Heavy Flavour Physics
and

Effective Field Theories

Epiphany 2015

An inspiring example oHeavy Flavour

Alexander Lenz

IPPP Durham
July 10, 2015

1






Contents

1

Introduction

1.1 The standard model in areal nutshell . . . . . . ..
1.2 Masses of the elementary particles . . . . ... ..
1.3 Outline . ... ... ... ... .. ... .. ...

Flavour Physics and the CKM matrix

21 Heavyhadrons . ... ................
2.2 Weak decaysofheavyquarks . . . ... ... ...
2.3 Weak decays of heavy hadrons . . . .. ... ...
24 Exercisel . ... . ... ...
2.5 CKM, FCNC,... withintheSM . . . . .. ... ...
26 Exercisell: .. ... .. .. ... .. . ...
2.7 Acluetoexplainexistence . . ... .........

2.7.1 Electroweak Baryogenesis . . . . ... ..

2.7.2 GUT-Baryogenesis. . . ... ... .....
273 Leptogenesis . . ... ... ... ......
28 CPuviolation . . . .. .. ... ... oo

Flavour phenomenology

3.1 Overview . . .. .. ...
3.2 Theunitaritytriangle . . .. ... .. ... .....
3.3 Flavourexperiments. . . . ... ... ... .....
3.4 Current status of flavour phenomenology . . . . . .

Weak decays | - Basics

4.1 Themyondecay. ... ... ... .. ........
4.2 Thetaudecay . ... ... ... ... .. ......

4.3 Mesondecays - Definitions . . . . . ... ... ..
4.4 Charm-quarkdecay . . ... ... ... ......

45 Bottom-quarkdecay. . . .. ... .. ... .....

Weak decays Il - The effective Hamiltonian

5.1 Motivation. . . . .. .. ... .. ...
5.2 The effective Hamiltonianin LO-QCD . . . . . . . .
5.2.1 Basics-Feynmanrules . . ... .... ..
5.2.2 Theinitial conditions . . . . .. ... .. ..

5.3 The effective Hamiltonian in NLO and NNLO-QCD

3



6 Weak decays Il - Inclusive B-decays 69
6.1 Inclusive B-decaysatLO-QCD . . . ... ... .. .. ...... 69
6.2 Bgandn.atNLO-QCD . .. ... ... .. ... ........ 70

7 The Heavy Quark Expansion 72
7.1 Calculation of inclusive decayrates . . . .. ... ... .... 72
7.2 Theexpansionininversemasses . . . . . . . . . .. ... ... 72
7.3 LeadingtermintheHQE . . . . ... .. ... ... ....... 73
7.4 SecondtermoftheHQE . .. ... ... ... .. ........ 75
7.5 ThirdtermoftheHQE . . . ... . .. .. ... .. ....... 78
7.6 FourthtermoftheHQE . . . . . . . ... . ... ... ...... 83
7.7 Violation of quark-hadronduality . . . ... ... ... ..... 48
7.8 Status of lifetime predictions . . . . . . . ... ... .. 4 8

7.8.1 B-mesonlifetimes . ... . ... ... ... ... .... 84
7.8.2 b-baryonlifetimes . ... ... .. ... ... .. ..., 85
7.8.3 D-mesonlifetimes . .. . ... ... ... .. .. ... . 87

8 Mixing in Particle Physics 88
8.1 OVerview . . . . . . . e 88
8.2 Weakgaugebosons . ... .. ... ... ... ... ... ... 90
8.3 Neutrinooscillations . . . . ... ... ... ... L. 90

9 Mixing of neutral mesons 94
9.1 General Introduction . . . .. ... ... ... ... .. ..., 94
9.2 Experimental results for the different mixing systems:. . . . . 97
9.3 Standard model predictions for mixing of neutral mesons. . . 100

9.3.1 Observables. . . ... ... ... .. ... ... ... 100
9.3.2 Firstestimates . .. ... ... ... .. .. .. ..... 101
9.3.3 The SM predictions for mixing quantities . . . . . . . .. 210
9.3.4 NumericalResults . . . ... ... ... ......... 107
9.4 MixingofDmesons . .. ... .. ... ... 114
9.4.1 What is so different compared to tBesystem? . . . . . . 114
9.4.2 SMpredictions . . .. ... ... oo 115
9.4.3 HQE for decay rate difference . . . ... ... ... ... 117
9.5 Searchfornewphysics .. ... ... .. ... ... ....... 121
9.5.1 Model independent analyses in B-mixing . . . ... ... 121
9.5.2 Search for new physicsinDmixing . . . ... ...... 122
9.6 OpenQuestions . . . . . . . . . 124
9.7 Comments . . . . . . .. e e 124



10 Exclusive B-decays 125

10.1 Decay topologies and QCD factorisation . . . . . .. ... ... 125
10.2 Heavy Quark Effective Theory . . . . . .. .. ... ... .... 128
10.3 DifferentMethods . . . . . . .. .. .. ... .. ... .. ... 128
11 Search for new physics 129
11.1 Modelindependentanalyses . . ... ... .. .. ........ 129
11.2 SM4 . . . e 129
11.3 2HDM . . . . e 129
11.4 Vector-likequarks . . . . . . . ... 129
115 MSSM . . . . . e 129
12 Acknowledgements 129
13 Appendix A: Basic QCD calculations 130
13.1 One-Loop Corrections . . . . . . . . . . . ..., 130
13.1.1 Quark SelfEnergy . . . ... .. ... ... ....... 130
13.1.2 GluonSelfEnergy . . .. ... .. ... ... ...... 133
13.1.3 VertexCorrection . . . . . . . . .. ... ... 139
13.1.4 Useful Formulae . . .. ... ... ... ... ...... 141
13.2 Renormalisation . . . . . . . . . .. ... .. ... .. 145
13.3 TheRunningCoupling . . . . ... ... .. ... .. ...... 146






1 Introduction

These lectures provide a basic knowledge about flavour phiy$o set the nota-
tion and conventions the notes start very elemettdmyt they will become more
technical later on.

1.1 The standard model in a real nutshell

All currently known elementary particles can be split infoia three groups:
1. Spin 0 particles: appear in the process of theeation of mass
2. Spin 1/2 particles: matter constituents
3. Spin 1 particles: forcetransmitters

These three groups contain altogether 25 (= 1+12+12) fuedgah particles,
which read explicitly:

1. Spin O particle: Creating the masses of the fermions and of the weak gauge
bosons via théliggs mechanism(Englert and Brout; Higgs; Guralnik, Ha-
gen and Kibble) [2, 3, 4, 5, 6] gives rise to new scalar pascl In the
simplest realisation this is a single neutral particle,sbecalledHiggs bo-
son h, which was predicted in [3, 4, 8jand found in 2012 at thearge
Hadron Collider (LHC) at CERN, Geneva with the experiments ATLAS
and CMS [7, 8].

2. Spin 1/2 particles: matter is built out of fermions, which are split into two
classes: quarks and leptons.

Quarks: Leptons, AerToo = light, not heavy:

U & t Ve Yy Uy

(d) (s) <b) (e) <,u> <T>
Quarks take part in the strong interaction, the weak intema@and the elec-
tromagnetic interaction. Concerning the latter, the, ¢t quarks have the
electric charget2/3 and thed, s, b quarks have charge1/3. Leptons do
not take part in the strong interaction, but in the weak sdgon. Concern-
ing the electromagnetic interactiona; , ~, 7~ have charge-1 and thus
take part, while neutrinos are electrical neutral and hémeg only interact
weakly.

For a nice introduction to the standard model see e.g. [1].
2All the cited papers can be easily obtained from INSPIRE Xivarsimply type in Google:
“spires” or “arXiv”.



3. Spin 1 particles: the fundamental interactions are transferred via corre-
sponding interaction quanta, thauge bosons

e electro-magnetic interactiophoton ~
e weak interactionweak gauge boson$l/*, W -, Z°

e strong interactiongluonsgy, ..., gs

The weak boson®/* have the electric chargel, while all other bosons
are electrically neutral.

Remarks:

e The matter constituents show up in three copgenérationg, the individ-
ual species are calleithvour, i.e. u,d,c, s,t,b in the case of the quarks.
In principle all known matter is made up of the first genematiordinary
matter consists of atoms, which are built of protons, newgtiend electrons
and the protons and neutrons itself are built out of up- amandguarks, at
least to a first approximation. Looking more carefully oneléiralso glu-
ons and different quark-antiquark pairs including a nogligéle portion
of strange quarks. Later we will see, what is peculiar abawtrig at least
three generations of matter in the standard model.

e Gauge symmetry forces all gauge bosons and fermions to lo#l\yeraass-
less. The weak gauge bosons and fermions will acquire maseeiHiggs
mechanism, without violating the gauge principle.

1.2 Masses of the elementary particles

In the theoretical tools used to describe flavour obsergahkehierarchy between
different mass scales will be crucial. Thus we give here atshe@rview (status:
January 2014, PDG [9]) over the masses of the elementarnglpart

For comparison: the mass of a protord.272046(21) MeV = 1.672621777 -
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10727 kg.

| Particle | Physical mass | MS — mass
; 173.07(89) GeV | 160 GeV
h 125.9(4) GeV
Z 01.1876(21) GeV
W [80.385(15) GeV
b 4.78(6) GeV | 4.18(3) GeV
5 1.77682(16) GeV
c 1.67(7) GeV | 1.275(25)  GeV
u 105.6583715(35) MeV
s 035(25)  MeV
d 17(2) MeV
u 2.15(15)  MeV
e 510.008028(11)  keV GeV
v <1 eV GeV
Yy 1y -5 gs | O GeV GeV

Remarks:

e In principle it is sufficient to remember only rough valuestbé masses
of the elementary particles. Some of the observables weinviistigate
below, depend however strongly on the masses, e.g. lifstoha weakly
decaying particle are proportional to the inverse fifth poafghe mass of
the decaying particle. Hence we provided the precise valtitge masses.

e Quarks do not exist as free particles but only within bouatest Thus it is
not clear what is actually meant by the mass of a free quarkgiwehere
two commonly used definitions: we identify the pole mass (itlee pole
of the corresponding quark propagator) with the physicasn@his works
well for ¢, b andt, but not for the light quarks. Another commonly used
definition is thel/ S-mass [10]. For the three heavy quarks we migém,)
and for the three light quarks we quaig (2 GeV).

¢ In order to compare more easily with the literature we wik digr the nu-
merical evaluations in this lecture:

(M) = 4.248 GeV,  m;°° = 4.65 GeV, (1)
me(m.) = 1.277 GeV,  ml°° = 1471 GeV, (2)
me(m,) = 0.997 GeV . (3)

9



1.3

Outline

Flavour physicsis the description of effects related to the change of quatk a
lepton flavours. In this course we restrict ourselves to kjtransitions and since
the top quark does not form bound states we will also not dsdu Mostly we
will be treating transitions of bottom and charm quarks.

Many of the theoretical tools used to describe these effgetdased on the con-
cept ofeffective field theories which have also very important applications out-
side flavour physics.

This lecture course consists of 16 + 6 hours of lecturkss split up into the
following sections

1.

I
N B O

© © N o 0 bk~ W DN

General introduction

Flavour physics and the CKM matrix

Flavour phenomenology

Basics of weak decays

Effective theories, in particulatl, s,

Inclusive B-decays

Lifetimes and lifetime differences - the Heavy Quark Bspan
Mixing in particle physics

Mixing of neutral mesons

Exclusive B-decays

. Search for new physics

. Appendix: collection of useful formulae
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2 Flavour Physics and the CKM matrix

2.1 Heavy hadrons

In this lecture course we are considering hadronic bourtdst®ntaining a heavy

b-quark and/or a heawyquark. Mesons consist of a quark and an anti-quark and
baryons of three quarks.
The concrete quark content and some basic propertiBsroésons ané-baryons
read: (status January 2015, masses from PDG [9] and lifetand ratios from
HFAG [11] - my own estimates are indicated by

B-mesons
By=(bd) | B*=(bu) | B,=(bs) B = (be)
Mass (GeV)|| 5.27955(26) | 5.27925(26) | 5.3667(4) 6.2745(18)
Lifetime (ps)| 1.520(4) 1.638(4) 1.509(4) 0.507(9)
7(X)/7(By) 1 1.076 4 0.004 | 0.993 4 0.004 | 0.334 4 0.006%
b-baryons
Ay = (udb) =Y = (usb) =, = (dsb) | Q, = (ssb)
Mass (GeV)|| 5.6194(6) 5.7918(5) 5.79772(55) | 6.071(40)
Lifetime (ps)|| 1.467(10) 1.465(31) 1.559(37) 157 (£2%)
7(X)/7(By) || 0.965 £ 0.007 | 0.964 £ 0.020% | 1.026 £ 0.024% | 1.03 (F])) =

Alternative lifetime averages were, e.g., obtained in [12]
In particular the lifetime ratios provide crucial tests afraalculational tools,

since they are not expected to be sizable affected by newqshysour methods

pass these tests we can apply them to quantities which aeetexqjto be sensitive
to new physics effects. This will be discussed in detail elo
The quark content and some basic propertie®ahesons and-baryons read:
(status January 2013, masses and lifetimes from PD& [9]:

D-mesons
D° = (uc) | DT = (dc) D} = (3¢)
Mass (GeV) | 1.86486(13) | 1.86962(15) | 1.96849(32)
Lifetime (ps)| 0.4101(15) 1.040(7) 0.500(7)
7(X)/7(D°) 2.536 4 0.017 | 1.219 4 0.017

3DV and D have the same relative precision in the lifetimes.
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c-baryons

A= (ude) | EF = (usc) | Z° = (dsc) Q. = (ssc)
Mass (GeV)| 2.28646(14) | 2. 1676 (7o) [ 247109 (7)) 12,6952 (715)
Lifetime (ps)||  0.200(6) 0.442(26

7(X)/7(D°) || 0.488 £ 0.015 |  1.08(6)

~— o

0.112 (1) | 0.069(12)
0.27(3) 0.17 +0.03

The charm sector provides some additional complementsty &€ our theoretical
tools, since there the expansion parameter is consideiailsr.

Later on will also discuss kaons and pions, thus we provide abme of their
properties

K-mesons

K¢ = (5d+sd)| K = (sd —sd)| K*=s5u
Mass (GeV)| 0.497614(24) | 0.497614(24) | 0.493677(16)
Lifetime (ps)|  89.54(4) 51160(210) | 12380(21)

Pions

7t =du 70 = (tu — dd) /2
Mass (GeV)| 0.13957018(35) | 0.1349766(6)
Lifetime (ps) 26033(5) (8.524+0.18) - 10~°

2.2 \Weak decays of heavy quarks

All these hadrons decay via the charged weak interactioa.dbminant processes
are the following tree-level decays:

e freeb-quark tree-level decay:

f  —

u+d
cC+s
U+ S

c _ c _
b—>{ + W %{ +4q c+d
U U o
e+,
oty
T+ Ur

\
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e freec-quark tree-level decay:
S 4 s
c—>{d+W —>{d+ et +u,

d,s

If there are quarks in the final state we have sizable QCDectians, which is
indicated in the Feynman diagrams by the gluon exchangesalitwve transitions
are triggered by the charged weak current; they consistrahaition of a x-quark
into a y-quark via the exchange ofE*-boson. The basic vertex reads

x=(u,c,t)
W i, (1— )V, A
. 22\/5% V5) Vay
y=(d,s,b)
y=(d,s,b)
wW-
W= Z%Wﬂ(l - 75)Vx*y
x=(u,c,1)

13



The couplings/,,, are the so-calle@KM (Cabibbo-Kobayashi-Maskawa)
elements [13, 14]. The CKM parameters exhibit a pronoundechtchy. Typi-
cally this hierarchy is made explicit by expressing thead#ht CKM-elements in
powers of the smaNVolfenstein parameter[15] A =~ 0.22551, see e.g. CKM-
fitter [16] or UTfit [17]. In the case of inclusivé-decays the following CKM
elements appear:

Vud, Ves N =1 )
Vis, Vea o AL,

Vip o A2 )

Vi oc A8

Typically it is stated in the literature th&f,, is of order\?, but numerically it is
much closer to\*. At the time, the Wolfenstein parameterisation was progose
(1983), the knowledge about the sizelQf was simply not precise enough to dis-
tinguish this difference.

In addition to the above discussed tree-level decays, Hreralso transitions that
appear only on loop-level. In the standard model there isradree-level transi-
tion of a b-quark into a s-quark. This is the famous absendawadur changing
neutral currents (FCNC). On loop level such a transition is possible within the
SM, via so-callegpenguin diagrams (invented in 1975 by Shifman, Vainshtein
and Zakharov [18] and baptised by John Ellis in 1977 [19]).

9 q

9 T aLen:
b-decays that proceed only via penguinstare sss, ssd, ddd, dds, sy, d~y, sl 1, dlTl~, sg
anddg. b-decays that proceed via tree-level decays and penguihs-arers, ccd, uts
anduud. Forb — cés penguins are a correction of ab®it of the LO decay rate

[20], for b — wus penguins are by far the dominant contribution [21].
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2.3 Weak decays of heavy hadrons

In reality weak decays of mesons are however much more coatetl, than the
decay of a free quark, because of strong interactions, wikiclepicted in the
following diagrams. In principle the binding of the quarks$d a meson is a non-
perturbative problem, i.e. the exchange of one gluon is gortant as the ex-
change of numerous ones.

Meson decays can be classified according to their final states

e Leptonic decayshave only leptons in the final state, elg. — 7~ .

Such decays have the simplest hadronic structure. Gluodgive quark of
the initial state into a hadron. All non-perturbative etéeare described by
decay constants.

e Semi-leptonic decay$ave leptons and hadrons in the final state, B.g.—
D° e p,.

<l



Now the hadronic structure is more complicated. We have theifg of
hadrons in the initial state and in the final states. Moreadkere is the
possibility of having strong interactions between thei@ind final states.
The non-perturbative physics is in this case described fwg factors.

¢ Non-leptonic decayshave only hadrons in the final state, e.d?~ —
DY 7.

These are the most complicated decays and they can only dtedrby
making additional assumptions that allow then for a fastdion.

Later on, when investigating these decays in more theatet&tail, we will see,
however, that théree quark decayis a very good approximation, if the decaying
qguark is heavy enough. This can be shown within the framewbtke Heavy
Quark Expansion (HQE), see, e.g., [22] for a review and references therein. For
theb-quark this approximation works quite well; it is currendliscussed whether

it also works for the--quark.

2.4 Exercise 1

1. Draw the Feynman diagrams for the dec&ys— D*r— andB; — nn~.
What would you expect in theory for the ratio

Br(By — D*r™)

= ?
Br(By — ntn™)

16



Compare your expectation with the measured values takemtfie PDG.
Solution:

Br(By — D*ﬁ’)Themry 2 1 386,667
Br(By — 7tn~) V2 M ' ’

Br(B; — Dtr)™P%  (2.68+40.13)-1073 “53 438
Br(By — 7tn™) ~ (5.1240.19)-10-6 T

The agreement with our naive estimate is quite impressive!

. What size do you expect for tlsemi leptonic branching ratio

if the masses in the final states and sub-domibant wu-transitions are
neglected?

Solution:

['(b— cvee)
I'(b— cud,s)+T'(b— ced,s) + 30(b — cv.e™)

1
= ——— =0.111111.
3+3+3

Accidentally this naive estimate agrees perfectly with the measured
value of By, = 0.1033 £ 0.0028 for B; mesons [9].

. Rank all possible inclusive (tree-level) decays acewdo their branching
ratios. Now also the masses of the particles in the finalstatetaken into

17



account. The phase space factor for one Charm-quark in takstiate is
about 0.67, for one tau lepton 0.28, for two charm quarks artdfor one
tau and one charm 0.13.

Solution:

Decay naive naive NLO-QCDI[20]
b — cud x M-3-PS;  =41.1999% 44.6%
b — ccs x M-3-PS, =2459T% 23.2%
b—cvem o M-1-PS; =13.7333% 11.6%
b—cv,u~ M1-PS; =13.7333% 11.6%
b—cv, 7~ o« M-1-PS, =2.66467% 2.7%
b — cus x MN.3.PS, =209521% 2.4%
b — ced x MN.3.PS, =1.25087T% 1.3%
b — uud x A6.3.1 = 0.288548% 0.6%
b — ucs x A6.3.PS; =0.193327% 0.4%
b — uus x AN6.3.1 =0.0146741% 0.2%
b— uve” o A6.1.1 =0.0961828%  0.2%
b— uv,pu~ o A76.1.1 =0.0961829%  0.2%
b—uv.7~ o« AN.1-PS; =0.0269312% 0.1%
b — ucd x A6.3.PS; =0.00983162% 0.00%

For the decay b — wuus the penguin contribution is dominant, so our
power counting does not work for this decay.

4. What size do you now expect for the semi leptonic brancratig?

Solution:
By = 0.137333 .

Mass corrections turn out to be very sizable. By accident the naive
leading estimate reproduced already perfectly the experiment value:
By = 0.1033 + 0.0028 for B; mesons [9]. Later on we will see, that
QCD-corrections [20] will bring down again the theoretical value to
the experimental one B,; = 0.116.

2.5 CKM, FCNC,... within the SM
The Lagrangian of the standard model [23, 24] reads scheatigti

1 v
E — _Z MVFM

18



+iV PV
+D, 2 — V(@)

The first line of Eq.(4) describes the gauge fields of the grareak and electro-
magnetic interaction, the second line massless fermioth$haair interaction with
the gauge fields. The third line represents the free scaldr fiee Higgs potential
and the interaction of the scalar field with the gauge fieldse 3pecial form of
the Higgs potential will result in masses for some of the galbgsons. The last
line describes the interaction between fermions and tharsteld, the so-called
Yukawa interaction. When the Higgs fieldis replaced by its vacuum expectation
valuev/+/2 one is left with a fermion mass term of the forri;; /v/2 - ¥, ¥}, so
the mass is given byu;; = vYi; /2.

The full standard model Lagrangian is invariant under Paiedransformations
and localSU(3)¢ x SU(2);, x U(1)y gauge transformationsSU (3) describes
the strong interaction; stands for colourSU(2) describes the weak interaction,
L stands for left-handed/(1) describes the electromagnetic interaction anhd
stands for hypercharge. Looking at té/(2), x U(1)y-part in more detail one
gets in the case of one generation of fermions the followkpyessions:

1 a vV a 1 17
L= —WiLWHe— 2B, B"

. . G-w,
+W A <13u — 1YL B, — 9241 5 H) vy,

_ » g-w
+W Ryt (z@u — 1 YrB, — 92qr M) Vg

_ a-w
<lau — 1Y B, — 9200 5 M) ®

— (U @Y,up + up®TY,V;) — (U @Yadg + dp®'Yy¥r) . (5)

\)

2

+ ~V(2')

Let us discuss first the notation:

e U, andVy denote left- and right-handed spinors describing the fensi

l+75

VyRr= v (6)

Moreover¥; denotes &'U(2), doublet, i.e. one can write

@L:<Zz). (7)



uy, is the four component Dirac spinor of the up-quark it has wisakpin
+1/2 anddy, is the four component Dirac spinor of the down quark with
weak isospin-1/2. W denotesSU(2), singlets.

e ¢ is the gauge coupling of th&(1)y interaction transmitted via th8,
gauge field,B,, is the corresponding field strength tensbf,  , are the
hyper charges of the left-handed fermions, right-handechitns and of
the Higgs field.

e ¢- is the gauge coupling of thg€U(2), interaction transmitted via the three
WM gauge fieldsiV¢, (a = 1,2, 3) is the corresponding field strength tensor
andg denotes the Pauli matrices. The fact that only left-hanéechibns
take part in the weak interaction and right-handed do ndtligled by the
following choice of the chargesiz = 0 andq;, = go = 1. This describes
correctly the experimentally founchaximal parity-violationof the weak
interaction.

e Also the Higgs field is & U (2), doublet

@z(ﬁ), ®)

with hypercharge” = 1/2. The complex Higgs doublet has four degrees
of freedom and the following quantum numbers.

ot ¢
Ql +1 0
Ts | +1/2 —1/2 -
Y [ +1/2 +1/2

Using theunitary gauge one can expand the Higgs field in the following

way
@:(ﬁﬂ). ©)
V2

v is the non-vanishing vacuum expectation value of the Higgd # (v ~
246.22 GeV)* and H is the physical Higgs field, which was recently found
at the LHC [7, 8].

Y. 4 are the Yukawa couplings of the up- and down-quarks. To gotd b

40riginally v is defined as the minimum of the Higgs potentiak: \/—u2/\. Expressing the
gauge boson masses in termsaine getsMy = gov/2. Comparing this with the definition of

the Fermi constar®'s/v/2 = g3 /(8M2,) one sees that = 1/1/(v2G ).

20



the up-quarks and the down-quarks a mass we have to intr@seeond
Higgs field, which is not independent from the original omegome exten-
sions of the standard model, it will be independent, e.ghéTwo-Higgs
Doublet Model 2HDM) or the Minimal Supersymmetric Standard Model

(MSSM)).
¢0*
O = ioyd" ( . ) | (10)
This field can also be expanded as
1 v+ H
P = ) 11
") -
After spontaneous symmetry breaking the Yukawa term reads
Lyukawa = — (\I/LqDCYuUR + TLR(I)CTYU‘I’L) - (‘I’Lq)yddR + JRq)TY;l\I/L)
Y. Y, - _
= —11/5 (upugr + tgup) — U—\/g (deR + deL) . (12)

This is now a simple mass term for the up- and down quarks Vkighnasses
My,d = UYu,d/\/i-

For three generations of quarks the situation gets stittla linore involved. The
Yukawa interaction reads now

‘CYukawa -

B B B ) UR . Q1L

= —(Qu1,Q01,Q31) Y, | cr | + (ur,Cr tr) @Y, | Qar

IR Qs
[ dr B B [ Quz

— (Q11,Q21,Q3.) ®Yy | sk | + (dr,5r,0R) Yy | Qor | .
br Q3,1

(13)

with the threeSU(2),, doublets

Qu=( 1) Q=) eu=(;) a9

Note, that now in general the Yukawa coupling matrib?gg do not have to be
diagonal! After spontaneous symmetry breaking one getfotlmving structure
of the fermion mass terms:

WY M WY, + N UY + U Mo Ws + W MW (15)
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with

Ut = c |, (16)
t
d

gl = s |, (17)
b

Moo= =Y, (18)
V2

M, = %Yd. (19)

Again, in general the mass matricks and )/, do not have to be diagonal, but
they can be diagonalised with unitary transformations

Ut U, with UjU, =1, (20)
vl - U0 with UlU, = 1. (21)

The transformed mass matrices read

My,
v N
—Ulv,U, = me , (22)
V2 m,

Y uiv,u - (23)
—=UgIqU2 =— s .
V2 my

Ul MU, =

Ul N, U, =

The states that belong to a diagonal mass matrix are calbest eigenstatesr
physical eigenstatesthe states that couple to the weak gauge bosons are called
weak eigenstatesin principle the mass matrices could also be diagonal fioen t
beginning on. We will start, however, with the most genecagbility and finally
experimental data will show what is realised in nature.

The transformation between weak and mass eigenstates dbafeatt the elec-
tromagnetic interaction and also not the neutral weak otiria this cases up-like
guarks couple to up-like ones and down-like quarks to dakemédnes, so one has
always the combination(s’fUl and U§U2 in the interaction terms. By definition
this combinations give the unit matrix. Thus all neutraknaictions are diagonal,
in other wordsthere are no flavour changing neutral currents (FCNC) in the
standard model at tree-level.The originally diagonal charged current interaction
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can however become non-diagonal by this transformation

1 d
(ﬂvévf) T (1 - '75) 1 S
1 b
d
- (ﬂa@a%(l—%)m% Z
d
= (4,607 (1 =) X (24)

This defines the famouZabibbo-Kobayashi-Maskawa-Matrix or CKM-Matrix
VC’KM = UIUQ . (25)

From a theory point of view it is not excluded th&l U, is diagonal (e.g.U;
and U, are unit matrices ot/; = Us). In the end experimental data will show
(and have shown) if the CKM-matrix is non-diagonal and thileass transitions
between different families. Historically this matrix wasented in two steps:

e 1963: 2x2 Quark mixing by Cabibbo [13]
e 1973: 3x3 Quark mixing by Kobayashi and Maskawa [14]; NP 2008

Let us look a little more in the properties of this matrix:

By construction the CKM-Matrix is a unitary matrix, it corgte the weak eigen-
states;’ with the mass eigenstatesinstead of transforming both the up-type and
down-type quark fields one can also solely transform the diypa fields:

d/
S = VC KM S ! . (26)
b b

One can show, that a general unité¥yx N-matrix hasV (N — 1)/2 real param-
eters and N — 1)(N — 2)/2 phases, if unphysical phases are discarded (?refer-
ence?).

N =2 1real parameter 0 phases
N =3 3real parameters 1 phase
N =4 6real parameters 3 phases
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As will be discussed below a complex coupling, e.g. a comQlgM-element,
leads to an effect calle@P-violation. This will have important consequences on
the existence of matter in the universe. Kobayashi and Measkaund in 1973
that one needs at least three families of quarks (i.e. sirkkghiéo implement CP-
violation in the standard model. At that time only three disavere known, the
charm-quark was found in 1974.

As we have seen already, the CKM-Matrix allows non-diagaoalplings of the
charged currents, i.e. the u-quark does not only couplestd4tuark via a charged
W boson, but it also couples to the s-quark and the b-quark. eftrges of the
CKM-matrix give the respective coupling strengths

Vud Vus Vub
Vervr = Vea Ves Vo | - (27)
Vie Vis Vi
. g2
Couplin —— 7, (1 —~5)Vy 28
pgocwﬁw( V5)Vaud (28)

For a unitary3 x 3 matrix with 3 real angles and 1 complex phase, different
parameterisations are possible. The so-cataddard parameterisationreads

—id13

C12€13 512C13 513€

_ i i
Verms = | —S12C23 — C12523513€"1®  ClaCa3 — S12523513€"13 $93C13 ;

i i

512523 — C12C23513€"°®  —C128923 — S12C23513€"1% €233
(29)
with

s;j :=sin(#;;) and ¢;; = cos(0;;) . (30)

The three angles arg,, -3 andd,3, the complex phase describing CP-violation
is 913. This parameterisation is exact and it is typically usedii@merical calcu-
lations. There is also a very ostensive parameterisatiersa-called\Volfenstein
parameterisation [15]. This parameterisation uses the experimentally found
erarchyV,, ~ 1 ~ V,, andV,, ~ 0.22551 =: X to perform a Taylor expansion
in \. Here one also has 3 real parametgrs! andp and one complex coupling
denoted by,.

1-— ’\72 A AN(p—in)
Vokn = -\ 1- ’\72 AN? : (31)
AN (1 —p—in) —AN 1

In this form the hierarchies can be read of very nicely. Titaorss within a family
are strongly favoured, transitions between the first andrsdamily are sup-
pressed by one power of transition between the second and third family are
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suppressed by two powers bfind transitions between the first and the third fam-
ily by at least three powers. The most recent numerical ediluethe Wolfenstein
parameter read (status January 2015 from the CKMfitter dB&j [

A= 0.2254870000% (32)
A = 0810700, (33)
po= 0.1453%0007% . (34)
7 = 0.3431011 (35)

Remarks:

e The non-vanishing value of describes CP-violation within the standard
model.

e Numerically one get$V,;| = 0.00355 = A\ soV,, is more of the
order)\* than\? as historically assumed.

For the values of all CKM elements one gets (status Januany fhe CKMfitter
page [16])

0.974242f08;§08§§8§§ 0.22548i§;‘8)§‘8)§§ 0.00355i§;§§§i§
Vorw = | 0225547 0073417000 00411750000
0.00855 g 90027~ 0-04043Z5 750172 0-999146 1 500038

(36)

Remarks:

e From this experimental numbers we clearly can see, thatkiM-@atrix is
non-diagonal. So our initial ansatz with non-diagonal Yu&anteractions
was necessary!

e One also clearly sees the hierarchy of the CKM-matrix. Titaors within
a family are clearly favoured, while changes of the family disfavoured.
In the lepton sector there is a very different hierarchy.

e The above given numbers have very small uncertainties. refiss cru-
cially on the assumption of having a unitadyx 3 CKM matrix. Giving
up this assumption, e.g. in models with four fermion genenatthe uncer-
tainties will be considerably larger.
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2.6 Exercise Il:

Derive the Wolfenstein parameterisation!

1. Experimentally it was known that~ V,;, > V,,, > V,,. Start by defining
the expansion parameter.= V,, and deriver;3 ~ 1.

2. Write down the standard parameterisation of the CKM-ixatvhere s
andc;, are expressed in terms &f Include corrections up to order.

3. Looking closer at experimental data one finds V4 > Vs > Vi, > Vi
Make the ansat¥,, =: A\? andV,;, =: A\3(p — in) and express the whole
CKM matrix in terms of\.

2.7 A clue to explain existence

In this section we will motivate the huge interest in effeetated to the violation
of a mathematical symmetry called CP (Charge Parity). Téian extremely
fundamental issue and it is related to the origin of mattéh@universe.
There is an observed asymmetry between matter and antinrattee universe,
which can be parameterised by the baryon to photonnatiavhich was measured
by PLANCK [25] to be

g = ”Bn;”B ~ (6.05 £ 0.07) - 1071° (37)

Y

ng is the number of baryons in the universg, the number of anti-baryons and
n. the number of photons. The tihynatter excess is responsible for the whole
visible universe! In the very early universe the relativeass of matter over
antimatter was much smaller, compared to now

10000000001 — 10000000000
Nt =0) = (38)

Ty

np(today) = L=0 (39)

Ny

Now we have two possibilities for the initial conditions:

e 7p(t = 0) = 0: this seems to beatural, but how can themg(t > 0) # 0
be produced?
Starting from symmetric initial conditions in the big bangeeything should

5The numerical value is obtained by investigating primdrdigleosynthesis and the cosmic
microwave background, see e.g. the PLANCK homepage.
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have annihilated itself, which we do not observe (becausexmst!) or there
are regions in the universe, which consist of antimattethabthere is in
total an exactly equal amount of matter and antimatter. Weislso do not
observe

e np(t = 0) # 0: is not excluded, even if it might seemamnatural But
during an inflationary phase (and everything points towahnés scenario)
every finite value of)z will be almost perfectly thinned out to zero.

Sakharov has shown in 1967 [26] how one can solve this putlthe basic
laws of nature have certain properties, then one can crelaseyan asymmetry
dynamically Baryogenesi$. In order not to be wiped out by inflation one expects
that the asymmetry has to be produced somewhere betweemtheftinflation

(T > 10' GeV) and the electroweak phase transitidn 100 GeV). The basics
properties Sakharov found are:

a) C and CP-Violation: C is the charge parity, it changes the sign of the
charges of the elementary particles; P is the usual parsyaae reflection.
The violation of parity in the weak interaction was thearaliy proposed
in 1956 by Lee and Yang (NP 1957) [27] and almost immediatehyfied
by the experiment of Wu [28]. In 1964 a tiny CP violation effa@as found
in the neutral K-system - in an observable denoted by by Christenson,
Cronin, Fitch, Turlay [29] (NP 1980).

We know three ways of implementing CP violation in our models

1. via complex Yukawa-couplings, as in the CKM matrix.

2. via complex parameters in the Higgs potential, see e.gigggtlou-
blett models in the end of the lectures

3. alastrong CP - this we will not be discussed in this lechates
b) B Violation: The necessity to violate the baryon number is obvious.
Examples for baryon number violating processes are:
1. Sphalerons in the SM
2. Decay of heavy X, Y Bosons in GUTSs - triggers proton decay
3. SUSY without R-Parity - triggers proton decay
c) Phase out of thermal equilibrium: In order to decide whether one is in

thermal equilibrium or not one has to compare the expansitaaf the uni-
verse with the reaction rate of processes that can creatdtarraatimatter

6See e.g. the homepage of tApha MagneticSpectrometer experiment; the current bound
for the anti-He to He ratio will be improved froid—¢ to 10°.
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asymmetry. In principle the universe is after inflation asthaways in ther-
mal equilibrium. Deviations of it are possible via

— Out-of-equilibrium decay of heavy patrticles, e.g.

x Nucleo synthesis
«x Decoupling of Neutrinos
« Decoupling of Photons

— First order phase transitions, e.g.

x Inflation
x Electroweak phase transition?

Remarks:

e Sakharov’'s paper was sent to the journal on 23.9.1966 anlishal on
1.1.1967; it was cited for the first time in 1976 by Okun anddoeich;
beginning of 2015 it has 2080 citatiors be patient with your papers!

e The paper is quite cryptic; it discusses the decays of maxara ~
MPlamck)---

e All three ingredients have to be part of the fundamentaltyyewt only in
principal, but also to a sufficient extent.

For lecture notes on baryogenesis see e.g. [30, 31, 32, 8BBjerdly there a three
main types of models discussed, which could create a baigymmaetry.

2.7.1 Electroweak Baryogenesis

Here one assumes that the baryon asymmetry will be createdgdihe elec-
troweak phase transition at an energy/temperature of @eut 00 GeV. The first
candidate for this scenario is clearly the standard modelleBus see, whether
the Sakharov criteria might be fulfilled within the standarddel.

a) In the standard model C and CP violation are implementedafneasure
of the magnitude of CP violation one typically uses the &adsinvariant
J[34], which reads in the standard model

J = (mi —mg) (my —m) (mg —my) (mi; —m) (my —mg)(mi—mg) - A .
(40)

m, denotes the mass of the quarknd A the area of the unitarity triangle,

which will be discussed belowA is large, if the CKM-elements have also
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b)

large imaginary, i.e. CP violating contributions. Normsalg J to the scale
of the electroweak phase transition one gets a very smalbeum

J
——— ~ 1070 <6 x 107"~ 41
(100 GeV) 2 <o e (41)
see e.g. [35]. So it seems that the amount of CP violationerstandard
model is not sufficient to explain the baryon asymmetry.

In the standard model baryon numbé&) @nd lepton numberi() are con-
served to leading order in perturbation theory. Includingrfum effects (in
particular the Adler-Bell-Jackiew anomaly) one finds thaand L. are no
longer conserved separately, it L is still conserved. Considering also
non-perturbative effects (there exist no Feynman diaghanmsparticular
thermal effects one can create the needed violatiaB.of hese effects are
calledsphaleronggreek: weak, dangerous) [36, 37]. At temperatures T
100 GeV this effect is exponentially suppressed, whileatgg very rapidly
above 100 GeV.

Finally one needs to be out of thermal equilibrium at 100/G2uring a
second order phase transition the parameters change intiawmrs way
and one stays always in thermal equilibrium:

V
el @ \ T>>T, T>T.

T=0

In order to leave thermal equilibrium a first order transitis needed:
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V,
eff[ (p] A T>TC T:TC

T=0

To answer the question of the nature of the electroweak ghas&tion one
has to calculate the effective Higgs potential (classicaééptial plus quan-
tum effects) in dependence of the Higgs mass at finite tertyperaOne
finds for massesy < 72 GeV a first order transition, while the transition
is continuous for higher masses, see e.g. [38, 39, 40, 41].

!
1St ordey
broken\ 2nd order smooth
phase crossove
a > my
75 GeV

Thus the experimental value of the Higgs mass of 126 GeV lglgaints
towards a continuous transition within the standard model.

To summarise: in the standard model we have C and CP violatierhave B
number violation and we have a possibility to have a phas@biltermal equi-
librium. Looking closer one finds however that the amount Bfv@blation is not
sufficient and that the experimental measured value of thhgddnass is too high
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to give a first order phase transition.

Thus we have to extend the standard model in order to creatsbgerved baryon
asymmetry.This is a very strong indication for physics beyond the standrd
model.

Staying with baryogenesis at the electroweak scale thergsemeral possibilities
to extend the standard model in such a way that the Sakhaitevias can be
fulfilled, e.g.:

e Extended fermion sector, e.g. fourth generation models

— The Jarlskog measure can easily be increased by 10 orderagriim
tude [42]

— Non perturbative effects due to large Yukawa couplings trgbdify
the effective potential

The most simple fourth generations are, however, exclugi¢ddomeasured
properties of the Higgs boson [43, 44, 45]

Extended Higgs sectors, e.g. 2 Higgs-Doublet model:

— New CP violating effects can appear in the Higgs sector, spd46]

— Now a first order phase transition is possible, see e.g. [8,749, 50,
51, 52, 53].

SUSY without R-parity:

— New CP-violating effects possible

— First order phase transition possible for certain massspeee e.g.[54]

?0ut-of-Equilibrium decay of new unknown particles withssasn ~ 100
GeV???

2.7.2 GUT-Baryo genesis

Here one assumes that the baryon asymmetry will be createdgdihe elec-
troweak phase transition at an energy/temperature of @boust 10'° GeV, the
unification scale of the strong, weak and electromagnetizaction.

a) Due to the extended Higgs sector there is a lot of room far@Ee violating
effects.
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b) Baryon number violating processes are now already irdipeetubatively
by the decays of the heavy X and Y bosons.

c) When the temperature falls below the GUT-scaler x y), the production
and the decay of the X,Y leave the equilibrium.

If a baryon asymmetry is produced at a very high scale, like @UT scale,
then there is always the danger that this asymmetry will behed out later by
sphaleron processes. Wash-out Processes (i.e. B asymmdirgymmetry via
inverse decay and rescattering) were investigated e.g.obiyRKolb (Post-Doc)
and Stephen Wolfram (Grad. Student, founder of MATHEMAT ]85, 56].

2.7.3 Lepto genesis

For a review of lepto genesis see e.g. [57].
There is no experimental bound on

nyp — Ny
nr = k L ) (42)

Ty

since charged leptons can always transform in more or lggsbte neutrinos.
The basic idea of lepto genesis (1986, Fukugita and Yand§Rlx consists of
two steps:

1. Produce first a lepton asymmetry via neutrino processesr@er not to
violate charge conservation). For this a violation of CP &ahatory.
One possibility would be the decay of super-heavy rightdeahMajorana
neutrinos AL = 2). Such neutrinos could also explain the origin of the
small neutrino masses.

2. Transform the lepton asymmetry into a baryon asymmetySghalerons
(B + L is violated, whileB — L is conserved).

2.8 CP violation

A violation of the CP symmetry corresponds to the appearahaecomplex cou-
pling in the theory. In the standard model this happens invilleawa sector, in
particular the CKM elements can be complex if there are st lbmee generations
of fermions.
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3 Flavour phenomenology

3.1 Overview

Decays of hadrons containing a beauty-quark or a charmkgueiperfectly suited
for:

a) Precise determination of the standard model parameterlike CKM ele-
ments and quark masses.

b) Indirect search for new physics- heavy new particle might might give
virtual contributions that are of comparable size as thedsted model con-
tributions.

c) Understanding of the origin and the mechanisr@Bfviolation.
Having a closer look at these decays, one finds:

a) The CKM parameter appearing in decays of b-hadrons are@the least
well known: V,, Vi, Vi, Vis andVy,.

b) Certain decay modes, e.g. — sss can not happen at tree-level in the
standard model since we do not have FCNCs. But such decays@eeed
via loop effects in the standard model. The probability fenguin decays
Is typically much smaller than for tree-level decays sineaguins are an
higher order effect in the weak interaction. Virtual cotress due to heavy
new physics particles might have a similar size as penguayde Although
being only a tiny correction to tree-level decays, new ptg/siffects might
be a large effect in loop induced b-decays and therefore ttiesay modes
are especially well suited for the search for new physics.

c) CP violating effects are expected to be large in ttsystem. In thek-
system these effects are of the order16f? (the analogue ofy in the
B-system are the semi leptonic asymmetries which are algosveall, see
the discussion below). Bigi and Sanda pointed out in 198tttieasize of
CP violation in exclusive decays of B-mesons might be large,of order
one [59]/

"This was based on a work by Carter and Sanda [60]. Ashton Balthgh” Carter (born on
September 24, 1954) was nominated by President Barack Ofsamacember 5, 2014 to become
the United States Secretary of Defense.
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3.2 The unitarity triangle

This programme is closely related to the determination @ GKM-matrix and in
particular to the determination of the so-called unitatiigngle. By construction
we have

VormVigy =1 (43)

In the case of three generations this gives us nine conditibmree combinations
of CKM elements, whose sum is equal to one and six combinatidrose sum is
equal to zero, in particular

VudVy, + VeV + ViaVy, = 0. (44)
Using the Wolfenstein parameterisation we get for this sum
AN (p+im) — 1+ (1= (5 +17)] = 0. (45)
Since A and )\ are already quite well known one concentrates on the datermi
tion of p andrn. The above sum of three complex numbers can be represented

graphically as a triangle, the so-calleditarity triangle, in the complexp — 7
plane.

A=(p.n)

C=(0,0) B=(1,0)

The determination of the unitarity triangle is in partiqulasteresting since a non-
vanishingn describes CP-violation in the standard model.

In principle the following strategy is used (for a review scg.[61]):

Compare the experimental value of some flavour observalbtetive correspond-
ing theory expression, whepeandn are left as free parameters and plot the con-
straint on these two parameters in the complexn plane e.qg.:
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e The amplitude of a beauty-quark decaying into an up-quapkaportional
to V,,. Therefore the branching fraction of B-mesons decayingi $&on
tonically into mesons that contain the up-quark from theubgaecay is
proportional to|V,,;|*:

B(B = XueV) = Gtheory” |Varl* = atheory (0 +17)

Exp. —
P - B p(B—)Xuey)’ (46)
Atheory

wherea contains the result of the theoretical calculation. By canng
experiment and theory for this decay and leayirapndn as free parameters
we get a constraint in the — n-plane in the form of a circle around@, 0)
with the radiusB=*P-(B — X,,¢7)/aheory

¢ Investigating the system of neutral B-mesons one finds tiafphysical
eigenstates are a mixture of the flavour eigenstates. Tieistefill be dis-
cussed in more detail below. As a result of this mixing the piysical
eigenstates have different masses, the difference of thartasses is de-
noted byA My, . Theoretically one find&\ Mg, o [Vig]* o (p — 1)? + >
Comparing experiment and theory we obtain a circle ardund).

e Comparing theory and experiment for the CP-violation efflet¢he neutral
K-system, denoted by the quantity, we get an hyperbola in the — 7-
plane.

The overlap of all these regions gives finally the valuesgf@ndr. In the fol-
lowing figure all the above discussed quantities are indwutdhematically. The
constraint from the semi leptonic decay is shown in greea,citnstraint from
B-mixing is shown in blue and the hyperbolic constraint frgms displayed in
pink. This figure is just meant to visualise the method in @ple, later on we
show a plot with the latest experimental numbers.
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Remarks:

e The above programme was performed in the last years with gueaess!
As a result of these efforts Kobayashi and Maskawa were agandith the
Nobel Prize in 2008.

e The presented method to determmandr is equivalent to an indirect de-
termination of the anglg. Bigi and Sanda have shown that this angle can be
extracted directly, with almost no theoretical uncertaindm the following
CP-asymmetry in exclusive B-decays [59].

 TB—=J/V+Ks)—T(B—J/¥+Kg)
WP S LB S Ut Ke) 1 T(B = It kg o020 (A7)

Because of its theoretical cleanness this decay mode isdctikegold-
plated mode

3.3 Flavour experiments

In order to be able to measure flavour quantities as prea@sabypssible one needs
a huge number of B-mesons. So the obvious aim was to buildeaaters that
create as many B-mesons as possible. Currently there arddsses of accelera-
tors that can fulfil this task:
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e So-calledB factories This arec™ — e~ -colliders, that seem to be in partic-

ular advantageous to perform precision measurements secétheir low
background. This was done since 1999 in SLAC, Stanford, USA the
PEP accelerator and the BaBar detector and in KEK, JapanthétBelle
detector. Currently the machine and the detector in KEK agraded to a

Super B factory
B-mesons will then be produced according to the followiragten

et —e” — Y(=bb—resonances— B + B. (48)

There are several excitations of tlieresonance, with different masses and
different production-cross-sections.

25 T T rrr 1 —r T L LA L L L R | T T
=) ¥
ﬁ ED _ '! III T
| R
R ‘
T
T 1ot + !, Y _
‘o i L‘~+ .;? ' "y _
= 5r i ¥y ]
D t*" *’ﬂ‘ !'.'.'h'* Mlh'ﬁinﬂ-“-"-'l-‘,i_*_.
- Y(18) T(28) T(38) T(45)
D PRI S R T | R R PRI T S S S R PR T S S S TN S S A SN S T R SO S N
044 946 10.0010.02 1034 1037  10.54 10.58 10.62

a
Mass (GeV/c)
Now one has to check, whether the production of B-mesonsnisnkati-
cally allowed. The lightest mesons have a mas2mg-o ~ 10559 MeV,
therefore our machine has to run on ffiéls)-resonance, to have the high-
est possible production cross section. The price to paya,we can not
produce anyB,, B. or A, in such a machine. To produce al&g mesons
one has to switch to th#(5s)-resonance, with the prize of a lower cross
section - this was only done at KEK.
Another problem we have is the short lifetime of the b-hadron~ 10~'2
S. In order to be able to measure the tracks of the b-hadrom&si de-
cided to build asymmetric accelerators, where the prodBeetsons have
a large boost and therefore due to time dilatation a lifetiomg enough to
be measured.
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e Hadron colliders like the TeVatron at Fermilab € p-collisions) and the
LHC at CERN p—p-collisions) were not primarily built for flavour physics,
but they have huge— and charm production cross sections

o(pp — bb+X) = 284ub (7TeV) (49)
olpp —>cc+ X) = 6100ub (7TeV) (50)
o(ete” — bb) ~ 1nb (BaBar, Bellg (51)

This means that an integrated luminosity of 1§ at LHC corresponds to

6 x 102 c¢ pairs, approximately 1/6 of them is detected by LHCb. Thus
the currently achieved 3 f correspond to aboit0'" detectedbb pairs,
which has to be compared with abolit’ bb pairs at Belle. Moreover in
addition toB,; andB* the heavier hadrons likB,, B. andA, are accessible

in hadron machines. This led to the fact that recently theaet LHCDb (for
certain decay modes also ATLAS and CMS) started to domihatéeld of
experimental heavy flavour physics.

In the following table we give a brief list of some acceleratproducing b-
hadrons. Besides the kind of accelerated particles andehergy thduminosity
L is one of the most important key numbers of an accelerator.

8The number of events of a certain kind is related to the crestich of this event and the
luminosity in the following way

# of events= / Ldt-o (52)

| Ldt is also called the integrated luminosity and it is measunashits of e.g. fb 1.
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machine location particles Exp. circum- | luminosity
energy ference | [cm=2s571]
LEP CERN et +e” ALEPH, DELPHI | 27 km | 10%?
'89-'01 Geneva, CH | 105 GeV OPAL, ZEUS
TEVATRON FERMILAB p+D CDF 6.3km | 4-10%2
'87 - 30.9.2011| Chicago, USA| 1 TeV DO 10fb~1
CESR CLEO et +e” 0.8km | 1.3-10%
79 - Cornell, USA | 6 GeV
PEP-II SLAC et +e” BaBar 2.2km | 1.2069 - 103
Stanford et :3.1GeV (Peak)
'99 -’08 USA e” :9GeV 557/433(4s) fb!
KEKB KEK et +e Belle 0.8km | 2.1083-103*
et :3.5GeV (Peak)
'99 -’10 Japan e~ :8GeV 1040 b=t
LHC CERN p+p LHCb 27km | 8-10%
'10-°13 p:8TeV (Peak)
'15- ... Geneva, CH 3fb=! (LHCb)
SuperKEKB | KEK et +e” Belle 0.8km | 8-10%
et : 4 GeV (Peak)
'17/°18 - Japan e :7GeV 50ab—!in’22/'23

3.4 Current status of flavour phenomenology

These experiments have achieved unprecedentedly higisiprem flavour physics,
for a recent review see, e.g. [62] and references theremegughlights are:

e Precise determination of the CKM matrix:

— Assuming the validity of the standard model, fits of the CKMtrixa
give very precise values, see Eq.(36).

— In particular the previously quite unknown elemehts andV,, are
now strongly constrained.

— One of the basic motivations of the B-factories was a diretghi-
nation of the angle? in the unitarity triangle via investigation of the
decayB, — J/¥ + K,. A combination of the results from BaBar and

Belle gives

sin 23 = 0.679 4 0.020 .

(53)

This result is in very good agreement with the indirect dateation

of g via fits of the CKM matrix.

— There is also a precise determination of the angés well as the first
direct measurement of the angleavailable. The size of is directly
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proportional to the size of CP violation in the CKM matrix. @ most
precise value for this value stems from LHCb

7= (731%)° . (54)

All these achievements were awarded in 2008 with the NobiegeHbpr
Kobayashi and Maskawa.

e CP violation:

— Large CPV in B decays, in particulandirect CP-violation(= the
physical eigenstate is not a pure CP-eigenstate) was fouthe decay
By — J/V + K. This was the first discovery of CP-violation outside
the K-system.

— Direct CP-violation(= the decay itself violates CP) was discovered,
e.g. in the decays

By — ntn Kt 47, (55)
Bt — DKT, (56)
B, — K r". (57)

— There are hints for direct CPV in the charm sector at the séyear
mille level.

— CPV effects in mixing of neutraB-mesons are searched for inten-
sively; these effects are tiny in the SM - so they present @ midltest.

e The lifetimes of the B-mesons and b-baryons were measurédanhigh
precision. Since the lifetime is one of the fundamental props of a par-
ticle, it is very desirable to understand this quantitiesotietically. More-
over, lifetimes are expected to be only marginally affedigdhew physics
contributions, thus they present a very clean test of owr#teal tools to
describe heavy hadron decays, in particular the expansioreérse powers
of the heavy quark mass. We will present below the state o&thi cal-
culating lifetimes of heavy hadrons, see [22] for a review.

Of patrticular interest was the measurement of the decayditiezence in
the neutralB, system,Al'y by the LHCb collaboration from 2012 on, as
well as newer results from ATLAS and CMS. This measuremeoniged

a strong confirmation of the validity of the Heavy Quark Exgan.

e Numerous rare decays likB, — u"pu~,B — Xy, By — K*utp—, ...
were measured with branching fractions as londad0~°. These modes
are ideal for the search for new physics contributions, dsagehe results
from B-mixing.
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e Numerous hadronic decays like — =nm, K7, KK,... were measured,
with branching fractions of the order d®—> and below. These decay modes
are an interesting testing ground for attempts to deschi&strong interac-
tion effects in hadronic decays, which is more complicakeshtlifetimes.

In the following figure the current status (January 2015hef determination of
the unitarity triangle is shown.

15 1T 17T T 11 | T T 1, T 11 T 17T T 171
: excluded area has CL >0.95 | 7“’% :
- Y 6! ’
1.0 — o, —
_ 5 Amy& Amg
05— —
I= 00— —
-0.5 — —
-1.0 __ EK —_
- fitter Y sol. w/'cos 2B<0 |
- Winter 14 ! (excl.atCL > 0.95)
_15 i | I | | | I | | I I | | I I | | | I | | | I | 1

-1.0 -0.5 0.0 0.5 1.0 15 2.0

All measurements agree very well with the CKM mechanismenéeless there is
still some sizeable room for new physics effects and we hbweetsal0 deviations
of experiment and standard model at the three sigma level.
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4 \Weak decays | - Basics

4.1 The myon decay

The muon decay,~ — v, e~ 7, represents the most simple weak decay, be-
cause there are no QCD effects involVedlhis process is given by the following
Feynman diagram.

Hence the total decay rate of the muon reads (see, e.g. d68hfearly reference)

Gzm;, . ((m, _G%mzc
192737 \'m,, ) — 19273 >H

FM_>VH+5+De = (58)
Gr = ¢g2/(4v/2M},) denotes the Fermi constant afithe phase space factor for
one massive particle in the final state. It is given by

fl) = 1—8z%+82°% — 2% — 242 In(x) . (59)

The coefficient; , is introduced here to be consistent with our later notafidre
result in Eq.(58) is already very instructive, since we getior the measurable

lifetime of the muon

1 19273
P (60)

r Gszif (2—;)
Thus the lifetime of a weakly decaying particle is propartbto the inverse of
the fifth power of the mass of the decaying particle. Usingrtteasured values
[9] for G = 1.1663787(6) - 107> GeV 2, m, = 0.510998928(11) MeV and
m,, = 0.1056583715(35) GeV we predict® the lifetime of the muon to be

T e = 218776 - 10 °s, (61)

9This statements holds to a high accuracy. QCD effects avisthé first time at the two loop
order.

0This is of course not really correct, because the measured fifatime was used to determine
the Fermi constant, but for pedagogical reasons we asswanttFermi constant is known from
somewhere else.
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which is in excellent agreement with the measured valuef[9] o
TP =2.1969811(22) - 10~°s. (62)

The remaining tiny difference (the prediction is abo4t; smaller than the exper-
imental value) is due to higher order electro-weak coroasti These corrections
are crucial for a high precision determination of the Feromstant. The domi-
nant contribution is given by the 1-loop QED correctioncctted already in the

1950s [64, 65];
Csp=f (Z) [1 + %2 (% . w2)] . (63)

Taking this effect into accounty(= 1/137.035999074(44) [9]) we predict

rrheo- — 91969910 %s, (64)

m

which is almost identical to the measured value given in@).(The complete 2-
loop QED corrections have been determined in [66], a reviedvap-corrections
to the muon decay is given in [67] and two very recent highdeocalculations
can be found in, e.g., [68, 69].

The phase space factor is almost negligible for the muonydeteeadsf (m./m,,) =
0.999813 = 1 — 0.000187051 - but it will turn out to be quite sizable for a decay
of a b-quark into a charm quark.

4.2 The tau decay

Moving to the tau lepton, we have now two leptonic decay cle&nas well as
decays into quarks:

e+ 1,
Pty
T dta
S+u
VT
-
-
d,s
w- K

Cl



Heavier quarks, like charm- or bottom-quarks cannot beedg#®ecause the light-
est meson containing such quark3’(= cu; Mpo ~ 1.86 GeV) is heavier than
the tau leptonm, = 1.77682(16) GeV). Thus the total decay rate of the tau
lepton reads

G2 5 e u u S
r, = —£h {f (m ) +f (—m“) + N, Vil g (—m ,—md) + N, [Vigl* g (—m o )}
m m m

)
19273 . . my my My
2,5
GFmTC
19273 7

The factorN, = 3 is a colour factor ang denotes a new phase space function,
when there are two massive particles in the final state. If eglett the phase
space factorsf{(m./m,) =1 —"7-10"7; f(m,/m,) = 1 — 0.027;...) and if we
useV? + V2 =~ 1, then we get; . = 5 and thus the simple approximate relation

5
T _ (ﬂ) 1 . (66)

Ty m,) 5

(65)

Using the experimental values fay, m,, andm, we predict

rlheo — 3267071071 s, (67)
which is quite close to the experimental value of

B = 2.906(1)- 107 s. (68)

Now the theory prediction is abou2% larger than the measured value. This is
mostly due to sizable QCD corrections, when there are quarkkee final state -
which was not possible in the muon decay. These QCD correctce currently
calculated up to five loop accuracy [70], a review of highefeprcorrections can
be found in [71].

Because of the pronounced and clean dependence on the stngplghg, tau de-
cays can also be used for precision determinations cfee, e.g., the review [72].
This example shows already, that a proper treatment of Q@Rtefis mandatory
for precision investigations of lifetimes. In the case ofsmedecays this will even
be more important.

4.3 Meson decays - Definitions

As a starting point of the discussion of weak decays of meseasntroduce two
classes of decaysnclusiveandexclusivedecays.

¢ In exclusive modes every final state hadron is identified.
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AC

D(2010)"

=

This is in principle what experiments can do well, while thebas the
problem to describe the hadronic binding in the final staftes.the quark-
level decayb — ¢ ¢ s we have among many more the following options:

B — D*(2010)" DI,
— D™Dt
— D*(2010)" D7,
— D D/.
¢ Ininclusive modes we only care about the quarks in the firzést
b—ccs.

This is clearly theoretically easier, while experimentsenthe problem of
summing up all decays that belong to a certain inclusiveyleuade.

To get a feeling for the arising branching fractions we Irs¢ theory value [20]
for b — ¢ ¢ s, with some measured [9] exclusive branching ratios.

Br(b — ces) = (23+2)%, (69)
Br(D*” DY) = (1.77+014)%, (70)
Br(D*’ = (80%£1.1)-107?, (71)
Br(D™ DY) = (7.44+1.6)-107%, (72)
Br(D~ D}) = (7.240.8)-107?, (73)
Br(J/¥ Kg) = (8.73+£0.32)-107*. (74)

Here one can already guess that quite some number of exeldscay channels
has to be summed up in order to obtain the inclusive branaiaithgy
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4.4 Charm-quark decay

Before trying to investigate the complicated meson dedayss look at the decay

of free c- andb-quarks. Later on we will show that the free quark decay is the
leading term in a systematic expansion in the inverse of #a/ ¥ (decaying)
guark mass - the Heavy Quark Expansion (HQE).

A charm quark can decay weakly into a strange- or a down-qaadkalV -
boson, which then further decays either into leptons (depibnic decay) or into
guarks (non-leptonic decay).

Calculating the total inclusive decay rate of a charm-queglget

GZm3
1 L A o 75
with
mg Me mg mMm mg My, M
C3,c: g<_7_) +g <_7 M) +Nc‘vud|2h <_7 7_d)
me Mg me Me me Me Mg

N, Vi |2 (ﬁ iy ﬁ)

Me Me Mg
2
Mg M mg m Mg My M
(B2 e (2222) v (222
Me Mg Me My me mc me

FN| Vil h(;”j M ms)}(m)

C C C

h denotes a new phase space function, when there are threlgenzsticles in the
final state. If we set all phase space factors to gite: /m.) = f(0.0935/1.471) =
1 —0.03,... with my, = 93.5(2.5) MeV [9]) and use|V,q|* + |Vis|* = 1 ~
|Voa|® + |Ves|?, then we getV.|%c; . = 5, similar to ther decay. In that case we
predict a charm lifetime of

S { 0.84ps - { 1.471 GeV (Pole-schemge

1.70 ps 1.277(26) GeV (MS — schemg {77
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These predictions lie roughly in the ball-bark of the expemtal numbers for
D-meson lifetimes, but at this stage some comments are afgiep

e Predictions of the lifetimes of free quarks have a huge patamdepen-
dence on the definition of the quark mass (n]). This is the reason,
why typically only lifetime ratios (the dominant:} dependence as well
as CKM factors and some sub-leading non-perturbative coores cancel)
are determined theoretically. We show in this introducfiempedagogical
reasons the numerical results of the theory predictiondgedirhes and not
only ratios. In our case the value obtained with e — scheme for the
charm quark mass is about a factor of 2 larger than the oneénebitavith
the pole-scheme. In LO-QCD the definition of the quark massenspletely
arbitrary and we have these huge uncertainties. If we clewdverything
consistently in NLO-QCD, the treatment of the quark masseastt be de-
fined within the calculation, leading to a considerably werakkependence
of the final result on the quark mass definition.

Bigi, Shifman, Uraltsev and Vainshtein have shown in 1993 fhat the
pole mass scheme is always affected by infra-red renormmasae also the
paper of Beneke and Braun [74] that appeared on the same dhg anXiv

and the review in this issue [75]. Thus short-distance dedims of the
quark mass, like thaIS-mass [10] seem to be better suited than the pole
mass. More recent suggestions for quark mass conceptedmétic mass
from Bigi, Shifman, Uraltsev and Vainshtein [76, 77] intraxéd in 1994,
the potential subtracted mass from Beneke [78] andtfie)-scheme from
Hoang, Ligeti and Manohar [79, 80], both introduced in 1988[20] we
compared the above quark mass schemes for inclusive ntonleglecay
rates and found similar numerical results for the differgimbrt distance
masses. Thus we rely in this review - for simplicity - on poidins based

on theMS-mass scheme and we discard the pole mass, even if we give sev-
eral times predictions based on this mass scheme for cosopari
Concerning the concrete numerical values for the quark @sase also take
the same numbers as in [20]. In that work relations betweiéereint quark
mass schemes were strictly used at NLO-QCD accuracy (highes were
discarded), therefore the numbers differ slightly from Bi2G [9]-values,
which would result in

B 0.44 ps [ 1.67(7)  GeV (Pole-schemg
Te = { 1.71 ps for mc_{ 1.275(25) GeV (M—S—schemé(m)

Since our final lifetime predictions are only known up to NLE&aracy and
we expand every expression consistently up to orderve will stay with
the parameters used in [20].
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e Taking only the decay of the-quark into account, one obtains the same
lifetimes for all charm-mesons, which is clearly a very bagraximation,
taking the large spread of lifetimes of differebtmesons into account. Be-
low we will see that in the case of charmed mesons a very sizaiitribu-
tion comes from non-spectator effects where also the valgoark of the
D-meson is involved in the decay.

e Perturbative QCD corrections will turn out to be very impmt, because
as(m.) is quite large.

¢ In the above expressions we neglected, e.g., annihilagoays likeD* —
I™ v, which have very small branching ratios [9] (the correspoadFeyn-
man diagrams have the same topology as the d&cay» 7~ v,, that was
mentioned earlier). In the case bfr meson the branching ratio into” v,
will, however, be sizable [9] and has to be taken into account

Br(D! — 7" 1) = (5.43+0.31)% . (79)

In the framework of the HQE the non-spectator effects withtout to be sup-
pressed byl /m,. and sincem, is not very large, the suppression is also not ex-
pected to be very pronounced. This will change in the casB-ofesons. Be-
cause of the larger value of tihequark mass, one expects a better description of
the meson decay in terms of the simplguark decay.

4.5 Bottom-quark decay

eLu,T

Calculating the total inclusive decay rate df-guark we get

2.5
- Grmy

I =
b 19973

|Vcb\203,b ) (80)
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with

o ()

+

In this formula penguin induced decays have been negletiieg,will enhance
the decay rate by several per cent, see [20]. More importdihhewever, be the
QCD corrections. To proceed further we can neglect the rsasfsall final state
particles, except for the charm-quark and for the tau leptaraddition we can
neglect the contributions proportional {@,,|> since|V,;/V4|*> ~ 0.01. Using

further [V,4l? + |Vis|? ~ 1 ~ [V.4|? + |V.s|?, we get the following simplified
formula

Cay = |:(NC+2)f (%)+g(mc m7)+N (mc’mc)} 62
myp my My my 1My

If we have charm quarks in the final states, then the phase $pactions show
a huge dependence on the numerical value of the charm quask(vedues taken
from [20])

. 0.484 mPele  =1471 GeV, mf  =4650 GeV

f(—c) =< 0518  for< m.(m.) =1.277 GeV, my(m,) =4.248 GeV

m 0.666 me(my) = 0.997 GeV, my(m,) =4.248 GeV
(83)

The big spread in the values for the space functions cleldys again that the
definition of the quark mass is a critical issue for a precestenination of life-
times. The value for the pole quark mass is only shown to lisighe strong
mass dependence. As discussed above short-distance riksghs MS-mass
are theoretically better suited. Later on we will argueHertfor usingm..(my)
andm,(my) - SO both masses at the scalg -, which was suggested in [81], in
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order to sum up large logarithms of the forrti(m. /m;)? log™ (m./my)? to all or-
ders. Thus only the result usimg,.(m,) andm,(m;) should be considered as the
theory prediction, while the additional numbers are jusegifor completeness.
The phase space function for two identical particles in thal fstates reads [82,
83, 84, 85] (see [86] for the general case of three differeagsas)

1+ +v1—4x?
) =vV1—422 (1 — 142 — 22 — 122°) + 242* (1 — 2*) log ————— |
g(x) ( ) ( ) log 1~ V1 — 4a?
(84)
with x = m./m,. Thus we get in total for all the phase space contributions
9 me =0,
2.97 mFele mPole
Csb =1 395 TOF (M), (1) (85)
4.66 me(mp ), mp(my)

The phase space effects are now quite dramatic. For thehtqtark lifetime we
predict (withV,;, = 0.041517005%¢ from [16], for similar results see [17].)

7 = 260ps for m.(my), my(my) . (86)

This number is about0% larger than the experimental number for themeson
lifetimes. There are in principle two sources for that dépancy: first we ne-
glected several CKM-suppressed decays, which are howevehase space sup-
pressed as well as penguin decays. An inclusion of thesg/sl@ikh enhance the
total decay rate roughly by abou®% and thus reduce the lifetime prediction by
about10%. Second, there are large QCD effects, that will be discuissmk next
subsection; including them will bring our theory predictieery close to the ex-
perimental number. For completeness we show also theniéeiredictions, for
different (theoretically less motivated) values of thefuaasses.

0.90 ps me =0, myo°
) 142ps me =0, my ()
BT ) 250ps OT) e P )
3.72 ps me(me), my(1my)

By accident a neglect of the charm quark mass can lead togpied that are
very close to experiment. As argued above, only the valuegr{88) should
be considered as the theory prediction for thguark lifetime and not the ones
in EQ.(87). Next we introduce the missing, but necessarcepts for making
reliable predictions for the lifetimes of heavy hadrons.

50



5 Weak decays Il - The effective Hamiltonian

5.1 Motivation

Weak decays are dominantly triggered by the exchange ofynéabosons. The
decayb — c+ W~ — ¢+ u+ d is described by the following Feynman diagram.

: o

\ 4

In this problem two scales arises, the mass of the W-boso80( GeV) and the
mass of the b-quarky{ 5 GeV). If one includes now perturbative QCD corrections

THD

one finds that in the calculation big logarithms arise. Astaesult we do not get
2
a Taylor expansion i, but an expansion i, In ( o ) ~ 6a, which clearly

M2
spoils our perturbative approach. "
Using the fact that the particles triggering the weak decaynauch heavier than
the b-quark 4oy > m;) one can integrate them out by performing an operator
product expansion (OPE 1), see, e.g., [87] for a nice intotidn, as well as [88,
89, 90]. Schematically one contracts thepropagator to a point
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u d
. . 2
192V 1 192Vud ( 92 ) 1 Gr
~ V. = —V 88
o2 = M2 23 2v2) I CKM \/§CKM (88)

One is then left with thé&ermi-theory of the weak interaction. Corrections are
of the order ofi? /M3, ~ mj /M3, ~ 3.6 - 10~°. Including also QCD-effects we
will arrive at theeffective weak Hamiltonian.

Gp

7 (89)

Hepr =

6
ST VIR Q8 -V, > CiQ;
j=3

q=u,c

Without QCD corrections only the operat@y, arises and th&Vilson coefficient
Cs = 1. The operatof), has a current-current structure:

QQ - (Ea'yit(l - ’75)6?) X (CZBVM(l - 75)2%) )
= (Eath)VfA X (dﬁuﬁ)V,A ) (90)

wherea and$ denote colour indices. Thiés describe different combinations of
CKM elements. With the inclusion of QCD one gets additioram@tors (), has
the same quark structure &s, but it has a different colour structur€g, .., Qs
arise from penguin decays. Due to renormalisation all Wilsoefficients become
scale dependent functions. Numerically is of order one(”; of order 20% and
the penguin coefficients are beld®#, with the exception of’s, the coefficient of
the chromomagnetic operator.

The effective Hamiltonian in Eq.(89) was already obtained974 in LO-QCD
[91], a nice review of the NLO-results is given in [88]. Curtly also NNLO
results are available [92]. For the LO Wilson coefficieni®dp diagrams have to
be calculated, for NLO 2-loop diagrams and for NNLO 3-looagiams:
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~

LO NLO NNLO

Before introducing the concept of the effective Hamiltonia detail, one
might ask: Why do we not simply calculate in the full standenadel?
There are several reasons for that:

1. Inthe standard model large logarithms arise, when orledes virtual cor-
rections due to the strong interaction, which are not négég In the end
one will not have an expansion in the strong couptingo(m;) ~ 0.2) but
an expansion itn(m; /My )?a, ~ 1. So the convergence of the expansion
is not ensured. The general structure of the perturbatigaresion reads

1 — — —
agsln o — —
o?ln® a’ln  o? — (91)

3

3193 312 o3
a;Iln” a;ln” ojln o

Calculating within the standard model corresponds to ¢aleline by line.
Calculating within the framework of the effective Hamiltan corresponds
to calculate row by row and summing up the large logarithmadltorders.
An example for such a summation is given by the solution ofém®rmal-
isation group equations for the strong coupling, which s£dssed in detalil
in the appendix.

2. In the decay of a meson besides perturbatively calculsiidet-distance
QCD effects (e.g. the scaldy,) also long-distance strong interaction ef-
fect arise (e.g. the scalkycp), these are of non-perturbative origin. The
effective Hamiltonian allows a well-defined separation @dles. The high
energy physics is described by the Wilson coefficients, ttaeybe calcu-
lated in perturbation theory. The low energy physics is dbsed by the ma-
trix elements of the operatorg,, .., s. Here one needs non-perturbative
methods like lattice QCD or sum rules.
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3. Calculations within the framework of the effective Hatimilian are techni-
cally simpler, because fewer propagators appear in theuiaen

5.2 The effective Hamiltonian in LO-QCD

In the following we describe the derivation of the LO effeetHamiltonian. We
closely follow the Les Houches Lectures of Andrzej Burag.[87

5.2.1 Basics - Feynman rules

We are using the following set of Feynman rules (correspumndo Buras and
ltzykson-Zuber; but different from e.g. Muta).

-cabd,
N T oL oI T T Lo NI IR —io ey

q
1 > J 00" pgﬁ,ﬂp
gy (Ta)ij
v [ —ienQy (92)

54



R .92
Z = f[f 22cos ewfyu(vf agy,) (93)

Wtd s 21— 95)Va (94)
p denotes the momentum of the propagating particle, its timecs from the left
to the right. The indices j denote colouri( j = 1,2, 3), the indices:, b, c denote
the different gluonsd, b, ¢ = 1, ...,8) andyu, v andp are the usual Dirac indices.
g is the strong coupling and thE's in the quark gluon vertex are the SU(3) ma-
trices.
Compared to QED we have some completely new contributionscase of
SU(3) being a non-abelian group we get new contributionséfield strength
tensor when constructing a SU(3) gauge theory. This newriboition results in
a self-interaction of the gluon; we get the following newdiamental vertices:
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3-gluon-vertex

P, C

qv

k —

W, a
P\
v, b

gf ™ g™ (k —p)* + g (p — Q)" + g™ (q — k)"] (95)

4-gluon vertex
@ v, b
pv & g, d

—ig? [f7 Y (g"g"7 — g g"P) + [P fY (" g7 — g'7g"P) + FU (9" g7 — 9" g"7)]

(96)
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with the antisymmetric SU(3) structure constafits.

When trying to quantise a non-abelian gauge field theoryrdegiom of choosing
arbitrary gauges results in problems which can be circuneeehy choosing a
particular gauge. Part of the term in the Lagrangian, whixésfithe gauge can
be rewritten in a form that corresponds to virtual partictae so-calledraddeev-
Popov-ghost§93]. These particles have no physical meaning, it is jusilauta-
tional trick to fix the gauge. Although being spin-0 partgléneir properties are
governed by the Fermi-Dirac statistics. The following Feyam rules hold for the
ghost fields:

sab 1
Q======--=--- - b _Z(Sap
»Q
"’
v
," p/( abe
b 7000000 —9f"p
~V~
~~
NNC

Note that we used a convention where vertices have uppec Didices and the
gluon propagator has lower Dirac indices. Finally we havenfRean rules for
virtual particle loops.

for each loop : /d4—k (97)
(2m)*
fermionloop : —1 and Dirac-trace (98)
ghostloop : —1 (99)

An additional rule for pure gauge loops is the symmetry fatta.
Now we have all Feynman rules at hand which we need to perfemurbative
calculations.
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5.2.2 The initial conditions

In order to determine the Wilson coefficients andC, at the scalélly, (initial
condition), we calculate the tree level deday» cud both in the SM and in the
effective theory, wher€’, »(My,) appear as unknown parameter. Equating the
two results will give an expression for the Wilson coeffi¢gen

e SM amplitude:
At 1 loop the following diagrams (and their symmetric coupgats). are
contributing

Calculating them (under the assumption = 0;p?> < 0), we get the full

amplitude
© _ Gry as (1 1
Apun = ﬁ%bvud Kl + QCfE <g + In _—pz)) (Q2)tree
3 ay MI%V
+NE In _—pQ<Q2>tree
s M,

3y <Q1>m] (100)

Remarks

— () denotes the unrenormalised amplitude. The singularitetidbe
removed by quark field renormalisation; but they will caraeyway
in the determination of the Wilson coefficients.

— u is an unphysical renormalisaton scale, which had to bedoted
because of dimensional reasons when doing dimensiondiarega+
tion. In principle it can be chosen arbitrarily, in practitevill be
chosen in such a way to not produce artificially large logani.
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— Now two operators appear

Q2 = (Caba)v-a(dgug)v—a (101)
Ql = (EabB)V—A(JBua)V—A- (102)

Without QCD only the operatap, arises. Taking colour effects into
accounts and using in particular

1 1
T&IBT,;I(S — —ﬁéaﬂ(&y(s + 550“5576 5 (103)
the second operat@y, arises. Finally we have the colour factoy =
N2-1 _ 4
2N 3

— Choosing all external momenta to be equal and all quark rmasdse
zero, does not change the final result for the Wilson coeffisiebut it
considerably simplifies the calculation.

— Constantterms aP(«;) have been discarded, while logarithmic terms
have been kept; this corresponds to the leading log appaiiom

— “Amplitude” in the above sense is an amputated Greens fomtie.
multiplied by i). Gluonic self energy corrections are natlided.

Exercise: Calculatedy,; in LO-QCD

e Effective theory contribution:
In the effective theory we study the 1-loop corrections @ itisertions of
the operators); and(@)- in the following Feynman diagrams.

S
N

Py
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Calculating all these diagrams (and the symmetric ones)etehg QCD
corrections ta); and(@), in the effective theory:

@0 = (1205 (2 ls)) @i

P
2
+%Z_; (1 +1 Iu—) <Q1>tree
2
—SZ—; (% +1 Iu—) <Q2>tree ) (104)
s (1 ’
<Q2>(0) = (1 + QCfZ_ﬂ_ <E +1n _M_p2)) <Q2>tree
+%Z_; <1 +1 —) <Q2>tree
-2 (21 L) Qi (105)

Remarks

— Now we have additional divergencies; our effective thesrggtually

non-renormalisable. Working to finite order in perturbatibeory we
can, however, renormalise it with additional renormai@atonstants,
which we are introducing now.
The first divergencies in the above expressions cancel imtteh-
ing; alternatively one could do a field renormalisation. Tiesv di-
vergencies appearing in the second and third line requieslditional
renormalisation, the operator renormalisation:

QY = 7,;Q; . (106)

Zy; is a2 x 2 matrix.
For the amputated Greens functions we get

Q)" = Z.%Z,;(Q;) . (107)

The quark field renormalisatiof, removes the first divergence and
the operator renormalisatidfy; removes the second divergencies. We
directly can read off the operator renormalisation matrix

N 1 3 _
Z:1+%—<N 33). (108)



Thus we get for the renormalised operators

2
= (12020 L) @ (109)
3 a, °
_'_NZ_’YT hl %<Ql>tree - 3E hl _M—p2<Q2>tree 9
2
<Q2> = (1 + QCf— ln —) <Q2>tree (110)
3
_'_NZ_T(ln_Iu—pQ<Q2>tree 34_ hl <Q1>tree .

Exercise: Calculated;,; in LO-QCD

5.2.3 Matching:

Finally we do thematching of our calculations with the standard model and the
effective theory

Gr
eff = \/Q
Comparing our results fad ,; with the ones for(@, ») - be aware to treat the

divergencies in the same manner in the full and the effethigery! - we obtain
the Wilson coefficients

Ap = A —=Va Vg [C1(Q1) + C2(Q2)] (111)

sy M3,

C = 0— 32‘—7rln7, (112)
3 a,. M?

Cy = 1+Nﬂln—ug/. (113)

Remarks

e Switching off QCD, i.e. setting the strong coupling to zexe, getC, = 1
andC; = 0, as expected.

e A different look to the renormalisation:
Renormalisation can also be done with the usual counternesthod. We
start with the effective Hamiltonian and consider the Wilsoefficients to
be coupling constants. Fields and couplings are renorethéiscording to

TREAL oV =z50; . (114)
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Inserting this in the effective Hamiltonian we get

Hesy

—VCKMCZ'(O)Qi[q(O)]

Gr .
EVCKJMZMC]'Z(?QZ‘[Q]

G
—FVCKM {Cin‘[CJ] + (ZichqQ -

/2 6;;) C;Qilgl} . (115)

In the first term of the last expression everything is expésa terms of
renormalised couplings and renormalised quark fields, écersd term is

the counter term.

Using this we get for the renormalised effective amplitude

Aesy

Gr .
EVCwazijZ§Cj<Qi[Q]>
G
“EVermZ5Z2CHQN .

7 Y/ (116)

On the other hand we can use also our operator renormahdatiget

Aery

G .
—FVCKMC]'Z(?ZJ'Z 1<Qz>(0) .

N (117)

Comparing the two expressions we get

Operator Mixing:

Zi =75 (118)

We have seen that the operat@ysand(@, mix under renormalisation, i.e.
Z is a non-diagonal matrix. That means the renormalisatiaf.afequires
a counter term proportional 1@, and one proportional tQ; .

We can diagonalise thg; — (), system via

The we get for the renormalisation

+
Qj: _ QQ 2 Ql, (119)
Cy = Cyt0y. (120)
O = 7.Q. (121)
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with

Zo=1+ Z‘—ﬂ% (q:g%) . (122)
Now the amplitude reads
z4=:%%VaV&(C#OO<Q+QU>%-C’00(@QUW . a2)

with

Qi) = @+x&—m—i)@ﬁ%

3
( 3 2 3) E Qi (129
3 ]\42

Now both Wilson coefficients have the value 1 without QCD.

Factorisation of SD and LD:
We just have seen one of the most important features of the DBEBepa-
ration of SD and LD contributions:

2 2 2
(1 + asGln M—) = (1 + a;Gln M—;”) <1 + a;Gn M—Q) . (126)
p? H -p

The large logarithm at the |.h.s. arises in the full thedng first term on
the r.h.s. corresponds to the Wilson coefficient and therseterm to the
matrix element of the operator.
The splitting of the logarithm
M2 M2 2
In Vg =1In ZV + In ,u_2
—-Pp 12 —-Pp
corresponds to a splitting of the momentum integration m fibillowing
form

(127)

2 2 ]\/12 2
dk / dk dk: | (128)

This means the matrix elements contains the low scale phyfsie?, 1i])
and the Wilson coefficients contains the high scale physiés {/3,]). The
renormalisation scalg acts as a separation scale between SD and LD.

¢ IR divergencies cancel in the matching, if they are properhormalised.
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5.2.4 The renormalisation group evolution
We just obtained the following result

2

Cy(n) = 1+<%+3)§§m%%? (129)
At a scale ofu = 4.8 this givesC', (4.8 GeV) = 1+ 0.36, which is already a very
sizable correction and at lower scales these correctioh&xaeed one and the
perturbative approach breaks down.
Within the framework of the renormalisation group we will Able to sum up
these logarithms to all orders.
Remember (or have a look in the appendix): For the running copling we
obtained

OzS(Mz)

- 50—%(2];12) In (%)

with 5y = (11N — 2f)/3. Expanding the above formula we get

(i) = (M) [1 -3 (w2, (MM))] e

n=1

(130)

048(,“) =

which shows that the renormalisation group sums up the largéogs automat-
ically to all orders.

Now we apply the same framework to the effective Hamiltonidine starting
point is the fact that the unrenormalised quantities do epedd on the renormal-
isation scale and the relation between renormalised arshonmalised quantities:

0= 2.Qs == 2,00 (132)
From that we get
dCs(p) _ dZe() 0
dIn i dlnp =
1 dZy(p) 0)
= — A
Zy dlnp +Ci
= 7.Cy, (133)
with the anomalous dimension
1 dZs(p)
7 Zy dlnp
_ 1 dZi(p) dyg (134)

Zy dg dlnp
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dg/dIn u is simply the running of the strong coupling. There the failag for-

mula holds
dg . 93 5

with 5y = (11N — 2f)/3. Using in addition

1/ NF1
Zy = 1+2- (;3i)

4 e N
1 Qg 1 (0)
= 1= 1
with Nl
(0) +
=+6——— 137
Y+ N ( )
we get for the anomalous dimension
1 dZ d
yi o= L dZx(p) dg (138)

Zy dg dlnp
1&51 (0) 1 2g 1 (0) 93
= ([14+=-—- | == — | —eg — Bo—— | (139
( * 24m e * ) < 2 (4m)? e+ €9 = bo (4m)? (139)
2
_ S oS (140)
T T

Now we can solve the differential equation for thevolution of the Wilson co-
efficients

T < ag)C(n).
CA B ag)Cal).
%g(’%(g) = e (9)Ca ()

dCi(p)  v+(9)

Cilw) . Blg)

o g(p)
dCy(p) v+(9)
Z it =) B) 19
g(p)
Ci(p) v+(9)
" (i) g(/) B() Y
g(f“) wi(g)dg
Calp) = Culpp)erm ™ (141)



This is the formal solution of the renormalisation grouplation of the Wilson
coefficient. Now we insert our LO results f8rand~y and write down an analytical
formula the Wilson coefficients.

1. Step 1:
as (0
1=(9) E“Yi) B _lﬁ
— — = )
ﬁ(g) —50(4“[’7)2 g Bo
2. Step 2:
g(p) g(u)
/ 19) ;02 / L F (1)
B(9) Bo g Bo 9(Ho)
g(po) g(po)
3. Step 3:
() 7+ (9) ,ﬁ ,ﬁ
ego{w S {g(u)} Po _ [as(u)] "o
9(Ho) s (Ho)
So now we arrived at our final formula for scale dependence &ndCs:
49
[ O‘S(/i) 1%
C = C
:I:(M) _OZS(HO)_ :I:(ILLO)
4
_ - )
_ sl | {1 + (3 ;3) Ly M—gV] . (142)
s (ko) | N T

This is the general result for the Wilson coefficie6ts.
Remarks:

e The first terms sums up potentially large logarithms due ®dtiferent
scalesu and yo; the second term gives the fixed order perturbation theory
calculation for the initial condition.

e Expanding in powers af; (1) one gets

Colp) =1+ O“i’f) < _i ) ln% . (143)

This almost looks like the initial condition alone, excelpat we now have
the strong coupling at the scalg instead ofu.

By expanding explicitly in powers af, we "destroy” the summing of the
logarithms.
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To make full use of the RGE we take = My, then the have a small log-
arithm (here: exactly zero) in the initial condition and thege logarithms
In M3,/ 1* are summed up within the RGE:

Q0

Caly) = [%} RN (144)

For f = 5 we get finally at the scalg,

=[] -] e
or
o= S Gaa(%)}_ - [aa&ﬁ)}_) (49
¢ - =5 Z%(L‘ﬁ?\?ﬁ%]%* il ) 4
Remarks:

e Programming the above formulae and using= 0.1184 one obtains for
f = 5 the following numerical values:

as(5) = 0.20395, (148)
C.(5) = 0.871912 , (149)
C_(5) = 131539, (150)
Cy(5) = —0.22174 (151)
Cy(5) = 1.09365 . (152)

e Besides the current-current operat@rsand(, also so-called Penguin op-

.....

diagrams:
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q 9

Electro-weak penguins (here the gluon is exchange with &ophar aZ-
boson) are denoted by ,o; penguins with only an on-shell photon are
denoted by, and penguins with an on-shell gluon are denoted)by.

e Final theory remarks:

— The unphysical renormalisation dependencgec@ncels up to the cal-
culated order in perturbation theory between the Wilsorffiments
and matrix elements of the 4-quark operators.

— The theoretical error due to missing higher order correstis thus
estimated via a variation of the renormalisation scalegegadme con-
vention to use the following range:

%<u<2mb.

— Threshold effects have to be taken into account, when wevpdsthe
renormalisation group evolution tthequark orc-quark mass scale.

5.3 The effective Hamiltonian in NLO and NNLO-QCD
Why should we bother about calculating higher orders? ¢pdwr even 3-loops)

e Renormalisation scale is often the dominant uncertaintyis ¢an be re-
duced by including higher order corrections.

e For some decays, NLO-effect can be the dominant effect.
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6 Weak decays lll - Inclusive B-decays

6.1 Inclusive B-decays at LO-QCD

Now we can calculate the free quark decay starting from tiee&fe Hamiltonian
instead of the full standard model. If we again neglect perguve get in leading
logarithmic approximation the same structure as in Eq.&t) the coefficient;
reads now:

chg_QCD = cgef e 4 cgff“ + cg?bd + cg?; + cf,fbﬁ T+ cfﬁf + cgi‘f .
mc mc mT mC mC
- [(z FNL) f (—) o (—, —) + Na(u)g (—, —)] |
my my My my MMy

(153)

Thus the inclusion of the effective Hamiltonian is equivdleith changing the
colour factorN, = 3 - stemming from QCD - into

Na(p) = 3CH(u) + 303 () + 201 (1) Cop) = 3.3 (LO, p = 4.248 GeV) .
(154)

The dependence df,,(1.) on the renormalisation scaleis shown in the following
graph:
50

45

40

T S T T T O EO R R RS
15 2.0 25 3.0 35 4.0

This effect enhances the total decay rate by ab6it and thus brings down (if
also the sub-leading decays are included) the predictioth®® lifetime of the
b-quark to about

T ~ 2.10 ps for mc(mb), mb(mb) . (155)
Exercise: B-decay in LO-QCD with the effective Hamiltonian
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6.2 B, andn.at NLO-QCD

Going to next-to-leading logarithmic accuracy we have te e Wilson coeffi-
cients of the effective Hamiltonian to NLO accuracy and weehto determine
one-loop QCD corrections within the effective theory. Ta@éLO-QCD cor-

rections turned out to be very important for the inclusivguark decays. For
massless final state quarks the calculation was done in 2891 |

C3p = cgv(g_QCD—i-SZ—; {(2745 — 7r2) + 2 (012 + 022) (% — 7T2) - %Cng (Z + 7T2):| .
(156)
The first QCD corrections in Eq.(156) stems from semi-leftaiecays. It can
be guessed from the correction to the muon decay in Eq.(68gbymposing the
factor 8 in Eq.(156) a8 = 3 - C'r - 2: 3 comes from the three leptoas, u=, 7,
C'r is a QCD colour factor an#l belongs to the correction in Eq.(63). The second
and the third term in Eq.(156) stem from non-leptonic decays
It turned out, however, that effects of the charm quark massmicial, see, e.g.,
the estimate in [95]. NLO-QCD corrections with full mass degence were de-
termined forh — ¢/~ v already in 1983 [96], fob — cud in 1994 [97], forb — ccs
in 1995 [98], forb — no charm in 1997 [21] and fdr — sg in 2000 [99, 100].
Since there were several misprints in [98]- leading to IRedjent expressions
-, the corresponding calculation was redone in [20] and tiraerical result was
updated! With the results in [20] we predict (using..(1m;,) andm, (1my))

9 (me. =0 = ay)
=4 5294035 (LO—QCD) . (157)
6.88+0.74 (NLO — QCD)

Comparing this result with Eq.(85) one finds a huge phaseespappression,
which reduces the value @f;;, from 9 in the mass less case to about 4.7 when
including charm quark mass effect. Switching on in addi@Q@D effectsc;, is
enhanced back to a value of about 6.9. ThelL© ¢ transitions contribute about
70% to this value, the full NLO-QCD corrections abait% and theb — u and
penguin contributions abodts [20].

For the total lifetime we predict thus

7, = (1.65 + 0.24) ps, (158)

which is our final number for the lifetime of a fréequark. This number is now
very close to the experimental numbers in Eq.(2.1), unfately the uncertainty

The authors of [98] left particle physics and it was not plolssio obtain the correct analytic
expressions. The numerical results in [98] were, howewgrect.
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is still quite large. To reduce this, a calculation at the Ndfder would be nec-
essary. Such an endeavour seems to be doable nowadays. nilm@abWilson
coefficientsC; andC5 are known at NNLO accuracy [92] and the two loop cor-
rections in the effective theory have been determined a.fL(a1, 102, 103, 104,
105, 106] for semi-leptonic decays and partly in [107] fonfleptonic decays.

It is amusing to note, that a naive treatment with vanishimgriom quark masses
and neglecting the sizable QCD-effects, see E(.(86), yieydaccident a similar
result as in Eq.(158). The same holds also for the semi leptwanching ratio,
where a naive treatment. = 0 = «) gives

I'b—cev,) 1

By = = - =11.1%, 159
I T 9 %0 (159)

while the full treatment (following [20]) gives
By = (11.6 £0.8)% . (160)
This number agrees well with recent measurements [9, 108]

Bya(By) = (10.334+0.28)%,
By(BY) = (10.99+0.28)% , (161)
B (Bs) (10.61 = 0.89)% .
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7 The Heavy Quark Expansion

7.1 Calculation of inclusive decay rates

Now we are ready to derive the heavy quark expansion for sngdudecays. The
decay rate of the transition of a B-meson to an inclusive fatate X can be
expressed as a phase space integral over the square of tiive eteahent of the
effective Hamiltonian sandwiched between the initidmeson? state and the
final stateX. Summing over all final stateX with the same quark quantum
numbers we obtain

B = X) = i3 [ 0m'a s —pol(X g B (162

If we consider, e.g., a decay into three particles,Be~ 1+ 2+ 3, then the phase

space integral reads
d°p;
1
/ H [ 27 32E] (163)

andpx = p; + p2 + p3. With the help of the optical theorem the total decay rate
in Eq.(162) can be rewritten as

1
I'B— X)=——(B|T|B 164
(B X)= 5 —(BIT|B), (164)
with the transition operator

T =1Im z’/d%T [Hepp(z)Herr(0)] (165)

consisting of a non-local double insertion of the effectiamiltonian.
This can be visualised via
vspace4cm

7.2 The expansion in inverse masses

A second operator-product-expansion, exploiting thedarglue of theb-quark
massm;, yields for7

2.5
Grmy

T = T99m3

_ Cr p— C -
V|2 | €5.0bb + mi’;bgsawG“”b + Qmi?i’(bq)p(qb)p T (166)
b b

12The replacements one has to do when considerifigraeson decay are either trivial or we
explicitly comment on them.
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and thus for the decay rate

_Ghm o[ (BIOB) | cop (BllgouGHB) | cop (BIGa)e(@)rlB)

192 3 ‘ ‘ 2MB mg 2MB mZ’ MB
(167)

The individual contributions in Eq.(167) will be discussedietail now.

7.3 Leading term in the HQE

To get the first term of Eq.(167) we contracted all quark ljresept the beauty-
quark lines, in the product of the two effective HamiltorsarThis leads to the
following two-loop diagram on the I.h.s., where the cirolgth the crosses denote
the AB = 1-operators from the effective Hamiltonian.

Performing the loop integrations in this diagram we get thistv coefficients;
that contains all the loop functions and the dimensionetmgerator bb, which

is denoted by the black square in the diagram on the r.h.sis h&s been done
already in Eq.(153), Eqg.(156) and Eq.(157).

A crucial finding for the HQE was the fact, that the matrix edgrnof the dimension-
three operatobb can also be expanded in the inverse ofltyiark mass. Accord-
ing to the Heavy Quark Effective Theory (HQET) we Het

BIMB) ok (L
— =1 @) 168
2Mp 2m? + mi )’ (168)

with the matrix element of the kinetic operatet and the matrix element of the

BWwe use here the conventional relativistic normalisai®B) = 2EV, where E denotes
the energy of the meson andthe space volume. In the original literature sometimesecsffit
normalisations have been used, which can lead to confusion.
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chromo-magnetic operatgi,, defined in theB-rest frame a%

5 (BIb(iD)*| B) 1
= — 169
,  (Blb%0,,G"b|B) 1
12, i +0(o-) (170)

With the above definitions for the non-perturbative magigments the expression
for the total decay rate in Eq.(167) becomes

G2 12— 2 1
r = % V2 1 O G o=
19273 0\ omz 2\

205, [“—% o) (%)] + ok <B|(bq>FM(qb)F|B> n ..(%71)
my my B

my
The leading term in Eq.(171) describes simply the decay oéa Guark. Since
here the spectator-quark (red) is not involved in the decaggss at all, this con-
tribution will be the same for all different b-hadrons, thu®dicting the same
lifetime for all b--hadrons.

The first corrections are already suppressed by two powetsedieavyb-quark
mass - we have no corrections of ordérn,! This non-trivial result explains, why
our description in terms of the free b-quark decay was se@dlmthe experimental
values of the lifetimes oB-mesons.

In the case oD-mesons the expansion paramétét,. is not small and the higher
order terms of the HQE will lead to sizable corrections. Tdaling term; . for
charm-quark decays gives at the sqate My, for vanishing quark mass . = 5.
At the scalen = m.(m.) and realistic values of final states masses we get

5 (ms =0 = ay)
e = { 6204072 (LO-QCD) . (172)
11.61 +1.55 (NLO — QCD)

Here we have a large QCD enhancement of more than a factoopWwiale phase
space effects seem to be negligible.

Thel/m}-corrections in Eq.(171) have two sources: first the exmamisiEq.(168)
and the second one - denoted by the term proportional;te will be discussed
below.

Concerning the different/m3-corrections, indicated in Eq.(171), we will see that
the first two terms of the expansion in Eq.(167) are triggdrea two-loop di-
agram, while the third term is given by a one-loop diagramisill motivate,

“We use herer,, = %[v,,7]. In the original literature sometimes the notatierG :=
iv,7,G" was used, which differs by a factor 6from our definition ofo.
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why thel/mj-corrections proportional ta; , andc; , can be neglected in compar-
ison to thel/mj-corrections proportional tas,; the former ones will, however,
be important for precision determination of semi-leptatecay rates.

7.4 Second term of the HQE

To get the second term in EQ.(167) we couple in addition amglwothe vac-
uum. This is denoted by the diagram below, where a gluon istednfrom one
of the internal quarks of the two-loop diagram. Doing so, Ww&am the so-called

chromo-magnetic operatdiy,o,,, G**b, which already appeared in the expansion
in Eq.(168).

S

f=a)
k=
(=)

|

¥

<
B}
<
<

Since this operator is of dimension five, the correspondimgfrdoution is - as
seen before - suppressed by two powers of the heavy quark caaspared to the
leading term. The corresponding Wilson coefficieqy reads, e.g., for the semi-
leptonic decay — ce~.° and the non-leptonic decays— cid andb — cés

— aS
£ = —(1-2)" [HE'“} , (173)
G = |Vig? (1 = 2)° [Na(u) (1= 2) +8C,C + Z‘—W . } , (174)
_ 1++v1-4
&5 = - V.s|? {Na(,u) {\/1 —42(1 — 22)(1 — 42z — 62*) + 242" log (i\/ﬁ)}
14++v1—-4
+8Cng |:\/ 1—14z (1 + % + 32’2> - 32’(1 — 222) 10g (i\/ﬁ)] + Z—; .. } s
(175)

with the quark mass ratio = (m./m;)?. For vanishing charm-quark masses and
Vi~ 1we getcg?gl = —3 at the scalex. = My, which reduces in LO-QCD to
about—1.2 at the scalg: = m,.

15The result in Eq.(94) of the review [109] has an additionatda6 in c**.
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For the total decay rate we have to sum up all possible quaek-tleecays
Cop = 57 )" o+ (176)

Neglecting penguin contributions we get numerically

= ~ =9 (mc =0= Oés)
Csp = { —3.8+£0.3 (mc(m.),as(mp)) (177)

For ¢, both QCD effects as well as phase space effects are quiteymoad.
The overall coefficient of the matrix element of the chromagmetic operato?,
normalised t@m; in Eq.(171) is given by; ,+4c; 5, which is sometimes denoted
ascq,,. For semi-leptonic decays like— ce™ 7., it reads®

5 5 5 8 5)
e = oy Ay = (=3) l1 -3 82° — 82° + §z4 + 427 ln(z)}178)
For the sum of all inclusive decays we get

=27 =—3c; (me =0=ay)
Cap = { 79~ —1des (il ,au(my)) (179)

leading to the following form of the total decay rate

2 2 7 —
o te . Cep (Bl(bg)r(gb)r|B)
{C?”b “35mg T OV T My +

2.5
_GFmb 2

= V
19273 b

(180)
Both 1/m?-corrections are reducing the decay rate and their ovevefficients
are of similar size a8; ;. To estimate more precisely the numerical effect of the
1/m? corrections, we still need the values;gfandp?,. Current values [111, 112]
of these parameters read for the cas@phnd B*-mesons

p2(B) = (0.41440.078) GeV?, (181)
3
ps(B) =~ 0 (Mp. — M}) =~ (0.35 £ 0.07) GeV*>. (182)

For B,-mesons only small differences compared3pand BT-mesons are pre-
dicted [113]

p2(By) — p2(Bg) =~ (0.08...0.10) GeV? , (183)
2
B,
“5( ) 1.07 +0.03 | (184)
MG(Bd)

8\We differ here slightly from Eq.(7) of [110], who have a difat sign in the coefficients of
2% andz®. We agree, however, with the corresponding result in [86].
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while sizable differences are expected [113] Agrbaryons.
pA(Ay) — p2(By) ~ (0.1£0.1) GeV?, (185)
pe(Ay) = 0. (186)

Inserting these values in Eq.(180) we find thatt}e?-corrections are decreasing
the decay rate slightlynf, = m,,(m;) = 4.248 GeV):

[ B F B A
_2#;?;2 —0.011 | —0.011 | —0.014 —0.014\ (187)
iffﬁg —0.011 | —0.011 | —0.011| 0.00 ‘

The kinetic and the chromo-magnetic operator each redeadaibay rate by about
1%, except for the case of th&,-baryon, where the chromo-magnetic opera-
tor vanishes. The /m?-corrections exhibit now also a small sensitivity to the
spectator-quark. Different values for the lifetimesbdfiadrons can arise due to
different values of the non-perturbative parametérsand,.2, the corresponding
numerical effect will, however, be small.

| X | B | B | Ag |
0B 10,000 £ 0.000 | 0.002 £ 0.000 | 0.003+0.003 | (188)
e 150 naPa) 110,000 £ 0.000 | 0.000...0.001 | —0.011 £ 0.003
5 b

Thus we find that thé /m?-corrections give no difference in the lifetimes Bf -
and B;-mesons, they enhance tlig-lifetime by about3 per mille, compared to
the By-lifetime and they reduce thi,-lifetime by aboutl% compared to the3,-
lifetime.

To get an idea of the size of these corrections in the chasgtesy, we first inves-
tigate the Wilson coefficient;.

[ =-5 (me. =0 = ay)

Core = { 1703 (mo(m.) ,ag(mp)) (189)
At the scaleu = m, the non-leptonic contribution te; is getting smaller than in
the bottom case and it even changes sign. For the coeffigiene find

{ ~ —15 = =3¢y, (me=0=ay)
CG,ec =

4154148 = (0.37+0.13) cs.  (me(17e) , as(my)) (190)

We see for that for the charm case the overall coefficient@ttiromo-magnetic

operator has now a positive sign and the relative size istless in the bottom

case. FoiD’- and D*-mesons the value of the chromo-magnetic operator reads
3

pé(D) =~ T (M}, — M}) =~ 0.41 GeV? | (191)
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which is of similar size as in th&-system. Normalising this value to the charm
quark massn,. = m.(m.) = 1.277 GeV, we get however a bigger contribution
compared to the bottom case and also a different sign.

~ +0.05 cs . (192)

Now the second order corrections are non-negligible, witypéecal size of about
+ 5% of the total decay rate. Concerning lifetime differencesemesons, we
find no visible effect due to the chromo-magnetic operatad]1

2 +

pe(DT) ~

S~ 0.993 , (193)
2 ()+

/’LG<DS) ~

D~ 1.012 £ 0.003 . (194)

For the kinetic operator a sizable SU(3) flavour breakingfoaad by Bigi, Man-
nel and Uraltsev [113]

pE(D}) — p2(D%) ~ 01GeV?, (195)

leading to an reduction of th®;-lifetime of the order of3% compared to the
DC-lifetime

pa(DE) = pz(D°)
2m?

~ 0.03. (196)

7.5 Third term of the HQE

The next term in Eq.(167) is obtained by only contracting tyuark lines in the
product of the two effective Hamiltonian in Eq.(165). Thquark and the specta-
tor quark of the considered hadron are not contracted Bganesonsq = d) and
Bs-mesons{ = s) we get the following so-calledieak annihilatiordiagram.

b b b b

]l
LSy
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Performing the loop integration on the diagram on the l\wesget the Wilson co-
efficient c; and dimension six four-quark operatdtg)r-(gb)r, with Dirac struc-
turesl’. The corresponding matrix elements of thésB = 0 operators are typi-
cally written as

(Bl(ba)r(@b)r|B) = er fzMpBr , (197)

with the bag parametdsr, the decay constarfiz and a numerical factat; that
contains some colour factors and sometimes also ratios sé@sa

For the case of th&"-meson we get a similar diagram, with the only difference
that now the external spectator-quark lines are crossedistthe so-calledPauli
interferencediagram.

b C b

There are two very interesting things to note. First thisogvra one-loop
diagram. Although being suppressed by three powers ob-tipgark mass it is
enhanced by a phase space factorf> compared to the leading two-loop dia-
grams. Second, now we are really sensitive to the flavoureofiectator-quark,
because in principle, each different spectator quark giveiferent contribu-
tion!’. These observations are responsible for the fact thaintiéetlifferences in
the system of heavy hadrons are almost entirely due to thigilootion of weak
annihilation and Pauli interference diagrams.

In the case of thés; meson four different four-quark operators arise

Q1 = by, (1 —75)g x ¢y*(1 — y3)b,

QL = 13(1 —75)q % q(1 —5)b,
T = by, (1 —)T% x qy"(1 —~5)T,
T§ = b(1—)T"q x q(1 —5)TD, (198)

This difference is, however, negligible, if one considets,, B, vs. B,.
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with ¢ = d for the case of3,-mesons.() denotes colour singlet operators did
colour octet operators. For historic reasons the matrimetes of these operator
are typically expressed as

By|Q%Y B Bq|Q%|B
Bad@1Bi) _ gy, PGB _ g, o)
By Bg
By|TY B By|T4 B
WBall1Ba) _ o nry, . APAEBA _ v, (200)
By By

The bag parameteis, , are expected to be of order one in vacuum insertion ap-
proximation, while the: , vanish in that limit. We will discuss below several
estimates of3; ande;. Decay constants can be determined with lattice-QCD, see,
e.g., the reviews of FLAG [115] or with QCD sum rules, see,,dlte recent de-
termination in [116]. Later on, we will see, however, that Wilson coefficients

of B; and B, are affected by sizable numerical cancellations, enhgnicénce

the relative contribution of the colour suppressednde,. The corresponding
Wilson coefficients of the four operators can be written as

@ = 167 [|Va? F* + | Vi F]
d
s = 161 [|Vial® F¥ + |Vea* FE]
CGTd = 167° [|Vud|2Gu + |Vcd|2GC] ,
cg® = 167° [|Vial> G% + [Voal” G - (201)
F? describes an internai; loop in the above weak annihilation diagram. The
functionsF" andG are typically split up in contributions proportional €&, C,C,
andC?.
F* = C?FY 4+ C,CoFYy + C3FS | (202)
F§ = ... (203)
Next, each of thé7; can be expanded in the strong coupling

u _ ua(o) O[S u?(l)
Fép = ... (205)

As an example we give the following LO results

Fi®==31-27(1+5) . F =301-2)2(1+22) , (206)
FiO — 901 — )2 (1 + g) COFRD =21 - 22 (1422) , (207)
R0 _ —%(1 —ep(14D), R = %(1 C2(1422), (208)
Gl = _9(1 — »)? (1 + g) L GEY =21 - 22 (1422) , (209)
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with 2z = m?/m?.
Putting everything together we arrive at the following eegsion for the decay
rate of aB,;,-meson

GZm; 2 2 1672 f2 Mp 1 1672
F — F bv2 _ m G B d~Bd O T
Ba 19273 b |3 C32m§ +CG2m§ + m3 Gt mi’ mi
GZm} 1672 f2 Mp 1 1672
~ V2 les —0.0lcs — 0.01cs + —B—2dgbe L o —
19273 < | K at e o YO\ )|
(210)
with
&* = |V’ (F"Bi+ F§Bs + G'er + Giges)
+  |Veal? (F°By + F$Bs + G + Gles) (211)

The size of the third contribution in Eq.(210) is governeddi®e ofés and its
pre-factor. The pre-factor gives
1672 f2 M
M ~ 0.395 ~ 0.05 ¢ | (212)
m
b
where we usedfp, = (190.5 £ 4.2) MeV [115] for the decay constant. &
is of order1, we would expect corrections of the orderif to the total decay

rate, which are larger than the formally leadihgn;-corrections. The LO-QCD
expression fofy'* can be written as

B = Va1 = 2)? {(30% +20,05 + %c) (B:—B) + (4B — B1)|
+2C3 [(62 —€1) + %(462 - 61)] } : (213)

However, in Eg.(213) several cancellations are arisinghénfirst line there is a
strong cancellation among the bag paramefgrand B,. In vacuum insertion
approximation3; — B, is zero and the next term proportionatB, — B; is sup-
pressed by ~ 0.055. Using the latest lattice determination of these pararaeter
[117] - dating back already to 2001! -

B;=110£020, B, =0.794+0.10, ¢ =—-0.02+£0.02, e =0.03£0.01
(214)

one findsB; — B, € [0.01,0.61] and(4B, — By)z/2 € [0.07,0.12], so the second
contribution is slightly suppressed compared to the first drioreover there is an
additional cancellation among tieB = 1 Wilson coefficients. Without QCD the

81



combinatior3C? +2C;C, + :CF is equal tol /3, in LO-QCD this combination is
reduced to about.05 + 0.05 at the scale ofn,, (varying the renormalisation scale
betweenm,;/2 and2m,). HenceB; and B, give a contribution between 0 and
0.07 toé,?, leading thus at most to a correction of about 4 per mille &ottial
decay rate. This statement depends, however, cruciallgenumerical values of
the bag parameters, where we are lacking a state-of-tlteeatmination.

There is no corresponding cancellation in the coefficiealsted to the colour-
suppressed bag parameters. According to [117)k, — ¢, € [0.02,0.08], leading
to a correction of at most.0% to the decay rate. Relying on the lattice deter-
mination in [117] we find that the colour-suppressed opesatan be numerical
more important than the colour allowed operators and tred tigcay rate of the
B,;-meson can be enhanced by the weak annihilation at most byt 4ldé:. The
status at NLO-QCD will be discussed below.

The Pauli interference contribution to tfi& -decay rate gives

& = (1—-2)[(C}+6C1Cy+C3) Bi+6(C7+C3)er] . (215)

The contribution of the colour-allowed operator is sligtsiippressed by the B =

1 Wilson coefficients. Without QCD the bag paramdbgrhas a pre-factor of one,
which changes in LO-QCD to about -0.3. Taking again thedattialues for the
bag parameter from [117], we expect Pauli interferencertmrttons proportional
to B, to be of the order of about1.8% of the total decay rate. In the coefficient
of ; no cancellation is arising and we expect (using again [1thi§)contribution
to be betweer) and—1.5% of the total decay rate. All in all Pauli interference
seems to reduce the totB"-decay rate by about.8% to 3.3%. The status at
NLO-QCD will again be discussed below.

In the charm system the pre-factor of the coefficigmeads

167°f5Mp [ 6.2~0.6¢c; for D° D*
m: | 92~08¢ for Df

where we usegdpo = (209.2 £ 3.3) MeV and f,+ = (248.3 4 2.7) MeV [115]
for the decay constants. Depending on the strength of theetation among the
AC = 1 Wilson coefficients and the bag parameters, large corresgeem to be
possible now: In the case of the weak annihilation the céatomh of theAC' = 1
Wilson coefficients seems to be even more pronounced thae atalen,. Thus
a knowledge of the colour-suppressed operators is inddlenaln the case of
Pauli interference no cancellation occurs and we get vdarabe coefficient of
By, that are smaller than1 and we get a sizable, but smaller contribution from
the colour-suppressed operators. Unfortunately there igttice determination
of the AC' = 0 matrix elements available, so we cannot make any final, prafo
statements about the status in the charm system. Numezgats for the NLO-
QCD case will also be discussed below.

(216)
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7.6 Fourth term of the HQE

If one takes in the calculation of the weak annihilation arailPinterference
diagrams also small momenta and masses of the spectatds igt@raccount,
one gets corrections that are suppressed by four powers @bmpared to the
free-quark decay. These dimension seven terms are eithem iy four-quark
operators times the small mass of the spectator quark or byragtiark operator
with an additional derivative. Examples are the followih@ = 0 operators

mq,s

Po= me bi(1 = s)di X dj(1 = 75)b; , (217)
Py = TEB(14ys)di x di(1+5)by (218)
b
1 - ﬁ P T
Py = m2 bi D (1 —75) DPd; X djy" (1 — 5)b; (219)
b
1 - 5 7
Pi = —5D,(1—5)D%d; x d;(1+75)b; (220)

b

These operators have currently only been estimated witltawm insertion ap-
proximation. However, for the corresponding operatorseapipg in the decay
rate difference of neutraB-meson first studies with QCD sum rules have been
performed [118, 119].
Putting everything together we arrive at thieavy-Quark Expansioonf decay
rates of heavy hadrons
2 3 4
r = F0+A—2F2+A—3F3+A—4F4+..., (221)
my, my, my,

where the expansion parameter is denoted by,,. From the above explanations
it is clear thatA is not simply given byAgcp - the pole of the strong coupling
constant - as stated often in the literature. Very naively expects\ to be of the
order of Agcp, because both denote non-perturbative effects. The acaliz
of A, has, however, to be determined by an explicit calculatosrefich order of
the expansion separately. At ordetm? one finds that\ is of the order ofi., or
wa, So roughly below 1 GeV. For the third ordé&t is given by1672% (2 Mp times
a numerical suppression factor, leading to valued d¢dirger than 1 GeV. More-
over, each of the coefficients;, which is a product of a perturbatively calculable
Wilson coefficient and a non-perturbative matrix elemear lbe expanded in the
strong coupling

(0 Oés(M) (1) 043(#) (2)

Before we apply this framework to experimental observahleswould like to
make some comments of caution.

83



7.7 Violation of quark-hadron duality

A possible drawback of this approach might be that the expans the inverse
heavy quark mass does not converge well enough — advocadied tne labelling
violation of quark hadron duality There is a considerable amount of literature
about theoretical attempts to prove or to disprove dudlityall of these attempts
have to rely on strong model assumptions.

Uraltsev published some general investigations of quadkdraduality violation

in [120, 121] and some investigations within the two dimensi 't Hooft model
[122, 123], that indicated the validity of quark hadron dityalOther investigations

in that direction were e.g. performed by Grinstein and Leinet©997 [124] and
1998 [125] and by Grinstein in 2001 [126, 127]. In our opintbe best way of
tackling this question is to confront precise HQE-basedlipt®ns with precise
experimental data. An especially well suited candidatetHios problem is the
decayb — ccs, which is CKM dominant, but phase space suppressed. Thalactu
expansion parameter of the HQE is in this caselrfet, but1/(m/1 — 4z); so
violations of duality should be more pronounced. Thus agu¢rbbservable for
testing the HQE is the decay rate differersE, of the neutralB, mesons, which

is governed by thé — ccs transition. The first measurement of this quantity in
2012 and several follow-up measurements are in perfeceagret with the HQE
prediction and exclude thus huge violations of quark hadrality, see [128] and
the discussion below.

7.8 Status of lifetime predictions

In this final section we update several of the lifetime pradits and compare
them with the most recent data, obtained many times at the &p@riments.

7.8.1 B-meson lifetimes

The most recent theory expressions#6B™)/7(B,) and7(B,)/7(B,) are given
in [175] (based on the calculations in [81, 129, 130, 117)r the charged-
meson we get the updated relation (includinecorrections and /my,-corrections)

T(BJr) HQE 2014 s 2
= 14003 —L— ] [(1.0+02)B; + (0.1+0.1)B
7(By) N 1905 Mev ) Ul JBi+( B
—(17.8 4 0.9)e; + (3.9 £ 0.2)es — 0.26]

= 1.04750; £0.0240.01. (223)

Here we have used the lattice values for the bag parameteng1r17]. Using all
the available values for the bag parameters in the litezasee [22], the central
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value of our prediction for-(B")/7(B,) varies between 1.03 and 1.09. This is
indicated by the first asymmetric error and clearly showsitigent need for more
profound calculations of these non-perturbative pararaeféhe second error in
Eq.(223) stems from varying the matrix elements of [117hieit allowed range
and the third error comes from the renormalisation scalecégnce as well as
the dependence on,.

Next we update also the prediction for tBeg-lifetime given in [175], by including
alsol/mg-corrections discussed in Eq.(188).

T(B )HQE2014 fB 2
& 1.003 4 0.001 | ——2—) [(0.77 £ 0.10)B; + (1.0 + 0.13) B
7(By) * (231 MeV) ( JBi+( B
+(36 £ 5)e1 + (51 £ T)es
= 1.001 £ 0.002. (224)

The valuesin Eq.(223) and Eq.(224) differ slightly from trees in [175], because
we have used updated lattice values for the decay con&tant$ we included the
SU(3)-breaking of thé /m?-correction - see Eq.(188) - for th,-lifetime, which
was previously neglected. Comparing these predictions thié measurements
given in Eq.(2.1), we find a perfect agreement for fhelifetime, leaving thus
only a little space for, e.g., hidden neé#-decay channels, following, e.g., [131,
132]. There is a slight tension in(B*)/7(B,), which, however, could solely
be due to the unknown values of the hadronic matrix elemexiglue of, e.g.,
e; = —0.092 - and leaving everything else at the values given in Eq.(2#buld
perfectly match the current experimental average fromZw).(

The most recent experimental numbers for these lifetimesatve been updated
by the LHCb Collaboration in 2014 [133].

7.8.2 b-baryon lifetimes

There was a long standing puzzle related to the lifetimaebaryon. Old mea-
surements hinted towards a value that was considerablyesritahn theB, life-
time. Recent measurements, in particular from the experisnat Tevatron and
the LHC, haven proven, however, that thglifetime is comparable to the one
of the B;-meson. The current HFAG average given in Eq.(2.1) cleardigsrout
now the old small values of th&,-lifetime. Updating the NLO-calculation from
the Rome group [134] and includirig'm,-corrections from [130] we get for the
current HQE prediction

T(Ab) HQE 2014

By 1—(0.8+ 0.5)%;15
= 0.935+0.054,

B\We have usegz, = 227.7 MeV [115].

S

— (4.2 +3.3)%"

3
o

p
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where we have split up the corrections coming from the:?-corrections dis-
cussed in Eq.(188), the/mj-corrections coming from thd,-matrix elements,
the 1/m3-corrections coming from theé3;-matrix elements and finallyt /m;-
corrections studied in [130]. The origin of these numerigles is discussed
in detail in [22]. All in all, now the new measurements of thglifetime are in
nice agreement with the HQE result. This is now a very strangfiomation of
the validity of the HQE and this makes also the motivation ahsof the studies
trying to explain the\,-lifetime puzzle, e.g., [135, 136, 137], invalid.

In [81] it was shown that the lifetime ratio of th&,-baryons can be in principle
be determined quite precisely, because here the aboveanedtproblems with
penguin contractions do not arise. Unfortunately therstexio non-perturbative
determination of the matrix elements t64-baryons. So, we are left with the pos-
sibility of assuming that the matrix elements fyare equal to the ones df,. In
that case we can give a rough estimate for the expectedriatatio. In order to
get rid of unwanted — u-transitions we define (following [81])

1

7(Z)

For a numerical estimate we again scan over all the resulthéo\,-matrix ele-
ments. Using also recent values for the remaining inputrpaters we obtain

F(20) HQE2014

&)

\]

=0.95+0.04 £0.01£777, (227)

where the first error comes from the range of the values used, fine second
denotes the remaining parametric uncertainty atvdstands for some unknown
systematic errors, which comes from the approximation®@&amatrix elements
by the A,-matrix elements. We expect the size of these unknown sydienmn-
certainties not to exceed the error stemming frgrthus leading to an estimated
overall error of about=0.06. As soon a&,-matrix elements are available the ratio
in EQ.(227) can be determine more precisely thak,)/7(B,).

If we further approximate(=)) = 7(A;) - here similar cancellations are expected
to arise as i, /7, - , then we arrive at the following prediction

T(Ab) HQE 2014

&)

~0.95 4 0.06. (228)

From the new measurements of the LHCb Collaboration [138] (s®e also the
CDF update [140]), we deduce

7(
7(

) LHCb 2014

)

[1]
=)

— 0.9240.03, (229)

[1]
4
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LHCb 2014

(E)
— 1.006 4 0.021 , (230)
T Ab)
A LHCb 2014
T(A) — 0.918+0.028, (231)
T(Z)

which is in perfect agreement with the predictions abovegri{®7) and Eq.(228),
within the current uncertainties.

7.8.3 D-meson lifetimes

In [114] the NLO-QCD corrections for th&-meson lifetimes were completed.
Including 1/m.-corrections as well as some assumptions about the hadraric
trix elements one obtains

- ( D +) HQE 2013 (hadronic) +0.03(scale)

o — 22404 o0m : (232)
T(D:) HQE 2013 (hadronic) +0.04(scale)

) — 1.19+0.12 Z0.04 , (233)

being very close to the experimental values shown in thenmggg of this lec-
ture. Therefore this result seems to indicate that one nagpty the HQE also
to lifetimes of D-mesons, but definite conclusions cannot not be drawn withou
reliable non-perturbative determination of the hadronatnm elements, which is
currently missing.
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8 Mixing in Particle Physics

8.1 Overview

Mixing occurs at several stages within the standard modehudfcle physics. One
example we discussed already in the derivation of the CKMimatlixing sim-
ply describes the fact that states of particles, which haeslfquantum numbers
are in general not the mass eigenstates. Some examplesdagrare:

1. Quarks:
Creating quark masses with the Yukawa interaction one gbséehe possi-
bility that in general the mass matrices might not be diagasma the flavour
eigenstates - defined by their interactions - differ fromrtieess eigenstates.
Diagonalising the mass matrix one finds the Cabibbo-Kolaydsiskawa
(CKM) matrix [13, 14] in the weak charged interaction. If imet begin-
ning the mass eigenstates are not identical to the flavoensigtes, then
the CKM matrix might have non-diagonal entries. This pa#igfbhas
now been firmly established by experiment and Kobayashi aadkisiva
received 2008 for their findings the Nobel Prize of physics.

2. Leptons:
In analogy to the quark sector one can introduce a leptomm@ixiatrix, the
so-called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mit41], which
connects the flavour and mass eigenstates.

3. Elektroweak gauge bosons:
Starting with the eigenstatés’, W5, W5 and B of the SU(2), x U(1)y
gauge symmetry one finds that these states differ from thegoonding
mass eigenstatd$ *, W, Z° and A [24]. Glashow, Salam and Weinberg
received 1979 the Nobel Prize of physics for the constraaifdhe standard
model.

4. Neutrino oscillations:
Since neutrinos exists as free particles - in contrast tokguatheir oscil-
lations can be observed as a kind of macroscopic quanturt effae first
hint for oscillations was found in solar neutrinos:
For many years considerably less neutrinos were observg] fiom the
sun than expected [143]. As one solution it was suggestadhibaveak
eigenstates of the neutrinos, which are produced in the dien itom the
mass eigenstates that propagate on their way to the earthriiNeoscil-
lations were suggested by Bruno Pontecorvo [144, 145, 1484vis and
Koshiba received 2002 the Nobel Prize of physics for thefication of
neutrino oscillations.
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5. Neutral Mesons:
Mixing was observed as a macroscopic quantum effect in theysif neu-
tral mesons, in particular

1955 K°-system: Mixing in the neutrak -system was theoretically devel-
oped in 1955 by Gell-Mann and Pais [147]. Based on that fraonew
the phenomenon akgenerationwas predicted in the same year by
Pais and Piccioni [148]. Experimentally regeneration wasficmed
in 1960 [149]. A huge lifetime difference between the two tnaiu
K-mesons was established already in 1956 [150].

1986 B4-system: Mixing in theB,;-system was found 1986 by UA1 at CERN
[151] (UA1 attributed the result however 1, mixing) and 1987 by
ARGUS at DESY[152]. The large result for the mass differeAdd,
can be seen as the first clear hint for an (at that time) uneésgédarge
value of the top quark mass[155] For the decay rate difference cur-
rently only upper bounds are available, see [11] for the mesént
and most precise bound.

2006/12 B,-system: The large mass difference in tBe-system was estab-
lished by the CDF collaboration at TeVatron [155]. In 2012 tHHCb
Collaboration presented at Moriond for the first time a nanishing
value of the decay rate difference in tlig-system [156]. In the
meantime this quantity is quite precisely known from measwnts
of LHCb, ATLAS, CMS, DO and CDF.

2007/12 D°-system: Here we had several experimental evidences (BBBbe,
Cleo, CDF, E791, E831) for values af’/T" andA M /T at the per cent
level, but the first single measurement with a statistigisicance of
more than five standard deviations was done only in 2012 biyHit&b
Collaboration [157].

Here we do not consider the neutral pion, which is its own patiicle and

we also do not consider excited states of these mesons,deettaey decay
too fast (due to the strong interaction) for mixing to occur.

The mesons denoted by, D° BY and BY are defined by their quark
content, therefore they are called flavour eigenstates. t®tige weak in-

teraction transitions between the flavour eigenstateseoh#dutral mesons
and their antiparticles are possible. Now again the masnstgtes differ

19To avoid a very large value of the top quark mass, also difftmew physics scenarios were
investigated, in particular a scenario with a heavy fougheration of fermions and a top quark
mass of the order of 50 GeV, see e.g. [154].
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from the flavour eigenstates. Mixing leads to mass diffeesraf the neu-
tral mesons with macroscopic oscillations lengths, so wee linere a real
macroscopic quantum effect.

Below we discuss the latter three examples a little more iaide

8.2 Weak gauge bosons

The relation between the interaction eigenstétgsivs, W5 - from SU(2), andB
from U(1)y and the mass eigenstatds™, W, Z° (intermediate vector bosons)
andA (photon) is given by

v ()0
_ - 1 7 ) (234)
< w ( vl AL
AW cosf, sindb, BH
(Z“) - (—sin&w Cosﬁw) (W?’“) ’ (235)
with the Weinberg angléy,, which was introduced by Glashow in 1964 €
weak). The numerical value of the Weinberg angle is an ingmbrobservable of
the standard model. It can be measured very precisely aodbalsalculated very
precisely, thus providing a stringent consistency checthefmodel. The actual

value of the weinberg angle depends on the concrete rensatiah procedure
used. In theV/.S scheme one finds [9]:

sin?(Oy) = 0.2312 4 0.0001 = sin(fy) ~ 0.48 = Oy ~ 0.50 ~ 28.7° (236)

8.3 Neutrino oscillations

We explain the concept of neutrino oscillations with theregée of solar neutri-
nos:

Production in the sun:

Neutrinos are produced in the sun by the weak interaction.
4p —* He+ 2e™ + 2u, (237)
In more detail the production mechanism looks like
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0 0,
prpf—= H+e™ v, 2.4l % 0.28% prtet+pt > H+v,

] ] 105 %
‘H+p*—3Hety [PHetpt— ‘He +et+v,
115,08 % hep
3He+*He—"Be+ v
"Be l 99,9 % + 01%
"Bet+e—'Litv, Be+pt =SB+ y
84.92% l l
SHet+*He—*He+2p* L p*—a»*HeJE SB—>®Be*+et+v,
SBe*—*He+'He

Thus the fundamental production process is an invérdecay:p — n+et + v,
or on quark level: — d + e + v,.. The corresponding Feynman diagram reads

Feynman diagram

The produced neutrino, we denote ithkyis defined by its coupling (together with
the positron) to the force carrier of the weak interactibeJt ~ boson. Hence we
call v, the weak (interaction) eigenstate. Naively we would expeat. has also
a definite mass, but quantum mechanics allows that the biasisak eigenstates
(ve, v, v7) differs from the basis of mass eigenstates, which we we teéey
v1, o andrs. Such a difference results in an interesting effect, thatwilederive
below.

Propagation:

For simplicity we explain only the mixing of two neutrino flawrs. The gen-
eral relation (quantum mechanical basis transformatieflyeen weak and mass

eigenstates reads
Ve \ cosf) siné 2
<Vu>_<—sin9 cos@) <V2> ' (238)
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The electron neutrino which was produced as a weak eigeristatinear combi-
nation of the mass eigenstatgsandvs.

Ve =cosf - vy +sinb - vy . (239)

In the vacuum these two eigenstates will propagate withahesponding masses
my andms.

n(t) = n(0)-emt (240)
() = 1,(0)- et (241)

Due to their different wavelength the relative compositbithe original electron
neutrino in terms of;, andwv, will change over time.

Ve(t) = cosO-vi(t) +sinf - vy(t) (242)
= cosf-11(0) - P L ging - 1y(0) - Fm2)t (243)

This can again be expressed in terms.odndv,,.
vi \ [ costl —sind Ve
( Vs ) o < sin cos@ ) ( Yy ) (244)

ve(t) = cosf(cosf - v.(0) —sind - v,(0)) e Elmt

and one obtains

+sin @ (sin 0 - v,(0) + cos @ - v,(0)) eFm2)t (245)
= (0052 g - Bt 4 gin?4 - eiE(mQ)t) ve(0)
+ cos @ sin 0 (eiE(mQ)t — ety (0) . (246)

From this formula one can read off, that the electron neotdan oscillate in a
muon neutrinoif m, # my and 6 # 0.
The probability for the change of a flavouto a flavourb is given by

P(va =) = [{va()l11(0)"

= ’czos@sine (eiE("W)t — eiE(ml)t) }2

= % sin? 20 {1 — cos [E(my) — E(my)] t}

o
= sin%(26) - sin® (%E) . (247)

The energy E of the neutrinos depends on the creation process
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L corresponds to the distance between creation and detegtlach is more
or less the distance of the sun and the earth. The remainmgavwameters of the
mixing formulae are

e Mixing angle ¢
In the lepton sector we have an analogue of the CKM matrix Ptirgecorvo-
Maki-Nakagawa-Sakata matrix (PMNS). Its entries are deitezd by the
results of different neutrino oscillation experiments.

o Difference of squared masses:3 — m?
The neutrino mass is a fundamental parameter of naturesatan have
cosmological consequences.

Detection on the earth:

The detection of the neutrino also proceeds via the weakaictien, i.e. the de-
tection is only sensitive to the weak eigenstate. Any chargaction that involves
a electron can only detect a solar electron neutrino, bua mation neutrino (com-
pare tagging). Such experiments were e.g.

CP"+uv, — Ar’"+e¢- Davies, Homestoke
n+ve — p+e
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Ga'+rv, — G€'+e Gallex, Sage, GNO
n+v., — p+e

The result was that always too few electron neutrinos wemedo This was the
so-called solar neutrino problem.

The SNO experiment had different detection channels: onara#l that was also
only sensitive to electron neutrino - here they found too ésent, but also chan-
nels that were sensitive to all three neutrino flavours (acturrent) - here they
found the expected number of neutrinos.

Proof of neutrino oscillations!

Current data

Our current (PDG 2014) knowledge about neutrino mixing casuimmarised as

[9]

Am?, =~ 7.5440.24-10 eV? (248)
Am?, =~ 24340.06-10 eV? (249)
sin?f1, ~ 0.308 +0.017 = 61, = 33.7° (250)
sin?fy; ~ 0.455 £ 0.035 = g3 = 42.4° (251)
sin?6;3 ~ 0.0234 +0.0020 = 6,3 = 8.8° (252)

9 Mixing of neutral mesons

9.1 General Introduction

Neutral mesons liké3% and their anti particle®? form a two state system, which
can be described with a Schrodinger like equation

W (B _ (B (Ma—ita 0 (B
ot \ Bj By 0 My — 5T Bj
(253)
This is equivalent to the following time evolution of B meson
S B(t) = em (M i)t oMt T (254)
o M, 90 Is the mass of the particle

e I'y; 5 is the decay rate of the particle

e CPT invariance implieMn == M22 anan - FQQ
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Due to the weak interaction, however, transitions @flameson to a39 are pos-
sible via the so-calletox diagrams

tcu d
§W &
tcu

The box diagrams lead to off-diagonal terms in the Hamilani

i — My — %Fn Mo — %Fu
My — 5091 Mag — 5199

', corresponds to intermediate on-shell states, (ik¢, while M, corresponds
to virtual intermediate, i.e. off-Shell states. Thereftne top quark as well as
other hypothetical new physics particles contribute oaly4,. Thus we are are
left with non-diagonal mass matrices and decay rate matriégenon-diagonal
mass matrix means simply that the flavour eigenstates of #s®ns are not mass
eigenstates.

CPT invariance implied/;; = M, andI';; = I'yo and hermiticity gives\ly; =
MTQ andT21 = FTQ

In order to obtain meson states we simply have to diagonalisge get then new
eigenstates, which we denote by the index H=Heavy and L=Ligh

By = pBy—qBy (255)
B, = pBy+qBy
with p = p(Mi2,T'12) andg = ¢(M;2,T'12). The new eigenstatds, and B, have
now definite masse&/y, M, and definite decay ratds; andI';,. By diagonali-
sation one gets the following observables

AT = Ty —Ty = AT(M;s, Ts)
AM = My — M, = AM(M,T1s) (256)

where the following relations hold

1
(AM)" = 2(AD)? = 4|Mypf* = Dol (257)
AM - AT = —4Re(MpT,) | (258)
po_ _AMA43AT (259)
q 2Myp —il'yo
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Later on we will discuss the solutions of these euqationsliif@rent systems.
Now we can derive in the same way as we did for the neutrinoiihe ¢volution
of the B mesons. For the mass eigenstates the time evolution ialtrivi

Bup(t)) = e (MuatTail2)tp, (o)), (260)

For the flavour eigenstates it reads

q —
|B°(t)) = g+(t)|B°) + 9 ()[B%) (261)
— p —
= —g- g+ 9
1B°(t)) . (O)|B%) + g+(t)|B°) (262)
with the coefficients
, AT AM AT AM
g.(t) = e imte /2 |:COSh Tt cos L i sinh Tt sin 5 t] ,(263)
: AT AM AT AM
g_(t) = e imte /2 {— sinh alt cos t + i cosh alt sin t] (264)
4 4 2
Here we used the averaged massesnd decay ratek:
m — M+ My, pole e (265)
2 ’ 2

g+(t) andg_(t) give directly the probability for mixing and non-mixing:

(BB N[ = |g+())> = [(BYB(1))|" (266)
(BB (W) = 'g (0 . (267)

The arguments of the trigonometric and hyperbolic functican be rewritten as

AMt 1t . AM
Al't 1t . AT

where the lifetimer is related to the total decay rafevia T = 1/I". The oscilla-
tion length of the trigonometric functions can be deterrdine

AMt_ L 2
N

=z = ot =Pyt =

(270)

2re

ﬁfym . (271)
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9.2 Experimental results for the different mixing systems:

After huge experiemental efforts, that are stil going o, fibllowing values for
the mixing parameters were obtained

| [ £ | D° | Ba | B,
AMinps ! [ 5.293 40.009 - 103" | 0.00999756° 0.510 4+ 0.003¢ 17.757 4+ 0.021¢
AMineV | 3.48440.006-1075"|6.58051-10% |3.35688- 104 0.0116879°
x =42 0.946¢ 0.004173.9013% 0.7752¢ 26.7953¢
Z inmm || 356°8y 188.411¢B 3.69343° 5 0.106079°B~
ATinps ' [0.0111° 0.0307242° 0.000657895 + 0.00657895¢ | 0.081 + 0.006°
ar 1.99° 0.0126° 0.002 £ 0.020° 0.122229°
y=°L 1.00° 0.0063 & 0.0007¢ | 0.001 £ 0.0010¢ 0.0611145°
Z¢inmm || 169°8y 61.3084°3 > 260.2863 23.255¢B
[AT/AM ] 2.1063 [3.07317° [0.00128999 £ 0.0128999° [ 0.00456158°

@: HFAG: March 2015?: PDG: June 2013:: derived by myself, no error esti-
mate.

Exercise:

Update the above table with the following new inputs from 82014

AM; = 0.51040.003ps! (272)
AM, = 17.757 £0.021ps™* (273)
rp = 0417512 (274)
yp = 0.63+£0.07 (275)

At this stage some comments are in order:

1. The kaon system is special, because kaons can decay ltadlyoonly into
2 pions or 3 pions and there is a huge phase space differenttesie final
states. The physical kaon states are almost CP eigenstatdébea2 pion
and the the 3 pion final state differs in the CP quantum numbesrefore
K, has only a very small phase space - and therefore lives mugjeio
compared td<s.

2. For all other neutral mesons there is plenty of phase sjpadaal states
with different CP quantum numbers. Nevertheless we haveresga large
range a values. Where does the ratjp /zpo =~ 26.63/0.0063 ~ 42 - 10°
come from?

3. Having this numerical values at hand, we can now compare &volution
for the different neutral mesons by ploting (¢)|?, |¢_(¢)|* and|g (t)g_(t)|?
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. Comparison of the absolute values of the mass differences

| AMinps ' | AMin eV | 2rc/AMin mmgy |

B,

17.7

0.01

0.1

By

0.5

0.0003

3.7

DO

0.02

0.00001

123

KO

0.005

0.000003

356

This clearly shows that mixing is a macroscopic quantunmcéftae oscil-
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lation lengths vary between 0.1 and 356 mim
Where do the large differences in the size of the mixing patars - a factor
of more than 3500 - come from?

5. Comparison of the absolute values of the decay rate diftss

| [|ATinps ' | 2mc¢/ATin mmgy |

By 0.089 21
DY 0.037 52
K° 0.011 169
By || <0.010 > 190

This again shows that mixing is a macroscopic quantum effleetoscilla-
tion lengths vary between 21 and more than 190 fAm

The differences in the absolute values are now less prorayacfactor of
more than 8.9.

6. Comparison of the relative values of the mass differences

L [am/T]
B. | 266
KO 0.95
B, | 077
DY [ 0.0063

Where do the large differences in the size of the mixing patans - a factor
of more than 4200 - come from?

7. Comparison of the relative values of the decay rate diffees

L[ arr ]
K| 2

B, | 013
D" | 0.015
B, | <0015

Where do the large differences in the size of the mixing patans - a factor
of more than 100 - come from?
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8. Comparison of decay rate difference vs. mass difference

| [Ar/AM]
D' 24
K| 21
By | <0.02
B, | 0.0050

Exercise:
Produce nice plots for the different systems

9.3 Standard model predictions for mixing of neutral mesons
9.3.1 Observables

In the B?-systeml“‘{2 < M, holds, therefore one can simplify the expressions
for AT'; andAM,. We get

AM, = 2|M{12|( —l%sm?gbﬁ...) (276)
8 | M|
~ o 2[M| (277)
q 1 |F({2‘2 <2
AT, = 2| cos gy ( 1+ 57g s sin” o + ... (278)
8 [ M|
~ 2T cos g, (279)

with the weak mixing phase, = arg(—M},/T',). There was actually a lot of
confusion related to the definition of this phase, see [15B¢ weak mixing phase
appears also in the flavour-specific or semi leptonic CP asstmes. A flavour
specific decay3;, — f is defined by

e BY — fandB{ — [ are forbidden.
e No direct CP violation arises, i.el{f|Bl)| = |(f|BY)|

Example for flavour-specific decays are e®). — D, «" or B) — Xlv - there-
fore the second name. The asymmetry reads

o :r@(t)%f)—r(Bq(tH?):_Q(M_l)
T DB = f) +T(By(t) = T) p
I . P AT
= i smgb(: Imot = AMtancb) (280)

Reminder: the mixing stems from the box diagrams:
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b t,c,u

o La

Tcu

M5 is the dispersive part (sensitive to heavy internal pasiclandl’;; is the
absorptive part (sensitive to light internal particlesjlte#se box diagrams.
Below we discuss the calculation 8f,, andIl';

Exercise:

Plot of Box diagrams fof';, and M, for all four systems = 12 diagrams
Search for all the different conventions oy

9.3.2 First estimates

In the following we will explain our theoretical tools to calateT), and MY,.
One big goal of flavor physics is the search for new physics.hée currently
some hints for deviations of measurements from the SM plied&. Therefore
we really have to make sure that we control the SM predictiongarticular the
hadronic effects.

First we look at all the diagrams contributing 3é%,. For each topology we get
nine contributions

ML = NF(u,u) + MAF (1, ¢) + MM F(u,t) +
AAuF(e,u) + M2F(c,c) + AN F(c, t) +
MAE (1) + MAF(t, ¢) + A2 F(t,1) (281)

with the CKM structures,, = V,4V;.
Next we can use unitarity of the CKM matrix(+ A. + \; = 0) to eliminate),.

M = N (F(c,c) —2F(u,c) + F(u,u))
+2A N (F(c,t) — F(u,t) — F(u,c) + F(u,u))
+A? (F(t,t) — 2F (u,t) + F(u,u)) (282)

Doing the loop calculation one finds

F(p,q) = fo+ f(mg,m,), (283)

with a large constant valug and a mass dependent teffitim,, m,,) that grows
with the mass. Thus one finds th@tcancels in/;; due to GIM cancellation. If
all internal masses would be equal (or zerhl),, would vanish. Looking at the

101



CKM hierarchy we find

Ao A9 (284)
A o A%, (285)
Ao AS, (286)

so all three contribution have a similar size of the CKM fasfdut the first two
terms are strongly GIM suppressed [159]. To a good appraxamave can write

M, = X2 (F(t,t) — 2F(u,t) + F(u,u)) = A2S(my) , (287)

with the Inami-Lim functionS(m;) [160].
In the B,-system we have

A2 o At (288)
AN oc A (289)
A2 oo At (290)

and we can thus again approximate

M, = X (F(t,t) —2F(u,t) + F(u,u)) = A2S(my) , (291)
Hence we expects
A M, 1
AM, N 25 (292)

which fits already quite well with the experimental findings.

9.3.3 The SM predictions for mixing quantities

In practice, the calculation of the mixing quantities idl stilittle more involved.
When calculating QCD corrections we will find large logamith that can be
summed up to all orders if we integrate out all heavy pawide. the top-quark
and the W boson.

For an illustration we compare now the determination of ttaltlifetime 7, =
1/T, M3, andl;,. These quantities are given by the following diagrams

b c,u 2

Integrating out the heavy particles we find
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The vertices in the diagrams férandI';, are effective four-quark operators with
AB =1, like

Q2 = (1 —=5)bx 39" (1 —5)c (293)
= (eb)v-a(5c)v-a, (294)

while the vertex in the diagram faV¥/,, is an effective four-quark operator with
AB =2

Q = (5b)v_a(Sb)y_4 - (295)

For M, we have now already the final local operator, whose matrimete has
to be determined with some non-perturbative QCD-method.
Calculating the box diagram with internal top quarks onexoist

G? R
Mz = F;(Vtzvtb)zMgvSo(%)Bqu%qMBQWB- (296)

The Inami-Lim functionSy(x; = m?/M3,) was discussed above. It results from
the box diagram without any gluon corrections. The NLO QCDrextion is
parameterised byjz ~ 0.84 [161]. The non-perturbative matrix element is pa-
rameterised by the bag paramefeand the decay constayi

§ 8
(B|QIBy) = = f5,B5,Ms, - (297)

As a next step we rewrite the expressionlfan a form that is almost identical to
the one ofl';5. With the help of the optical theorein can be rewritten (diagra-
matically: a mirror reflection on the right end of the decaggitam followed by
all possible Wick contractions of the quark lines) in
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The first term £: ') corresponds to the decay of a fiieguark. This term gives
the same contribution to althadrons. The lifetime differences we are interested
in will only appear in subleading terms of this expansioe like second diagram
(=: TI's), which looks very similar to the diagram fadr,,. Counting the mass
dimensions of the external lines one can write formally goagsion of the total
decay rate in inverse powers of the heavy quark mass

2 3
F:F0+£F1+A—2F2+A—3F3+.... (298)

my my my
The parameteA is expected to be of the order af)cp, its actual size can how-
ever only be determined by explicit calculation. The expi@ss forl'; andI';;
are however still non-local, so we perform a second OPE (OP&sing the fact
that theb-quark mass is heavier than the QCD scalg (> Agcp). The OPE
Il is called the heavy quark expansion (HQE) and was disclss&ection The
resulting diagrams for'; andI';» look like the final diagram foi/,:

b b b S
S S S b

Now we are left with local four-quark operatorAB = 0 for r andAB = 2
for I'15). The non-perturbative matrix elements of these operatrexpressed
in terms of decay constanfs and bag parameters. In the standard model one
gets one operator fav/;; (Q) and three operators foy, - including Q

Q = 571 — )b x (1 — )07, (299)
Qs = 5*(1+75)b"* x 87(1+ )", (300)
Qs = 514 75)b° x 37(1 4 ~5)b* , (301)
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and e.g. four operators fat B*) /7(By) %° - in extensions of the standard model
more operators can arise. It turns out that)s andQg are not independent, so
one of them can be eliminated. Historicafly was eliminated; later on it turned
out that this was a bad choice.

Before discussing the full standard model result let us tegéort look at the
differences betweeh;, andI'{,. Both quantities have three different CKM con-
tributions

My = — [0 T+ 20N + ()" T3] (302)
My = =[O T+ 2205 + (M) T (303)

One sees that ifi§, there is the CKM leading contributiokf oc A\* and thus the
expression is dominated by the first term - this will, howewet hold for the
imaginary part. On the other haig, is CKM subleading X¢ o« A\?) and all three
contributions seem to be of similar size.

Another way of looking at the mixing systems is the invedimaof the ratio
', /Mi,. In this ratio many of the leading uncertainties cancel, ehg factor
(fB,Mp,)? thus one expects - up to different CKM structures - simiésuits for
the B, and B, mesons. The three physical mixing observaidlég,, AT", anda?,
can be expressed in terms of this clean ratio:

ot — im (D2 (304)
g iy,
AT, v,

= —Rel—=) . 305

AL, e@% (305)

Moreover, the ratid", /M, can be simplified considerably if the unitarity of the
CKM matrix is used, i.eA, + Ao + X\, =0
T _ N5+ 2)\c>\111“1f§’q + A2
M{IQ )\%MIQ,q
ce, ce, uc, 2 1ee, uc, uu,
1—‘12(] 4 2ﬁF12q — 1—‘12q + (Au) 1—‘12(] — 21—‘12(1 + I y

(306)

- _ 12 (307

12,9 )‘t M12,q 12,9

Q

t t

107* [(51 £ 10) — %(10 +2) — (%) (0.16 & 0.03)] (308)

The three numerical coefficients in (308) are almost idahtar the B; and B,
system. The CKM factor reads,/\; = —0.008 + 0.021 7 in the B, system and
A/ A = —0.033 — 0.439 7 in the B, system. Hence the real partBf, /M7, and

20This statements hold only at ordefm;.
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thusAT',/AM, is dominated by the first coefficient. It is interesting toedhat

ce,d

a knowledge of'{5“ is sufficient to get a precise SM valueAt',; via the relation

Fd
Al'; = —Re (M—lj) AMPP (309)

12

while one needs all three diagrami&;?, I'“2** andI'“S, if one determines\l',
via the relation
ATy = 2 |I'Yy| cos(¢a) - (310)

Moreover, an imaginary part can only appear in (308) in theosd and third
contribution, which therefore describes the semi-le@® asymmetries, whose
final sizes are given by the values of the CKM elements. InBheystem the
CKM factor has a small imaginary value aag] gets therefore a small numerical
value. The third term in (308) is negligible in tli& system. In the3,; system the
CKM ratio is larger and it has a sizable imaginary part — itbsat a factor of 20
larger than in the3,-system — giving rise to a semi-leptonic CP asymmetry in the
By sector that is also about 20 times larger than the one iltrsystem.

The full expression fof';, can be expanded as

A3 o A
Ty = (r“” Qs p) ) 2 (r“” ) 311
12 mg’ 3+ i3 + + mlA; 4 T + (311)

Each of theFEO) is a product of perturbative Wilson coefficients and nornypbative
matrix elements. Ii'; these matrix elements arise from dimension 6 four-quark
operators, i’y from dimesion 7 operators and so on.

The leading terni“go) was calculated already quite long ago [19, 162, 163, 164,
165, 166] Thel /m,-corrections I‘ff)) were determined in [167] and they turned
out to be quite sizeable. NLO QCD-corrections were doneHerfirst time in
[168], they also were quite large. Five years later the QODections were
confirmed and also subleading CKM structures were includéd,[134]. Un-
fortunately it turned out thaf\I" is not well-behaved [170]. All corrections are
unexpectedly large and they go in the same direction. Thablpm could be
solved by using) and(Qs as the two independent operators instea@ ahdQ,

S0 just a change of the operator basis [171]. As an illustnadf the improvement
we show the expressions bk, /M, in the old and the new basis:

old ,
AFS o —4 BS BR
AN — 107 [0.9+4o.9§ —25.03} : (312)
New D/
AT B B
s — 107%. [46.2+10.6=5 — 11,928 313
AL 0 62+106— 9= | (313)
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whereBy is the bag parameter ¢Js, Bg is the bag parameter 6fs and B, de-
notes the bag parameters of the dimension 7 operators. Notertim that is com-
pletely free of any non-perturbative uncertainties is naoa¢ dominant. More-
over thel/m,-corrections became smaller and undesired cancellati@ntess
pronounced. For more details we refer the reader to [171jre@tly alsol /m;-
corrections for the subleading CKM structured'in [172] and1/mZ-corrections
for AT, [173] are available - they are relatively small.

9.3.4 Numerical Results
Mixing:

The mixing quantities have been re-investigated recea@$%] (update of [171]).
Numerically we obtain for the mass differences

AMSM =054+0.09ps, AMM=173+26ps*. (314)

The mass differences have been measured with great preaisid=P, TeVatron
and the B factorie§], ?, ?, 7]

AM,; =0.507 £0.005ps!, AM,=17.77+0.10+0.07ps *. (315)

The numbers agree well, but the theory error is still mora graorder of magni-
tude larger than the experimental error.
For the decay rate differences we obtain the following ptains

ATSM = (2.8940.72) - 102 ps,  AIM =0.087+0.021ps™', (316)

AT SM AT SM
<—d) = (4.11£0.78) - 107, ( ) = 0.137+£0.027, (317)

Ly L

SM SM
<AA;; ) =(53.24+10.1)- 107, <§;j ) = (50.44+10.1)-107*.
d s
(318)

The predictions forAT', /T, and Al'; /T, are obtained under the assumption that
there are no new physics contributionsAi/; and A M,. The decay rate differ-
ences have not been measured yet, but we have already imgtasunds

AF AFS
(Fdd) (1043710, (F ):o.ogztg;ggz. (319)

Here we are eagerly waiting for more precise results fromatiewvt and from
LHC!
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Finally we present the numerical updates for the mixing phad the flavor-
specific asymmetries

M= 0.085+0.025, ¢M=(42+13)-1073, (320)

af™ = (—45+08)-107*, a3 =(211+0.36)-107°. (321)

From this list one sees the strong suppression afida,, in the standard model.
In addition we give also the updated prediction for the dimasymmetry and the
difference between the two semileptonic CP-asymmetriasifil be measured
at LHCb

AP = —(02240.04) 1073, (322)
ap™ — ™M = (04740.08)-1073. (323)

We will compare these numbers with experimental data in gwephysics section.
At that stage it is instructive to look also at the detailet dif the different sources
of the theoretical error for observables in the mixing system. We compare
this numbers with the corresponding ones from Referencg][{tAe table and

numerical values are from [175]). For the mass differencénaves

| AM, | This work| hep-ph/0612167

Central Value| 17.3ps! 19.3ps!
5(fg.) 13.2% 33.4%
5(Viy) 3.4% 4.9%

5(B) 2.9% 7.1%
d(my) 1.1% 1.8%
0(a) 0.4% 2.0%
5(7) 0.3% 1.0%
(Vi) Vi) 0.2% 0.5%
5(my) 0.1% - ——

[ >0 ] 140% | 346% |

For the mass difference we observe a considerable redustitve overall error
from 34.6% in 2006 to14%. This is mainly driven by the progress in the lattice
determination of the decay constant and the bag parametéo further improve
the accuracy we need more precise values of the decay canstan
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For the decay rate difference we get

| AL | This work | hep-ph/0612167
Central Value| 0.087 ps™* 0.096 ps!
5(Br,) 17.2% 15.7%
5(f5.) 13.2% 33.4%

o(p) 7.8% 13.7%
8(Bs) 4.8% 3.1%
5(Br,) 3.4% 3.0%

(Vi) 3.4% 4.9%

i(B) 2.7% 6.6%
d(Bg,) 1.9% -

6(2) 1.5% 1.9%
5(ms) 1.0% 1.0%
6(Bg,) 0.8% -
(B, 0.5% B
5(a) 0.4% 0.1%

5(7) 0.3% 1.0%
5(Bg,) 0.2% - —

6(Vin/Ver) 0.2% 0.5%

o (my) 0.1% 1.0%

[ >0 ] 245% | 40.5% |

For the decay rate difference we also find a strong reductidheooverall error
from 40.5% in 2006 t024.5%. This is again due to our more precise knowledge
about the decay constant and the bag paranigtbut also from our change to the
M S-scheme for the quark masses, which leads to a sizeabldi@uatthe renor-
malisation scale dependence. In [171] we were using in iatdite pole scheme,
and our numbers and errors were averages of these two quaskstizemes. It is
very interesting to note, that now the dominant uncertastgyns from the value
of the matrix element of the power suppressed opetaor

To further improve the accuracy a non-perturbative deteation of B and B,

as well as a more precise valuefGf, is mandatory. In addition the calculation of
the o, /m;, and then?-corrections will reduce the-dependence.
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For the ratio ofAI' AM the decay constant cancels.

| AI,/AM | This work | hep-ph/0612167

Central Value| 50.4 - 1074 49.7-107*
5(Bg,) 17.2% 15.7%
o(p) 7.8% 9.1%
5(Bs) 4.8% 3.1%
5(Bg,) 3.4% 3.0%
0(Bg,) 1.9% ——
5(2) 1.5% 1.9%
d(my) 1.1% 1.8%
5(my) 1.0% 0.1%
5(a) 0.8% 0.1%
d(Br,) 0.8% - —

§(Bg,) 0.5% B —
5(BR3) 0.2% -
5(B) 0.1% 0.5%
6(7) 0.0% 0.1%
O(Van/Ven) 0.0% 0.1%
5(Viy) 0.0% 0.0%

[ >6 [ 201% |  189% ]

For the ratio of AT'/AM we do not have any improvement. The decay con-
stant cancels out in that ratio and therefore we did not phafih the progress

in lattice simulations. Also the CKM dependence cancels lexge extent. The
improvement in the renormalisation scale dependencesslesounced than in
AT alone.

To improve the precision, we have to improve the precisiol\@has described
above (except for the decay constant).
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For the semileptonic CP-asymmetries we get

| as, | This work | hep-ph/0612167
Central Value| 2.11-107° 2.06-107°

5(Vay/ Vi) 11.6% 19.5%
o(p) 8.9% 12.7%

5(2) 7.9% 9.3%

5(7) 3.1% 11.3%
3(Bs.) 2.8% 2.5%
5(my) 2.0% 3.7%
d(a) 1.8% 0.7%
5(Br,) 1.2% 1.1%
5(my) 1.1% 1.8%
5(Bs) 0.6% 0.4%
5(Bry) 0.3% B
(B, 0.2% B
5(B) 0.2% 0.6%
5(my) 0.1% 0.1%
5(Br,) 0.1% E——
5(Br,) 0.0% E——
5(Vip) 0.0% 0.0%

[ >0 [ 173% [ 219% ]

Finally we also have a large improvement for the flavor spe@fymmetries.
The overall error went down frori7.9% to 17.3%. In ay, also the decay constant
cancels, but in contrast tal'/AM we now have a strong dependence on the
CKM elements. Here we benefited from more precise valueseo€M values
and also from a more sizeable reduction of the renormabisaitale dependence.
Here a further improvement in the CKM valueslgf, and the charm quark mass
will help, as well as the reduction of the-dependence via the calculation of
higher order terms.

Lifetimes:
While the theoretical framework for the determination of thass differences is
very solid, the applicability of the HQE fdr,, was questioned sometimes in the
literature. We will test the HQE with the lifetime ratio of s@ns, which are prac-
tically free of hadronic uncertainties.
The theoretically best investigated lifetime ratiorjs /75,. Here large cancella-
tions occur so the ratio is expected to be very close to o] [17

7(B;)

= 1.00" 04 -
T(Bd) 0.004

(324)
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The theoretically next best lifetime ratioig+ /75,. One obtains [175]

T7(B™")
7(By)

NLO-QCD corrections turned out to be important, subleadifwy,-corrections
are small. Care has to be taken with the arising matrix elé¢snehthe four-
quark operators: it turned out that the Wilson coefficiefitte colour-suppressed
operators are numerically enhanced, sge But the matrix elements of these
operators are only known with large relative errors. Cutyemvo determinations
on the lattice are availabl@|[?].

Experimentally we have

= 1.044 4 0.024 . (325)

T(BS)

= 1-0.0274+0.015, 326
~(Ba) (326)
7(B™)

= 1.081 £0.006. 327
~(Ba) (327)

we find that the HQE gives numbers that are close to experirbahto perform
a precise comparison of experiment and theory an updatdwdfdg parameters
is mandatory. The state of the art is here already 10 yeatd-oldthe B, life we
are waiting for much more precise experimental values.

In Fig. (1) we visualise the theory predictions for thesetlihes ratios. Predictions
for the A, have to be taken with more care. In that case the NLO-QCD ctiores
are not complete and only preliminary lattice valu@sdre available. A typical
value quoted in the literaturé]is

7(Ap)
7(Ba)

The lifetime of the doubly heavy mesds. has been investigated e.g. iP,[but
only in LO QCD.

— 0.88 4+ 0.05. (328)

7(B)ro = 0.527018 ps.

In addition to the b-quark now also the c-quark can decayngitise to the biggest
contribution to the total decay rate.

An interesting quantity is the lifetime ratio of tl%-baryons, which was investi-
gated in NLO-QCD inP]. This quantity can in principle be determined as precise
astg+ /718, (£3%). However, up to now the matrix elements for thebaryons
are not available. Assuming that the matrix elementsfoare equal to the ones
of A, we can give a rough estimate for the expected lifetime réti@rder to get

rid of unwanteds — u-transitions we define (following?])

1

il
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Figure 1: Allowed range forrg, /75, and 73+ /75,. The prediction forrg+ /75,
derived with the decade-old hadronic parameters of R&fbarely overlaps with
the experimental @region. This shows the importance of a modern lattice calcu-
lation of these parameters.

Using the preliminary lattice value8][for the matrix elements af, we obtain

0
(=) _ 11240022777, (330)

(E)
where??? stands for some unknown systematic errors. As a furtheloappation

we equater (=) to 7(A;) - here similar cancellations arise asrig /75, - , SO we
arrive at the following prediction

[1]

Y

[1]

T(Ab)
m(E))
The PDG quotes?] the following numbers

7(Ay)
7(Ba)

= 0.88 4 0.02£777.. (331)

\]

=0.99+0.10, 7(B.) =0.453 £+ 0.041 ps. (332)

The situation for thé\,-baryon is not settled yet. First several theoretical inupro
ments have to be included, second there are two differergrarpntal numbers
on the market?, ?]. For B, the number lies in the right ball park, but here also
a full NLO-QCD calculation would be desirable to make the panison more
quantitative. Finally we are waiting for a first result foethfetimes of the=,-
baryons.
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9.4 Mixing of D mesons
9.4.1 What s so different compared to theB system?

Let us start with a very naive estimate of contributions ® Box-diagramsX ~

2

m

. — q
02,2, = —Ma/)

(VUSVJd)Q x A2 T, ~ 1.5 1079 VCKMS(ZL’q) ~T7-1071
K" (Ves V)2 x A2 2, 2~ 0.00035  VeogaS(z,) ~2-107°
(%3%2)2 x A0 Ty ~ 4.8 VCKMS(ZL’q) ~T7-1077
(VubVJd)Q x A6 T, ~1.5- 107 VcKMS(xq) ~2-10713
BY (Va V)2 ox A5 2.~ 0.00035  VogarS(z,) ~4-1078
(‘/tb‘/{&)z o A8 T~ 4.8 VCKMS(I‘Q) ~3-107*
(VubVJS)Q x A8 T, ~1.5- 1079 VCKMS(ZL’q) ~8-1071°
B (Vo V)2 o M 2, 2 000035 VegarS(z,) ~ 8- 1077
(‘/tb‘/t:)Q ox A4 T ~ 4.8 VCKMS(ZL‘q) ~6-1073
(ViaVi)? o A2 2g ~ 6-10~° VogarS(z,) ~ 310710
D° (VosVi )P oc N2 2o 1-107% VegaS(xy) ~4-1078
(VcbV;b)Q x A0 xp, ~ 0.003 VCKMS(ZL’q) ~8-1071°

All contributions are small and of similar size in D-mixingyt It comes worse!!!
Why naive?

In the derivation of the Inami-Lim functions already the tanity of the CKM-
matrix has been used

My AaAaf(d, d) + AaXs f(d, s) + AgAp f(d, D)
+ Adaf(5,d) + A Ao f(5,8) + A Ao f(5,D)
+ MAaf (D, d) + Mo f(D, s) + oAy f(, ) (333)
= M [f(s,8) = 2f(s,d) + f(d,d)]
+ 200 [f(,5) = f(b,d) — f(s.d) + f(d,d)]
+ N Lf(b,b) = 2f(b,d) + f(d,d)] (334)
= NS (2) 4+ 20X S (24, ) + A2S () (335)

What problems do arise in the charm system?

1. Exact treatment of - x s
= Huge GIM cancellation between the 3 contributions

2. ag(m.) = O(50%)
= convergence of QCD perturbative Expansion?
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3.

4.

A/m, not so small
=- convergence of Heavy Quark Expansions?

EXp.Flg ~ M12
Use exact formulae for diagonalisation

How to solve these problems

1.

Because of huge cancellations: be very careful with appration that
might seem justified on first sight.

Simply try by explicit calculation!
Test with charm lifetimes and simply try by explicit calation.

The most easy part: the exact relations read

1
(AM)? — T (AT)® = 4|Mp)? —|Tf?, (336)

AMAT = 4|M12||F12| COS(gb) .

If |T'12/Mys| < 1, as in the case of thB, system £ 5-1073) orif ¢ < 1,
one gets the famous approximate formulae

AM:2|M12‘, AF:2|F12‘COS¢.

In the D-systemTI';,/M;,| ~ 1 possible — Solve Eigenvalue equation ex-

actly
A numerical estimate showsXI" < 2|T"y5|

9.4.2 SM predictions

Theoretical Tools:

There are two approaches to describe the SM contributiorr@xing. They are
state of the art, but they are more an estimate than a catoulat

e Exclusive Approach

Falk, Grossman, Ligeti, Petrov PRD65 (2002)
Falk, Grossman, Ligeti, Nir, Petrov PRD69 (2004)

e Inclusive Approach

Georgi, PLB 297 (1992), Ohl, Ricciardi, Simmons, NPB 403939
Bigi, Uraltsev, NPB 592 (2001)

= x,y up to1% not excluded
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= Essential no CPV in mixing — unambiguous signal for NP!!!

Comments on the exclusive approach:
y due to final states common 1@ and D

1 —0 _ _
y=r > pn(DHRT= ) (n|H{=' D)

This is much too complicated to calculate exclusive dectgsraxactly!

e Estimate only SU(3) violating phase space effects (mildiaggions about
p-dependence of matrix elements) = calculable source of Biéaking

e Assume hadronic matrix elements are SU(3) invariant
e Assume CP invariance of D decays
e Assume no cancellations with other sources of SU(3) brgakin

e Assume no cancellations between different SU(3) multiplet

= individual effects ofl% possibley”*? ~ 1% # NP

e “our analysis does not amount to a SM calculation of y”

We try to push the inclusive approach to its limit.
Charm lifetimes:

The following is just a naive estimate - a quantitative asalyras to be done!
Experimentally we get relatively large differences in tifetimes of D mesons:

_7(D*)  1040fs _
" r(D%  410fs T

7(Df)  500fs _

2.5 - ~
7(DY) ~ 410fs

Exp 1.2

We assume now that the HQE can also be applied to charm systtmeainves-
tigate how large the HQE would have to be in order to reprodiueexperimental
findings.

e Applying the HQE for D-system we get the following diagramatontri-
butions

— D°: weak annihilation (=WA)
— DT, Df: Pauliinterference (=Pl); PI{) = (Vis/Vua)? PI (DY)

e This can be compared with the HQE contributions for the Besys
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— By, B2 WA, similar CKM structure, differences due to phase space
— B*: Pl (larger than WA)

According to the HQE the total decay rate can be written agdihg term that
describes the decay of a free charm quark and some correttiandepend also
on the flavor of the spectator quark.

(D) = I'(c) + 6T(D,)

With our above assumptions we easily see that the experaheonstraints are
full-filled for
oT(DT) 6T (D)
I'(e) I'(e)

First of all, the size of the correction is in the expectedyarsince(m,,/m.)* ~
20...30. Next the expected corrections are large, but not so lasgathapplication
of the HQE is a priori meaningless.

Here it would be very valuable to have a real HQE calculatidhelifetime ratios
of charm mesons.

~ —53%, ~ +19%

9.4.3 HQE for decay rate difference
The problem:

I‘12 - _()\grss + 2)\s>\drsd + )\?lrdd>

d, s

d, s d s
* 2 0 1 S\ D

A = VeaViy = —Cracasci3s12—GoC13s23513¢"° = O (A +iX%) |
* 2 i01: 1 \7

As = ViV, = +ciaca3cizsia—s19C13523513€¢""% = O (/\ + A ) )

)\b = ‘/cbvqu = 613823813€i613 =0 ()\5 + Z)\5) s
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Form, = my4 we have an exact cancellation! Approximations are dangerou
Common folklore), ~ 0 (looks reasonable!)

Unitarity: A+ A =0=T1p= —>\§ (Fss —2l'g + Fdd)

e [';5 vanishes in the SU(3) limit
Use the results foB,-mixing from Beneke, Buchalla, (Greub), A.L., Nierste 1998;
2003; Ciuchini, Franco, Lubicz, Mescia, Tarantino 2003,.ANierste 2006

4 6
Ty — 2oy + T ~ 1.2 — 597
mC mC

Golowich, Petrov 2005, Bobrowski, A.L., Riedl, Rohrwild@®

e [, isreal to a very high accuracy

A =0 (N+iX*) = Arg (X)) ~ % ~ 107" =107 = NP

e Overall result much too small

y~ 01079

Huge cancellations= be careful with approximations !!!
D= 6,7 without folklore!!!! Bobrowski, A.L., Riedl, Rohrd 2009, 2010
Unitarity: \y + A\s + A\, =0

Tig = —A2 (g — 2Tsq + Taa) + 220 (Dsg — Taa) — AiT a4

2 4
PD=6T — 1.8696 — 2.7616 — 74906 + ...
mC C

D=6,7
ID=67 — 18696

6 2

Tiy o0 A28 42N A — A2 1
mC mC
10775757 = —14.6 + 0.0009i(1st term—6.7 — 16i(2nd term) + 0.3 — 0.3i(3rd term)

—21.1 — 16.0i = (11...39) ¢~1(0:5-:26)

e not zero in SU(3) limit
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e large phase®(1)) possible!!!
e yp €[0.5,1.9] - 107% = still much smaller than experimer (103)
What does this mean?

1. Standard argument for “aig, is negligible” is wrong

2. Can there be a sizeable phase in D-mixing?

e Phase of'y; is unphysical
e Phase of\/,,/T';5 is physical = determine alsd/;,

3. I')™%" has a large phase, by®=07 < ¢

e Georgi 1992; Ohl, Ricciardi, Simmons 1993; Bigi, Uralts®02
Higher orders in the HQE might be dominant?=® = y**» not ex-
cluded

e Bobrowski, A.L., Riedl, Rohrwild 2009, 2010
If estimate of Bigi/Uraltsev is correct + our findings for D=6
yTheory — yFxp-and 5 per mille CP-violation not excluded

e Bobrowski, A.L. 2010; Bobrowski, Braun, A.L., Nierste, Pm progress
Do the real calculation fob > 9

Try by explicit calculation if HQE works:
Idea: higher orders in HQE might be dominant if GIM is lessnmonced
Georgi; Ohl, Ricciardi, Simmons; Bigi, Uraltsev

(dd), (5s)

d,s

naive expectation for a single diagram:

|y | no GIM | with GIM |
D =67 2.1072 1-107% | Calculation
D=9 [[2-1072..5-107* 277 Dimensional Estimate
D=12 ||2-107%2..1-107° 277 Dimensional Estimate
? Can one obtaip,,"”? ?How big canp be?

Our dimensional estimates
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e Determinel’;5: Imaginary part of 1-loop
e Estimate D = 9:

— Quark condensatéss) /m?
— 4ma, relative to LO diagram
— GIM : (mg/m.)® andm,/m,

Suppressed by abot 107°, 3 - 10~3 compared to D=6 diagram
D=6 GIM suppressed by abobit 10~° = ! IMPORTANT !

Dimensional estimate in Bigi, Uraltsev 2001
e DetermineM,: 0-loop

e Estimate D = 9: Quark condensaje’

adron

/mi’ soft GIM : ms/,uhadr,

e Estimatel';; via dispersion integral ovev/;,

(8s)yms

1 VS. e ?ng,d or better(gq) ~ (0.24GeV)3 vs. pinaar. = 1

Difference:
GeV

= BU/BBLNP =~ 80 = Calculation has to decide!

Our Research Program

1. Redo D=6 without any approximations
Bobrowski, A.L, Riedl, Rohrwild, JHEP 2010

2. Calculate D>9
Bobrowski, A.L. 2010; Bobrowski, Braun, A.L., Nierste, Ptinpublished

3. Calculate D-12
4. CalculateM;,
5. Calculate lifetimes of D mesons

6. Give a much more relieable range for the SM values of thsiplessize of
CP violation in D mixing

Determination of D= 9,10,... in factorisation approxinoati

120



e o
o 3
) 3

c u e u c

u c u c u
D, D3a

c u c u c

u c u c u
Dsy, Déa

u c

c u

Diw Di3p

c u c u
u c u c
D, Dap
c u c u
u c i c
D7, D7,
c u c u
u c u c
D D

D3y

e

De

o & o
o
g o

Dga

= o
o e

e Factorisation approximation, expected to hold up A&

e Enhancement a(15) compared to leading term
Large effect, but not as large as estimated by Bigi, Uraltsev

e GIM cancellation reduced tex m?

6 2
Tip oc AZ- 8 42NN, -2 4 A2 1
mC mC
o My m; 2
—)Flg X )‘sﬁ+2)‘8Ab W+/\b1
yp || no GIM | with GIM | CP violation|
D=6,7 2-1072 1-1076 o(1) Calculation
D=9 |2-102.(35-10°)..5-10 2| 15-10°| O(%) | Calculation
D =12 2-107%2.1-107° 777 Dim. Estimate

next Dim 12!

9.5 Search for new physics
9.5.1 Model independent analyses in B-mixing

In [171] a model independent way to determine new physiexesffin the mixing
sector was presented. We assume that new physics doesandt gk at least not
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AT &8s

SM point

ImA,
Im A,

Figure 2:Allowed regions for\; and A, [ 7).

more than the intrinsic QCD uncertainties, but it might haw®nsiderable effect

on Mi5. Therefore we write
M, =TiM =M A, (337)

By comparing experiment and theory for the different mixatggervables we get
bounds in the complei-plane, see [171]. In7 we performed a fit of the com-
plex parametergy; andA,. The result is shown in Fig. 2 We found that the SM
is excluded by 3.6 standard deviations.
9.5.2 Search for new physics in D mixing

Contrary to expectatior’;, is sensitive to new physics!!!

T1o = =22 (Tos — 20+ Taa) + 2\ (Taa — Taa) = T

I'y5 is small, because

1. I'ys — 2y + T'yy is small

2. \yissmall

= 2 possibilities for enhancements
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1. Enhancel’y, — 2I'sg + Ty
e.g. Golowich et al.: small corrections to the individuatalg rates that do
not cancel via GIM

2. “Enhance)\,”
The resurrection of the SM 4

Do = =22 (Tss — 2Tsq + Taa) +20: (A + M) (Tsa — Taa) — (Mo + Ay )*Taa

Ay o< A0 - still possible), o« A? (arXiv:0902.4883) see also Melic et al,
Kou et al., Soni et. al, Hou et al. ...
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9.6 Open Questions

e How large is the SM contribution t&-mixing?

TBL 42107 (338)

T po

Exp

Continue the full calculation of-mixing within the HQE approach and
look for other ideas.

e How large is weak mixing phase in thg-system
M =42 .10 (339)
LHCb will show!
¢ Is the Dimuon result from DO real or only a statistical fluctoa?
Agi,
A

— 42 (340)

More results from TeVatron and LHC...

9.7 Comments

Exercise: Calculaté/;,

Exercise: Calculat&TI’,

Lecture: Discuss NLO-QCD and lattice

The final successATl; vs. Quark-hadron duality
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10 Exclusive B-decays

10.1 Decay topologies and QCD factorisation

(following Chapter 3 of the lecture notes from Thorsten Redein)
As an example for different decay topologies we consideersd\B — DK

decays:

a) B, — DT K~: The branching ratio of this decay is measured [9] to be
Br (B;— D"K™) = (1.97+£0.21)-10*, (341)

the decay proceeds via the following tree-level diagrams$h@ SM and in
the effective theory)

u a
K~ K™
S S
b c
_ b c _
Bd D Bd D
d d d d

This topology is calledree-level topology (class l)Naive colour counting
gives two colour loops and thus a numerical fadkth.

b) B; — D°K°: The branching ratio of this decay is measured [9] to be
Br(B; — D°K’) = (524+0.7) - 107, (342)

the decay proceeds now via a different tree-level topology,

D° DO

w|
|

2
2
a

o

which is calledtree-level topology (class Il) Naive colour counting gives
only one colour loop and thus a numerical facdor
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c) B~ — DK ~: The branching ratio of this decay is measured [9] to be

d)

Br (B~ — D°K™) = (3.70 £0.17) - 107*. (343)

Here we have both class | topology

<l
<l
<l
<l

and class Il topology

b c Do b c DO
u
B~ B~
S S
K™ K~
u u u u

numerically class | is dominant.
B, — D K~: The branching ratio of this decay is measured [9] to be
Br (B, — DYK~) = (2.034+0.28) - 10~* (344)

This decay proceeds via class | tree-level topology (in theaBd in the
effective theory)

S s
K~ K~

= ~

b c

_ b c _

B D* B D*
S S S S

s S S S

Besides the class | topology we have a new one that is catladilation
topology.
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DO

W

s s u
Naive colour counting gives for the annihilation one colmap and thus a
numerical factorV.,.

Now we would like to investigate the above decays a little equantitatively. In
the above naive colour estimates we implicitly assumedrbertion of the colour
singlett operato€),, now we will do the general case of the effective Hamiltonian

a) Tree-level topology (Class I):
The amplitude for thé3; — D™ K~ decay reads

(DYK ™ |MHeps|Ba) = cbv*zc (DT K~|Qi| Ba) (345)

In principle we have to determine the matrix elements of therators),
and(@-, non-perturbatively; in practice we cannot do this yet. Tiveshave
to rely on some additional assumptions.

The naive factorisation approximation states

(D*K™|Qa|Ba) ~ (D*[j*79|Ba)(K™sj""|Ba)  (346)
FPP(q = M) - fr (347)

The first object is called a form factor and the second one iscaylcon-
stant. In order to get the contribution of the operaperwe have to express
this operator in terms of colour singlett operator and cotmiett operator.
Usingl = % - 1 4+ octett (see appendix) and keeping in mind that only the
colour singlett part contributes, we find thus tliat appears with an ad-
ditions factor1/3. Hence we get for the amplitude in naive factorisation
approximation:

Gr

DK~ |H.;+|B =
< | ff‘ d> \/Q

SV, [0 + o) PP = 012 - g
(348)

The numerical value of the combination of the Wilson coedffics reads

1
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b)

c)

Since the scale dependence of the Wilson coefficients cdrmobmpen-
sated by the form factors and the decay constants (the haseat®depen-
dence) it is clear that naive factorisation is just a naiverapimation and
theoretically not consistent.

This problem is solved by the QCD (improved) factorisatipprach [178,
179, 180, 181], which gives an expression of the followingrfp

Zci(ﬂ)<D+K7|Qi|Bd> = PP (= ME) - fx

/1 301000+ Coto) + 52 et o] + 0 (2 )(as0)

47
0

wheret is a function that can be calculated in perturbation thead/gg, is
the so-called distribution amplitude of the kaon.

Tree-level topology (Class I1)
1
01[5]+§02[5] = 0.142811 (351)

Experimentally we get for
Br (By — D*K™)

_ = = 3.788 352
Br (Ba— DVECY) (352)
Naive factorisation predicts a ratio of
Cy5] + 5Ci 5]
= 50.9865. 353
C1[5] + 5Cs[5) (89)

Thus the theory is off by a factor df3.4584 = (3.66857). Naive colour
counting would work here better: QCD factorisation preslict

Annihilation topology

10.2 Heavy Quark Effective Theory

a method to calculate form factors

Chapter 5 of Thorsten Lecture Notes

10.3 Different Methods
LCSR

BBNS
ExampleA, — pvi?
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11 Search for new physics

11.1 Model independent analyses

This was done above for B-mixing, similar results have beletaios for other
observables....

11.2 SM4
11.3 2HDM

- project of Matthew

11.4 \ector-like quarks
Heiko

11.5 MSSM
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13 Appendix A: Basic QCD calculations

13.1 One-Loop Corrections

In this section we derive in detail the one-loop correctimal elementary objects
in QCD: the quark propagator, the gluon propagator and tlaekaqgiuon vertex.

In section 13.1.4 we have collected a list of useful formwldigch we are using
extensively in the following.

13.1.1 Quark Self Energy

The one-loop correction for the quark self energy is givethgyfollowing Feyn-
man diagram, denoted B¥.(#, m): —
k

i J [
p L p+k v D
— a — b —

p andk denote the momentd,; and/ denote the colour of the quark,andv are
the usual Dirac indices andandb denote different gluons. The Feynman rules
give the following expression:

d4]€ 1 X b . abg“l' . ﬁ"’ k‘i‘m . a
2(757 m) = /W; (lg%(T )jl) (—25 k:2) (ZM—Q_mQ) (ZQW(T )ij)
d*k A (Pt F+m)y,
:_QTaTaZ_/ 1y 354
P | i -+ 2 = ] (359
We use dimensional regularisatiab & 4 —2¢, g — gu€) to evaluate this integral.
With (7°T*); = Crdy, Cr = 4/3 One gets

_ 2o [_47k (2= D) (#+ ) + Dm
N(#m) = —g Croup /(%)Di DR (355)

According to the so-called Feynman-trick (see section.Z3the two propagators
can be rewritten in the following way

1

! d
[(p+ k)2 — m2] k2 - O/M7 (356)

with l;;:k—i—px,Mz:x(mz—pQ(l—:c)).

130



Performing the shift — & and using the fact, that terms which are linear in the
momentumk vanish after integration we get

2(pm) = —g Crou” / dz[(2 = D) §(1 - ) + Dm]
0
dPk 1
/ (2m)Pi [k2 — M2)* (357)

The momentum integral is already in standard form, so we pplyaur formulae
from section 13.1.4. With

/ deD. 1 o IDP(Q_%), @58)
ERPilE =T (am)F (et

we get for the quark self energy

S(pm) = -2 (Zf)‘z“ 12T (€) (47)° / 2= D) 7’25\145”3) T Dm 350

For massless quarks we immediately get the final result

1

s 2¢(40)T (e —e —¢
X(p,0) = —ECF@Z ]J%@—D)/dz(l — )
0
o ag 4\ T(e)T2(2 — ¢)
= gy ( 7 ) rG-20
Qs 1 11
~ 6P| —vpthdr+In— +1+0(e) |, (360)
3T € —p

where we have performed a Taylor expansion arauad) in the last step.
For the case of non-vanishing quark masses it seems to ¥ éagierform the
Taylor expansion around= 0 in Eq. (359) before the-integration.

Shom) = 25200 [ dor(©) (ot ) (-0 i —a) — 2=
=: mEl(pz,m)—i— ]522(]92,771). (361)

Performing the Taylor expansion and the subsequentegration we obtain the
final result fory; andX,:
1
2 Qs 1 2 2 2 1
Yi(p*,m) =~ —43—521 dz |~ — 7.+ In (p?*47) —Inz — In (m* — p*(1 — 2)) — 3
s €
0
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s 1 3
a_éil {— —Ye + In (47) + 5~ In
€

Iu2 P m?2

m?—p>  m?. m?—p?
3

1

s 1
Yo(p*,m) =~ 2;—7T<5il/da:(1 — ) {E — Ye +In (pP47) —Inz — In (m* — p*(1 — z)) — 1}
0
aS

1 m
- 3_71'5il l;—%+ln(4ﬁ)+1+ﬁ—ln

m°—p +%lnmm_p

2 2 2 4 2 2:|

112

For the determination of the so-callpdle masof the quark we need the self
energy evaluated at = m?.

1
2

1 1
A /dx {;—7e+ln(4w)—§+ln%—21nx}
0

Y1 (m?,m)

2
|
W
=

as . [1 3 >
= 4%t @)+ S
3 lL fy+n(7r)+2+nm2}

1
2

s 1
Sy(m?,m) ~ 2%5il/d:c(1 — ) [E —Ye +In(4r) —1 +ln% - 2111:5]
Qs 1 2
= 30 {E—%+ln(47r)+2+lnﬁ} .
a 1 4 2
E(ﬁ =m, m) = —35(217’” |:E — Ve —+ In (471') -+ g —+ In W] .

(363)

The same diagram can be easily calculated with the use oftaoffcmstead of
dimensional regularisation. Therefore we start with threfgiven in Eq. (357)

1

d*k 1
90208, ) —
0
(364)
Applying theWick rotationwe can write
d4k 2\ 1 I 212 2
[ o ) = s [ ki) (365)
0
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Inserting this in the quark self energy we get

1 o)

2
9
E(p’,m) = QwCFCSZl/d{E[ ]_—.I’ —2m /dk2k2 k2+M2]
0 0

(366)
The momentum integral is solved by introducing a cut/aff
' 1 A M?
A’k ———— = In(1+ — — -1
/ k2 + M2 n( +M2)+M2+A
0
A

Finally we get the following result, that can be comparedhwliie result obtained
by dimensional regularisation.

1

SA(fm) = g—;CFéu/dx{ [H(1 — z) — 2m]

0

< G _551 —2)) —1>}. (368)
S(hm) = 52Ceds [ de{ (41— )~ 2m (369)
0
<% — Y + Indw — In 2(m’ _Zz(l —2)) — 1) — m} .

Comparing this two very similar looking expressions, we find following cor-
respondence.

1 A
- — Y +Indr & In—. 370
-~ +Indr & = (370)

e M. (371)

The remaining difference is the finite teram in the dimensional regularisation.

13.1.2 Gluon Self Energy

There are several one-loop corrections for the gluon sedfggn We start our
calculation with the contribution of virtual quarks whichgiven by the following
Feynman diagram, denoted By%*(p, m).
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p andk denote the momentaand; denote the colour of the quark,andv are
the usual Dirac indices andandb denote different gluons. The Feynman rules
give the following expression.

e (p,m) = (—D/%Tr [(z'gue%(Tb)ﬂ) (Z(Yﬂﬂ)

p+ k)2 —m?

(igMEVu(Ta)z'j) <ZH)}

2 2e/mamqiby APk Trly, (#+ K +m) v, (F+m)]
= T [ G e R e T

Using the fact that the trace of threematrices vanisheg*7");; = §**/2 and
the Feynman-trick

. (372)

1 dx
[(p+ k)2 — m?] [k2 — m?] - O/W ; (373)

with k=k+px, M*=m?—p*z(l — )

we obtain after a shift — k the following expression (linear terms invanish)

P — — 2
qub(pv m) = g 1§ 5ab/ / d”k Trlv, Fy, f—z(1—1)y, 2%7# B+ m*y,7,] '
p 2m)Pi (k2 — M?]
(374)

In that problem two kinds ok-integrals appear which can be solved using the
formulae in section 13.1.4.

B dPk 1 1 (4m)T(e)
B = /(27_(.)[)2 [kg o M2]2 - (471')2 (MQ)e .

(375)
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oo [ kR L (4m)T() g M
b= /(27T)Di k2 - M2P (4m)2 (M2 2 1—¢ (376)

Therefore we get for the gluon self energy

1

2 5ab
) =~ my (o [ o
0
Tr {772”6“1“2; M? — (1 —2)% #yu ¥+ m%%}
B ag 6% e / z(l —x) 2
= —57(47”1 ) F(E) O/dx(m2 —p2$(1 — $))€Tr [’VV’V;LP — T ﬁ%ﬁ ﬁ]
_ _%5@ (P*g" — p'p”) (4mp®)T(e) /d:c (2 _x;;(lx)_ ) (377)

Performing a Taylor expansion we get

X5 a ng L,V
Mt (pm) = =0 (g™ = p'p")
s
1

1
- — g + In(47) + 6/d:cx(1 —z)ln
€

0

m? — p?z(1 — x)
12

(378)

The last integral can of course be solved analytically, batthink it is more
elegant to express the result in the given form.

The next one-loop correction we are considering is due taafigluons:




p andk denote the momenta, p, o andv are usual Dirac indices and b, ¢ and
d denote different gluons. The Feynman rules give the folhgwexpression.

g B dPk | 1 u
Hiu b(pam) = /(27T)Di <_Z(p+k‘)2> < kQ) X b' (379)

In X“b we have encoded the Feynman rules for the three gluon vertetha met-
ric tensors from the gluon propagators. The denominatotiseofwo propagators
can be combined in the same way as in the previous exampleawimpler form
of M?2.

M? = —p*z(1 — ). (380)

For X we get

X0 = gufg" 2p+ k) — g7 (2k + p)* + g"(k — P)°] Gpp Yoo
gus f [— 772k +p) + g7 (2p+ k) + g (k- p)"/]
= =g el frel [ (5p* + 2pk + 2k%) + (D — 1)(2k + p)*(2k + p)"
—@2p+k)"(2p+ k)" = (p— k) (p—k)"]. (381)

When performing the momentum integration we make a shifheihtegration
variablek, in practice this means that we excharmgay k — xp.

Xy = =3¢2u6" [¢" (P(5 — 2z + 22°) 4 2k?)
+(4D — 6)k" k"
+(D(1—22)> = 6(1 —z+2%)) p"p”’] . (382)

Now we can insert everything in Eq. (379).

dPk 1
3g,ab _ 2e cab v 2 . 2 a1.B
I (p,m) = 3g°u*s /d:c/ T M2]2 [gﬂ (p (5 — 2z + 22°) + 2k°k gag)
+(4D — 6)k"k”
+ (D(1 —22)* —6(1 —x +27)) p'p*] . (383)

Performing all the momentum integrals we get

Y Tl O (. 7o G \C IR
L9 (p,m) = 3(477)2 /dx[—p%(l — o) (9" p*(5 — 22 + 227)
+Dg R 2f U - 2 4 (2p - gl 0) 2;; s - 2
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+ (D(l — Qx)2 —6(1—x+ xQ)) p“p”}
P WUm)T() [ de
e’y / 21—

+g"'p* (5 — 2z + 22°) — p'p” (2 + 2e + (10 — 8e)x — (10 — 8¢)z?) ] .
(384)

z(1—x)
1—e¢

{—3(3 — 26)9“”])2

Before we perform alk-integrations — onlys-functions appear — we will use

a simple trick to simplify our expressions. In the abovegnéwe can exchange
the integration variable with 1 — x. The denominator is symmetric in and

1 — z and in the denominator we have constants, linear and quatgans inzx.

We can split upe in 1/2x + 1/2x and exchange in one termwith 1 — z, i.e

r — 1/2z + 1/2(1 — z) = 1/2, this means we can replace every linear term in
the numerator with 1/2.

1

3.0 o 9 @mp?)T(e) e e [9"p? > 1
I “(p,m) = 3(47?)26 b T /dzx (1—2x) L — ((11 — 8¢)z” — (5 +e))

+ptp” (2(5 — 4e)x? — (7 — 26))] .

(385)

Now we perform the:-integration. With

1

B(2—€2—¢)

/d:zcx_g(l—x)_E = [B(l—¢l—¢) = T 2(3 — 2¢)
0 (386)
/alch_E(l—x)_E = BB—¢€l—¢) = ﬁ@_lii_e) (2—¢) (387)

0

one gets

mpm) = 3 GO BRI [ a9 100 -y (070
(388)

We will perform the Taylor expansion only after all gauge ilnutions have been
summed up.
Next we consider the contribution of virtual Faddeev-Poepbwests:
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<_
’—<.~
s’ d .
4 \
I |}
% ' 1 %
p p
a — \\ C /' — b
\\ ’l
h"
p+k

p andk denote the momentaand; denote the colour of the quark,andv are
the usual Dirac indices andandb denote different gluons. The Feynman rules
give the following expression.

= —392u2e5ab/ A"k (p+k)"k
2m)Pi (p + k)R

g / o [ i = ol oty
2m)Pi (k2 — pra(l - x))’

v

/ _(np?)T() g —pa(l — )

[—p2z(1 — 2)]° 2 1. —z(1 —z)p"p

‘3<4w>2

4 2 T ng 2
— 3%5ab( TH ) (E) /d:m:le(l o x)l*e |:g_ p _i_p,upl/:|
0

47 [—p?)e 2 1—¢

_ 3% s Um)T()I°2 =€) [9" p’
47 [—p?le T(4—2) | 2 1—c¢

Summing up the final results for the virtual gluon (includithg symmetry factor
1/2) and the virtual ghost we get

4rp®)T(e) T%(2 —€) 5 — 3e

+ p“p”} . (389)

s cap (
Hg,ab — 3_35111? B2,V )
o’ (p,m) 5 P T2 1< [9"p* — "]
(390)
Performing a Taylor expansion inwe arrive at
1 31 p
,ab o ab v, 2 v
HZV (pvm) - 5 [M p“p] (__7E+1n477'+1—5—1n7) .
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(391)
13.1.3 Vertex Correction

Now we come to the last class of corrections, to virtual wec@rections, which
are given by the following diagram.

p, ¢ andk denote the momenta,j, [ andm denote the colour of the quark,

v ando are the usual Dirac indices ang b andc denote different gluons. The
Feynman rules give the following expression.

I(p,q,m) = / % (197 (1) jm) (2 (pﬁqui:rk};f;_zQ) (197, (T")5)

(i A ) it (04 )

k2
_ 3 (pbparh A%k (Pt g+ K+m) v (d+ F+m)
= PO | G R B T
_ _9_3Ta/ A"k 3 (Kt Bt m) 3 (K +m)
6" ) @0PI(p+ k)2 —m?] K2 = m?] (k —q)*

(392)

where we made a shift in the integration momentunThe loop integral is only

logarithmically divergent, therefore we can extract theadViolet divergence sim-
ply by settingp, ¢ andm equal to zero.

3 D v
9 ra d”k v, Ky, Ky
FM(()?O?O) - _ET‘lm/(Qﬂ')D (k;)?)
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3 D
g d"k Ky, K
= —(2—-D)=T} : 393
( >6 lm/ (27_(_)[) (k?2)3 ( )
From symmetry reasons we can replaéé” with k2¢*°/D.
(2—-D)* , / d°k 1
rH = —— T | ——= : 394
(07 07 0) 6D g ’yu Im (27T)D (k2>2 ( )
The appearing integral can be treated as follows.
/ P’k 1 im / dPk 1
emP ®)2 M) @2m)P (k2 — M?)?
: i (4m)T(e)
I T O
: i 1
We get for the divergent part of the vertex correction
1. . 0l

In order to compute the finite parts of this integral we havkdep the external
momenta and the masses in the calculation.
There is another diagram which contributes to the vertesection.

'p+q

g k4

p, ¢ andk denote the momenta,j and/ denote the colour of the quark, » and
o are the usual Dirac indices andb andc denote different gluons. The Feynman
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rules give the following expression.

I(p.g.m) = / (;lwf (ig7(T%) 1) (l#) (297(T°)35)

<_iW12—W) <_i(p +4q +1k)2 - mQ)

(9/*" 19" (p—q = k)" + ¢"(p + 2q + 2k)" — g™ (2p + ¢ + k)"])
=3 3 rach (rpcrpby | d"k (ﬂ_ q_ %) (m_ %) Tu + (p + 2q + 2]{;)“71/ (m_ %) T
P [ s R i
 ume HE AR
[(p+q+ k) —m?[(qg+k)* —m?| k>
Setting the external momenta and the masses to zero, we get

~ 3 g, [ APk K 22— D)k K+ KK
) - 593ﬂ1/(2W)D [/{;2]

de: 1
- omn 25t [ oo

The UV-divergent part reads

(397)

I'(p,q,m

9 asl
FL[;V((LO?O) = §Zgﬂl7 4 6

Now we have determined the divergencies of all basic ingradiof QCD - the

fermion propagator, the gluon propagator and the quarkrghertex. Before
we proceed to renormalise our theory we list up a useful féemntor performing

perturbative calculations. Part of these formulae have bepied from a previous
QCD-course of Prof. Vladimir Braun.

(399)

13.1.4 Useful Formulae
SU(3)-Algebra

The SU(N)-algebra is defined by the following commutatidatien for thegen-
erators7° witha = 1,..., N? — 1
[T“,Tb} = qfabere (400)

The generators can lvepresentechs matrices. Commonly used representations
are thefundamental representatian N dimensions and thadjoint representa-
tionin N2 — 1 dimensions. For the fundamental representation we dentand t
following normalisation

Tr [T°T"] = %5‘”’. (401)
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Then the following relations hold.

T[T =0
a a 1 1
Tz‘kal = 5 <5il5jk - N5ij5kl) :
a a N2 — 1
(T°T )ij = N )y
1
armbrpa _ b
(TT°T?),; = —o5Ts
N
T = T

facdfbcd — Naab

Dirac-Algebra in 4 Dimensions

Traces with even number efmatrices:

Tr{1} = 4
Tr{%/yv} - 4g;w
Tr{7u7u7a7ﬁ} = 4[guugaﬁ + 9u89va — guagug]

Traces with odd number of-matrices:

Tr{’yul"'vﬂqk_’,l} - 07 k:0,1,2,...

Traces including a;-matrix:

Tr{vs} = 0
Tr{y,m} = 0
Tr{vYaY875) = 4i€uwas
Tr{Y - Vora 15} 0, k=0,1,2,...

Useful identities for products of-matrices:

= 4
MYV = =27
TV = AGap
MY V8V = 2778 %a

TuVaYv = YGap Vv + GJorVp — GuvVa + ieyauﬁ’%’yﬁ
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(403)

(404)
(405)

(406)
(407)

(408)
(409)
(410)

(411)

(412)
(413)
(414)
(415)

(416)
(417)
(418)
(419)
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Useful identities for products eftensors:

eaﬁweo‘ﬁw’ = 24

€ape” = —6g",

Cap€”™ = —2[ghg5 — 90.95]
€aranasa P1B2B3Bs — et (gﬁ’j)

1 oo

56(15“,,0 = 104875

We use definitions from Bjorken and Drell:

5 =i, ez = +1

Some other (equally famous) books use different definitions

0, 1.2.3 0123

Vs =YY Y, = —€g123 = +1 Itzykson, Zuber

¥ =y = 1y, O = —egi = +1

This ambiguity is a standard source of sign errors!

Integration in the 4 Dimensional Euclidian Space

Definitions:
k’O — iky
'k = dk,d*k = id'kg
o= R = R4+ = -k
Integration:
/deEf(k:?E) = /dQD/d kpkD =t f(k3)
0
Tt D
= o [ 02) )
r(%)
0
Dimensional Regularisation (0 = 4 — 2¢)
Definitions:

/d4k — /de

o_D
€y — Eou 2
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(425)

(426)

(427)
(428)

(429)
(430)
(431)

(432)

(433)

(434)
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Dirac-Algebra in D Dimensions

Since there are some subtleties in definingdtensor andy; in D dimensions,
we will leave out here the corresponding formulae.

Wt = D (436)
WY = (2= D)ya (437)
NV = 4Agap + (D —4)va78 (438)
WYYV = =287+ (4 = D)vas (439)

Feynman-Trick
Feynman parameter integrals for products of propagators:

1

1 1
— = d 440
A-B O/ x[xA+(1—:c)B]2 (440)
1
[(a)L(b) / 1 b Llatb)
= dex® 1 —=x 441
Aa . Bb ( ) [I‘A + (1 _ ZL‘)B]a+b ( )
1 SO x—1)(n—1)!
— 442
A1A2 . An / xlAl + ...+ ann]n ( )
1 B /dx S wy — )™ T(my+...+my)
AT Ame J b xlAlJr 2 A= T (my) T (my)
(443)
Loop Integrals in D Dimensions
M(a) (a2
b = irz———212 444
/d ‘TE—aag 7 —A]* = (444)

D . D w\ D (a—1-2

Taylor Expansion in e
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['z+1) = al(x) (446)

1
Ple) = - =5 (447)
¢ = exp(lnz)~1l+er+... (448)

with the Euler constaniz = 0.57721....

Feynman Parameter Integrals

I(p)T(e)

Tp+q)’

- [

0

/xp 11—xq Ldx .
0

B(p,q) =

13.2 Renormalisation

We summarise here the results for the divergent parts ofubekeelf energy, the
gluon self energy and the vertex correction.

. 1 oy 4 .

ZEUV(Id,m) = E'E'g'l@l (]5—4”1) (449)

1L (p,m) = 1.2 22 g (9" p* = p"p") (450)
pr AT e 47 3

. a 1 Oés a V v

g (p,m) = o 50" (g"p* — p'p¥) (451)

1 a, 13 . "
I'(p,q,m) = Py igy"T (452)

The renormalisation process starts with a redefinition efigids, the masses and
the couplings.

W o— Ziu, (453)
AP0 = 72 A (454)
m’ = Z,mg (455)
9" = Zygr (456)

7, describes the renormalisation of the vertex.
Inserting this relations in the Lagrangian of QCD expressedrms of the naked
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guantities, we can split up the QCD Lagrangian in a part tbatains only renor-
malised quantities and in a part that contains renormalcgexhtities and the
renormalisation constants. The latter part is calledcienterterm Lagrangian
For the counterterms we obtain the following Feynman rules.

gluon propagator: i (¢"'p° — p"p”) (Z3 — 1) (457)
quark propagator: —i (g(Zs — 1) — m(ZyZy — 1)) (458)
vertex : —igy*T*(Z; — 1) (459)

Summing up our results for the one-loop diagrams with thent&terms and
demanding that the-pole cancels, we obtain

7, = 1+%-Z‘—;-4, (460)
1 a, 13
7, = 1+§.E.4§’ (461)
Qg
22 — 1_|_E.E.§’ (462)
Zy = 1—%.2‘—;-(5—%10. (463)

The renormalisation constant of the coupling can be obd&ireen 7, 7, and 73

Z, = Z;\Z,72 (464)
1 o, 1 2

e =t 465

¢ dr 2( 3”f) (465)

13.3 The Running Coupling

Between the naked, and the renormalised coupling; the following relation
holds

9o = Zygp". (466)

The naked coupling clearly does not depend on the renoratiainsscale, there-
fore we obtain

d dz dg

0 = —qgo=—2gu + Z,—2u + eZ,gu " 467
%0 = 2 + e + €Zggp (467)
d dg dl dz

:> _g — g n'u = —eg,u/il — —gﬁ (468)
dpu  dlnp dup dp Z,
d dz

- I _ e 9.9 (469)

ding 9 dlpz,
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The renormalisation constaf, can be expanded in the following form

2

. g 4
with . )
Now we can insert again in Eq.(469).
dg g° dg 1
= = —eg—2 — 472
o) = T U2 A 2, (472)
3
- 9
. —eg+ €2 (47r)229 (473)
3
g 2
= —€eg— ——|11—= . 474
€g (47T)2 ( 3nF) ( )
z, contains a pole im. In the limite — 0 only the second term survives:
g° 5
= —fy—=+0 475
B(g) 60(47T)2 +O(g°), (475)
with 3y = —2ez,. (476)
With the results from the previous section we have
11 2
=—=|11-= 477
T T ( 3”F) (477
and therefore
2
Now we can easily derive a solution fofy):
dg 9’
= — 47
dlnp fo (47)? (479)
dg Bo
- = ————=dl 480
= g8 (47)2 L (480)
91 d ﬁ M1
g 0
- = — dl 481
0 = g [ (481)
g0 Ho



9
11
9% 9
1
g3
9
9t
47
= a(m)

- (471')2 [ln M1 — In MO]

25 1 1

7
(47) Ho
i 200 lnﬂ
95 (4m)* " o

1 280 In A
—_ n r =
@ Tz My,

Ar

260 93 1y 11
L+ 47r47r1n,u0

a(po)

280 95 |y, 1
L+ 47r47r1n,u0
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