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Solutions to previous control questions

14.1 Proving three identities:
A S WA
(6-a) Zab (6i6;) Za, 5[0;, Uj]+§{0',', Git

Za,-bj ie;jk&k—i—&,-j):i(gxi) 6+a-bl.

iJ

With a = b this becomes |a|? - 1
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Using this result and |n|> = 1 yields

. ( i&-mb)
Xp | —
2
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(c) Explicit calculations yields:

U:[ao—l—ig‘g][ao—@@]*l

_ 1 ag + iaz  ia1 + a» ag + iaz a1 + a»
R+ai+ai+ai\ faa—a a— a3 iay —a ap — ias

agfagfa%fa§+2iaoa3 2apia; +ap]
_ ag+a?+al+a2 a§+a2+a§2+a§ _ a b
2ag[ia; —ap] 837317327‘?372[305:3 —b* a*
a3 +a2+a3+a3 ag+at+a3+a2

Reading of a and b and squaring indeed results in

2 e (@—al—a —a3)° +4ay(at + a5 +33)
|a]” + [b]" = L 2 22 =1,
(a5 + ai + a3 + a3)?

and hence the operator U is unimodular.
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14.2 (a) Represent J, = %(.A/Jr — J_) and realise that

<1m/ jy 1m>

(b) Use the explicit form

= % [<1m/ Ji 1m> — <1m/ JA_‘ 1m>]
= *f\% (G (m—1) = S ()]

I (-

= l\@ 01 01 é

h2 -1 0 1

= 2 0

2l 1 o0

3 0 -2 0

i -2 0 2 |=-rJ.
22\ o 2 o
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Therefore, with the superscript =% understood,

oo (_ iJgﬂ>

R R 00 ﬁ2n I'ﬁ 2n+1 . 00 hzn I'ﬁ 2n+2
- I_Jyz(2n+1)! (%) +Jy;(2n+2)! h

as demanded.
(c) Using this, we find

(e () )

1—1(1— cos ) —5sinf3 —2(1—cos )
= lﬁsinﬁ 1—(11—'cosﬁ) —I%Sinﬁ
—5(1 —cosp) 5sinf 1—3(1—cosp)

as demanded.
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Reminder: Commutation relations etc.
@ Remember the commutation relations
[J“,-, J}] = ihepJi [}, J“k} —0
and the ladder operators J=J + i.A/y with
[J; f,} = 2hJ, [J fi} — +h)y and [f, J;} - 0.
@ Eigenvalues and eigenkets read
5 jm) = jj + 1) jm) and  J, |jm) = mh |jm) .
@ j and m are non-negative are integers or half-integers, and
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Orbital angular momentum operators

@ Ignoring the spin of a particle, its angular momentum equals its
orbital angular momentum, in analogy to classical mechanics it is

I~>

X

[%>
e}

o Direct caclulation shows that L enjoys the same commutation
relations as J:

(Lo 0] = 952 — 28y, 2B, — 2P]
(B2, 2B<] — [VP2, XP2] — 2Py, 2Dx] + [2By, XP;]
—_— Y

=0 =0
= PP [Pss 2] +ByR[2, Po] = ih (XD — §Px) = ibL,
N—— ~——
—ih ih

and similar for the other combinations such that [[i, EJ] = ihe,-jkzk.
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Orbital angular momentum operators and spatial rotations

e Try to identify the L; with generators of spatial rotations.

@ Write the generator of an infinitesimal rotation around the z-axis as

15¢7A

i-= = (%By = 9b.)

and let this operator act on a position eigenket |x) = |x, y, z):

[i 9 (5p, ypx)} X, ¥, 2) = |x — Y86, y + x06, 2)

and on an arbitrary state ket |)):

<X7 Yy, Z
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Differential forms of the operators

@ The action on a position eigenket can also be written as

{A — @ Z] rsin @ cos ¢, rsinfsin ¢, rc059>

h
rsinf(cos ¢ — dpsin @), rsinb(sin ¢ + d¢ cos @), rc050>

— (1+00)

@ Therefore, rewriting the cartesian as polar coordinates results in

ool

rsinfcos ¢, rsinfsin ¢, rc059>

) = (00— 50lu)

— (16,610~ 30 (1, 6, 610)
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@ Repeating the same exercise for rotations around the x and y axis by
expressing the position eigenket in spherical coordinates results in

<g L, 1[1> = —ih ( sin qbg — cotfcos¢ a¢> (x]v)

<5 L} w> = —ih (cosqba — cot@sin ¢0¢> (x]¥)
. 0

(x|i|v) - in (35 ) )
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o With I =L, +il, and e*'® = cos ¢ 4 i sin ¢ this leads to

(e[ ] ) = el [t ] )

= —ih [(—sinq&j:icosqb)@ae—cot9(cosq5:|:isinq5)aéjZS (x]®)

Ly

; 0 0
— _jpeTi® — — —_
= —ijhe (:l:/ae C0t08¢> (x|®) .
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o Using I’ =12+ L(I,1_+1_1,) yields

(Don't forget to let the differential operators act on everything to the right!)
- O
x| y) = (x|| L+ (Ll +L-Ly)| Y

0? 202 20 202
= —h? [6¢2 + = (692 +C0t069 + cot 9&’52)} (x]v)

Y T S S (PR
= h [sin290q’>2+sin089 S|n089 (x[¥)

where cot® = cosf/ sin§ has been used.

@ Note that up to a factor of 1/r? this last expression is nothing but
the angular-dependent part of the Laplacian expressed in polar
coordinates.
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A .
L and the Laplacian operator
@ First realise that

L=~ (25 +in(2-p)

@ Proof:
A2 A A\ 2 A A n A A
L=(&xp) = Z €aij€akiXi PjXkP1 = Z (00t — Oindj) Xibi%pi
ikl ikl
= Z {5,';(51/)?; (S%kf?j - l'ﬁ5kj> P — 0udcXip; (ﬁl)?k + ihék/)]

ijkl

I
[>

2E2 —ih (X . é) — 25”51* |:I'55k/)/‘(,'f)j + Xip; (f(kf)j + ihékj>:|
ikl

_ Xzﬁizm(g.é),(X.E)eri,ﬁih(g.é)
=3
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@ Now use
0
(x|%-p|v) x-(x[p|¥) = —ihx- ¥ {x|p) = —ihr o (x|t))

(el orle) = (- 2) = (7 §2+r8) ()
x[®p)v) = *(x|p’[v) = —R*r*V? (x]u)

@ This then yields that

(x

o

~

2ly) =2 (x|p?| )+ 12 (r §2+2r8) (xI¥)

and therefore the kinetic energy can be written as

) = (G2 ) - s (e

~

L2

w}]




Learning outcomes

@ Orbital angular momentum as relaisation of general angular
momentum.

@ Differential form of operators

@ Rewriting the Laplacian and connection to angular part of Laplacian
in spherical coordinates
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Control questions

15.1 Use the fundamental commutation relation [%;, gj] = ih1d;
(a) to show that the operators

\lﬁ (1 £ i%) = ,/%ﬁfﬂﬁﬂ(@, o)

e R A7 ~
RUZD X3=,/%RY10(9, ¢)

fulfil the following commutation relations with components of the
oribatal angular momentum operator,

Lo RY] = VOFREa) AR,
L, RY] = anRY,

q
where g =0, £1.

(Note that in the definitions of the f?q above the spherical harmonics are just added to make
some contact with the material in lecture 16 - you do not need to use them for this problem.)
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Control questions

s 2 ~ ~ ~ . - . .
(b) to show that R” = &% + %8 + %2 is a rotationally invariant operator
with repsect to orbital angular momentum, i.e. that

[If,-, EZ] —0.

15.2 Check that indeed

P
I
U
<

~_—

Il

—ih(—sinQS —cotﬂcosqﬁ )(XW’)

o
—ih( cosqS— — cot95|n¢ 0 ) (x[v)

TR S S )
K Lin203¢2 + sinf 96 Smeag (x]®) ,

T~
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I
<
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