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Outline

Start with a general simple action and derive equations of motion

Derive the p-brane equations

Study the specific case of D=11

Study the dynamics of a light brane moving in a heavy membrane
background
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Single-Charge Action in D dimensions

I =

∫
dDx
√
−g
[
R − 1

2
∇Mφ∇Mφ − 1

2n!
eaφF 2

[n]

]
(1)

Contains:

Curvature Component R (Ricci Scalar)

Scalar Field φ

A Single Field Strength F[n]

Where the antisymmetric tensor field F[n] = dA[n−1]
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Equations of Motion

Varying the action with respect to the different variables we obtain:

δI = 0

RMN =
1

2
∂Mφ∂Nφ+ SMN (2a)

SMN =
1

2(n − 1)!
eaφ
(
FM...F

...
N − n − 1

n(D − 2)
F 2gMN

)
(2b)

∇M1(eaφFM1...MN ) = 0 (2c)

2φ =
a

2n!
eaφF 2 (2d)
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Ansätze

In order to find explicit solutions, we need to make some simplifying
assumptions:

(Poincaré)d × SO(D − d) symmetry of space-time

Ansätze related to the field strength ⇒ Electric or magnetic cases

Linearity conditions
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Spatial Ansatz

A metric with (Poincaré)d × SO(D − d) symmetry:

ds2 = e2A(r)dxµdxνηµν + e2B(r)dymdynδmn

µ = 0, 1, ..., p = d − 1 m = p + 1, ...,D − 1 (3)
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Spatial Ansatz

A metric with (Poincaré)d × SO(D − d) symmetry:

ds2 = e2A(r)dxµdxνηµν + e2B(r)dymdynδmn

µ = 0, 1, ..., p = d − 1 m = p + 1, ...,D − 1 (3)

The scalar field becomes:

φ = φ(r) with r =
√
ymym

This single r dependence will be common for all the functions (e.g. A(r)
and B(r))
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Field Strength Ansätze

One can consider two possibilities:

Electric/Elementary case: A[n−1] couples to the worldvolume of a
p = del − 1 = (n − 1)− 1 dimensional ”charged” extended object

Aµ1...µn−1 = εµ1...µn−1e
C(r), others zero. (4a)

F
(el)
mµ1...µn−1 = εµ1...µn−1∂me

C(r), others zero. (4b)
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Field Strength Ansätze

One can consider two possibilities:

Electric/Elementary case: A[n−1] couples to the worldvolume of a
p = del − 1 = (n − 1)− 1 dimensional ”charged” extended object

Aµ1...µn−1 = εµ1...µn−1e
C(r), others zero. (4a)

F
(el)
mµ1...µn−1 = εµ1...µn−1∂me

C(r), others zero. (4b)

Magnetic/Solitonic case: Consider ∗F el which is a (D − n) form
and will couple to a dso = D − n − 1 dimensional worldvolume:

F
(mag)
m1...mn = λεm1...mnp

yp

rn+1
, others zero. (5)
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Curvature Components

Use of vielbeins which leave the metric as:

gMN = eM
NeN

FηNF (6)

Where the worldvolume/transverse 1-forms:

eµ = eA(r)dxµ, em = eB(r)dym (7)
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Curvature Components

Use of vielbeins which leave the metric as:

gMN = eM
NeN

FηNF (6)

Where the worldvolume/transverse 1-forms:

eµ = eA(r)dxµ, em = eB(r)dym (7)

Free-torsion condition(”tetrad postulate”): deE + wE
F ∧ eF = 0

Can calculate the 2-form curvature components by:

R
EF
[2] = dwEF + wED ∧ wD

F (8)
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Explicit Curvature Components

Requires careful calculation:
For example, Rmn = dwmn + wmα ∧ wα

n + wmp ∧ wp
n (9)
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Explicit Curvature Components

Requires careful calculation:
For example, Rmn = dwmn + wmα ∧ wα

n + wmp ∧ wp
n (9)

Leads:

Rµν µν = −e2(A−B)∂µA · ∂µA(δ
µ
µδ

ν
ν − δ

µ
ν δ

ν
µ)

Rµn pµ = e(A−B)δ
µ
µ

(
∂p(A− B)∂nA + ∂p∂

nA− ∂pA · ∂nB + ∂pA · ∂pBδnp
)

Rmn
ps = ∂p∂

nBδms δ
n
n − ∂s∂nBδmp δnn − ∂p∂mBδns δmm + ∂s∂

mBδmmδ
n
p (10)

+ ∂sB∂
nBδnnδ

m
p − ∂pB∂nBδnnδms + ∂mB · ∂mB(δms δ

n
p − δmp δns )

+ ∂pB∂
mBδns δ

m
m − ∂sB∂mBδnpδmm
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Ricci Tensor

Contract ⇒ Ricci Tensor:

Rµν = Rnν
nµe

n
neνν + Rβν βµe

β
β eνν (11a)

Rmn = Rµn µme
µ
µenn + Rpn

pme
p
p enn (11b)
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Ricci Tensor

Contract ⇒ Ricci Tensor:

Rµν = Rnν
nµe

n
neνν + Rβν βµe

β
β eνν (11a)

Rmn = Rµn µme
µ
µenn + Rpn

pme
p
p enn (11b)

Tracing:

Rµν = −ηµνe2(A−B)(A′′ + d(A′)2 + d̃A′B ′ +
(d̃ + 1)

r
A′)

Rmn = −δmn(B ′′ + dA′B ′ + d̃(B ′)2 +
(2d̃ + 1)

r
B ′ +

d

r
A′) (12)

− ymyn

r2
(d̃B ′′ + dA′′ − 2dA′B ′ + d(A′)2 − d̃(B ′)2 − d̃

r
B ′ − d

r
A′)

d̃ = D − d − 2
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Equations of Motion (Again)

RMN =
1

2
∂Mφ∂Nφ+ SMN (2a)

SMN =
1

2(n − 1)!
eaφ
(
FM...F

...
N − n − 1

n(D − 2)
F 2gMN

)
(2b)

∇M1(eaφFM1...MN ) = 0 (2c)

2φ =
a

2n!
eaφF 2 (2d)
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Equations of Motion (Again!!)

We have expressions for F and R, substitute back into equations of motion:

A′′ + d(A′)2 + d̃A′B ′ +
(d̃ + 1)

r
A′ =

d̃

2(D − 2)
S2 {µν}

B ′′ + dA′B ′ + d̃(B ′)2 +
(2d̃ + 1)

r
B ′ +

d

r
A′ = − d

2(D − 2)
S2 {δmn}

d̃B ′′ + dA′′ − 2dA′B ′ + d(A′)2 − d̃(B ′)2

− d̃

r
B ′ − d

r
A′ +

1

2
(φ′)2 =

1

2
S2 {ymyn}

φ′′ + dA′φ′ + d̃B ′φ′ +
(d̃ + 1)

r
φ′ = −1

2
ςaS2 {φ}

(13)
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Equations of Motion (Again!!)

We have expressions for F and R, substitute back into equations of motion:

A′′ + d(A′)2 + d̃A′B ′ +
(d̃ + 1)

r
A′ =

d̃

2(D − 2)
S2 {µν}

B ′′ + dA′B ′ + d̃(B ′)2 +
(2d̃ + 1)

r
B ′ +

d

r
A′ = − d

2(D − 2)
S2 {δmn}

d̃B ′′ + dA′′ − 2dA′B ′ + d(A′)2 − d̃(B ′)2

− d̃

r
B ′ − d

r
A′ +

1

2
(φ′)2 =

1

2
S2 {ymyn}

φ′′ + dA′φ′ + d̃B ′φ′ +
(d̃ + 1)

r
φ′ = −1

2
ςaS2 {φ}

ς = ±1 (13)

S =

{
(e

1
2
aφ−dA+C )C ′ electric: del = n − 1

λ(e
1
2
aφ−d̃B)r−d̃−1 magnetic: dso = D − n − 1

(14)
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Simplification

Noticing Laplace operator for φ(r):

∇2φ = φ′′ + (d̃ + 1)r−1φ′ (15)

Using linearity conditions:

dA′ + d̃B ′ = 0 (16a)
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Simplification

Noticing Laplace operator for φ(r):

∇2φ = φ′′ + (d̃ + 1)r−1φ′ (15)

Using linearity conditions:

dA′ + d̃B ′ = 0 (16a)

Equations of motion are reduced to:

∇2φ = −1
2 ςaS

2 {φ}

∇2A = d̃
2(D−2)S

2 {µν}

d(D − 2)(A′)2 + 1
2 d̃(φ′)2 = 1

2 d̃S
2 {ymyn}
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Simplification

Noticing Laplace operator for φ(r):

∇2φ = φ′′ + (d̃ + 1)r−1φ′ (15)

Using linearity conditions:

dA′ + d̃B ′ = 0 (16a)

φ′ = −ςa(D−2)

d̃
A′ (16b)

Equations of motion are reduced to:

∇2φ = −1
2 ςaS

2 {φ}

∇2A = d̃
2(D−2)S

2 {µν}

d(D − 2)(A′)2 + 1
2 d̃(φ′)2 = 1

2 d̃S
2 {ymyn}

Introducing notation ∆ = a2 + 2dd̃
(D−2) ⇒ S2 = ∆(φ′)2

a2 {ymyn}
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Brane Equations

We are left to solve ∇2φ+ ς∆
2a (φ′)2 = 0 ≡ ∇2e

ς∆
2a
φ = 0 (17)

e
ς∆
2a
φ ≡ H(y) = 1 +

k

r d̃
k > 0 φ|r→∞ = 0 (18)
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Brane Equations

We are left to solve ∇2φ+ ς∆
2a (φ′)2 = 0 ≡ ∇2e

ς∆
2a
φ = 0 (17)

e
ς∆
2a
φ ≡ H(y) = 1 +

k

r d̃
k > 0 φ|r→∞ = 0 (18)

Using H(y) and setting the integration constant A∞ = B∞ = 0

ds2 = H
−4d̃

∆(D−2) dxµdxνηµν + H
4d

∆(D−2) dymdym

H(y) = 1 +
k

r d̃

ς = ±1

(19)

p-brane solutions

Electric case: eC = 2√
∆
H−1 Magnetic case: k =

√
∆

2d̃
λ
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Solutions for D=11

The action in D=11:

I11 =

∫
d11x

{√
−g(R − 1

48
F 2

[4])−
1

6
F[4] ∧ F[4] ∧ A[3]

}
(20)

No scalar field φ⇒ a = 0
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Solutions for D=11

The action in D=11:

I11 =

∫
d11x

{√
−g(R − 1

48
F 2

[4])−
1

6
F[4] ∧ F[4] ∧ A[3]

}
(20)

No scalar field φ⇒ a = 0

For F[4] two cases:

Electric: del = n − 1 = 3⇒ p = del − 1 = 2-brane

Magnetic: dso = d̃el = 11− 3− 2 = 6⇒ p = dso − 1 = 5-brane

∆ = 2dd̃/(D − 2) = (2 · 3 · 6)/9 = 4
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D=11: Electric Case

ds2 = (1 +
k

r6
)−2/3dxµdxνηµν + (1 +

k

r6
)1/3dymdym

Aµνλ = εµνλ(1 +
k

r6
)−1, other components zero (21)

electric 2-brane: isotropic coordinates
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D=11: Electric Case

ds2 = (1 +
k

r6
)−2/3dxµdxνηµν + (1 +

k

r6
)1/3dymdym

Aµνλ = εµνλ(1 +
k

r6
)−1, other components zero (21)

electric 2-brane: isotropic coordinates

If r = k1/6R1/2

(1−R3)1/6

ds2 ={R2(−dt2 + dσ2 + dρ2) +
1

4
k1/3R−2dR2}+ k1/3dΩ2

7

+
1

4
k1/3[(1− R3)−7/3 − 1]R−2dR2 + k1/3[(1− R3)−1/3 − 1]dΩ2

7

Aµνλ =R3εµνλ, other components zero (22)

electric 2-brane: interpolating coordinates

R → 1⇒ Flat Space R → 0⇒ Metric of (AdS)4 × S7
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Interpolation Representation
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Diagrams I
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D=11: Magnetic Case

ds2 = R2dxµdxνηµν + k2/3
[ 4R−2

(1− R6)8/3
dR2 +

dΩ2
4

(1− R6)2/3

]
(23)

magnetic 5-brane: interpolating coordinates

R → 1⇒ Flat Space R → 0⇒ Metric of (AdS)7 × S4
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Diagrams II
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Probe brane

We will consider the dynamics of a light brane on a heavy brane
background:

Itotal = Ibackground + Iprobe (24)
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Probe brane

We will consider the dynamics of a light brane on a heavy brane
background:

Itotal = Ibackground + Iprobe (24)

Iprobe = −Tα
∫

d (p+1)ξ
[
− det(∂µx

m∂νx
ngmn)

] 1
2 e−

1
2
ςpr~aα·~φ + Qα

∫
Ãα[p+1]

Ãα[p+1] =
1

(p + 1)!
∂µ1x

m1...∂µp+1x
mp+1Aαm1...mp+1

dξµ1 ∧ · · · ∧ ξµp+1 (25)

where Tα ≡ Qα so that the probe brane acts as a source.
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Interaction between two membranes

For the case where we have two electric membranes interacting:

Iprobe = −T
∫

d3ξ

[√
−det(e2A(y)ηµν + e2B(y)∂µym∂νym)− eC(y)

]
(26)
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Interaction between two membranes

For the case where we have two electric membranes interacting:

Iprobe = −T
∫

d3ξ

[√
−det(e2A(y)ηµν + e2B(y)∂µym∂νym)− eC(y)

]
(26)

so that

Iprobe = −T
∫

d3ξ

[
e3A(y)

√
1 + e2B(y)−2A(y)∂µym∂νymηµν − eC(y)

]
(27)
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First order

Expanding the square root to first order:

I 0
probe = −T

∫
d3ξ

[
e3A(y) − eC(y)

]
Vprobe = −T (e3A(y) − eC(y)) (28)
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First order

Expanding the square root to first order:

I 0
probe = −T

∫
d3ξ

[
e3A(y) − eC(y)

]
Vprobe = −T (e3A(y) − eC(y)) (28)

From previous discussion:

eA(y) = H(y)
−2d̃

∆(D−2) eC(y) =
2√
∆
H−1 (29)
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First order

Expanding the square root to first order:

I 0
probe = −T

∫
d3ξ

[
e3A(y) − eC(y)

]
Vprobe = −T (e3A(y) − eC(y)) (28)

From previous discussion:

eA(y) = H(y)
−2d̃

∆(D−2) eC(y) =
2√
∆
H−1 (29)

Substituting:

eA(y) = H(y)−
1
3 eC(y) = H−1 (30)

Therefore e3A(y) = eC (y)→ V = 0→ No Force condition.

Andrés Olivares del Campo (Imperial College London)p-brane Solutions and Dynamics of a Brane Probe1st July, Università di Salerno 38 / 43



Second order

Expanding to second order:

I
(2)
probe = −T

2

∫
d3ξe3A(y)e2B(y)−2A(y)∂µy

m∂νy
mηµν (31)
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Second order

Expanding to second order:

I
(2)
probe = −T

2

∫
d3ξe3A(y)e2B(y)−2A(y)∂µy

m∂νy
mηµν (31)

The induced metric becomes:

γmn = eA(y)+2B(y)δmn
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Second order

Expanding to second order:

I
(2)
probe = −T

2

∫
d3ξe3A(y)e2B(y)−2A(y)∂µy

m∂νy
mηµν (31)

The induced metric becomes:

γmn = eA(y)+2B(y)δmn

Using the linearity condition
dA′ + d̃B ′ = 0→ 3A(y) = −6B(y)→ A(y) = −2B(y)

Therefore

γmn = δmn

Flat due to the high degree of surviving supersymmetric parameters (too
restrictive).
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Conclusion

Solutions are derived from a general simple action

Electric and magnetic solutions present a simple form

For D=11 solutions interpolate between flat space and
(AdS)n × SD−n space

There is a no force interaction between heavy and light electric
membranes and the induced metric is flat.
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The End

THANKS FOR LISTENING

QUESTIONS?
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