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ABSTRACT

The beam-beam interaction in electron-positron linear colliders shows very different as-
pects from that in storage rings. The single-pass nature of the linear colliders allows
drastic deformation of the bunch shape during one collision. Also, under the very strong
electro-magnetic field together with the high beam energy, phenomena which are not im-
portant in storage rings come into play, namely the phenomena involving the quantum
field theory. The synchrotron radiation in the beam-beam field, called beamstrahlung, be-
comes extremely energetic. The strong field can even create electron-positron pairs from
the beamstrahlung photons. In the present lecture note both the classical and quantum
phenomena are described.
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1 Introduction

A linear collider is a huge complex consisting of several components each of which calls
for new technologies and theoretical understandings. Among them, the problem of the
beam-beam interaction seems to be the ‘cleanest’ one in the sense that it contains only a
few numbers of parameters such as the beam size and the number of particles in a bunch
and that it involves almost no technological developments.

Although the basic physics of the beam-beam interaction in linear colliders is the
same as that in circular colliders, the actual theory is totally different because of the
very strong interaction within one collision and the single-pass nature. The phenomena
consists of two aspects, namely the classical and the quantum mechanical one. During
the collision the bunches are deformed due to the electromagnetic attraction between
electron and positron beams, giving rise to an enhancement of the luminosity. Because
of the high energy and high beam-beam field we expect large amount of energy deposite
in the form of the synchrotron radiation, which, in the case of beam-beam interaction, is
called beamstrahlung. Also, since a couple of years ago, it has been recognized that the
ete™ pair creation process is a significant source of backgrounds for the experiments.

The change of the particle energy and population due to the quantum processes can
affect the classical phenomena in principle. Nevertheless, one normally chooses the design
parameters such that the energy loss by beamstrahlung is only a small fraction of the
initial energy and that the pair-created particles are much fewer in number than the
incident particles. Therefore, to a good approximation we can discuss the classical and
quantum phenomena separately. If necessary, one can take into account the effects such
as the beam deformation on the quantum processes by using effective beam size.

In this report we shall mostly discuss linear colliders of the next generation in which

the beam energy is upto about 1TeV.

2 Classical Phenomena

The major issues of the classical effects are the enhancement of the luminosity due to the
electromagnetic attraction and the deflection angles of the individual particles and the
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bunch center. These issues have already been studied in details by many authors(1,2,3,4,5],
although there are still many topics to be studied such as asymmteric collisions. We shall
describe the results so far obtained with an emphasis on symmetric collisions of flat beams,
which have been commonly invoked for the purpose of suppressing the beamstrahlung.

The fact that the beam energy is much higher than the electron rest mass simplifies
the problem of classical particle dynamics greatly;

(1) The acceleration by the longitudinal field is negligible.

(2) The transverse force between et and e~ acts only when their longitudinal coordi-
nates nearly coicide because of the Lorentz contraction.

(3) The interaction within the same bunch can be ignored because E4+vxB=0(E/~?).

(4) Only the electro-static field is needed: E+vxB ~ 2E, even in the presense of a
(reasonable) crossing angle.

Coordinate system

We define the coodinate (z,y,s,t) for a head-on collision such that the longitudinal
coordinate s is along the direction of motion of the electron beam and that s=t=0 at
the moment when the two bunch centroids overlap. We also define comoving longitudinal
coordinate z; (2;) whose origin is the center of the electron (positron) bunch. (Therefore,
the coordinate (x,y,22,t) is left-handed.) Since particles travel almost at the speed of light,
z1 (#2) is a constant for each particle. The s coordinate of a particle in electron (positron)
bunch satisfles the relation s = z; + ¢ (s = —z; — t). Unless specified otherwise, we use
the convention c=h=1 throughout the discussions.

2.1 Equation of Motion and the Disruption Parameters

The equation of motion of an electron is given by

d’z  4Nr, 0o
W nL(Zg)a—m = 0, (22 = =27 — Qt) (2.1)

(similarly for y) Here, NV is the number of particles in a bunch, r, the classical electron
radius, v the particle energy in units of rest mass and ny, the longitudinal density, which
is independent of ¢, defined by

np(z) = /n(x,y,z,t)da:dy (2.2)

where the density n is normalized such that [ndzdydz = 1. The electro-static potential
P satisfies the Poisson equation
9*® 5%

Adb= — 4

832 537—2* = QWT?.T(SC,y,ZQ,t) (23)

where nr is the transverse distribution defined by n(z,y,2,t)/n(2).
A formal solution to the Poisson equation is given by

O(z,y) = %]Iog[(m — XY+ (y = V) ngp( X, Y)dX dY. (2.4)



If the transverse particle distribution is axisymmetric (i.e., “round” beam) and Gaussian
with r. m. s. radius ¢ = o, = 0,, then ® is given by

r] — —r2f2g2 .
Bey)= [ ——dr (P =T+, (2.5
0
If the beam is very “flat”, i.e., oz > gy,
oo 1 2 2 [®0z
2 - e ® /20 ] T /2d 2.
Oz 0’1-6 0 ¢ 7 (2:6)
a@ 1 _$2/20' 2 ]y/O’y - 2/2
nlinfp— z Tied ) 2.
= Lownes [P e (] <o) 1)

(These expressions do not exactly satisfy 8°®/dzdy = §°® [ydz .)
When the transverse distribution is a uniform elliptic cylinder with radii a,=20¢, and
a,=20,, ® can be exactly expressed as '

2 2 2 2 .
s By (5 +5 <)

¢ = o voitaty/el+e 4 22 f/ed+aty?/\/ai+e (ﬁ n o2 51 (2.8)
g aztay \/G§+q+\/a§,+q - \aZ a? )

where ¢(z,y) is the positive solution to the equation z*/(af +¢) +y*/(a + q) =1.
At a distance far from the axis for any distribution, @ can always be given by

® = logr + const. (r > 0z,0y)- (2.9)

Now let us define the so-called disruption parameter. Near the center of a (trans-

versely) Gaussian beam, we have

I2 y2
o= 7| K om Yl <o 2.10
. 20:(0x+0y) 203,(0‘3 -}-o'y) (I I |y| y) ( )
and the equation of motion becomes
d2$ 4N7"e T
dt? —— =0 2.11
de? nelz2) s (2.11)

If the initial motion of a particle is paraxial (z = z¢,% = 0) and if the beam-beam force
is so weak that the change of z during the collision is small, the final deflection angle is

given by
ZNTG Tg

v ox(on+oy)
(Note that [ np(z;)dt = fnp(—z — 2t)dt = 1/2.) This is equivalent to a thin focussing
lens with the focal length o(o; + oy )7/(2Nr.). The disruption parameter [ is defined
as the ratio of the r.m.s. bunch length o, to the focal length. Thus,
2Nr, c,

7 oey(o= + ay)

(2.12)

Tfin — —
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We define the disruption parameter by this expression for any initial distribution although
the expression for the focal length may be different for other distributions. Therefore, the
expression D) = o, /(focal length} is only approximate. Note that the horizontal-to-vertical
beam size ratio is the inverse of the ratio of the disruption parameters: R = o,/0, =
D,/ D..

If the longitudinal distribution is uniform, the equation of motion near the axis is

d*z + D,
dt? " /30,2

which gives rise to sinusoidal oscillations. The number of oscillations is given by /+/3D/2r.
Russian papers often invoke the parameter n = \/I_)/er instead of D.

The disruption parameter is the most important parameter characterizing the classical
effects of the beam-beam interaction in linear colliders.

z=0 (=30, /2 <t < +v/30.,/2), (2.14)

2.2 Computer Simulations

Although analytic calculations are important in understanding the physics of the collision,
computer simulations are indispensable for obtaining quantitative conclusions when the
dynamics involved is highly nonlinear. This is especially true for strong, single-pass
collisions.

In computer simulations the bunches are usually described by ensembles of macropar-
ticles. The number of macroparticles is typically 10 to 10°. The whole process is divided
into time slices. At each time step the bunches are divided into longitudinal slices and the
Polsson equation is solved in each slice. The central issue of the computing technique is
how to solve this equation efficiently. We can compute the beam-beam force by using the
direct Coulomb force without invoking the Poisson equation. But the computing time is
proportional to the number of macroparticles squared, which is extremely large when we
use more than a few thousand macroparticles.

Round beams. If the problem is exactly axi-symmetric (head-on collision of round
beams), the potential @ is a function of r only and is given by

o® 1 T
5 = [27:']0 nr(r)rdr] , (2.15)
where the quantity in the square bracket is the total charge within radius r and can be
computed easily by counting the number of macroparticles enclosed.

Very flat beams. If the beam is very flat (¢, > 0), from eq.(2.4) we obtain for ly]| € o,

) np(X) o : ,
A / LX)-GJA, &~ ﬂ‘fnT(:r, Y)sgn(y ~ ¥ )dY (2.16)

Oz T -

where ny(z) = [nr(z,Y)dY. The horizontal force is independent of y. In the limit of
very flat beams, we can ignore the horizontal motion and can replace the vertical force

with 90
5, ~ (@) fnT(Y) sgn(y — Y)dY. (2.

]
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Note, however, that the horizontal force is always the same order of magnitude as the
vertical. The former can be ignored only because its effect 1s small compared with the
horizontal dimension of the beam. Therefore, when we need the magnitude of the beam-
beam force such as in the estimation of the beamstrahlung, the horizontal force cannot .
be ignored.

PIC: particles-in-cells. For round or very flat beams, the problem is reduced to a one-
dimensional equation and the computation is very fast. In general cases where ¢, and g,
are comparable, we need to solve real 2-d equations. For that, we use a 2-d mesh in each
longitudinal slice. The particle distribution is represented by the number of macroparticles
in each cell @;; and the Laplacian is approximated by a difference

Bip1,; — 295+ Qicry + i1 —20;; + Pi 5
(6z) (éy)
where 6z and Sy are the mesh sizes. The boundary condition is given at infinity by

eq.(2.9), which requires an infinite mesh region. However, the potential on the outer
boundary of the mesh region can be computed explicitly by using eq.(2.4):

1
O:5=35 > log{(z: — zo)? + (y; — y5)"1Qur 5. (2.19)
:.”jl

A =

(2.18)

(To use this formula for all the grid points is too much time consuming.) The Poisson
equation can then be reduced to a matrix equation MP = @, which can in turn be
solved by the method of LU-decornposition[6]. The decomposition is time consuming (its
computing time is proportional to m®, m being the number of mesh 1n 2 and y dimensions),
but it is needed only once if we use the same value of §z/éy throughout the process. In
cach longitudinal slice the computing time is proportional to m? for solving eq.(2.19) and
to m* for the backward substitution of the LU-method.

Instead of using the LU-decomposition, we can use Fast Fourier Transformation. If we
employ the 2-d Fourier transform ®(kz, k,) and fir(ks, k), the Poisson equation becomes
(k2 4+ ki)é = # and is easy to solve. (In this approach special care must be taken in con-
structing a Fourier transformed equation, because the Fourier transformation implicitly
assumes periodic distribution.) The computing time is proportional to m?logm. This
method is advantageous if m 1s very large.

2.3 Luminosity Enhancement

Our primary concern in the classical effects is the enhancement of the luminosity due to
the Coulomb attraction between the electron and the positron beams. The luminosity

per collision (1/cm?) is given by
L= QNQfda: dy dsdini(z,y,z1,t) na(z,y, 22, 1) (s=z21+t=—2,— 1) {2.20)

which is to be multiplied by the repetition frequency of collisions to obtain the usually
cited luminosity (1/cm?/sec). In the case of a head-on collision of (transverse) Gaussian

beams without disruption we have

. Nfz
Loo =

= . 2.21
droLoy ( )
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This needs to be modified if there is a finite crossing angle and/or finite emittance. The
latter 1s characterized by the parameter A, = crz/ﬁ;(y) where 8~ is the beta function at
the collision point. The geometrical luminosity is then given by

LO = Lo@ X T]((}&'c, A) (222)

where ¢, is the full crossing angle (we assume horizontal crossing). If the beam is very flat
and Gaussian, the correction factor 7 can be expressed using the modified Bessel function

Koa.s 2/ 2/
1 1+e¢;/4 1+¢;/4 e
= — — | Ko | ——— = . 2.23

"= TrA, e’“’{ 242 } ( 242 (s = 572 (2.23)

(We shall not include the effect of initial displacement into the definition of Lp.) The lu-
minosity enhancement factor A, is defined to be the effective luminosity under disruption
over the geometrical one.

H, =L/ L. (2.24)

Analytic derivation of H, (D) is very difficult. In the case of round beams with very
small D, we have

2
H, = 1+Dai f:j::i/ / Tdr'ng(t)ng(r + 1) (2.25)
which gives H, =1+ 2D/(3+/r) for round Gaussian beams. But this does not help very
much in practice when D2 0(1). We need computer simulations.

In computer simulations we must be careful with the following points. First, H, (D) is
not a well-defined function if the initial motion of all the particles are parallel (i.e., zero
emittance). In such a case, the particles near the axis is focused to a point, causing an
infinite luminosity. The nonlinearity of the force relaxes the singularity to some extent
but a weak infinity still remains. In the simulations with A=0, of course, an infinite
luminosity does not actually appear, but the result diverges logarithmically as the mesh
size decreases. When the emittance is finite (A7#0) or the depth-of-focus is non-zero, the
inherent divergence of the beam tends to smear out the singularity and affect the eventual
luminosity. In many recent studies of the next generation linear colliders, Ay 1s often as
big as ~ 1.

Another point is that the problem seems to be rather singular for large D even if A # 0.
We normally expect that H, increases with D upto a certain point and then saturates
before it starts to decrease. However, it increases monotonically in some of the simulation
results(3,4] which assume either exact axial symmetry for round beams or exact up-down
(+y and —y) symmetry for flat beams. This problem is still contraversial but seems to
be only of academic interest because the actual beams are more or less asymmetric in
any case. To avoid this problem, we introduce an initial beam offset (displacement of the
whole bunch) A. Thus, H, is a function of D, A and A.

Fig.1 shows H, for round Gaussian beams as a function of I) with various values of A
for A = 0.4. The curve for A=0 (solid line) was computed assuming exact axial symmetry.



Round Gaussian Beam, A=0.4

Fig.1. Luminosity en-
hancement factor for round
(Gaussian beams for various
values of the offset. A=0.4.
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Fig.2. Enhancement factor
for flat Gaussian beams for
various values of the offset
Ay. A,=0.2 in Fig.2a and
1.0 in Fig.2b.
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The region of large D and small but non-zero A is sensitive to computing errors.
We can see m this figure that, when D 1s large, a tiny offset is enough to degrade the
luminosity from the line of vanishing A. Therefore, in practice, the enhancement rapidly
increases upto ~5 with D and then falls off if A is sufficiently small but non-zero. This
behavior 1s common to all the simulations so far reported. '

Fig.2a and 2b show results for flat beams with A4,=0.2 and 1.0, respectively. We find
a similar behavior as that for round beams. The dependence on A for Jarge D, is clearer
since we can simulate down to as small a value as A = 0.1o, because the problem is
nearly one-dimensional. A quantitative difference from the round beam case is that we
can expect an enhancement at most of factor 2 for flat beams. Therefore, the luminosity
enhancement is not a big issue for colliders of the next generation, although some more
enhancement might be expected by carefully shaping the longitudinal distribution. The
more important is the dependence on the offset A, which will be discussed later.

2.4 Kink Instability

The saturation of H, as a function of D and its subsequent decrease are explained by
the effect called kink (or two-stream) instability. Fig.3 shows a typical behavior of the
bunches during collision. In each plot corresponding to a different time stage t/co., the
vertical center-of-mass coordinate y/o, of longitudinal slices is plotted as a function of
the longitudinal coordinate s/o,. The two beams are initially displaced by A = 0.20,.
(Dy=20 is used.) The displacement between the two beams grows in time, causing a loss
of luminosity.

4 EESEGE T T l'_'E_ T=hgod T T T LS [ I T T
Fig.3. Evolution of the kink _021' e g N —J\%\,’/“‘ i
" instability. The beams collide —4E =
with the initial vertical offset iF e T T
Ay=0.20y. The time range - _02: ——— _—:'“ N .«JQ\/“
0.5<t <225 (tinunitsof o;) -k £
1s shown with the time mesh __E: g 3 o _?; B ' Ry
0.25. In each plot the vertical 0f A £ .-’/%———-\ ,.J \ A
center-of-mass y/o, is shown :iE E f
as a function of the longitudi- M E T s A
nal position s/o,. Flat beam oF e : %/-w- _// et
with D, =20. = ) /
! 1 ! ! | ] ! 1 1 L L Ay t !
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 o 4

sfo,.

This phenomena can be explained by a simple model[7]. Let us model the bunch by a
sheet of charge which is uniform in z and z and Gaussian in y. The particle motion for
small ¥ can be approximated by

d’y,
B - (@f= LDy




If we transcribe it to the Euler picture y(s,t), we have

2 2
(% + 588-) 1 = —wo(y1 — v2), (% - %) Y2 = woly1 = ya)- (2.27)
\fVereausin get a solution in the form
y; = a;e™ 0 (7=1,2) (2.28)
with oK) ot 2 .
(T ) ()= (229

which leads to a dispersion relation

Wi =k 4wl £ JAwdk? + W (2.30)

The solution is unstable if lk| < v/2wy and the growth rate is given by

ISw| = [4w2k? 4+ wi — (w? + k2)]H2 (2.31)

The most unstable solution (the largest Sw) is

V3 i

k = :t_é_'wOJ W= 5(&’0
' 1 V3
Yi(2) = o €Xp [§ wot £ z(-—Q\/:wOS — g)} (0 <t < V30a,). (2.32}

The growth factor of the amplitude is exp(V/3/2wo0,) = exp(v/2r D, /8). This solution
can qualitatively explain the phenomena seen in the simulation. For example, eq.(2.32)
shows a standing wave behavior w.r.t. s and ¢, which is clearly seen in Fig.3. Also, the
phase difference of 60 degrees between the electron and positron oscillations agrees well
with the simulation.

The exponential dependence of the growth factor on the disruption parameter might
seem disastrous, but in practice the kink phenomena is actually rather beneficial. For a
large enough D, even when the initial displacement A, is much larger than o, where
one expects the luminosity to be exponentially small in the absense of the interaction, the
initial stage of the kink instability helps to bring the beam centers closer to give significant
luminosity.

If o, € Ay K 0, the equation of motion is approximately given by

d* wo,D
¢y Ty _ 0. (2.33)
dt? 6 0,2

The solution is a parabolic function of ¢ and the two beam centers can overlap in time if

™

2,570,D,. (2.34)

Yo

Thus, so long as A, /e, <D,, there is no significant loss of luminosity.
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The enhancement factor A, is plotted in Fig.4 as a function of the initial displacement
for various values of D,. {A4,=0.2 and 1.0 in Fig.4a and 4b, respectively.) The curve for
Dy = 0 shows the analytic formula exp(—A2/4¢,%). H, falls off rapidly when D, is small.
But when D, 1a large, H sustains within a large range of A, except for a sharp decrease
when depart from the situation of perfect alignment. In particular, H, tends to be most
insensitive to the displacement for 55D, <20 gives. Above this region, the initial drop is

ey

too serious.

3.0 T T T T T T T T | T T T T '[ T T T T ] T L3 T T
Flat Gaussian Beam, A,=0.2

Fig.4. Enhancement fac-
tor H, vs.  initia] off-
set A, for various values
of the disruption param-
eter IY,. Flat Gaussian

beam. A,=0.2 in Figda J
and 1.0 in Fig.4b. An ana- E
lytic expression s used for
the curve Dy,=0.
3.0 T T T T I T T ¥ T I T 7 T T ! L] T T T ] T T T T
g
3
n
=

2.5 Disruption Angle.

The distribution of the deflection angle is another important issue among the classical
effects. It was a major factor in determining the aperture of the final quadrupole magnet

i the SLC.
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First, let us consider the outgoing angles of the full energy particles. The angle is

characterized by the parameter
2NT
60 = = =

Dya, Do,
v(oz + ay) -

c, fo

(2.35)

The horizontal and vertical angles are always comparable but their distributions are very
different if the beams are very flat. The outgoing angles as functions of the initial particle
position (zo,yo) and their distribution is schematically plotted in Fig.5 for flat beams with
very small D,. The horizontal angle 8, as a function of zq has a turning point near zq ~
1.304, which gives a cusp in the distribution of 8, at its maximum 0z pmar = 0.7656p. On the
other hand the turning point of 8, is located at large yo (infinity if o./0, — c0) where the
particle density is exponentially small. Therefore, the distribution function of 4, is small
near its maximum €, mq.. = 1.250;. The r.m.s. angles are the same: 8, ;=80 rms=0.5500.

Fig.5. Horizontal and

Vertical deflection an-

gles as functions of
z and y (top)
their distribution func-
tions (bottom).  Flat

beams with small dis-

and

ruption parameters.

A simulation result for finmite [, 1s
shown in Fig.6 where 0, m,,/00 (solid
curve) and 8, ,ms/f (dashed curve)
are plotted vs. D, for A,=0.2. The
dependence on A, is weak except
for small D, where the initial angu-

lar spread (truncated at 2.5 sigmas) 2
dominates. The curve for A, = 0 }0.10 B o N
can be fitted by - T ]
008 | s ~
6 - 05560 T~ -
y,rms [1 + (0.5Dy)5]1/6 |

(2.36)

gy.max ~ 2-58y,rms-

0.7650, O

1.250, 8?

rIlqlll[
f

T

™ T
Flat beam, A,=0.2

60

Fig.6. Maximurm and r.m.s. disruption angles
for a head-on colliston of flat bearns.

In the next generation colliders we expect the occurance of particles with energies
much lower than the initial beam energy due to processes such as the bremsstrahlung and
pair creation. These processes will be discussed in the next section. Here, we discuss the
deflection angles of these low energy particles, assuming that they are fewer in number so
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that they do not effectively modify the nature of disruption.

Consider a particle with the energy eEp (¢ < 1). The effective disruption parameter
D./e and D, /e can be very large so that the outgoing angle is much larger than that of
the full energy particles. The pair creation process always generates oppositely charged
particles (e.g., positrons traveling along the same direction as the initial electrons). Their
trajectories are very different from those with same sign of charge.

Let us first consider the same charge particles. They are focused by the oncoming
beam and oscillate within the beam. The equation of motion is approximately

dz D:_z
dt? ¢ /30,2

where, for simplicity, we assume a uniform longitudihal distribution. If the particle 1s
created at the beginning of the collision at z=z, (we ignore the initial angle), the angle

at exit t—\/_crz 18
\/_ U—Sln\/ (2.38)
3e z

Assuming [zo] o, (the deflection is smaller for |2y} 20, because of the nonlinearity), we
get the maximum horizontal deflection angle

{ o (D=/eS1/V3)
= N 0o/ V3D, (Dy]e21/3).

=0, (2.37)

(2.39)

A similar expression holds for the vertical angle but, since D)y is usually larger than 1, we

y,ynax D (9 )
’ _\/gC.Dy ’ ’

Since D, > D, the maximum horizontal angle is larger than the vertical by a factor

v/ Dy/ Dy for the same charge particles. The reason is that the vertical oscillation number
is larger than the horizontal so that the vertical effect does not accumulate.

Next, consider an oppositely charged particle. In this case the beam-beam force is
defocusing and, if D/e is large, the particle can be quickly deflected out of the beam and
the effect of the far region ® ~ logr dominates eventually.

Assume a uniform elliptic cylinder distribution. The potential ® on the line y=0 is
given by

z?/al _ (lz] < a;)
£ -\/..'\:2--a 2.
=u x|+\|;iz_a§ (z| > a;) (2:41)

where ¢;=20,, a,=20, and we assumed a, > a,. The equation of motion can be inte-
grated once and gives

P(z) =

log

) .D O'I
T4 =
\/550'2

[®(z) — ®(z0)] (0 <t < V3a,) (2.42)

Lo =
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By approximately solving this equation, we find the maximum deflection angle to be

90/6 (DI/GSI)
0 maz ' 1/2 (2.43)
log(4v/3D2/€)/(v/3eD.)| " 8y (D./e21).
The potential ¢ on the line z = 0 is given by
5(y) y?/azay (lyl < ay) ( )
y) = luj+ /¥ +al vl 2.44
log a2z + |y|+-\/y2+a§ (lyl > ay)

If D,/ez1, the contribution of the region |y| < a, is negligible, and we get the same
approximate expression for 8, as for 8, regardless of D;/e¢. Thus, so long as D /e > 1,
three angles 6z some, Oz,0pp and Oy opp are comparable apart from the logarithmic factor
log(D./€) and 8, same are much smaller than these.

2.6 Center-of-Mass Deflection

If the bunches are displaced transversely betore
collision, the center-of-mass of the bunches i1s de-
flected by the beam-beam force. The relation be-
tween the initial displacement A, , and the center-
of-mass deflection angle O, , 1s useful for monitor-
ing the beam position. For small displacement and
small distuption, O, is given by 186D/ 0u(y)-
The relation between A and @ is plotted schemat-
ically in Fig.7 for very flat beams. ©, has a max-

imum near ~ ¢, whereas O, is almost flat in a % Dyoy Dy
wide range ¢, < A, < 0,. In general, we define
the form factor F for the vertical deflection by

(A, ) ay). (2.45) Fig.7. Ce-nter—of-ma.ss deflection
as a Tunction of the displacement.

Hq —_—
>
H

9, =

Bo|

For small Dy, F is given by

_ —£2—r2/4/(1+A%¢7)
F(é)-—\/_/ dT/ 1+A2€26
= / dre=14 (A, =0)
0
= §/(1+A%/4) (60, A, —0), =7 (§— o). (2.46)

The dependence on A, is small as long as A4, <1.

The form factor F' for finite D, obtained by simulations is plotted in Fig.8. When D,
is small, ©, saturates at a few o,. If, therefore, A, is large, the deflection does not have
information about &, and cannot be used as a sensitive position monitor. However, when
D, is large, say 10, the deflection measurement can be useful even for A, 250,
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Fig.8. The form factor F of 20 U I I L B
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Multibunch crossing instability

When a beam pulse consists of several bunches, there can be undesired close encounters
of bunches before and after the central collision point. Let us consider this peripheral
interaction in the case of flat beams with a horizontal crossing angle. (The multi-bunch
head-on scheme seems to be umpractical.)

The second electron bunch before collision is attracted by the first positron bunch at
a distance after the first collision. As a result the former arrives at the collision point
with a horizontal displacement. This effect gives the same horizontal displacement for
the second positron bunch. Thus the second collision will take place at a collision point
which is slightly shifted horizontally but with no relative offset.

However, this is not true if there is a vertical displacement due to errors somewhere
upstream|[8]. If the vertical shift of the first electron bunch is positive, for example, it will
kick the first positron upwards at the central collision point and itself is kicked downwards.
Consequently, this electron bunch will, at peripheral encounters, kick downwards all the
following positron bunches, which, in turn, will arrive at the collision point with negative
displacements. Thus, all the effects add up with opposite signatures between electrons
and positrons to cause an instability. This phenomena 1s physically the same mechanism
as the kink instability discussed before, albeit that it is magnifested in a discrete form.

Let us denote the vertical offset of the &-th e* bunch in units of o, by A¥. Then,
the I-th eF bunch is kicked by the [-th e* bunch at the collision point by an angle
Yy = %GOF(/_\EE — AF). When this bunch encounter the k-th (k > [) et bunch, the
latter is kicked vertically by an angle 2Nr, /v X y; L1 /(Li19.)*. Here, Ly is the distance
between the central collision point and the encounter point of the k-th and [-th bunches
and @, is the crossing angle. Therefore, Ly ;¢. is the distance of encounter. (We assume
Liip. > o0,.) After this encounter, the k-th e* bunch travels a distance L, till the
collision. Therefore, the vertical shift of the k-th bunch due to this encounter is given
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by Nr.bo/(7¢?)F(AE — AF), which is independent of Li;. Thus, denoting the relative
displacement by A, = A} — AL, we obtain

k-1 2
x z ‘DJ".‘D
Ap=CS F(A) + Ao, C =D,D, {"4" } = = (2.47)
=1 < (o3

where Ay is the displacement due to errors upstream.
If Apo=24 for all the bunches and if D, and A are small so that F/(A) ~ A, we get

A = (1 +C) A, (2.48)

Therefore, this effect is serious if C'(my — 1)21 where my is the number of bunches which
encounter. However, this criterion is too pessimistic because, as we can see in Fig.§, F'(A)
is considerably smaller than A if D, 1s large.

By converting eq.(2.47) into a dif- e R
ferential equation w.r.t. k, we can
approximately solve the equation.
Then the criterion of tolerable insta-
bility becomes 3

Flat Gaussian Beam, A,=1.0

Clms =15 [ %‘g—) (2.49)

C(my,—1)
ra

|!l—llll$|lllll

where Ay;, 1s the maximum tolera- i
ble displacement of the last bunch. et ) -
Because F'{A) is not linear in A, -
the criterion depends both on Aq - ‘ o 1 L
and Ay;,.  The function on the 1 5 10 50
r.h.s. is plotted in Fig.9 as a func- 4
tion of D, for A,=1.0. Two curves
correspond to (Ag,A )= (0.2,0.4)
(dashed line) and (0.3,1.0) (solid

line}, respectively.
The latter range of A seems to be more practical. Thus, the criterion that the blow-up

factor is to be less than two is given by

Fig.9. Criterion for the multibunch crossing in-
stability.

C(me ~ 1Sy 5 +=2 (2.50)

3

B —

which is shown by the dotted line in Fig.9.
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3 Quantum Beamstrahlung

The magnetic field in the bunch during collision is typically of the order of kilo-Teslas in
the linear colliders of the next generation. Therefore, even though the longitudinal length
of the field is small ~ o, ~ 107*m, the synchrotron radiation, called beamstrahlung in
this case, plays an important role. As we shall see later, the so-called radiation coherence
length g = p/v, p being the orbit radius of curvature, is typically ~ 107°m, which is
considerably smaller than the bunch length. (When the disruption parameter is large,
the field secen by a particle changes within a longitudinal distance ~ o,/+/D. But g is
usually still smaller than this length though a bit marginally.) Therefore, we can invoke
the formula of the synchrotron radiation in a constant field.
The radiation is characterized by the critical energy w,. Let us introduce the dimen-
sionless, Lorentz invariant parameter T, defined by
2w AeY? B e

= - = =y— = —/|(FL.p¥)? 01
=55 = 2 =g = P (3.:51)

where E is the electron energy before radiation, A, the Compton wave length, F,, the
energy-momentum tensor of the field, p* the 4-momentum of the electron, B the magnetic
field (actually, |E| 4 |B|) and B, the critical magnetic field defined as B. = m?/e ~4.4
GTeslas. (The parameter { = w./E = 37 /2 is also often adopted instead of T.)

This parameter T is not a constant during the collision. In the case of Gaussian beams,
the maximum and average of its value can be estimated by
2Nriy 9

-, ~ Tnur ~ '_"”Tma 92
ao(oz + o)’ 12 ™ (3.52)

Tma:: ~

where « is the fine structure constant. The SLC design parameters give Y,,, ~ 0.004. In
the linear colliders of the next generation we will have T,,, ~0.1 to 1.0, i.e., the typical
photon energy is comparable to the initial electron energy. Therefore, we need to take into
account the recoil of the electron. We cannot use the standard radiation formula used in
storage ring theories, and the quantum electrodynamic (QED) formulation is necessary.

3.1 Sokolov-Ternov Formula

The radiation formula for arbitrary T was first derived by Sokolov and Ternov[9]. They
used the exact solution of the Dirac equation in a uniform magnetic field and computed
the transition rate. Baler and Katkov[10] rederived the same formula by a method which
1s very powerful for general semi-classical problems such as the radiation in varying fields.
Here, we shall follow the latter.

The matrix element for one photon emission with momentum k and energy w = |k| is
written in the form

<fl\/%/dt et M(t)

where s(s’) is the initial (final) electron spin state, € the photon polarization vector, a the
Dirac matrix, and x(t) the Heisenberg position operator. The probabality of the photon

i> , M(t) =va- Ee_ik'x(‘)us
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emission is given by

et dk
=

> (3.53)

f dty dty e~ MY ()M (3,)

Baier and Katkov reduced this expression into the following form assuming that the
electron’s dynamical variables commute (treat the electron orbit classically) but retaining
the commutator between electron and photon variables {take into account the recoil):

2

oy = %)2 [ dtsdty expifi(ts )~ k- (x(t) - x(E)R (1) R(1) (3.54)

where

11 1 1 1{ exp EXP
£) =g |Se. = - 3
£(1) ""f[z‘s p(Ep+m+Epa+m)+2(Ep+m Ep,+m)}"9'

Here, @’s are the 2-component spinors and p = Ev(t), p' = p — k, Ep = /m? £ p?,
Ep = v/mZ + 7. In these expressions all the variables are already c-numbers. Thus,
x(t) is the classical electron trajectory and v(t) = dx/dt. Summing over the final spins
and photon polarizations and averaging over the initial spins, one can replace R*R with

2

l w 1l w ,
(1+E_'+3“E—E)[( )V(fg)—l]—}-{)ZEQ, E = F—w.

Let us define £y2) = ¢t F7/2. When the field variation length (~ min(o,, 0,/v/D)) is small
compared with [g, we can expand the integrand in terms of . To get the constant field
formula, the following terms are enough.

i) ¥{t) 1= =3~ SHOP T, x(ta) - x(t) = (0 + 50

By integrating eq.(3.54) over the photon angle k/ k| we get
dW, 2 B e dr [1+4% w 1 w? 7t L woaT 1 yr
1 ol . 1+ =(1ly2
(3.55)

"E'T 20

2 2

do 872 E JocoT —10

where 1/p = |v(t)] and W, = dw,/dt.

The range of 7 which gives a significant contribution to the integral is called radia-
tion coherence length {r. Note that, in the integration like [ dzexp{—ic(x + 2%/3)], the
significant contribution comes from the region |z| <c™'/3 when ¢ « 1 (2 term) and from
|z c='/? when ¢ > 1 (saddle point of the phase). Therefore, the radiation coherence

length 1s

7 w 1]_1/3 w 1 p[ w 1]_1/2 w 1

lp~ 2 Sl —<1); ==L — — 1),

B [E—wT o <Y *rlror ooy Y
(3.56}

y
In the case T « 1, as in storage rings, for most photons w/TFE is O(1) which gives
{r = p/v. (This is not true for photons with energies much lower than the critical energy.
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For such radiation we need to use Ip & (p/7)(we/w)?.) When T is large, the coherence
length is (g =~ {p/7}YT"? because w/(E£ — w) is O(1). For the next generation linear
colliders, in which T is O(1), we can ignore the factor T*/3.

Now, by using the formulas

j"” _1_e-ic(x+x3/3)dx - 2t Ky a(z)dz

—o0  — 0 '3 Jacsa
o0 . 3 1 2¢
f_oo:csm oz + %)dl‘ = Effz/s(?)

where K, 1s the modified Bessel function, we obtain the Sokolov-Ternov spectrum formula

aw., 9"

o T F,, (3.57)
with
o0 o E—-w E "
Fs = = [ Kapn€)d + (552 + 5= ) Kenal®) (3.58)
oo 2

= [ Hepl§)at + T Kapl©), (3.59)

where

o w1 _ 2 =Y

€_3T(E-w)_wcl—w/E_3Tl—y’ v=7) (3:60)

In the classical limit T — 0 the second term in eq.(3.59) can be ignored and we come to
the classical spectrum formula.

The Sokolov-Ternov power spectrum
is schematically shown in Fig.10.
The low energy behavior Plw) o
w!/? is the same as the classical for-
mula. The high energy part ex-
tends to infinite (unphysical) energy
as exp(—w/w.) in the classical for-
mula but it is truncated at w = F
in the Sokolov-Ternov formula. The
high energy tail is expressed as e~¢.
In the log-log plot, the spectrum ap- Fig.10. Sokolov-Ternov Spectrum Function
proaches nearly a triangular form in

the limit T — oo.

P{w)
logP{w)

logw

3.2 Number of Photons and Average Energy Loss

By integrating eq.(3.58) over the photon energy, we obtain the expected number of photons
per unit time:
dN,  [E dW,d 5 a7

dt = o dw w = mm . UO(T) (361)
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with

1 (T — 0) _ 1
WT) B { 2451 (2/3)(37)7H* = 1.012Y7° (T — o) } ATES TSV (3.62)

The average energy loss per unit time is

1dE\ [~ wdW,, _ 2aY?
<-—E“&'¥—> —L E db_) dw = '3" )\67 ’ U](T) (363)

with

_ )1 (T—0) | 1
hil1) = { 187(2/3)(37)** = 0.556T~*° (T — o) } T+ (1Y) (3.64)

The functions Uy and U are plot-
ted in Fig.11. 0% =
The average photon energy is

{w) 4\/§.I.U1(T)
E 15 Us(T)
_ {0.462T (T — 0)

18 = 0.254 (T — o0)

T T~ T T 11T

(3.65)

1o~!

T T illllll

Note that the average photon en-  (4-2
ergy is finite (about one quarter
of the initial energy) in the limit

I‘[III?
Y

1 L Illllll

T — 0. \
T N
lD—ﬂ 5 1111||r_|1 L t||||u§G 11 :ll||||1 1 11111“'2
In the case of a collision of Gaus- L 16 10 10 10
sian bunches, the average number Fig.11. Functions Up, Uy and Uy. The crosses
of emitted photons per electron are the approximate formulas in (3.62) and
n. and the relative energy loss ég (3.64).
can be given approximately by
ao, T
~ 1.06ar.N Uo(Toy) R 2.54 | ——=—| Up(T .66
% L 0bar N o Ua(Tur) 25 | 2500 | UT) (860
AE IN? 2V T
bp = <““—> ~ 0.216t—" Ur(Tane) & 1.24 | = | TaurUh(Taur)
E O, Opt0oy Ay

(3.67)

The beamstrahlung causes a spread in the center-of-mass energy of e* and e”. This
effect is characterized by the parameter §g. Although it is smaller than 0.1% in the SLC,
it is a severe limiting factor for the performance of of colliders in the future. As seen
in Fig.11, YU;(T) is almost constant (0.1 to 0.2) in the wide range 0.2 < T < 200.
Therefore, in order to keep &z below 10 to 20%, most designs choose ao,T/A.y around
unity. Since Up is not far from unity unless T is vergy large, n, is also of order umty. It
should be noted that the ratio of I to ¢, is approximately equal to a/n., which means
lp/o, is about 1072 if n, ~ 1.
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3.3 Energy Spectrum of Electrons

The beamstrahlung alters the energy spectrum of electrons. The final spectrum is compli-
cated in general because of the possibility of emitting more than one photon. If n, <« 1,
however, we may ignore the multi-photon emission. The final electron spectrum is then
given approximately by

Yrn(z) =8z -1+ (1 —e ™) f(1 —2) (3.68)

where ¢ is the Dirac delta function (the energy spread before collision is negligible) and
f(y) is the Sokolov-Ternov spectrum function normalized as [ f(y)dy = 1. T in f(y)
may be replaced by the average value. A more detailed calculation is given in[11]. But
eq.(3.68) is sufficient as a coarse approximation to be used in background estimations, if

n,<1.
For the average spectrum we may replace n, with n,7 (0 < 7 < 1) and average over
T:
1 l—e™™ I —e™
Paur(T) ~ / Grin(2,n07)d7 = ———b(z — 1)+ (1 — ) f(1 —2).  (3.69)
0 Ty Tiy

Simulation results show that the 2-dim differential luminosity spectrum dL/dz,dz, =
L % 95(z1,22) factorizes quite well as t,,.(z1 ). (x2). Therefore, the center-of-mass
spectrum Is approximately given by

the(s) ~ f 4z, dzs 6(5/4EE — 2122 aur (21 haur (22). (3.70)

Actually, 2-dim spectrum is dominated by the two edges z; = 1 and =, = 1, i.e., the case
where one of the colliding particles is at full energy. Therefore, the events with low s
(< 4E2) go mostly forward along with one of the two beams.

3.4 How to Reduce Beamstrahlung

Stnce the energy loss due to the beamstrahlung is a big limitation for high energy linear
colliders, several methods of reducing it have been investigated.

Short Bunches

As we can see in eq.(3.67}, we can reduce dg by using a longer bunch in the classical
regime Y < 1. This is limited, however, by other constraints in colliders such as the
control of the energy spread in the linac. In the extreme quantum regime ¥ > 1, 8 is
proportional to ¢,/ owing to the Y-dependence of U;. This does not help unless T is
extremely large. The T-dependence of 6i is like TU;(T) which is plotted in Fig.11. It
is almost flat in the region 0.2 ~ T ~ 100 which is the region for linear colliders of next
and, probably, next to next generation.

Another possibility is that, when we go to very short bunch lengths comparable to Iz,
the radiation might be suppressed. The radiation by very short bunches has been discussed
by many authors(12]. It is concluded, however, that the correction to the constant field
formula is small for Gaussian bunches.

Flat Beams
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If we go to very flat beams R = o./o, — large with fixed area o0y, we can reduce
§g o« R/(1+ R)? without sacrificing the luminosity. This is the most practical cure for the
next generation colliders. Recent designs mostly adopt flat beams with £~10 for CLIC,
R~100 for NLC and JLC, or even 3000 for VLEPP. It has been demonstrated that flat
beams have many other advantages[13], but the price to pay is that the vertical tolerances
in the damping ring, the linac and the final focus system become tighter.

Charge Compensation

If each beam is a charge-neutral mixture of electrons and positrons, then the beam-
strahlung can in principle be completely suppressed. Apart from the technical difficulties
of mixing beams, it was shown([15,16] that the system of the four beams is unstable when
the mixing is not perfect. Fig.12a shows the luminosity enhancement factor H, as a
function of the residual charge AQ/Q. When ny (= \/5; /27 exceeds ~1, imperfection
of 0.1% is enough to degrade the luminosity. Fig.12b shows H,(n,) for two values of the
center-of-mass shift A/, between et and e” in the same beam. Even a small shift of
1% has a serious effect. Thus, the charge compensation scheme is very hard to realize.

._x + 1 T T - . ) ) . . i
H"Z ’\2’3 H é Fig.12. Luminosity enhance

ment factor in charge com-

pensation scheme. The effect

&

. of inaccurate charge compen-
sation (Fig.12a) and that of
the shift of one of the beams
{Fig.12b). Taken from [15].

o e e 0 48 o oS 10 15 20 M/2)

Plasma Return Current

During the collision the charges of et and e™ cancel each other but the currents add.
If there is a plasma at the collision point, this current may be neutralized by the plasma
return current[14]. However, there is a problem of hadronic backgrounds due to the
collision with ions.

~-v Colliders

If everything fails, we can give up ete™ colliders. There is a promising proposal of
converting an electron collider into a y-v collider. Irradiating an intense laser beam on
electrons just before the collision point, we can convert the electrons into photons by the
Compton back-scattering. High energy, highly focused photon beams can be produced
this way. There is, however, a different constraint on the -y colliders, associated with
the “coherent pair creation” (to be discussed in the next section)[17]. The present status
of study is summarized in[18].

3.5 Spin-Flip Radiation

It is relatively easier to have longitudinally polarized electrons in linear colliders than in
storage rings. It is also possible to have polarized positrons by using polarized photons
generated in helical wigglers[19]. There is no major difficulty in preserving the polarization
from the source to the collision point. Here, we mention possible depolarizations due to
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the beam-beam interaction.
In storage rings electron/positron beams tend to polarize (transversely) due to the

spin-flip radiation. The ratio of the spin-flip radiation to the total radiation is very small:
~ T? ~ 107" in storage rings. This ratio is much larger in the beam-beam interaction in
linear colliders. It is given by

dN'v.ﬂip _ dN‘r
I = AU (1) (3.71)

where the function Uy = Uy/Us is plotted in Fig.11. The depolarization is given by
AP = 2n,Us. Asseen in Fig.11, Uy is almost constant in the region 1 <Y <100 and does
not exceed 0.02. Therefore, if n, ~ 1 the depolarization is less than a few percent.

There 1s another mechanism of depolarization, i.e., due to the classical precession in the
magnetic field. The depolarization by this effect was estimated[20] to be ~ 0.006(n.,/Us)?,
which is also less than a few percent if n,<3.

3.6 Bremsstrahlung

The beamstrahlung is produced by the interaction between e* and the collective beam-
beam field. There are of course photons emitted by the collisions of individual particles,
namely the bremsstrahlung ete™ — ete~v. The total crosssection is

116 , 232 logoy/Ae 24,2 -
Tbrems & 5 v [log 47°]" X Togty? |~ 107 em (3.72)

where the factor in the curly brackets is the correction due to the finite beam size[21](see
Sec.4.2.4 for more details). We count the photons parallel to one of the incident beams
only, which gives the factor 1/2. With the typical luminosity per collision 10%%cm=2, we
have ~ 10° photons per collision, which is much smaller than the beamstrahlung.

The energy spectrum is

doy 116 ar? 3 5. N2, l++g. 313 13
rems - e 1_ e 1 ¥y I Seh 2 7

dy _2_§-y

where y = w/FE and 4g=0.577 is the Euler’s constant. This can exceed the beamstrahlung
only at the high energy end y ~ 1. The number of low energy final electrons with the
energy below z £ (2<1) is ~ 10*z per collision if the lurninosity per collision is 10¥cm™2.

[Sv]
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4 Electron-Positron Pair Creation

In general, low cnergy electrons and positrons comoving with the e*e™ beams during
collision is a source of deleterious backgrounds. Being lower in energy, these particles can
either be deflected more severely by the beam-beam field, or even carry an inherently large
angle and transverse momentum, such that they escape from exiting through the exhaust
port and pollute the detector. One such source of low energy particles comes directly
from the result of beamstrahlung or bremsstrahlung, as described in the last section.
A more severe source, however, comes from the second order quantum electrodynamic
(QED) process of ete™ pair creation during the collision. In this case, there is always
one particle in the pair that carries the same sign of charge as the oncoming beam, and
will be severely deflected unbound. At lower energies, the pairs are made essentially by
the incoherent process, where the pair is created by the interaction of particles on the
individual particles in the oncoming beam, e.g., the interaction of beamstrahlung photons
on the oncoming electrons. This problem was first identified by Zolotarev et al.[22].

At energies where the beamstrahlung parameter T lies approximately in the range
0.5<T <100, pair creation from the beamstrahlung photons is dominated by the coherent
process, first noted by Chen[23]. In this case the photon turns into an ¢te™ pair by inter-
acting with the collective field of the oncoming beam, not with the individual particles.
For the next generation of linear colliders, the beamstrahlung parameter happens to lie in
the range between these two regimes. In this chapter, we shall describe these processes.

4.1 Coherent Pair Creation
4.1.1 Pair Creation in External Fields

A photon in vacuum is always accompanied with virtual electron-positron pairs (vatuum
polarization). These pairs cannot emerge as real particles due to energy-momentum con-
servatton. When in a strong electro-magnetic field, however, the energy-momentum can
be carried by the field and the pair can be kicked ‘on-shell’. Consider the boosted frame
where the e*e™ pair is created at rest. In this frame there is an electric field which is
E' = (hw/2mc?)B, where B is the magnetic field in the lab frame. At the threshold,
the created particle with unit charge e should aquire enough energy within one Compton
wavelength to supply for its rest mass. Thus the threshold condition is e E'A, ~ mc®. Let
us define a parameter x as

w B w
mB. E
The last two definitions is convenient when the photon is induced by a primary particle
with energy F in the lab frame. Thus x ~ 1 corresponds to the threshold condition for
the coherent pair creation. It plays a similar role as T does in beamstrahlung.

T =yT. (4.74)

il
Il
1l

X

The problem of pair creation in magnetic field is not new. Klepikov[24] first calcu-
lated this problem in uniform magnetic field. Several others[25] have re-examined the
problem with different formalisms. In the lowest order approximation of the perturbation
theory the matrix element for the pair creation process is essentially the same as that for
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beamstrahlung, c.f. €q.(3.58), except that now the initial electron momentum k, has to
be replaced by —k, in the cross channel. ‘
The number spectrum as a function of energy of pair creation per
unit time can then be obtained directly from eq.(3.58):

dw_, a m’ ¥
L= __F 4.75 =
dE'+ \/g?r wl ©F ( ) ’§
with IE
E_ FE, 2 Wt
CP / 1{1/3(:'? )d?? + (E E...) 1{2/3(77) n = aE.;.E_’ E— = LU—E+

(4.76)
where E is the energy of the created e®.
The total probability of pair creation per unit time is obtained by integrating this
expression over w. We find

WCP = 0 dE+

w dW., 0.23(am?/w)xe 3% (x < 1)
P4E, =

0.38(am?/w)x?? (x>»1) (4.77)

We see that x ~ 1 indeed corresponds to a thereshold below which the probability is
exponentially small. For the entire range of x, W., can be well approximated by the
following expression:[26]

4 am? 4
Wep & 5 1(1,3(3\{) (4.78) °

or simply by

|l[||L

(&)
ns’r.rr

arn? 0.23x

W. =~ —8/3x A
cr w (1+4+0.22x)Y/3 ’ r
(4.79) 3
where the coefficients are chosen so as to

satisfy eq.(4.77). 2"
The energy spectrum (4.76) (normalized _
to unity) is plotted in Fig.13 for vari- !l
ous values of y. We find that, when : ]
x 1s small, the spectrum has a peak at 0 0.z EYEETE 0.8 :
E,/w=0.5, which means the final elec-
tron and positron equally share the en-
ergy of the initial photon. On the other
hand when x » 1, the maximum is
around Fy/w ~1.6/x.

Fig.13. Energy distribution of e* from co-
herent pair creation for various values of

X

4.1.2 Coherent Beamstrahlung Pair Creation

The beamstrahlung is the most important source of photons as the initial photon for
the coherent pair creation process in linear colliders. For this purpose, it is useful to
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express the energy spectrum (4.76) in terms of T of the primary particle instead of x
of the intermediate photon. Let z = F,/E be the fractional energy of the pair pariicle
and y = w/E be that of the photon, then (Ey/w)x = zT. Then, eq.(4.76} becomes

dW,_ . [dz = (em//3ryy?)F,., with

o0 N —x z 2
Fo(z,y,T)= /n Kip3(n')dn'+ (y . -+ o m) Kap3(n), n= ﬁ;@y_—m) (4.80)

Then, the energy spectrum of the created particle through the cascade process of
beamstrahlung and coherent pair creation is obtained by the convolution of eq.(3.59) and
eq.(4.80) as

dny dw, dW’CP
dr //t2>t1dt2 do dz

- 371'2( ) //dtgdtlf s () Fop(z,y, T(L2)). (481)

Here, ¢, and ¢; are the time of pho- 10
ton emission and pair creation, respec-
tively. In the case of longitudinally uni-
form beams with small disruption, T  107° =
is almost a constant along the photon
path and we can replace [ dt; d¢, with

30,2/2. Then the total number of pairs W -
per primary electron is given by inte- |
grating this expression over z; 0-9

dw. .k ‘

/d Wep = l:aj"j] =(1). 12 | l I I ' l
A L

(This definition of = is different from Fig.14. The functions =(T) and Q(Y).
that in[31] by a numerical factor.) The The dashed and the dotted lines are the
function = is plotted in Fig.14. Its asymptotic forms {4.83).

asymptotic form is
=(T) = (?/128) exp(_16/3r)1 (Tﬁl);
B 0.2957%3(log T — 2.488), (Y >1).

As we have pointed out in Sec.3, the quantity ag,T/vA, is order unity for next gen-
eration colliders. Thus ny ~ O(1072) for TZ1. Since the typical number of particles in a
bunch is ~ O(10'%), we expect to have ~ O(10%) e*e™ pairs per collision. On the other
hand, = is exponentially small for T < 1. If we are to suppress the coherent creation
below ~ 1 per collision we need to choose T50.3 which gives =<107%. {In this context,
it is better to use Yoae instead of Typr.)

(4.83)



Next, let us discuss the en- 0 I N .
ergy spectrum. As seen in Fig.13 7,_‘#[‘__,_ o L
low energy pairs are strongly sup- | ' '
pressed in coherent pair creation.
To see this in more detail we plot-
ted dW_./d(Tz) as a function of
Y in Fig.15 for various combi-
nations of T and the intermedi-
‘ate photon energy y. One finds
that, for a given value of T, the
minimum energy T, is indepen-
dent of the intermediate photon
energy. In addition, for different B —T
values of 1’s, Zpin scales as 1/7. xT
This can be explained by the fol- Fig.15. dW,,/d(Yz)/(emy~) vs. 2T.
lowing qualitative arguments:

0.5 o
1

dW . Jd(Tx)f (ary™ N
=10,y
10,y

T
T
L

In the Lorentz frame where the pair is created at rest, the invariant mass of the system
is W = 2eE’A,. The Lorentz factor for the boost is obviously the photon energy w divided
by the invariant mass. Thus we have W? = 2eBwl.. On the other hand, from the final
state we have W? = w?m?/E,FE_. In the case where one particle is at very low energy,
eg., By € E. ~ w, we have W? ~ wm?/E,. Thus E_;, ~ym/2T, or Tpin ~ 1/27,
and 1s independent of the photon energy. The actual value of z,,;, is somewhat different
from this naive picture, depending on how small a fraction one allows. One can take
Tmin ~ 1/207 if the conversion rate from a photon to a pair is to be less than ~1072.
The entire spectrum from the coherent

beamstrahlung pair creation is plotted
in Fig.16 (normalized to unity). As
was pointed out in {2§], the maximum
is near x=1/3 when T is small. The
peak moves towards small = for large
T. If T is not very large (Y<10), the
following formula gives a good approx-
imation for any :

d 2 g 1— boos
ﬂl‘ [aa T} 0.2 z X . . X t
dz "}’/\e Tz x=E,/E
[ 2 (l—x N 4 )14 g4 Fig.16. Energy spectrum of the cascade of
eXp T 1=z : ) beamstrahlung and coherent pair creation.

The beamstrahlung photon is definitely polarized in the orbital plane of the electron.
It was pointed out by Baier et al.[28] that the polarization effect can be taken into account
in €q.(4.81) by replacing Fy I, with F, F., — Ky3(6)Ko/3(n) where £ and 7 are defined
in eqs.(3.60) and (4.80). Then, the factor 7/128 in eq.(4.83) becomes 3/64. There is no
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considerable effect on the spectrum.

4.1.3 The Trident Cascade

In addition to the coherent beamstrahlung pair creation, ete™ pairs can also be coherently
created through virtual photons carried by the primary charged particles, i.e., ¢ — eete™,
in an electro-magnetic field. This process is sometimes called the trident cascade, for an
obvious reason. It has been previously studied in details[29]. For the sake of comparison,

we express 1t as

ao,
Py = (7)\6 T) Q(7), (4.85)
where, according to Ritus(30],
QY)~023alogT, T> 1 (4.86)

The auxiliary function §2(T) is also shown in Fig.14. In addition to the different scal-
ings between = and 2, the beamstrahlung pair creation increases quadratically with the
quantity (ac,/vAc)T, while the trident cascade scales linearly. This is simply because the
former necessarily involves a real intermediate process and thus a double integration in
time. Notice that the cross-over between Z(T) and Q(T) occurs at T ~ 1000. Since the
quantity (ao./vA.)T is usually of the order unity, we see that the contribution from the
trident cascade is relatively unimportant unless T > 1.

4.1.4 Deflection Angle and Maximum T

If the ete™ pair is created in a field-free space, their outgoing angles will be simply the final
angles from the creation process. In the case of beam-beam interaction, however, these
low energy secondary particles will be strongly deflected by the macroscopic collective
field. The deflection angle of low energy particle is discussed in Sec.2.5.

If a e*e™ collider is designed such that the beams are colliding head-on, then the above
consideration imposes a severe constraint on its design. The typical distance between the
final focusing magnet and the IP is ~10%cm, while the aperture of the magnet is ~107'cm.
This means that any particle with outcoming angle larger than ~ O(1) millirad will
necessarily hit the magnet and generate backgrounds.

One obvious way to alleviate the problem is to sufficiently suppress the coherent pro-
cess. This can in principle be achieved by imposing a constraint on the value of T. As we
have seen, if T<0.3, the pair creation rates are exponentially suppressed to ~ O(107°).
To achieve this goal, one needs to reduce the charge density of the beams by either
lengthening the bunch or reducing the number of particles per bunch, or both, with a
corresponding increase in the number of bunches in oreder not to sacrifice the luminosity.
In practice, however, these leverages can be handled only within certain limits due to
various other accelerator constraints.

It happens that it is not necessary to entirely suppress the coherent pairs[31]. Remem-
ber that for any given T there is a minimoum p;,. Assume that the beams are colliding

2
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at an angle ¢.. Then by inserting T, into eq.(2.43), one finds the maximum allowable
value of T to suppress almost perfectly the large angle pairs 82 ¢.:

i?_’ (stco':z/o'a:)2 )
20 log{5(¢.0./02)%] )

T< max (0.3 , (4.87)
(The factor 5 in the log is somewhat arbitrary.) When the crossing angle is much larger
than the beam diagonal angle ¢, /c,, this limit is much less stringent than the constraint
for total suppression of the coherent pairs.

4.2 Incoherent Pair Creation

The seriousness of the pair creation problem lies in the transverse momenta that the
pair particles carry when leaving the interaction point (IP) with large angles. In the
next generation of linear colliders, as it occurs, the coherent pairs can be exponentially
suppressed by properly choosing the T (<0.3). When this is achieved, the incoherent
pair creation processes, where the ete™ pairs are created through individual scatterings,
becomes dominant. Furthermore, these incoherent pairs tend to have more uniform energy
spectra than the coherent process, resulting in relatively more abundance of deleterious
low energy particles.

Notice that both real (beamstrahlung) and virtual photons can turn into ete™ pairs
through this channel. These are the so-called Breit-Wheeler (vy — ete™ ), Bethe-Heitler
(ety — e*ete™) and Landau-Lifshitz (ete™ — ete~ete™) processes. In this section, we
will describe the spectrum, the cross section, and the large inherent angle events of the
incoherent pair creation processes using the equivalent photon approzimation. Numerical
examples are given wherever suitable.

4.2.1 The Equivalent Photon Approximation

The Breit-Wheeeler, Bethe-Heitler, and Landau-Lifshitz processes are well-known phe-
nomena in QED, and are well described in any standard QED textbook[32]. In our
particular setting, the BW and BH processes occur as a result of beamstrahlung, which
has a wide range of spectrum. Thus for our purpose it i1s most convenient to describe
these processes in the laboratory (lab) frame (which is also the center-of-mass frame for
the colliding e*e™ beams.) Moreover, we notice that the basic kernel of all these processes
is the same. For the BW process both photons are real beamstrahlung photons; for the
BH process one is real and one is virtual; and for the LI process both photons are virtual.
We shall thus invoke the so-called equivalent photon picture in our discussion. This
1s an approximation in which the two photons involved in each process are treated to be
real. Then the relativistic kinematics relates the fractional energy z of the outcoming
positron (or electron) to its angle # (relative to the initial particle trajectory) and the
fractional energies of the two photons, vy, v;, as
2y1y2 -
= B0 + 3l 4 B (4.83)




where ¢ = cos § and 3 is the speed of the particle. In the following, we shall assume § ~ 1,
as the pair particles of concern are still relativistic.
The differential cross section for the kernel vy — ete™ is

J - 8wrlmidi |1 tmm2+u—m2 m? N m? m? N m? Y
AR 4\u—-m?  t—m? t—m?  u—m? t—m? u—m?/) |’

(4.89)

where s,t,u are the Mandelstam variables. In terms of our variables, we have

s = 4v*mPy s, t—m? = ~29'miy2(1—c), u—m? = —2v*m?yz(1+¢). (4.90)

With the help of eq.(4.88), we find
L (T SR
49?1292 | (1= )yl —c) +y2(l + )]
2y(l-c+p+e 1 [m{l-—c)+y(i+ ‘3)]3} . (4.91)
72 nye(l- ) 29t yiya(yiye(l — &)
The first term obviously dominates. Furthermore, we.expect that the major contribution
comes from ¢<coS1. Thus, y1{1 — ¢) + y2(1 + ¢) ~ 2yz. With v2y1y2 > 1, we arrive at

doy,  mrt 1 {yz(l — P 431+ ) } AR R
de Y yy2 1 — | [ya(1 = ¢) + y2(1l + ©))? Ty 1 — ¢ '
The last approximation is made due to the fact that the factor in the parenthesis is a

slow varying function ranging from 1/2 to 1. In so doing our estimates are upper bounds
which is too big by less than a factor of 2.

o (y1,y2) =

Next we need to find the spectrum for the virtual photons that comove with the
primary charged particle. From the virtual photon propagator, one can establish the
spectrum of the quivalent photons;

dn, = 0% _¥idul (4.93)
Ty (YL + v /)
where y, is the normalized transverse momentum ¢ of the photon: y; = ¢/ym. Integrat-

ing over y3, we get

al, (yine.+y* /7

() = 2 tog Lnes LT, (494
TY Yimin +y /7

where Y| mer and ¥ min are the maximum and minimum momentum transfer, respectively.

In the quivalent photon approximation, it is assumed that the transverse momentum of

the virtual photon satisfies the condition
y/7t <y <1/ (4.95)

Since n, depends on ¥ mar and ymm only logarithmically, it is customary to take the
bounds in eq.(4.95) as their values. We then have

ny(y) = EEE~~~1~~Iog (l) . (4.96)



This expression is indeterminate up a numerical coefficient in the argument of the loga-
rithm due to the nature of the approximation[22]. In the equivalent photon approxima-
tion, one combines this virtual photon spectrum with the above differential cross section to
obtain the desired expression for the process of which involves a virtual photon exchange.

4.2.2 The Total Cross Sections

We now want to find the total incoherent ete™ pair creation events:

o= gde/dyz/dyl na{11) ne{y2) G (¥1, ¥2), (4.97)

where g=1/4 for the BW process and 1 for both BH and LL processes, respectively. For
the BW process, the effective collision time for the beamstrahlung photons, which are
emitted during the collision itself, is only 1/4 of that of the primary bearmn particles. For
the BH process, the factor 1/2 that arises from the effective collision time is compensated
by the matching between the real and the virtual photons from both beams. The photon
spectra n, and n, depend on whether the photons are real or virtual. For virtual photons,
it is the spectrum derived in Sec.4.2.1. For real beamstrahlung photons, the spectrum
is given in (3.38). For our purpose here, we integrate it over the collision time and
approximate it in the form

I'(2/3) {ao 2
= T T ) (37 3y 2R, 4.
mly) = = 552) 1)y (499
where I'(2/3)=1.3541.

First we carry out the angular integration. The dominant contribution to the cross
section 1s associated with the typical transverse momentum m versus half of the center-

of-mass energy ./wyws = my./ys, or 8 ~ 1/v./y1yz- Thus for the BW process with

fixed initial photon energies in the lab frame, we have

o ’ﬂ'T‘z

2 ) de =
, Flw)de= o5 o

Oane (41,92) = [ log(47"y13:). (4.99)

For the BH and LL processes we need to further integrate over the virtual photon spec-
trum. The threshold condition for pair creation is that m = \/wiw;. Thus the lower
bound for the virtual photon energy with a fixed real photon energy vy is vo = 1/(v*11).
We then have, for the BH process,

1
4 (Y2)Tau (41, Y2)dy2 = ari{(log4+1)log 47y, — (log4+2)log4 — 1}.
(4.100)
FFor the LL process, we need to integrate once more over the other virtual photon. Again
{rom the threshold condition, the lower bound for the second photon is 1/v%. Thus

Opn(y1) = f

/4%y

1 1 ar? 1
O = / din dy2 no{y1)n4(¥2) 050 (v1, v2) = —=(log 4+ 1)(< log® 4% — 2log” 47).
1/+? 1/72y T 3

(4.101)
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When compared with the more accurate calculations(32,33]
Tou (Y1) = (28/9)ar? log(47*y1) (4.102)
o, = (a®r?/7)[(28/27) log®(47%) — 6.59log?(47%) — 11.8log?(47%) + 104],  (4.103)

we find that o, has the precise logarithmic term and, while both o,, and o,, indeed
reproduce the correct logarithmic behavior, our expressions tend to have somewhat smaller
coefficients. This, however, is consistent with the accuracy of our approximations.

The above intermediate expressions serve to compare with the well-known QED results.
In our specific context, the real photons are induced from beamstrahlung. Thus for the
BW and BH processes we further combine with beamstrahlung spectrum, with the proper
g factor in (4.97) included, and get

2 2
=_ T2 Te [Q0z 4/3 ?,J 2
Ty = 167rr (2/3)72/3 (7/\6) (37) [10g4 + 5 logv*, (4.104)

O = §-I‘(2/3)&T‘z (%) (37)*%[(log4+1)log4y? — (log4+5)log4 —4].  (4.105)
™ c

Consider a 1/2 TeV Intermediate Linear Collider (ILC) designed by Palmer[35] (Palmer’s

Machine 1), where ¥ = 5 x 10°, ¢,=0.11mm, T=0.17 and luminosity L=1.95x10%"/cm?/

bunch train (10 bunches per train) and 130Hz collision repetetion rate. The total cross

sections in (4.101)-(4.105) are
Tp =8 x 107 %em? 5 o, 2 1x107%em? ; o, =2 x 107 %cm?. (4.106)

The total number of pairs are then Ngw ~ 2 x 10%, Ngy ~ 2 x 10° and Ny, ~ 3 x 10°,
per bunch train.

For a 1 TeV linear collider (TLC) (Palmer’s Machine J), where y=1x10°, ¢,=0.12mm,
T=0.60, one finds that the cross sections are essentially the same. With a luminosity
L=8.04x10%/cm?/bunch train (17 bunches per train), the incoherent pairs are about 4
times more than that of ILC. These are about two to three orders of magnitude smaller
than the corresponding coherent yields.

4.2.3 Pair Creation at Large Inherent Angles

Since the central issue is the transverse momentum for particles with large angles, we
notice that there is another source for it, in addition to the deflections due to the collective
fields of the oncoming beam. Namely, when the pair particles are created at low energies,
the intrinsic angles of these pairs when produced may already be large This issue was first
studied by Zolotarev et al.[22], and more recently by Chen et al.[34]

To obtain the partial cross sections for all events with transverse momentum (divided
by ym) p. > pro and outcoming angle o < 0 < 7 — b (or ~cg € ¢ € ¢p), it is more
convenient to first carry out the integrations over y; and y, in (4.97). Since the transverse
momentum p; = /1 — ¢2, with any choice of p; and ¢, the initial photon energies are
limited by
_pL [1xe

(1de) === (4.107)

e = 2V1Fce

o8
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Furthermore, for any given value of yz > v, the lower bound for y; is
Y2

yb = _y2_.y_.‘t-_-. (4_108) 1”"“""‘1"\"\’\"(‘??1\-\
y2 - y_ = N ~ N ~

Equation (4.97) can then be specified as

{e o} (]

Tapret (PL0,Co) = ¢ fco dC/ dy, dy1 na{y1) m(y2) @a (Y1, v2)-
=) - Yo (4109) vl .
The upper limits of the speciral integrals are set at infinity since the contributions are

essentially dominated by the lower bounds.
Inserting the photon spectra and eq.(4.92) into eq.{4.109) and invoking the bound-
ary conditions in eqs.(4.107) and (4.108), we can calculate the partial cross section for
positrons with momentum larger than p, ¢ in all 47 solid angle, excluding the forward and

backward cones of half-angle 8. The results are[34]

4 2 2 4/3
9 T%(2/3) r2 [aaz] [6"1‘] log = ; (4.110)

Tow = 8_7r F(1/3) ? 7Ae Pio To ,

54 2 arlac, 3672 173 ~1/3 1/3 P1oTo 8
= TG — o[~ log === —(5 (411
Ten = 5, 3) Y Lu&} (7o o 1[—log 5 lf)(g)-i-z/)(l)], (4.111)
16 a’r 1 1 Pio, _PioTo 73 n?
T =TT o log ™ log 57y 08 5 + 3log(pro/2) + 5% (4.112)

Here I'(1/3)=2.6789, ¢¥(8/3)=0.7818, +(1)=0.5772 and 75 = tan(fy/2). We note that
both BW and LL processes are forward-backward symmetric, while BH is asymmetric in
c. This is the result of the matching between the two diflerent photon spectra in the BH
case.

The above expressions account for only one of the two particles (say positron) in the
ete™ pairs. In the case where the inherent transverse momentum and angle are already
large, further deflections on either species in the pair by the beam should not effectively
alter the ultimate outcoming transverse momenta and angles. Therefore both electrons
and positrons, irrespect of the directions of flight, should be counted. So the contribution
should be twice of what would be given from the partial cross sections in eqgs.(4.110)-
(4.112).

Let us again estimate the yields from ILC and TLC. First we plot the partial cross
sections in eqs.(4.110)-(4.112) and their sum as a function of p, in Fig.17, with the cut-off
angle fixed at f=0.1. The dominant scalings of p.o~%2, p.o~>/ and p.o~2, for the BW,
BH and LL processes, respectively, are clearly seen. On the other hand, the dependence
of the partial cross sections on the cut-off angles is much milder, as expected. Fig.18
shows such a plot, again with the ILC parameters and p;o=10MeV/c. The choice of the
cut-offs depends on the practical considerations in the design of the detector masking[36].
From Ref.[31] it should be reasonable to assume 6o=100mrad=0.1 and the transverse
momentum cut-off at 10MeV/c, or p1o=4x107%. The total number of large inherent
angle et and ¢ is obtained simply by doubling the partial cross sections in egs.(4.110)-
(4.112) and multiplying by the luminosity. The corresponding events per bunch train are
Npw = 220, Ngy ~ 1230 and Ny, = 500. So the total yield per bunch is =~ 2 x 10%.
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Fig.17. The partial cross section as a func- Fig.18. The partial cross section as
tion of the cut-off transverse momentum, a function of the cut-off angle. The
at a fixed cut-off angle 6=0.1, for the transverse momentum cut-off is fixed at
BW, BH and LL processes, shown in dot- pro=10MeV fc. The same ILC parame-
ted curves. The sum of these three pro- ters are assumned.
cesses is shown in solid curve. The pa-
rameters are based on the ILC in Ref.[35]. T T e U
For TLC, we find, for every bunch train 8,01 rad

Ngw = 900, Ngy ~ 5300 and Npp =~
2400. The total yield is =~ 9 x 10°.
These numbers are not small.

In order to further suppress the yield,
it is most effective to increase the longi-
tudinal solenoidal magnetic field in the
detector so as to raise the cut-off trans-
verse momentum. The dependence of

N/Bunch Train

A B R
the total events on the transverse mo- 5 10

102 [ .
5 20 25

1
P (MeV/c)

mentum cut-off for the ILC and TLC
is shown in Fig.19, where the angular
cut-off is fixed at dp=0.1.

Fig.19. The total yield of pair particles in
ILC and TLC per bunch train as a func-
tion of the transverse momentum cut-off.

4.2.4 Geometric Reduction

In Sec. 4.2.2 and 4.2.3 we see that for a given equivalent photon energy y1, the dominant
contribution to the cross section comes from the region of small transverse momentum
Ysot- Quantum mechanically, this corresponds to the region of large impact parameters:
b~ 1/q = 1/(ymyy), upto a typical value of b, ~ 1/my = A.fy. If by turns out to
be larger than the beam transverse size, these quivalent photons would extend physically
to the outside of the oncoming beam. As a result, the part of the equivalent photons
that have impact parameters larger than the beam size cannot participate in the interac-
tion. Therefore the effective cross section will be smaller than the standard calculations.
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This geometric reduction effect was first observed at Novosibirsk[37,38], and subsequently
developed theoretically by several authors[39,40,21].

For the next generation linear colliders, such as ILC and TLC that we discussed
above, the ete™ colliding beams are typically very flat, i.e., 0. > o,. Thus the geometric
reduction is dominated by the minor dimension. Let the typical beam height be 20, then
the corresponding “cut-off” impact parameter is b, ~ 20,. Thus the region of transverse
momentum transfer: 1/b.22¢1>1/b,, is suppressed. Let us denote the effective cross
section by @ = o — ¢’, then the cut-off cross section ¢’ is associated with the equivalent
photon spectrum in (4.94) where ¥ mar and Yimin are related to b,, and b, respectively,
1e.,

w(y) & 22D g (MQ—@) - (4.113)
Ty Y
The cut-off cross section ¢’ for the BH and LL processes can be derived by inserting n;,
into (4.100) and (4.101). By construction, the above spectrum is applicable for y<A./20,.
Thus the upper bound of the y-integrations have to be replaced by A./2¢,. But since the
dominant contribution comes from the lower bounds, this change does not affect the
leading logarithmic behavior. We find the reduced effective cross section to be

gy ™~ ar§(10g4 + 1) log(zay//\e)a (4.114)
1

G, ~ 3—a2rf(log4 + 1)[log® v* — log®(¥*A./25,)]. (4.115)
w

For ILC, the beam height is as miniscule as 2¢,=8nm. The geometric reduction turns
out to be &,,, /o, ~0.36 and 5,, /o,, ~ 0.79. For TLC, 20,=6.2nm. The corresponding
reductions are 0.33 and 0.73 for the BH and LL processes, respectively. One could in
principle also repeat the calculations of large inherent angles for the geometric reductions.
As a rough estimate, the corresponding reductions should not be too different from the
above values. The geometric reduction is therefore a welcoming effect concerning the e¥e™
backgrounds.
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