Uy(t, 0) (154)

so both pictures give
(5, 01U (£,0)0(0, ) Up(t,0)]5,0) (155)

For our quadratic harmonic-oscillator-like theories, evolution is simple
ihd,Uy = HUj Up(t) = —e HHt/M (156)

let us then evolve our first operator

ay(t) = /g et H/n (157)
- % / (0K [afars, ay| + O(?) (158)
gyt % / (A By [al ai] s + () (159)
I iET’“tak + o) (160)

For higher terms, use the Baker-Campbell-Hausdorff formula

n times
ePAeP =" — [BIBL..[B, A]] (161)
You can show that
[H,[H,a]] = [H, —iBgay] = —Ejay, (162)
ar(t) = e "Bt/ (163)

which carries over to
B1(t,7) = h / ARy ook (e ient Ty e (164)
’ 2F,
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the label I, just like Uy, seems odd to add now but will be useful when talking about interactions.

One can also obtain this solution from the Euler-Lagrange equations for the operator
(02 — V2 +a)®;(t,7) =0 (165)

Let’s compute observables. We sort of already did, since we know:
(0lax Hal|0) = Ej (0]axal|0) (166)
= E,(27)3 N8 (k — k) (167)

The infinity has to do with normalisation, but setting that aside, the Hamiltonian expectation
value is the energy, it’s squared will be E,% etc, as it should be for an eigenstate. What about the
field itself?

(0]a®; (¢, F)al |0) :/[dE]A(<0|ak (ak,e—ik"uaz, i’ T)|o>) (168)
_ / (@R A (= Olax (afars + (2m)*Nid* (F — F)) 0) (169)
ek (O\(ak,ak+(27r)3Nk63( )ak|0 ) (170)
=0 (171)

where we have used that ag |0) = 0 and (0| aL = 0. So the expectation value of the field in a
one-particle state is zero. That is, if we measure the field value at any point at any time, we will
get on average 0. This, however, does not mean that the field is not moving, since you can check
that

(Olax(®1(t,7)%af0) # 0 (172)

Squaring our field adds upwards and downward fluctuations coherently, so we conclude it is moving
(oscillating) around 0. We picture then our states as “ripples” on the field, around an average level
as shown in fig. 10.

_» {2
NN A ]
VAR YA Y Y

ok 10>

Figure 10: “Ripples” of a field in dark blue, around an average level shown in light blue”

You can check that (0](ax)"¢(a))"|0) = 0 for any n. States with a well-defined number of
particles return 0 average value for the field. We can build (¢) # 0 with a superposition of different
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n states. This allows us to qualify the statement “the light coming from that lamp is made out of
photons”. Actually, “the light coming from that lamp is a superposition of multiphoton states”.

3.2.1 Number and Momentum Operator

What we mean by well-defined number of particles can be made explicit

N = [(dRjolo ) = (a})" 0) (173)
N |n) = n|n) (174)
An eigenstate of A/ then has a well-defined number of particles & since
NV,®] =0

they cannot be simultaneously ® eigenstates. This counting of particles can be used to define total
momentum P?

Pial [0) = hk'al |0) (175)
P'a} af |0) =? (176)

where the RHS of eq. (176) is left for you to work out. The operator that does this job is:

P = / [dk) Rk a) ax (177)

3.3 Connection with ‘old’ QM

Defining a position operator is not as simple. There is no wavefunction in sight to tell us what a
localised particle at Z looks like. The general procedure is to look at the energy density:

(s|H(&)|s) ~ |wavefunction(Z)|*

but this equation makes no sense in general, since the LHS need not factorise into the square of
anything. One can make sense of this for the non-relativistic limit and proceed as follows: with
our non-relativistic states

- _ ak‘ —
k> = k:> (178)
<1;" /%> R (179)
we Fourier transform for a position state
— d3k, P d R = 71-4.1—/: N
) = / S Py (R]z) = /[dk;]e Bl 0 (180)

your position operator then
x= [ il X |#) = 712) (181)
and your wavefunction

5) = / @y ) (yls) = / By() 1) (182)
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Note that
@ = [ RN R Olawal ) (153)
= / [dk] Nyet* =) (184)
= (& —§) (185)
and is only the identity in a 1-particle subspace.

So the usual action of momentum on the wavefunction
/ dPaip(z)|B) = h / [dk]kialay, / dPaip(z) / K17/ Nee ™ Fal, |0) (186)
= ﬁ/d3 /dk: [ kiap(2)/Nee ™7 |0) (187)
=i [ @ [1dfa] 0) VRris e o) (188)
:/d% (maaiw(z)> /[dk’]\/ﬁa,ﬁei“\m (189)

= [ @2 (-ingrvw) @ (190)

and the commutation relation is realised by

[X¢, Pl / Bry(z) |7) = / &z (mag;f)> |Z)

3.4 A First Look at Causality [P.S 2.1-2.4, S 12.6, T 2.6.1]

Special relativity taught us that nothing travels faster than ¢. An immediate consequence is causal
ordering. Consider an event taking place at ¢1,Z; and another at to, #5; the Minkowski product is

(z1 — 22" N (21 — 22)7 = (t1 — t2)c? — (&1 — To)? (191)

A light signal from event 1 would have covered a distance ¢(to — t1) by the time of event 2. If
c(ty — t1) < |Z2 — #1], light cannot cover the distance in time and the two events are causally
disconnected. The opposite case has that light would have reached event 2 and there is possibility
of correlation.

Let’s define
— (1 —x2)"(x1 —x2)* <0 Causally disconnected, or space-like
—  (z1 —x)"(r1 —22)* >0 Causally connected, or time-like
— (z1—x2)"(r1 — ) =0 Causally connected, or light-like

which make up the light-cone shown in fig. 11. How do we check for the causality of our theory?
There should be no correlation between two measurements at causally disconnected space-time
points. Which is to say that one measurement should not affect the other; which is to say that the
operators commute since they cannot be simultaneously diagonalised.

[O(tl’fl)) O/(t2a52)] =0 (192)
for 62(t1 = t2)2 = (fl = _}2)2 <0 (193)
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Figure 11: Diagram of the light-cone: blue is time-like, red space-like and green is light-like.

We build our operators out of the field & its derivatives; it can be shown that for causality to
hold, the commutator of the field itself should vanish for space-like points.

3.4.1 Example: Complex, Constrained Field
Causality is not guaranteed; take our field ¢

9 2V *V

Lo = 0%k 194
s=@1 P t@ o (194)
which is an attempt at a non-relativistic quantum field theory. As such, this theory does not know

about the speed of light, so one wouldn’t expect it to be causal. Let’s show it is not:

(plan)o!(aa)] = [ RAR /NN H 400 e SR 2 of) - (195)
3 . 2 L .
- / (;lwl;,e%“—zk'm ifty >t (196)

we want to find out if this expression cancels for ¢c?At? — |Ax|? < 0. Before doing the integral
explicitly, one can get a sense by looking at the speed of the waves we are integrating over

—

dw 0 K2k hk|
v 20 MR 197
okl Olk| h2m 1o

I Remember for our electromagnetic potential ® in lecture 1, w = |E |e.

This grows ever larger for larger |k| and for |k| > me/h waves are superluminal. Not a good sign
for causality. The final confirmation comes after actually doing the integral, done in the complex
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place as a Gaussian to yield for §t # 0

(o), ot wa)) = (gomz) e (199)

This is non-zero in general & in particular if say Ax = ncAt,n > 1

1 m 3/2
n3/2 (27rhch) 70 (199)

which does decrease the further away the points are, but we were looking for zero, not small. So
this theory does not respect causality.
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4 C: Symmetry [P.S. 2.2, S 2.1, Z 1.10, T 1.3]

Here we choose to present different concepts separately; hopefully this will give you a sense of
what each of the moving pieces in QFT does. One, however, cannot get too far without encountering
symmetry in particle physics; it permeates through pretty much all of it. An overview of the kinds
we’ll find

e Continuous: Any transformation has others infinitesimally close. E.g. rotations.

Discrete: None of the elements can be obtained from an infinitesimal displacement. E.g.
parity.

Global: Independent of space-time. E.g. baryon number.

Local (gauge): Space-time dependent. E.g. U(1)ey, diffeomorphisms.

Internal: Acting on fields only.

4.1 Boosts & Rotations

You might know about Lorentz transformations, such as a boost

1 48 0 0
ct’ _ |8 A1 0 0] (et
i 0 0 10 xz
0 0 01
for f=v/cand v = (1 —v?/c?)~1/2.
x' x
v
BN - .
—_
—_
(a) passive: a relation between frames (b) active: act on spacetime “shift fabric”
Or a rotation, such as
10 0 O
c’\ |0 0 -1 0f f(ct
Z) (01 0 0 z
0 0 0 1

such that 2’ = —y and ¢’ = z.
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(a) Passive rotation. (b) Active rotation.

4.2 A Group

If we perform a rotation, then another, the resulting action is still a rotation. If we do a rotation,
then a boost, out comes an action which is neither of the two; it is a general Lorentz transform.
This is the end of this game: performing two Lorentz transforms is still a Lorentz transform. All
this talk is formalised in group theory. A group B is a set of elements U; with a composition
rule U; o Us such that

(i) It contains the identity.
(ii) For each element, it’s inverse is in the group.
(i) Associativity Uy o (Uz o Us) = (U 0 Us) o Us.
(iv) Closure Uy o Uy = Us.
When acting on a linear representation r:
t—r' =U@)r =eb Ty (200)

where a runs up to the dimension of the group, 6, are real parameters and T are the group
generators. By (iv) above, [T%, T°] o< T°.

4.3 Lorentz Group

Let’s apply it to the Lorentz group. The Lorentz transformation rule is '# = A# z#* which defines
the group. We will consider an infinitesimal boost by small # and rotation by a small angle 6

Boost: A¥, =1+ (% §> +0(6%) (201)
. 0 0] 2
Rotation: A#, =1+ (_a k) + 0(9%) (202)
0 5ijk9
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which we can combine into a single infinintesimal w”,
AF, =61, + W, (203)

Using the fact that the Minkowski product is invariant:

alay, = (2°) — (2)* = ()" (@), (204)
A ¥ n, AP a2 = 2V, 2" (205)
ANVnMpAP’i = ANVA,M = N (206) ]
Then applying Eq. 203
AHUT]lLPApH ~ TNy + Wuumm + nl/pwpﬁ = Nvk (207)
Wry + Wy =0 (208) ]

This all agrees;

(0 B\ _ (0 8
T\ e0) T\-B —eb
is anti-symmetric and it allows us to redo counting: w4+ w” = 0 means we have 6 free parameters.
This group gets its name from its definition:
ATpA =7 0(1,3) Disconnected
for det{n} =1 &8O(1,3) Connected = Lorentz group
4.4 U(1l) Group

A simpler yet ubiquitous group is U(1), defined to be the unitary complex transformations in 1
complex dimension.

o' =U¢ (@) (¢) = olp
U=e" f is one parameter, T =1
If we have another representation of the group, it’ll transform the same up to a factor
Y = e'? q is a ratio of 1, ¢ U(1) charges.

One question in QED is why all ratios are rational, i.e. we have charge quantisation. These are
group definitions, for a group to lead to a symmetry, we say that its transformations
leave the action invariant (the same) up to a boundary (i.e. a total derivative) term.

4.5 Lorentz Symmetry

You might have heard that the laws of physics are Lorentz invariant. This does not mean things
look the same, it means the only information we need to relate two frames of reference is A¥, (see
the schematic in fig. 14). E.g. we do not have to solve the equations of motions twice.
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& , 9
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Figure 14: Schematic of transforming between frames using that laws of physics is Lorentz invariant.

Let’s try it out. Say z = Ay and y = A~'x, then

¢' = ¢p(A ') (209)

I __ 6 —1 _ 8y” 6 _ —1\v —1 _ v
(000) = 50" 0) = FSZ0l) = (A7), 0,0 ) = A,/ (@0)  (210)
(0"¢)" = A", (0" 9) (211)

where the final step in Eq. 210 uses a result that will be derived in the problem sheet.

4.5.1 Klein-Gordon Field

Let’s see how a transformation in the Lorentz group will affect the Klein-Gordon equation. Recall
for a relativistic energy relation, we had that the action S is

S = / dtd%% ((8t¢)2 — (cVe)? — m;c4 ¢2> (212)
25 () w52
—c / d%% (amaﬂqs - m;CQ ¢2> (214)
so the Euler Lagrange equation in frame y
lwa%uaiv(b n %QS —0 (215)

If we find a solution ¢(y), would ¢’ = ¢(A~1z) be a solution in frame z?

a 0 m?2c? 0 AW "¢  m3c?

v / / _
77” ayu ayu¢’ + h2 ¢ *A#payp v 8y + h2 ¢ (216)
0 ,., 0 m?c?
:A“pAH”Ty’)H 8y"‘¢+77i2 o) (217)
g 0 m2c?
= (o * 7 )? (215)

i.e. yes! This follows from the action being invariant under Lorentz transformations, as we will
also show. For now though, let’s talk units.
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4.6 Natural Units

Two fundamental constants of nature are

c=12.998-10% m/s (219)
h=6.582-10"'0 eVs (220)

They show up all over our formulae, so we will set them to 1 and say we measure speed in units of
¢ and angular momentum in units of A.

c=1 h=1 (221)
As we outlined, this implies
[E] = [mass] = [length] ™ = [time] ' = eV (222)

To convert back and forth, then we restore powers of /i and c¢. For example if we have an area A:

10720
ANU. = ——— As1 = Anu P! (223)
eV
[As1] = m? = Ax.u.(éVs)P(m/s)? = eV 2(eVs)P (m/s)? (224)
where we see that p = ¢ = 2 and as such,
10—20
Asy = ——-(2-10""meV)? (225)
eV

From now on we’ll take the view of an active transformation on the fields.

For example an active field rotation:

@oe) N: {0 1) Pou
10

() =(6)=(% 9 0) =

¢'(z) = $(R™'z) (227)

¢'(a") = ¢ (A7), ") (228)



Computationally, the same results follow as before
(0"9)" = A, (8"¢) (A~ 1)x) (229)

Next, we show that the action is left invariant.

5= [ dwda) {G0.0/ @0y - V(o)) (230)
= [ata {02 @00 N @00 ) - Visa o) (231)
for an infinitesimal Lorentz transformation as in Eq. 203:
5,8 = / o ( 0,u6(x — w)$(x — wa) — V(d(x — wx)) (232)
= [ata (0. {50,000 - vio} ) (233)
= [ ( By 27 { L (@u0)06 — V(cb)}) (234)

So this change is just a total derivative, and so the integral only depends on the boundary. As
such the K.G. equation is invariant under SO(1,3). The U(1) case is simpler. For the U(1)
transformation ¢’ = e¢ where 6 is small:

Vele Vel p

o (235)

S = /d4:cg0Te*i08tewga -

505 = / d*2(if —i0)L =0 (236)

4.7 Noether’s Theorem

One can further expect the presence of symmetries to obtain conservation laws. Here’s how, take
the infinitesimal transformation of the field ¢ to be dy¢. We say the transformation is a symmetry
if the Lagrangian changes by a total derivative

0L = 0, F" (237)

i.e. the action is left invariant
59 S = / d*xd, Fo° (238)
= / ( 1 (000) oo 83}@ + 009 ¢> (239)
- / d*2(59¢)(-EoM-) + / d*zd, <59¢> 90, ¢) (240)

which we can rearrange to be
— Fro* ) = JHo* = 241
(69(?83%%) a@) JEo 0 (241)
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where a = 1,...,dim(G) where G is the transformation’s group. And J¥ is known as a Noether
current, which is conserved over a volume V':

d Lo
/ d*20,J" = —/ >z J? +/ d¥-J=0 (242)
v dt Jy A

The second term measures the flow out of the surface of area A (see fig. 15).

Figure 15: A surface, area A with surface element d%, and a current J flowing from it.

If we take the surface to be large enough, we assume the fields in J die off and J — 0 fast
enough to cancel the integral such that

Q.= /Vd?’m,]g %Qa =0 (243)

we have obtained a conserved charge! Next is a tour of conserved charges and currents, some
of which are fundamental.

4.8 Translations

We skipped this one but fundamental physics does not care about where you set the origin of
space-time. Or, in terms of a transformation

r—oz =x—c¢ (244)
In face, in combination with the Lorentz group, they give us the Poincare group
¥ =Ar—e¢ (245)
In our active interpretation, our field transforms as
¢ =o(x+e) (' =x—¢) (246)
b = €D, (247)
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These don’t affect our derivatives as 0x’/0x = 1 as spacetime has only been shifted. Our new

action is
S = / d ol (3 + €), Dud( + €)

which gives a variation

5= [ tefiennr s enol

L@ 09
:/d4x [€”0, L]
= e”/d4x (O™, L)
such that F*

oL
v TH _ R 7]
e’ J ) <5E¢88H¢ €’'n VE)

oL
Bo— e ot
JU*TII <8V¢86u¢ 77 l/£>

This is none other than the Stress-Energy tensor. For our real K.G. Field

(09)*  m?>¢?
22 )

T"u o = 0y0" ¢ —nj <
Do you recognise the °, component? Yep, it’s the Hamiltonian
o 1o 2 2,2
¢ =2 (9 = (Vo)? —m?¢?)
Indeed, €° is a time translation that leads to energy conservation.
H = / d*zT",
If you remember, a space shift does lead to total momentum conservation
Pl = / 32T

which for K.G. is

P = /d%(ﬁa% = /d%q's (—g;i

We will connect this to the previous in the exercises.

)

4.8.1 Alternative Derivation

For general space-time we substitute 7, — 0, (z) and the action is

/ d*z\/[g1L(b, Dudbyn — g)
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W = n*, L, one for each v. l.e. we have four conserved currents:

(248)

(249)

(250)

(251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)

(259)



where g,,,,, the metric, is also the graviton field. We can define T"" as the source, i.e. the linear
coupling of g,,.

v 2 0
1=~ (St it g>)g_n (260)

You can check this explicitly using

o 3gﬁv

By — __uB Y
Japg” ' =0= =—g9""g 261
agm/ 7 ag,uz/ ( )
9| = |det (g )] (262)

13}

= g"|g 263
5, ="l (263)

4.9 U(1) Current
The U(1) symmetry has no F' term so given d¢g = i0¢, dgo™ = —ifp*.

oL oL
o _ &
J i (¢8(8mu¢) 10) 88,@*) (264)
Examples are
Lk = 0,0 0" —m?d* o (265)
Ls = ig O — L2 VP (266)
2m
with currents
Tk =1(0"9 ¢ — ¢"0"p) (267)
. ~(Ve")o + 9" (Vo)
uo_ * o
J§ =i (ch ©, ( o (268)
4.10 Lorentz Symmetry
We have that
S = —wh 2" 0,0 (269)
= W (—25000) (270)
_ o8 (271)
— 0B (_ x[ﬁga]‘ﬁ) (272)

where the square brackets on the final line mean the indices are antisymmetrised (i.e. xjg0y¢ =
.Z'ﬁaa(b - aal‘g(b. And

0,8 = / d*zd,, (—w",x"9,L) (273)

= / d*zw®® (—x50,L) (274)
- / 40P (—W) (275)
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from which our six currents follow as

2 oL
J(Maﬁ) = 3 (—x[[ga&](baa“d) + l‘[g@ﬂﬁ) (276)
- (xaT“B - xﬁTﬂa) (277)

These are not unfamiliar for o, 8 = 1,2, 3:

JOGH) — piq0i _ pk0i Rotations (278)
JOO) _ 40t _ pigy Other translations (279)

% (/ d3x(tT) - /d%x”%(m)) =0

tP' = /dga:xiH(x) +C

To clarify, let’s write

which tells us the centre of mass (energy) moves inertially (dP*/dt = 0). While on the topic,

3 4
/ (253];& = / (;iﬂ’;“'gé(ktm?)@(ko) (280)

is the true (and only) Lorentz invariant measure, as you will show on the problem sheet.

4.11 Causality: Lorentz Invariant Theories [P.S. 2.1&2.4, S 12.6, T 2.1.6]

We can now revisit causality for Lorentz Invariant theories. Take real K.G. theory, the field itself
does not commute for any z*, y*

N, Ny ) .
[6(x), 6(y)] = dk (k') \/2; \/2,; S al e e afe®v] (281)
k k'’
— —i(z—y) k" _ —i(y—x)k”
/ e e > (22

Where normalisation has dropped out to give a Lorentz invariant result and k* = (Ej, k) We can
use now, for space-like points, laying & — ¢ = (0,0, Ad)

Az v 0 0 ~B 0

0 0 1 0 O 0

O | 10 01 O 0 (283)
Az 5 0 0 « Ad

Az? = yBAd Az = yAd (284)
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As such, Az® < Az only for causally disconnected (space-like) points. The first term of eq. 282
then reads in this frame

&k . ) &3k’ »
—i(koA) 0Ad" _ —ik"-Ad
/ (2m)32E, / (2m)32Ey (285)
d3k ikAd %
— 1 COs 2
/ (2n)32E;,° (286)
d¢sln9d0|]¥|2d|l_€’| ikAd 0
— 2 cos 2
/ 2n)32E, (287)
-/ k| sin(Ad [F) (288)
=) GrpE. Ad
2
m

where K7 is a modified Bessel function of the first kind.
This term has a faster decrease than our non relativistic example.

— e"mAd mAd >> 1 (290)

But we want zero for the commutator in eq. 282 for causality to be preserved. The way we have
written it, the second term is obtained by taking Ad — —Ad

/ &k pna _ / ayi sin(-Ad ) (291)
2B, ) @nPE,  —Ad

We see then, before even carrying out the integral, that:

kdk sin(Adk) /°° sin(—Ad k) (292)
0

@) o) = | Gy —
=0 (293)

for (x —y)? < 0 and using Ax = yAd and Az® = y8Ad as in Eq. 284. Causality is thus preserved,
though it should be said, L.I. theories don’t have the exclusive priviledge of causality. The same

exercise for complex K.G. theories goes the same, now with [a,a'], [b, b'] terms cancelling out which
is why some say the antiparticle restores causality.
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5 D: Interactions [P.S. 4.5&4.6, S 5.1&6.3, Z 1.7, T 3.1&3.2&3.6]

At the heart of it, interactions would be solved if we found the eigenbasis for the full Hamilto-
nian. Implicit in this view is the assumption that we have a pretty good idea of what the particles
are, with (0| ¢|p) = 0, and the dispersion relation being p?> = m?2. This however might itself
change, and particles move somewhere else; e.g. in QCD we formulate the theory with quark fields
g, yet particles at low energy are instead in states (0| gysq |pion). The way to “look" for particles
translates then to poles in correlation functions (which is beyond this course).

So we will assume a perturbative expansion holds & gives us small corrections, as is the case

in QED.

5.1 Dyson’s Formula

Time ordering & Dyson’s formula are not restricted to QFT, in face one would encounter them in
Q.M. with explicit time-dependence. The problem at hand is to evolve in time our operators (6)
or states |s). Actually if we introduce the evolution operator U, it doesn’t actually matter which
we evolve:

O(t, Z) = UT(t, t;)O(t;, D)U (t, t;) (294)
(1) = U, t:) [¢(E:)) (295)

For U captures the time-dependence
i0,U = HU = (Hy + Ur)U (296)

where we have separated H in two; it is convenient to do the same for U only given our ¢ = 0, ¢(Z)
which we do as

U(t,t:) = Uo(t, 0)Us (t, t:)Ud (t:,0) (297)
[1(t)) = UJ (£,0) [9(1)) | (298)

where it follows that U(t,t) = Us(t,t) = 1 and

(10, U)Uo(t:) = rbottytrttty + ilo(t)0:Ur (¢, t:) (299)
= (Ho + H1)Up(t)Ur (. 1) (300)

where the two scored-out terms cancel. Rewriting, we have:

iU (t,1;) = Up(t, 0) Hy(¢(2))Uo (t, 0)Ur (t, ;) (301)
iatU[ = H[U] = Hl(t)UI (302)

where we have used that the Hamiltonian is a function of the field ¢(Z), and Uy(t) puts the time-
dependence given by the tree Hamiltonian to give us the interacting field. The derivative of U; is
therefore the free-Hamiltonian evolved interacting Hamiltonian; that is, for example, H; = %¢4.

Ul / d%%&(fﬂ]@ - / de%[UO%UO]‘l (303)

— [ @afont.5) (304)
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then we can solve iteratively Uy =Y U I(n):

S iU = ZH, DR (305)

which, solving termwise, gives
iU =0 iU =1 (Utt)=1)
i0U™M = Hy(t) iU = —i / dt' Hy(t

t t//
i UD =H(t)(—i | at'H(#) i0,UP) = (—i)? dt”HI(t”) dt'Hy (t)
! t; ! t t

i i

A note on integration, we can perform the time integrals in the manner shown in fig. 16

t ¢

.til

Figure 16: Rearranging the integrand to solve for the time-dependence of the Hamiltonian,
eq. (305).

And the solution for general n is:

()

t//
U™ = (- / dt™ H (¢ / A / dt'Hy(t) (306)
t ti

but it’s a little cumbersome to carry around, so we introduce time-ordering 7'
T(A(t),B(t") =0t —t)A{#)B(t') + O(t' —t)B(t')A(t)
T(A¢, By, Cyr) = ©4_ppOp _yn A By Ct" + Oy Oy AyCt" By
+ Oy 10— By A;Ct" + Op _4n Oy By Ct" Ay
+ Oy 104y Ct" Ay By + OOy _Cy By Ay
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e.c.t. For us, all operators are the same and we integrate over all times so
t t B
T { / d’ / " Hy (¢ HY Hy (t)H,(t”)} (307)
t; t;

_ / At (O Hy (VY H (") + Oy Hy (VL (¢) (308)

t t”
=2 / dt"Hy(t'") / dt'Hy(t") (309)
t; t

i

t t//
/ dt'Opr_y = / dt’
t; t;

i i

where we have used that

You can show that (Exercise: do it!)

"

n t t
T{H/dt(’“)H[(t(’“))} :n!/t dt(”)HI(t(”).../t dt' Hy (t) (310)
: A

7 i

which takes us to Dyson’s formula:

Ur(t,t;) = Texp (—i t Hj(t’)dt’> (311)

ti

It is quite a formal achievement which lets us make the time-evolved operator or state of our
choice. However, in practice we cannot find an all orders explicit form except for the simplest of
cases so we expand on Hj.

5.2 Scattering and Tree Level Predictions

The formalism of QFT is like a huge machine which, for full rigour and generality, takes a long
time to get started and operational. However, if we accept a full approximation as good enough
we can short-cut to results. Cause what are we looking for in the end? Predictions to compare
with experiment, and the type of experiment we most often make use of in HEP is scattering.

5.2.1 What We Measure

It is refreshing to leave the stuffy world of theory for a look at experimental data. The setup is
shown in fig. 17

5.2.2 Lifetime

One straightforward measure is the lifetime of a particle. A bunch of N(t) unstable particles will
decrease in number as

AN

— =-TN 312
o (312)
So any one of these has a probability to decay, on a small interval At.
_dN A¢
Prob = d# =TAt (313)
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—_— 17 Pejted

m:,-.,-y N

Figure 17: A collision schematic of particles pi, ps colliding at some early time ¢;, with a final set
of particles ki, k2, ... at some late time ¢;. Note the outgoing state is on the left and incoming on
the right, as in e.g. a matrix element calculation.

which we measure experimentally, often quoting the inverse of I':

7 =T"" = lifetime (314)
N(t) = N(tg)e~ 1)/, (315)

For example for muons 7, 2 x 106 s, for pions 7, 3 x 1078 s and for the Higgs 7, ~ 2 x 10722 5.

5.2.3 Cross-Section

Picture (by looking at fig. 18) a set of particles directed at another set of target particles.

a0
' ‘_.

Figure 18: A set of (blue) particles with velocity vy, relative to some stationary particles (red).
The cross-section of the red particles, o, is shown as a partially transparent red circle.

We define the cross-section ¢ as the area around a particle within which incoming particles will
interact. Then the number of scattering events Ny in a time At is

Ns =Flux x Ny x 0 x At (316)

where N; is the number of target particles, and the flux of the incoming particles is the number
of beam particles per unit time per unit area. Any experimentalist with enough data can tell you
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the cross section

N -1
=——° =N dt Lins 1
7 N x flux x At 3 {/ t} (317)

where we have defined the instantaneous liminosity Li,st, which is a beam property of our colliders.

For example at the LHC Li,g ~ Cllgl—z. Back to our setup, the probability of an incoming particle
scattering is given by

flux x Ny x o x At

Prob = Flux x A x At

=Ny X Vel X At X 0 (318)

with n; the number density of target particles, i.e. the number of targets per unit volume. Now
let’s cut it down to the volume that contains on average 1 target particle in a volume AV n;
We have then:

— 1
= xv-

At X Vel X O

P =
rob AV

(319)

and we can make contact with a 1 on 1 scattering fig. 19

Figure 19: One on one scattering process.

which we can connect with the theory expression. We introduce here, with later justification,
that for scattering of two incoming particles k, k' into a set of outgoing particles k; over a time At
is:

({ks}, At{U(A?)

K, E> = —i(2m) s (kE = k)M (320)

where {k;} stands for the final state and the Dirac delta function follows from energy and momen-
tum conservation, and 6*(k* + k' — >, k') = 8(Ex + Ej, — >, Ef7i)63(1;:'+ K — > I;:'f,i) and M
is known as the scattering matrix element which we will define later.

We should, however, remember that our states are not normalised. In particular

(kilka) = 2B (2m)36% (k1 — ka) (321)
— 25, / dPreiki—F2)E (322)
— S 2F,AV (323)
kl*}kQ
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then we need to divide the scattering probability by this factor to normalise

(s}, A U(AL 7R )12
Prob = Z IR () (324)

Z |(2m) 264 (k" + k' — kp) M |?
B 2B 2E) (AV)2

(325)

with ky = >, ks, Next, we should interpret a Dirac delta squared, which we do by taking the
large space-time limit.

A ko 2 AAR
itAk” _ . 0
/—At/Q dte ~ AR ( 2 ) At—so0 (2m)d(AKT) (326)
e |2 P, Ak
aak®| _ | 2 .
‘/—At/z dre iARD sin” < 2 ) At—oo (2m) AtS(AKT) (327)

which leaves us with

454 / 2
o — Z (2164 (k + k' — ky)| M[2AtAV

328
2E12E) (AV)? (328)
The sum over final states we obtain from the finite volume as
kL Ldk\*®
== == 2
n=" n;n%(%» (329)
1 AVd3k 1
— 330
= | Gy e (330)
We are now in a position to compare with our experimental data:

At X 0 X Upel
Prob= ——— 1
ro AT (331)
B Z (2m)16% (k + k' — k) AtAVIM|? (332)

(AV)22E2E)
1
- - 2 454 o 2
T zf:( )46 (k + k' — kg)| M| (333)
1 d3k;
= (om0t k+ K — K 2 334

All factors of time and volume drop, as they should, to give us an expression in terms of
Lorentz invariant integrals & matrix element squared. The calculation of the invariant matrix
element would then give a prediction for a cross-section to compare with those we measure at the
LHC or others.
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5.2.4 What We Predict We Should Measure

The scattering is mediated by interactions & quite generally we cannot solve exactly for anything
other than our tree Hamiltonian. As physicists do when faced with this problem, we expand on we
hope some small corrections. This is our Hy, and formally evolution is solved by Dyson’s equation.
Further, though, we will make a number of assumptions and approximations:

o We will approximate in and out states, a.k.a. asymptotic states, by tree Hamiltonian eigen-
states. This is fine once we renormalise (more on this later).

e Asymptotic states are separated & non-interacting: i.e. they are distant wave-packets. We
take the limit of well-defined momenta & approximate them by plane waves. This is also
done in e.g. non-relativistic QM.

e We implicitly assumed we knew where the particles “are", i.e. (0| ¢|p) # 0. This is so for
the free theory & stays for weakly coupled theories. But it can change for strongly coupled
theories.

e In weakly coupled theories, bound states might show up (e.g. hydrogen atom) which are
possible asymptotic states which we ignore for now.

With our first approximation, let us now build our in and out states as in fig. 20.

t liplit? t=0 b TPl

Uo(bO)lip}) 1ipd = (@})"10) Wble, 0)1§pd)
) — 4
OuraoiNg IncoMivg

Figure 20: Building our in and out states.

So we define
<{k}7t| U(t, ti) |{p}vti> = <{k}| U[])L(t’O)U(t7ti)U0(tiﬂ 0) |{p}>
= {kH Uit t:) [{p})
= ({k}| Te™ /41 |{p})

where we have used eq. (297) and take the limit for ¢ — oo,t’ — —oo, then at tree level:

({k}] S5 [{p}) = ({k}| Ur(00, —00) [{p}) (335)
= ({k}| Te™* S W HIED | () (336)

This will be our working expression at tree level, with a generalisation that will come in a few
lectures.
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5.2.5 A Lifetime

So let’s go ahead and compute something we can measure! Take a real K.G. field ¢ of mass M
and complex K.G. field ¢ of mass m. Then introduce an interaction between them:

ﬁ] = H<p¢*¢ 7‘[[ = —,C[ (337)
Provided M > 2m this will mediate decay since the matrix element
(0l bypS*°af|0) # 0 (338)
where a, bt < ¢ and a <> ¢. Let’s compute this:

<0|&k/l;kTe_ifH’(t/)dt/a;m) = (O|&k/i)ki/d4xmp1¢?¢m;|0> (339)

Now if we let the a,b go all the right we get 0, and the same goes if we let af go all the way to
right left. The non-vanishing piece is then

(0] by / e / (day] (ae~#% + al i) (340)
~/[dq2] (dTeiq2~x n Be—i@.x) (341)
. /[dQ3] (de‘i‘“'x + BTeiq3'I) a;; |0) (342)
Note that [a,a’] = 0.
i(0[0) / T / [day][das][das]e ™" *[aq, , af '™ “[ars, af, Je'*" by, b, (343)
= i/@/d‘lze"'(kﬂﬂ’*p) =i2m)tot(p—k— k) (344)
We have overall conservation of momentum as promised, and M = —k. In the exercises, you will

compute 7.

5.2.6 Contact Scattering ¢* Interaction

How about scattering for a real field, mediated by L£; = —)\‘i—?? There is a term to order the Hy
expansion, so again:

—Ni A .
k|57 ') — 1 = Ol o 52 [ e [0 (agem 0 + afen2)
/[d@] (a[me*iqz-w + a22eiq2'$)
/[d(fg] (aqge—iqzw + a:;seiq:’"z)

. /[dq’}l] (aq4e_iq4"” + ag‘leiq“'x) a;a;, |0)

Every external state a,a’ will have to be commuted away, but there’s so much choice! One such
term gives

) L , ) A
/d%‘e"k'melk TeT P TeTI T = —ﬁ(2ﬁ)454(p +p' —k—K)

A
24
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with no trace of ‘which did we choose to contract with which?’. Combinatorics then say the other
23 options will combine for:

(k, K| S |p,p') = —ir@2m)*6* (p +p' — k — k') (345)

with the matrix element M = \. Again, quite a simple result after quite a lot of work.

5.3 Yukawa Theory - The Feynman Propagator
Back to our ¢, ¢ theory we can compute scattering now, in particular:
(0] apbwr S*°al bl |0) (346)

We now have no non-zero term to O(H;), so to O((Hr)?)
- 4 4"2“2 T ok I T % I T I 1, T «I I At71
<O| akbk’ d xr d yT [Gxofyogoz(bm(bx(pyqﬁy(by + @yofx(](py(by ¢y¢z¢z d)a: a’pbp’ |0> (347)

We can find @’s and b’s to annihilate the out state (more than one now), but what are we to
make of a,a in ¢, ¢y? They have no-one but themselves to annihilate with. In particular, they
contribute a factor:

O] T{er(x)er(y)}[0) = Oz0_yo (01 (z)pr(y)[0)
+ ©y0_z0 (0|1 (y)pr(x)|0)

We have seen quite similar expressions, the first term is:

oo ) o 3k ) N
@zo—yo /[dk] [dkl]eilk.melk .y[akva};/] = /m@iZEk(tit )+7,k-(w7y)@I0_y0 (348)
Now we can rewrite the Heaviside function as
1 ® dw
Ot) = — it 349
(*) QWi/_oow—iee (349)

which we integrate over the contours in fig. 21.

fe>0 *Lee

;it(O

Figure 21: The contours over which we perform the time-integral in eq. (349): the upper contour
for t > 0 and lower for ¢ < 0. Note the pole which lies at +ie.
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So we have that:

e 1Bk (z"=y") e iEr(z"~y°) eiw(@®—y")
BT T Ay / R — (350)
dw e—i@"—4")(Ep—w)
- / 271 2E;€ w — i€ (351)
dk0 o~k (°—1°)
/ 2mi (2Ey)(Ey — k9 — ie) (352)

where k¥ = Ej, — w. Direct substitution gives

3 o 4 ik-(y—x
/Leﬁlzk(pt’)ﬂh(ffi)@ 0.0 :/ dk et tve) (353)
(27)32E), Y (2m)%i(2Ey) By, — kO — ie

but for the second term in eq. (348), we flip k* — —kH:

dk ik-(y—x)
/ - - (354)
(2m)4i(2Ey) Ey + kO — ie
and the sum of the two pieces is
Ap(z —y) = (0]T{pr(x),r(y)}|0) (355)
d4]€ —ik-(z—vy) 1 1
_ / ¢ 4 , (356)
(27‘()42 2F;, B — kY — e By + kY — e
d*k i ]
A _ _ —ik-(z—vy)
r@=y) / (2m)* k2 — m? — ie’ (55

with k2 = (k°)2 — k2. This is Feynman’s propagator, central to pertubation theory.
Pushing ahead, we find several terms, for one of them, using Ap(z —y) = Ap(y — z),

2 ‘ ) . )
- %/d‘lxd‘lye”(}”k )Ap(x — y)e”WPHP) (358)
2 - 14
= 7% /d4Id4yeiI‘(k+kI7Q)%Q@'W*P*P/) (359)
— — i€
d*q (i/-@)2 i 4
= om) 6t (b + K — q)(2m)*6* (¢ —p — P 360
(27T)4 ) M2—ZE( ﬂ-) ( + )( 7T) (q P p) ( )
(ir)? i

= (@2m)*ot(k+ K —p—p) (361)

2 (p+p)?—M?—ie

which once more conforms to the form we assumed. Possibilities we have not written are ay, a};

commuting in the same H(x), and a degeneracy of commuting onto x or y, so that the final answer
i
(p+ k)2 — M2 —ie

DA ()2 i N2
iM = (ik) TP = M7 —ic + (ir)

(362)

5.4 First Look at Feynman Diagrams

All the cases we have seen lead to simple expressions after laborious derivations, could there be an
easier way to compute? Let us draw and assign:
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4 ~ .
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- ~,
. ~
. ~
- ~
- ~,
- ~

| Guminiitt A => :
q-m*-i€

(i) Add (2m)*6*(>" pin — > Pout) at each vertex.
(iii) Integrate over external line’s momenta | %

We can now make diagrams for each of the processes we’ve looked at
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6 E: Interactions and the Perturbative Expansion [P.S. 4.2&4.3&7.2,
S 6.1&7.A, Z 111.3, T 3.3&3.7]

Eager as we were to see a way from theory to experiment, we have encountered some of the
elements that make up any computation like vertices or Feynman propagators. Further, we have
seen how the invariant matrix element lives up to its name; after the flurry of a, at’s cancelling
each other, rather simple, Lorentz-covariant results are obtained.

We now approach the perturbative expansion in a systematic way, which will allow us to
understand further down the road the new phenomena that shows up beyond tree-level like: field
renormalisation, running coupling constants or the fact that the vacuum is not empty.

Define, for real ¢:

er(z) =o' (x) + ¢ () (363)
ot (x) = / (dRle*+a, o = (M) (364)

6.1 Wick’s Theorem

We have seen how Feynman’s propagator shows in our S-matrix element computation, and the
time-ordering disappears. It would be computationally nice if this is true for more complicated
processes. First, let’s compute the two-field case:

T{prol} = Opo_yo (o + 95 )(0) + ;) + Oyo_ao (0 + 0, ) (0 +07) (365a)
= Oz0_yo (T of + 05 0, + 050y + o508 +of, ;1) (365b)
= Oy (Px 0 +0r 0y + 0y 08 + 0 ef +led vz ]) (365¢)
= o1y« + (0[T{pLeh|0) (365d)
=: cpi(pé AR —y) (365¢)

the two-field product decomposes into a c-number, A g, which we computed, the rest being normal
ordered (hence cancelling between the vacuum). This relation is true for higher products. Consider
the three-field product with 9 > 29, 29

eI T{pht}t = (o7 + T )(: el + +A23) (366a)
=: 01 0505 + a5 s of + [oF,: 0h, 05 1+ 1 ] Ans (366b)
=: ikl +lol, 03] ok s +loT, 03] b +003 o] (366c)

where A;; = §p(z; — ;). This is true for 2§ > 29, 23. The general expression adds up x93, 2 being
the latest time and all combine into:

1 1 1
T{p1, 5,05} =: @105, 0% : +ol0i0s + ©1Pes + ol hes (367a)
= <p{<p£<p§ I <p§ ANDE = gp{ i Aogs+: <p£ AT (367b)

This generalisation builds on the n — 1 product of fields to obtain the n product, which we can
then “write" as
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T{H(p ()} = LH% +ZAU.Hk<’Dk:

1<J Pi Lp]
¢ T Aghu e
pair of pairs ¥i ('DJ Pk Sol

IF oc

H ¢; : +(All possible contractions)

J

contractions being between fields that don’t commute, so if we have a complex field, Wick’s
theorem reads as

T{1ol oLt} = o1 fwsg J gl gl (368a)
+ ¢1¢ 501"+ (368b)

The theorem also applies for coinciding spacetime points & it’s of use to us to compute the time-
ordered products. If we go back to our example Eq. 346, we needed:

T{¢y Gaprdy by} = b 1 057000, 0y« Auy (369)

which allows us to separate internal/virtual particles, and external, out states.

Ol [t [ atyetolotelolohjalal o) (370)
_ @ / dhed* <<O|akbk/ ¢1*¢’¢I*¢ﬂ i)p|0>A1y (371)
+ (Olaxbir = 6" Gudy by afB110) Auy (372)
+ (Olaxbis : 50161 8] - a55510) Ay (373)
—= —
+ (Olaxby : 6170101 6h  albLI0) A, ) (374)
These two are identical contributions since A,y = Ay,. As we did for the S-matrix, we can
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introduce Feynman diagrams for the Wick theorem & position space.

(OIT{e767}0) = Az —y) = X J (375)
X J
(0IT{g7076707 }0) = + eoe (376)
*r—
Zz w
z w " y
*——=0
(OIT{g7 670707 (¢7)*]0) = v L w Vil+...
—-

© 3
(377)

What are we to make of the disconnected piece? The answer is cancel it out. The diagram SO

is a vacuum fluctuation that we can’t observe in scattering.

<0|UI(—oo7oo)|0>:1—i/d4x% AL+ (378)
'e

6.2 Symmetry Factors

Some loop diagrams have numerical factors that cannot be extracted from Feynman rules alone.
We call these factors symmetry factors and they can be determined by the Wick theorem.
However, given the widespread use of Feynman rules we’ve come up with formulas to work them
out. The symmetry factor S is given by:

SOTENEET

R is the number of ways to permute the internal indices and produce an identical set of prop-
agators

where:

D; is the number of pairs of propagators of the form D2,

D5 is the number of pairs of propagators of the form D2, plus the number of factors of the form
D!, (N.B. the factor D2, contributes 1 to D; and 2 to D>)

Ds is the number of sets of propagators of the form D3,

D, is the number of sets of propagators of the form D%
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6.2.1 Example

Here is an example diagram with symmetry factor 1/2, which we calculate by noting that there
are two propagators of the form Dy, so Dy = 1, and that we can switch x and y once to get the
same propagators so R = 1.

R-1
D‘Ds {Dﬁ 0
D:‘J. =) Dz=1

. Vs
Doy Dy S5:%,

Day

6.3 Green’s Functions

Following on Wick’s theorem steps, we can now put in a collection of objects: the all-order terms
that enter scattering Green’s functions, which we define as:

|2, |A) vacuum & “excited” states of interacting theory

G (1,29, ... xn) = (QT{br (x1)dr (x2)...0m (x,) Q) (380)
where

¢H(ta f) = UT (ta 0)¢(5)U(tv O)
[U(t,0) = Ug(t, 0)Ur(t, t:)U (t;,0)]
= U} (t,0)¢r(t, x)Us (t,0)

We want to show how this relates to our interacting fields & perturbation theory. Between any
two fields, we have (using the shortform U;(t) = U;(t,0))

dhdh = Ul(t)ohUr (1)U (t2)$% Ur (t2) (381)

whereas at the end of a chain

or(6)|Q) = U ()or(t)U;(£)|Q) (382)
= Uf(#)¢r(t) Ur(t,0)U; (0, —00) Uy (—o0, 0)[€2) (383)
Ur(t,—o0)
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we have

Uy (00,0)|€2) = U (00, 0)U(—00, 0)|22) (384)
= Up(0, —00)|2) (385)

where we have used that |2) is the vacuum of the full theory with 0 energy. Next, we introduce
the identity as the sum over free states:

Un(0, —o0) <|o><0| +> n><n|> ) (386)
10){0162) + €7 En ) (n|2) (387)

Using the Riemann-Lebesgue theorem, given that the ) is really [1dk], we have all excited states
cancelling [See Tong section 3.7|. The same holds on the left for (2|, so we get:

(Qok 005 1Q) = (Q0)(0|Ur (00, t1)¢7 x U (t1, t2)¢7...07 Ut (tn, —00)[0){0]€2) (388)
The time-ordering can be applied and it condenses notation as:
YQUT{ G} 0319) = [(2]0)[*(0]T{¢]...67 U1 (00, —00)}|0) (389)
where time-ordering chops up & orders the integral in
Ur(oo, —00) = et A HI () (390)
The last step is setting (Q|Q2) = 1. For the equation above with no fields
1 = (QI€) = [{Q]0)[*(0|T{U7 (00, —00)}|0) (391)

for a final formula:

(OIT{6}...63Us (00, ~00)}0)

QT k- #8}10) = —— G o0

(392)

We have achieved 2 things:

(i) Related the Green function to the interaction picture evolution operator & fields. This
formula does resemble somewhat our S-matrix tree level expression.

(ii) We have factored out disconnected vacuum diagrams.

To see (ii) more clearly, let’s do an example.
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6.3.1 Contact Scattering ¢* Interaction

With our example, let’s write

(OIT{¢7¢7 exp (=i [ d'zH1)}0)

(QUT{¢H 73 Q) = Ol{exp (i [ @277 10) (393)
_ (0T{g7¢7 (1 —i [ d'zH + O(H*))}[0) (304)
(O{(1 — i [ d*aHs + O(H?))}|0)
{01 (Ttogen) fd4z¢‘¢14u (67" + ) 10)
(395)
O (1= [ d*=3 (6" +..)}I0)
x X J
x Y Z
—* + + + eoeoeo
ee)
1 + + eoee
(396)

Though I'm cancelling “pictures” and asking you to believe me, you will do it yourself explicitly in
problem sheet 4. Now for point (i), we can have a look at the tree-level Green function

(QUT{ b} 0% 0% b3 Q) = A12Asy + (combinations) (397)
—i / AP T AA 1 Agp Az Ay +(N?) (398)

d4qiie*i%(wi*w)]

—iX [ dix [Hl S (2m)2 (2 —m?2)

d*qyie” 19 )
[H/ i 12 _m2)1 (*M)(Qﬂ)“ﬁ“(z; a) (399)

This looks like the Fourier transform of the S-matrix element we found, but with a momentum-
space propagator for each external leg. When we extend this relation to higher-orders, we obtain
the LSZ reduction formula.

6.4 LSZ Reduction Formula

We’ve seen hints that an S-matrix element could be written to all orders in our expansion in terms
of correlation functions, themselves Lorentz invariant. The derivation of such connection is what
we’ll do here. First, the Fourier transform of a Green’s function for the Heisenberg field:

" ({p}) = H/d“xke”’k“’“(Q\T (H ¢H($z)) 12) (400)
k l
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where p{ is a free variable. Let’s pull a field to the left:
(QUUE)H@U (%, t5)U (5, 5°) () = (e PTp(0)ePTU (2%, ) Z\ (slU(ts,°)
= (Q|¢(0) Z| (s]ei=Femilz *tf>Es...
= Z Q|o(0)|s) eiqu""”(s,tﬂU(tf,yo)...

The Fourier transform does it’s job as

43 q o eia;o(pofEs)de
3 ot 7(P—0s) 5 -
/ da” /d ze Z (QUeO)s) ryaE, /tf oF, > (Qs(0)ls)  (401)

S
eits (P°—Es)

T 2B, — E,) ZS:<Q|¢(0)IS> (402)

Next, we assume the only non-vanishing overlap of (Q|¢(0)|s) is with a one-particle asymptotic
state and define Z = (2|¢(0)|s). We note that there is a pole p® = Ej.
- 0 j
GO (pih) 7= Vs 41U 4 3)0m (3°) - (403)
P

The last factor is a true asymptotic state, evolved to t, times the rest of the fields. This procedure
can be repeated for the other fields, to be left with an out-state & in-state connected by U,
(out, tf|U(ty,t;)|in, t;). This is the true scattering matrix to all orders, & it is given by the LSZ
formula:

=) N p?—)Ep 404
G (o ~thd) o= l 7o sz iz | Swom (409

where my is the physical mass, which differs from m as given in the free action. It is rather
a simple outcome that asymptotic & free states differ just by normalisation Z and mass. The
S-matrix is hence the “residue” in all external momenta. As in complex analysis, this means that
the full function G may and generally contain other terms.

6.5 Two-Point Function

We need first in our expansion to a given order, then Z, m,. These appear in the 2-point Green’s
function which can be written, using translation invariance, as:

G (p.k) = (2n)"6" (p + K)G(P?) (405)
- L E YA
G ﬂ) % [Note the 1-pt only has one pole in p2] (406)
p _mp

We can compute this order-by-order, & for a fixed order even sum a countable co.
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icioaitonsal

Figure 22: One particle irreducible (1PI) and one particle reducible (1PR) Feynman diagrams,
on which the red dashed line shows the internal line which could split the diagram into two
disconnected pieces.

Gen= 1, 1 pm
pl_ m'L p&_ m?. p&_ m?.
. ) D)
pl. m?. pl. m?. p’.. m?.

! > L

o-m -5 p-E p*-Mp

where ¥ is the blob @ representing all one-particle-irreducible (1PI) diagrams, and is called the
self-energy. But what is 1PI? It’s actually easier to define the opposite first:

There exists at least one inter-
nal line whose absence (or cutting)
would split the diagram into 2 dis-
connected pieces.

One particle reducible diagram

Let’s use A\p? again for illustration in fig. 22 and the sum of these diagrams is the invariant matrix
element, for a “1 to 1” process. So here:

[ (e :
= / e OO (407)
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6.6 External Legs Corrections & Amputated Diagrams

Once we have the corrections to the two-point function, we can save ourselves some work at higher-
point functions. Consider again A¢p* and the diagrams: DAIGRAMS These corrections we have
computed already, so we can focus on the rest of the contributions, stripping out the external legs
propagators. Then the LSZ formula reads:

[ Spportiy = (VZ)"GE) asea (P} = {K}) (408) ]

G amputated €an be computed as the invariant matrix elements in momentum space with Feynman
rules, e.g.

aW

amp.

:/ dig (@2 i ! ¥ (409)

(2m)2 2 (¢ —m?) (¢+p1+p2)? —m?

(410)
6.7 Effective Action & One Particle Irreducible
Lastly, we apply the 1PI definition on higher-point amplitudes, and define:
—i% = Sum of 2-point 1PI diagrams
i0®) = Sum of 3-point 1PI diagrams
i0™ = Sum of n-point 1PI diagrams
With these pieces, we can build higher-point greens functions, take
GO, = i2m)** (> p)T® ({p;}) (411)
—_———
Gy = Cn) ' (Y p) - (it ({pi) (412)
jof
+iT(p1,p2, —p1 — p2)G(p1 + p2)iT® (1 + P2, p3, pa) (413)
+ (p3 <> pa) + (P2 & p4} (414)

where these expressions are exact, the expansion is within '™, T'(™) can be computed not only
with diagrams, but also with functional methods in the path integral formulation. This, however,
goes beyond our course.
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6.8 Diagram Zoology

It’s good to collect here some of the diagram terminology:

Connected /Disconnected

¢
*—

Tree Level /Loop Level

Vacuum Diagrams

Amputated ﬂ

One Particle Reducible/One
Particle Irreducible

>
XX
e
X



7 F: Fermions

7.1 Lorentz group representations

What are the Lorentz group representations? A clue is in angular momentum being contained in
it. This tells us that we’re missing something between ¢ and A*.
So what is v A#?7

Define : =0 At A2 3 4 x 4 complex matrices (415)
such that : {v*, 4V} = APy — A = 20" Tyny (416)
(¥)T =440 (417)

A representation of the Lorentz group in this space is ¢ with
, v i
) =y = "2y o =7 17771 (418)

and you can show that (o#*)T = ~9g#40,
We put forward the following

proposition »Ty%4#4 is a vector (419)

and proceed to prove it

(P1rPtgp) =gt 0w’ /2y 0y peiwe/2y, (420)
8 (P7"1)) %W (—ir owy! + 4 yiow) ¥ (421)
:%1,5 (—owyH + owyt + WP [y, gag)) P (422)

zgiwﬁa% ("7 = P — Py ey P) (423)

=wh PyHep (424)

7.2 Dirac’s field

What we have encountered, once promoted to space-time dependent, is Dirac’s field ¢ (x). Let’s
build its quadratic action. Lorentz invariance sets constraints that leave us with two terms at this
order

S = / d*z (iYpy" 0,0 — mapap) (425)
where ¢ = 1% and I encourage you to check that the m term is invariant.
The EoM is
08 0
- it _ —
50 — (z'y py m) ¥ =0 (426)
(moat v m) ¥ =0 (427)
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that is Dirac’s equation.

Let’s count degrees of freedom, v is a 4-vector acted upon by v matrices so you might then
count 4 real (¢) and 4 imaginary 1 degrees of freedom. However when counting degree’s of freedom
we clook at phase space:

My, = iy = iyt (428)

which tells us there are half as many d.o.f. as you might think, 4.
The Hamiltonian density that follows is

H= 88@1&@1/} L = —ipyVip + mypp (429)
It is this operator that will give us the spectrum of the Quantum theory.
The Dirac field has then 4 d.o.f. We know that a spin 1/2 particle has two states, so there’s
two types of particles in .
Let’s stay at the classical level & solve for the EoM which will give us the ansatz for the
quantum free-Hamiltonian-evolved-field, i.e. interaction picture field. Our ansatz

d4 _
vie) = [ e i) (430)
so that the equation of motion
(7P —m)d(p) = 0 (431)

This algebraic eq. needs a vanishing determinant for any non-trivial solution to exist
det(y-p—m) = (m? —p*)* =0 (432)
There are 4 solutions to this eq.
(2x) p’ = /2 +m? (2x) p’ = —\/p2 +m? (433)

We know that a spin 1/2 particle has two spin states, here we have two of those, one with
negative p’. Remember this is not an issue since we are looking at the field, not the wave-function.
We treat this as we did for the complex field:

0(e) = [ 500" — ) (Aol 7O + Bo) w e OG)  (434)
3
= [ GE @) B ™) (435)

Where we have introduced v, us as the vectors in Dirac space that

Us (v-p—m)us =0 P’ >0 (436)
(%" = P7 = mus =0 (437)

Vs (v-p+m)us =0 P’ >0 (438)
(™" = P7 +m)vs =0 (439)

(440)

So the trick is to interpret a particle with momenta —p for p° < 0. We'll see if it works at the
quantum level.
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As eigenvectors, these satisfy orthogonality:
ulug =205y vivg =2E,0¢ ulvg =0 (441)
& as Lorentz group reps

Uty = 2M0gsr VgVgr = 2Mlggr (442)

> gt = (yp+m) > v = (yp —m) (443)
Here’s a spinor in explicit form

0 ot ot =(1,5)
wo__ 9
v ( s 0 ) A (444)

win = VI ) win = (V%) (415)

we parametrise y by the spin S on the rest frame as

S - cosf/2

Saxs = 1/2xs Xs = €X3Xs = < sin 026 ) (446)
with 6, ¢ polar coordinates for the spin and

(B, +m) — 6p JpE = (447)

VI =, ) 2, - m)

7.3 Chirality and irreducible representations

We have not written down the smalllest spin 1/2 representation yet; a Dirac spinor is reducible.
Define

vs =i7 vty [v5,0""] =0, ~+=1 (448)

This means, v5 o#¥ can be simultaneously diagonalised, but ~s5 splits representations with projec-
tors Pr,, Pr

Py 51*775 Pg 512775 (449)
Y =Py YR =PRy (450)

WithPLPRZO,Pg:PL,PIQ%:PR,PL—FPR:L
Given Py, Pg are projectors and the can be diagonalised simulatneously with Lorentz generators,
oM r and ¢y, are closed under boosts and rotations

w/L —_ PLeiwo-/2¢ — eiwo‘/QPLw _ eiwa’/QwL (451)

and the same holds for ¥ zr. Why didn’t we start from the smallest representation? For Dirac mass
term we need both left and right, as you can show yourself. One can still have mass with say v,
only, but that is a Majorana fermion.
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7.4 Dirac’s Field Quantisation

We have used our experience of quantising a complex Klein-Gordon field to line up the classical
theory so that quantisation should follow easily. As usual we do

and before we go any furhter let’s look at the Hamiltonian

For our harmonic oscillator H first there must be a cancellation on

which does cancel since span a orthogonal basis.

For the rest, however

7.5 Spin-statistics

A consequence of the anti-commutation relations is the statistics as deduced from a two-state
system. Take a scalar

but now for a Dirac field

The exchange of any Dirac particle implies a negative sign. We have discovered fermions of
course!

In particular the above means

You can’t put two fermions with the same spin on the same state. I we go back to a finite
volume

For a boson, we can put as many particles as we like in the state but for a spin 1/2 frmions we
can only put two: spin up and spin down.

7.6 Parity and Charge-conjugation

Parity does flip space’s sign x so a scalar field and derivative
¢ (452)

where we used.
In fact all 4-vectors will pick a sign and so should, which means
If our theory is parity-invariant , i.e. our action stays the same. Then
Charge conjugation. We exchange particles for anti-particles by

7.7 Pertubation theory for fermions

At the centre of our perturbative expansion in Lorentz invariant formulae was Dyson’s formula
introducing time-ordering T" and Wick’s theorem to get rid of it.

We'll have to revise time ordering for fermions. When we put any fermion past another we
picka a sign so now (all fields are interaction picture but we ommit)

Ty (453)
In particular
Ty (454)

and this also generalises to a Wick theorem for fermions.

Nonetheless, Dyson’s formula time-orders the interaction Hamiltonian without any sign, is this
fermionic Wick theorm of any use to us?

It is cause the Hamiltonian is a ‘bosonic’ operator; consider an interaction of two different
fermions and a scalar

yukawa (455)
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A term in Dyson’s formula is
T (456)

Now suppose we evaluate it in between enough quanta to commute the fields away (e.g.) since we
have arranged the rest in the right order, we would get

(0] (457)
which is the fermionic time ordering. THis is not a proof but this elementary result can be used
for it.

Feynman propagator
Let’s evaluate the above two point correlator then [with normalisation]
(OIT (ath5) [0) = Oy0_y0 (458)

or sometimes written as

Causality

Another concern is causality where we used the commutation relations for a scalar field. What
saves the day in this case is that all observables have an even number of fermion fields. The way
D. Tong puts it " no detector goes to minus itself when you rotate it 360"

Take for illustration the fermionic density 1 (z)y ()

[ (@)v(2), ¥ (y)v ()] (459)
In computing this the following general relation is useful
[A, BC] = [A, B]C + BIA, C]
[A,BC] ={A,B}C — B{A,C}
Which helps break down the initial commutator into a factor 1) whose vanishing for ensures causal-

ity is preserved

Feynman Rules for fermions

This will be the factor associated with an internal fermion line. For external states

(Ol ,|0) =e~ P uy(p) (Ol |0) =e~ T uy(p) (460)
(Ol¢pal, ,|0) =e~ P uy(p) (Ol |0) =e~PTuy(p) (461)
Finally consider the extension of our Yukawa theory for fermions
- 000
Lr=—yp(x)Y(z)(z) 55551 = —Yydap (462)

We can collect all these in momentum-space Feynman rules
As we did before, we impose 4-momentum conservation at every vertex and integrate over
internal momenta, but also sum over all spinor indexes to obtain a Lorentz invariant result.
An example
wf (463)
uuf—————v
(p1 —p3)? — m?@
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7.8 QED

The theory with the most precise tested preductions goes by the name of Quantum Electro-
Dynamics (QED). It is a gauge theory, which we have not discussed so far, so let’s begin by
giving a gauge transformation
- , o , O
U(l),,, A—- A=A+ Va (I)_HI):(I)_E (464)
Then = =
E'=-V® -9,A'=E+Vda—-dVa=FE

The same holds for the magnetic field, so our Lagrangian eq/2(E? — ¢2B?) is invariant and we’ve
found a local symmetry U(1)e, with a(x) the space-time dependent transformation parameter.

This type of symmetry is such that one could choose to give a phase to a field around the origin
a(0) = ap bu not at some other point «(0,1,0,0) = 0.

As it stands however this theory has no matter and the Noether current associated with the
symmetry vanishes ().

Let’s introduce a Dirac field ¢(z). If our symmetry is U(1) then it seems sensible to assume

U(1)em : ) — ) = e %) (465)

yet this would make the Lagrangian

£, =geiee (m‘)aact AV - m) ol yVad (466)
B 1[0, 10a -
—Cy+ L [0ruL G + 0%l (467)

These terms we could cancel out with py#A, = py09®/c — VYA, recall A, = (9/e, ,A’)
for a Lagrangian as

(468)
with D = 0 —ieA. In natural units (which we now take to include)
Lqep =¥ (in* D, —m) ¢ — %FWFW (469)
with
g Fu = LD, D]y (470)
4 137 e

This is the most general renormalisable action one can build compatible with Lorentz and gauge
invariance.
It does have charged particles with

oL oL _a

A = —qhyH 471
o Vaa#AquéwaaM eww (471)

o
_gjétm =0
The gauge invariance removes one d.o.f. of A* on top of the non-dynamical A° so when
quantised this theory presents
e~ electrons with spin 1/2 mass m, charge -e
eT positrons with spin 1/2 mass m, charge e

A, photons with spin 1 (but two states only) mass 0, charge 0

70



Feynman Rules

Interaction picture fields

3
Ui(z) = / (27:5%& Z (ak’sus(k)e_“” + b;svs(k)e“”) (472)
3
Al () = / (2:;3];& 3 (ck,ssfﬁ(k)e*m + h.c.) eu(k)E" =0 (473)
A
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