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N —
Outline

Start with a general simple action and derive equations of motion

@ Derive the p-brane equations

Study the specific case of D=11

Study the dynamics of a light brane moving in a heavy membrane
background
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-
Single-Charge Action in D dimensions

1 1

Contains:

e Curvature Component R (Ricci Scalar)
@ Scalar Field ¢
@ A Single Field Strength F,

Where the antisymmetric tensor field Fj,; = dA[,_y
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.
Equations of Motion

Varying the action with respect to the different variables we obtain:

ol =0
1
Run = 5 OmMPONG + Sun (2a)
1 n—1
- ] "=+ 2
SMN = S =1y (FM--FN nD—2)" gM"’) (2b)
Vo, (2 FMi--Myvy — o (2¢)
a
D - a¢ 2
o=ome (2d)
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N —
Ansatze

In order to find explicit solutions, we need to make some simplifying
assumptions:

o (Poincaré)y x SO(D — d) symmetry of space-time
@ Ansiatze related to the field strength = Electric or magnetic cases

o Linearity conditions
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.
Spatial Ansatz

A metric with (Poincaré)y x SO(D — d) symmetry:

ds® = e2A(r)dx“dx”77W + e2B(r)dymdy”<5m,,
p=01..,p=d—1 m=p+1,..,D-1 (3)

AT [N O VYR LM@Y M ([T IV EIM @IS o- brane Solutions and Dynamics of a Brane F 1 July, Universita di Salerno 6 /43



.
Spatial Ansatz

A metric with (Poincaré)y x SO(D — d) symmetry:

ds® = e2A(r)dx“dx”77W + e2B(r)dymdy”5m,,
uw=01,....p=d-1 m=p+1,...D—-1 (3)

The scalar field becomes:

¢=¢(r) with r=\/ymy,

This single r dependence will be common for all the functions (e.g. A(r)
and B(r))
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-
Field Strength Ansatze

One can consider two possibilities:

o Electric/Elementary case: A[,_y) couples to the worldvolume of a
p=deg —1=(n—1)— 1 dimensional "charged” extended object

Auoin1 = em_,,un_lec(r), others zero. (4a)
F,Sf,i)l__un_l = em,,,unflamec(r), others zero. (4b)
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-
Field Strength Ansatze

One can consider two possibilities:

o Electric/Elementary case: A[,_y) couples to the worldvolume of a
p=deg —1=(n—1)— 1 dimensional "charged” extended object

Auoin1 = em_,,un_lec(r), others zero. (4a)
F,Sf,i)l__un_l = 6“1,,,un718mec(r), others zero. (4b)

o Magnetic/Solitonic case: Consider *F¢ which is a (D — n) form
and will couple to a dso = D — n — 1 dimensional worldvolume:

yp
F,(,,Tag,,),n = )\Gml...mnpmv others zero. (5)

AT [N O VYR LM@Y M ([T IV EIM @IS o- brane Solutions and Dynamics of a Brane F 1 July, Universita di Salerno 9 /43



.
Curvature Components

Use of vielbeins which leave the metric as:

EMN = ém NGN ETIM (6)

Where the worldvolume/transverse 1-forms:

el = A dxH, e™ = BN gym (7)
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.
Curvature Components

Use of vielbeins which leave the metric as:

EMN = ém NGN ETIM (6)

Where the worldvolume/transverse 1-forms:

el = A dxH, e™ = BN gym (7)

Free-torsion condition("tetrad postulate”): def + wE g A eFE =0
Can calculate the 2-form curvature components by:

%:dwﬁthﬂ/\ wp £ (8)
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.
Explicit Curvature Components

Requires careful calculation:
For example, R™1 = dw™ + wm A w, "+ w™ A w,? (9)
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.
Explicit Curvature Components

Requires careful calculation:
For example, R™1 = dw™ + wm A w, "+ w™ A w,? (9)

Leads:

R, = —e2ABIg, A - 0" A(6:0% — 576%)
R = 4B (9p(A— B)O"A + 0,0"A — 0pA - "B + DpA - 0P B
RMI o = 0p0" BSmSE — 00" BOTSE — 0,0 BSOS + 9,0™BSZST  (10)
+ 0,BI"BS2SM — 9,BO" BSOS + 9B - 9™ B(552 — 551
+ 0,BO™BSES™ — 9,BO™ BS2S™
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Ricci Tensor

Contract = Ricci Tensor:

Ruw = R™ ,.eqe,, + RBY guegeyz (11a)
Rmn = RE® umelienn + RP" pmepen,  (11b)
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Ricci Tensor

Contract = Ricci Tensor:
Ruw = R™ ,.eqe,, + RPv B#egeyz (11a)
Rmn = RE umelienn + RP" pmeBpe,,ﬂ (11b)

Tracing:

Ruv = —nue® A B(A" + d(A')? + dA'B' + (¢ f Dy

- 2d +1
Rmzﬁﬁgwdwg+ﬂgf+(if)g+iﬁ) (12)

yy

- d d
(dB" + dA" — 2dA'B' + d(A)? — d(B')’ — ~B' — —A)

d=D—d—-2
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N
Equations of Motion (Again)

1
Run = 5 OMPOND + Sun (2a)
1 n—1
— ap - 2
SMN = )i G nD—2)" gun) ()
le( a¢FM1...MN) -0 (2C)
O¢ = a¢F2 (2d)
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N
Equations of Motion (Again!!)

We have expressions for F and R, substitute back into equations of motion:

(djL 1) d

1 AV Al D! ! _ 2
A" L d(A)? +dA'B + LA _72([)_2)5 {uv}
" 'Rl RN2 (2d+1) / i r_ d 2
B"+dAB +d(B) + B+ A = 2([)_2)5 {8mn}
dB" + dA"” — 2dA'B’ + d(A')? — d(B')?
_ﬂ /_ﬂ / 1 /2_1 2
B - A S(9) =255 {Ymyn}
1 1
"+ dA' ¢ + dB'¢ + (d+ )qs = ——¢aS? {9}

2
(13)
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N
Equations of Motion (Again!!)

We have expressions for F and R, substitute back into equations of motion:

" N2 T Al D/ (a+ 1) / _ d 2
A"+ d(A) + dA'B e A _72(D—2)S {pv}
" I ! 1 RN2 (284—1) ! g/__ d 2
B" + dA'B" + d(B’) +7r B '+ —-A = 72([)_2)5 {0mn}
dB" + dA” — 2dA'B’ + d(A')? — (B’)
d d 1 1
o *B/ o *A/ - N2 — 2 mYn
; A S(¢) = 35S {Ymyn}
d+1 1
" + dA'¢ + dB'¢ +( Jrr )¢ = —§§352 {9}
¢==l1 (13)
(e%a¢_dA+C)C’ electric: dgy =n—1
- lagp—dBy,—d : (14)
)\(eia‘i’* )r_d_3l magnetic: dso =D —n—1
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.
Simplification

Noticing Laplace operator for ¢(r):
Vg ="+ (d+1)r (15)

Using linearity conditions:
o dA'+dB'=0  (16a)
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.
Simplification

Noticing Laplace operator for ¢(r):
Vg ="+ (d+1)r (15)

Using linearity conditions:
o dA'+dB'=0  (16a)

Equations of motion are reduced to:

Vi =—3cas? {4}

VPA= g5y S {uv}

d(D = 2)(A')? + 3d(¢')* = 3dS*  {ymyn}
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.
Simplification

Noticing Laplace operator for ¢(r):
Vg ="+ (d+1)r (15)

Using linearity conditions:
o dA'+dB'=0  (16a)
° ¢ = LMA/ (16b)
Equations of motion are reduced to:
V2p=—3¢as®  {¢}
V2A = 3(D- 2)52 {pv}
d(D —2)(A')? + 3d(¢')? = 2dS?  {Ymyn}

Introducing notation A = a2 + ([2)‘1_32) = 52 = A(‘g)z {ymyn}
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.
Brane Equations

We are left to solve V2¢ + $2(¢')2 = 0 = V2e2? =0 (17)

< k
r
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.
Brane Equations

We are left to solve V2¢ + S5 (¢')2 =0 = V2e%? =0 (17)
$¢ k

5P =H(y)=1+ = k>0 ¢, ,00=0 (18)
r

Using H(y) and setting the integration constant Ay, = By, =0

_—4d_ 4d
d52 — HAD-2) dX“dXVmW + HAD-2) dymdym (19)
k
Hly)=1+ —= p-brane solutions
r
¢==1
Electric case: e¢ = ﬁH‘l Magnetic case: k = \g?
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]
Solutions for D=11

The action in D=11:

1 1
hy = /dllx{,/—g(R— SFl) — ¢Fin A Fin A Agh (20)

No scalar field ¢ == a =10
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Solutions for D=11

The action in D=11:

hy = /dllx{\/fg(R -

1

2

F[4]) — 6F[4] A F[4] A\ A[3]} (20)
No scalar field ¢ == a =10

For Fi4) two cases:
@ Electric: dgy=n—1=3= p=dg — 1= 2-brane
o Magnetic: dsp = Ne/ =11-3-2=6= p=ds —1=>5-brane

A=2dd/(D—-2)=(2-3-6)/9 =4
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]
D=11: Electric Case

k k
ds? = (1 + ﬁ)*z/3dx“dx”nﬁw +(1+ r—6)1/3dymdy’"

k
A = €un(l+ —6)717 other components zero (21)
r

electric 2-brane: isotropic coordinates
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]
D=11: Electric Case

k k
ds? = (1+ ) "2/ Pdx"dxny + (1 + —5)"dy™dy"

Auwr = €un(l+ —6)71, other components zero (21)
r

electric 2-brane: isotropic coordinates

I‘F K1/6R1/2

= R
ds? ={R*(—dt* + do® + dp?) + %k1/3R*2dR2} + k1/3d03
+ %k1/3[(1 o R3)—7/3 _ 1]R—2dR2 + k1/3[(1 . R3)—1/3 o 1]0’9%

A :R36,W>\, other components zero (22)

electric 2-brane: interpolating coordinates

R — 1 = Flat Space R — 0 = Metric of (AdS)s x S’
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.
Interpolation Representation

infinite “throat:”
(AdS), % S
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Diagrams |

“throat” ¥

timelike singularity
at F=0 (R — —==)
const. hypersurface

i, spatial infinity

R = const. hypersurface

Only the shaded region is covered
by the isotropic coordinates
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-
D=11: Magnetic Case

4R do;
2 _ p2 g btV 2/3 2 4
d5? = RAG ity + K2 s IR R6)2/3} (23)
magnetic 5-brane: interpolating coordinates
R — 1 = Flat Space R — 0 = Metric of (AdS); x S*
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-
Diagrams Il

spatial infinity ;

spatial

infinity
symmetric with T
R=0
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]
Probe brane

We will consider the dynamics of a light brane on a heavy brane
background:

Itotal = Ibackground + /probe (24)
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Probe brane

We will consider the dynamics of a light brane on a heavy brane
background:

Itotal = Ibackground + /probe (24)

IProbe = _Ta/d(erl)g[ det(aux Oy x gmn)]% 7% 3 + Qa/ Nﬁ’-ﬁ-l]

2 1 m m
Afpt1] = mamx Oy X TPVAR e AEFT A AEHRPH (25)

where T, = @, so that the probe brane acts as a source.
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N —
Interaction between two membranes

For the case where we have two electric membranes interacting:

lorobe = =T / d3¢ [\/ —det(e2A)p,,,, + €2B0)9,ymd,ym) — V)
(26)
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N —
Interaction between two membranes

For the case where we have two electric membranes interacting:

Iprobe =-T / d3§ [\/—det(eQA(Y)nm, + eZB(Y)auymayym) _ eC(Y):|
(26)

so that

foote =~ T [ o {e“(y) 1+ 280024000, ym i, ymy,, — ecm]
(27)
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N —
First order

Expanding the square root to first order:

/grobe = T/d3§ [e3A(y) _ eC(y)]

Viprobe = — T(e3A(y) _ eC(y)) (28)

AT [N O VYR LM@Y M ([T IV EIM @IS o- brane Solutions and Dynamics of a Brane F 15t July, Universita di Salerno 36 / 43



N —
First order

Expanding the square root to first order:

/gmbe = T/d3§ [e3A(y) _ eC(y)]

Viprobe = — T(e3A(y) _ eC(y)) (28)

From previous discussion:

; 2
A) = H N GE) Cy) = = -1 29
e e
(¥) A (29)
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N —
First order

Expanding the square root to first order:
/grobe = T/d3§ [e3A(y) _ eC(y)]

Viprobe = — T(e3A(y) _ eC(y)) (28)

From previous discussion:

_—2d 2
A) = H N GE) Cy) = £ -1 20
e e
v) = (29)
Substituting:
AV = H(y) 3 W) =y (30)

Therefore e3A) = e€(y) — V = 0 — No Force condition.
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]
Second order

Expanding to second order:

probe —

@ _;—/d3§e3A(Y)e2B(y)_2A(Y)8#ym LY " (31)
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]
Second order

Expanding to second order:

/@ _;—/d3§e3A(Y)e23(y)_2A(y)6#ym LY " (31)

probe =
The induced metric becomes:

,ymn _ eA(y)—i—ZB(y)(;mn

AT [N O VYR LM@Y M ([T IV EIM @IS o- brane Solutions and Dynamics of a Brane F 15t July, Universita di Salerno 40 / 43



]
Second order

Expanding to second order:

T
/(2) _2/d3§e3A(y)e2B(y)—2A(y)3uym VymT//U/ (31)

probe =

The induced metric becomes:

,ymn — eA(y)+2B(y)5mn

Using the linearity condition
dA'+dB' =0 — 3A(y) = —=6B(y) — A(y) = —2B(y)
Therefore

,ymn — 6mn
Flat due to the high degree of surviving supersymmetric parameters (too
restrictive).
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N —
Conclusion

@ Solutions are derived from a general simple action
@ Electric and magnetic solutions present a simple form

@ For D=11 solutions interpolate between flat space and
(AdS), x SP~" space

@ There is a no force interaction between heavy and light electric
membranes and the induced metric is flat.
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The End

THANKS FOR LISTENING
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