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must be massless, sinee amass term for the gange fields, :::f\.-l;“ A would not
be gange invariant due to the inhomogeneous term in eqn (3.5).

In addition to eqn (3.9) there is one other invariant term involving the gange
ficlds of mass dimension four or less which could be added to the standard
Lagrangian density. In terms of the dual field strength tensor.
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Fi, = 56, 7 Fy:  normalized such that  F = F (3.11)

the so-called #-term is given by
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The parameter € appearing above has nothing to do with the parameters 6, in
cqu (3.2). As the second form makes clear, £y can be expressed as the total
divergence of a gauge dependent current. As such it contributes only a surface
term to the action which naively may be neglected. Unfortunately, life is not so
simple and the surface integral is related to a topological invariant, called the
Pontryagin index.” The non-trivial topological structure of the vacunm in QCD is
such that in practice the #-term does give a non-perturbative contribution. This
represents a serious problem since the f-term violates both the discrete symime-
tries parity (I’) and time reversal ('T). which are known to be respected by QCD
to high accuracy, along with charge conjugation (C) invariance (Cheng. 1988).
Since T-violation is equivalent to CP-violation. one would expect a contribution
to the CP-violating electric dipole moment of the neatron

edm. =0 x 107119 eom (3.13)

where 6 is the sum of @ and the electroweak. CP-violating phase in the quark
mass matrix. Given the measnred value. e.d.m. < 107 c.emn (PDG, 2000)., this
requires 0 < 1079 far smaller than the CP-violation observed in weak interac-
tions. This is the ‘strong CIP problem™ for which several putative solutions are
available in the literature, most prominent of which is the axion. However, we
adopt a pragmatic approach and simply set # = 0:; in any case the #-term does
not give rise to any perturbative physics.

The classical QCD Lagrangian density Lojuw = Lguark + Laange. described so
far, is constructed to be invariant under local gauge transformations. However.
this requirement leads to diffieulties in formulating the guantum theory. The erux
of the problem is the large degeneracy between sets of gluon ficld confignrations
which are all equivalent under gauge transformations. The treatment of this

' Loosely speaking, the mumber of twists in the mapping of the 3-sphere, at infinity, into

the SU(3) gauge space.
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problem requires the apparatus of gauge fixing and ghost helds. Here we provide
a henristice discussion of the solution using the Feviman path integral method;
more complete details can be found in any modern quantum held theory text
book, such as the one by Peskin and Schroeder (1995).

A 0

F(A%) =0

1, 3.1, A schematic diagram of gauge field space showing the ‘fibres’ of gange
s a 8 Bang
equivalent field configurations, A”, and the surface defined by the gauge fixing
condition, f(A?) =0

In the Feynman path integral approach, quantities of interest are evaluated
as averages over all configurations of the quark and gluon fields weighted by the
exponential of the action for the fields. This is similar to the nse of the partition
function in statistical mechanies. It is the naive functional integral over all the
gluon fields. including the gauge equivalent copies. which causes a divergence.
This divergence is completely nnrelated to those discussed later in the context
of renormalization. The basic resolution. due to Faddeev and Popov (1967). is to
split the functional integral into an integral over unique elements representing
the sets of gauge equivalent field configurations and a common integral over
the space of gauge transformations. The latter integral represents a constant
(infinite) factor which can be safely dropped. The sange degencracy is broken
by imposing a gange fixing condition of the form f(AY) = 0. Here AY is the
transform of the gauge field A under the action of U(#), eqn (3.5). and f(A)
is a function such that for a given A a solution exists for only one value of the
gauge parameters 6. In a noun-abelian theory this may be true only if we exclude
topologically non-trivial gauge field configurations, which in any case give only
very small contributions to the action and do not affect perturbation theory
(Gribov. 1978). The situation is illustrated in Fig. 3.1. By inserting the identity
in a suitable form. c.f. 1 = [du|df/dx|d(f(x)). and not showing source terms,
the fundamental partition function can be symbolically written as
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(3.14)

Source terms are not shown, In the second line the divergent 0 integral has
been discarded as the remaining terms arve actually f-independent. Formally, this
means that we have redefined the integration measure. The d-function has been
implemented in the action as the quadratic term. The parameter € is arbitrary,
contributing only to the overall normalization. and as such it cannot enter into
any physical quantity, like S-matrix elements, though it may appear in interme-
diate expressions. As is made clear below. particular choices. such as € = 1. are
often preferred due to the relative simplicity of the resulting glion propagator.
The determinant of the Jacobian matrix is incorporated into the action as an
imtegral over the octet of ghost fields, 7%, These are unphysical, complex valued.,
Lorentz scalars which obey Fermi-Dirac statisties, that is, they are represented
by Grassmann variables, and transform under the adjoint representation of the
ganuge group. Ghost fields only appear internally in loop diagrams. their physical
role is discussed in a less abstract fashion in Section 3.3.3.1. The result of these
manipulations is the addition of gange fixing and ghost terms to the Lagrangian
density.

The gauge divergence in the path integral which is associated with the gange
degeneracy of the gluon fields manifests itself perturbatively in the lack of a
glnon propagator. The addition of a gange fixing term allows this propagator to
be defined. To see how this works consider the popular choice of covariant gauge:
A, A" = 0. As indicated above. this requires two new terms to be added to the
classical Lagrangian.

Loix4ghost = —-3%(;),, AN (D, AY) + O™t (026 + gufute A™) 0® (3.15)
Observe that the bracketed term in the ghost Lagrangian is the appropriate gen-
eralization of the covariant derivative for the adjoint representation: T9(A)y,. =
1 fabe- It provides a kinetic termn for the ghost fields and in this covariant gauge a
ghost gluon coupling. Propagators are derived from the quadratic. free particle,
terms in the action; for the A7 field these are
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In the sccond line, integration by parts is used whilst in the third a Fourier
transform, &, v+ —ip,,. is used to go to momentun space. The gluon propagator.
[T(p)e®. is given by the inverse of the bracketed tern.
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[t is casy to see that this inverse would not exist in the absence of the gange fixing
term, that is. in the limit £ — oc. Since then the momentum-vector p' would
be an eigenvector of the inverse propagator with eigenvalue zero. this results in
a matrix with at least one vanishing eigenvalue which cannot be inverted. The
¢ term enforees causality. It can be traced to adding a term +ieAj A" to the
action to ensure that the action integral is convergent.

Another popular choice is the axial or physical gange defined by n - A" = 0
where nois a fixed Lorentz fonr-vector. Sometimes. the additional restriction

n? = 1 orn? = 0is applied. The required gange fixing term is

L= ‘76(" A (n - A") . (3.18)

Since in this axial gange the corresponding ghost term only contains the Ki-
netie picce and does not couple ghosts to any other helds, the ghosts may be
trivially integrated out and need not be considered further. The corresponding.
momentim space, glnon propagator is given by
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Now, in any gauge the glion propagator can be decomposed into a weighted sum
of direct produets of polarization vectors e(p)” for the off mass-shell glnon:

[T(p)" = ,,z T O Gl )t (3.20)
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where. in general. the sum includes contributions from two transverse (7°), one
longitudinal (L) and one scalar component, (S). Significantly. for an axial gauge
in the on mass-shell limit, p* = 0, only the physical. transverse polarizations
propagate (C';, = Cg = 0). This proves to be very useful in situations where
physical argmmnents are to be used. The price to be paid is the relative complexity
of the propagator. in particnlar the presence of the spurious singularities in (n -
p) " which require a careful treatment in terms of principal values (Leibbrandt.
1987). In practice. it proves popular to use the Feviuman gauge for higher order
calenlations and the axial gauges to gain physical insight.

Finally. we give the complete QCD Lagrangian density. in the covariant
gange:

Laocp = q(x)[id — m|q,(x)
l a £ a 4R 1 ¢ ats 3 ajr l T a =) a
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1his has been separated into the quadratic parts and the remaining ‘perturba-
tions” which are proportional to either g, or g. The first three terms give rise
to the quark. gluon and ghost propagators, the fourth and fifth the quark gluon
and ghost-gluon vertices, whilst the sixth and seventh terms give rise to triple-
and quartic-gluon vertices. The corresponding Feyvnman rules are detailed in
Appendix B, together with those for the axial gauge.

3.2 The QCD description of basic reactions
In the following section, we attempt to give an overview of three basic aspects
of hadron production in collider experiments. These are: a snmmary of the ac-
tual properties of the events that are seen in lepton-lepton, lepton-hadron and
hadron-hadron collisions; an outline of these events’ formal description using
QCD: and an insight into the physical pictures which guide people’s thinking.
In general, the nse of QCD to describe a reaction means the use of per-
turbative QCD (pQCD). This restriction is purely practical and merely reflects
onr present inability to calculate more than a few non-perturbative propertics
within QCD. The applicability of perturbation theory relies on the strong cou-
pling being small. A very important property of QCD is that the size of the
strong coupling varies with the size of the characteristic momentum transfer in
a process. The coupling runs in such a way that it is small for large momentum
transfers, Q > Aqep. and large for small momentum transfers. To leading order

92(Q%) | '
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Here Agep is an energy scale at which non-perturbative effects become impor-
tant. Experimentally, it is found to be O(200) MeV. that is, the mass scale of
hadronic physics as given by the pion mass or equivalently the inverse of a typical
hadron size Ry. The coefficient 3y > 0 in eqn (3.22) is defined in Section 3.4.5.
The appearance of the seale Agep and the running of the coupling is a subtle
aspect of renormalizable theories, such as QCD., which we shall discuss later.
As a consequence, the major part of this book is dedicated. necessarily, to dis-
cussing hard processes that involve a large momentum transfer. This may arise
naturally, as for example in the production of a heavy particle. or may be en-
cineered. by, for example. only considering jets with large transverse energies.
Of course, we do need to discuss non-perturbative aspects of QCD, in particular
hadronization. Here. when detailed descriptions are needed, we must mainly rely
on models rather than theoretically secure QCD predictions. Fortunately, the
cffects of hadronization on pQCD predictions appear to be modest.

Restricting our attention to large momentum transfer processes, Q% = Aocn
with Agen ~ l?";'. implies. by virtne of the unecertainty principle, that we see

one has

0a,(Q%) =
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nature on a small, sub-nuclear seale. At these scales hadrons appear to be com-
posed of the (anti)quarks and gluons which appear in the QCD Lagrangian.
Furthermore, they are only weakly self-interacting thanks to the running strong,
coupling. This allows the individual, target hadrons to be characterized by parton
density functions (p.lf.s) deseribing the distributions of partons as a function of
the [raction of their parent hadron’s momentum that they carry. In the parton
model, eross sections for hard processes are caleulated in terms of the tree-level
scattering or annihilation of individual (anti)quarks and gluons convoluted with
the appropriate p.d.f.s. What gives this statement its power is the fact that the
p.cl.f.s are independent of the hard subprocess. In essence what we have is that
the cross section can be factorized into a process dependent. short-distance, hard
subprocess, involving partons, and a process independent. long-distance part, the
p..fs. deseribing the hadrons involved.

Now. many of the hard subprocesses of interest are electroweak in nature
s0 that QCD really only enters via the higher order corrections. Two important
features of this QCD improved parton model are the dependence of the p.d.fis on
the hard scale of the interaction and the appearance of multiparton final states.
It is the QCD improved parton model that provides the framework for most of
what follows.

As we have just said, caleulations in pQCD are carried out in terms of the
quark and gluon degrees of freedom appearing in the QCD Lagrangian rather
than the colourless hadrons observed in experiments. The confinement transi-
tion from the almost free partons to the bound state hadrons is still not well
nnderstood but mnst be addressed before making comparisons with experiment.
Fortunately. given the necessary restriction to hard processes, it is believed that
non-perturbative effects. which involve small momentuin transfers. @ < Agen.
do not spoil parton level predictions. This can be seen in two complementary
ways. FFirst, the disparity in momentum transfers argues that the perturbative
features of an event can not be modified significantly by hadronization without
introducing a new, perturbative scale. Second, the nncertainty principle can be
used to relate the four-momentum of a virtual particle, Q. to the space time
distance it travels. Q" /Q%: see Ex. (3-2). Thus. perturbative physies takes place
on short-distance scales, whilst non-perturbative effeets are long range in nature
and can only have limited effect on the widely separated hard partons.

Two basic approaches are available to calculate hadronic event properties
within pQCD. One approach is fixed-order perturbation theory, the other one is
based on a snmmation of leading logarithins.

To deseribe a given type of event using fixed order pertnrbation theory, its
dominant features are identified. typically collimated sprays of hadrons known
as jets. and these are associated with well separated primary partons. In the
absence of flavour tagging these may be either gquarks or gluons. In this way
the event is matched to a scattering amplitude containing the primary partons
as external states.  This amplitude is deseribed by a sequence of ever more
complex Feynman diagrams which may be gronped into sets according to how
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many gauge couplings, ¢, VAra,, they contain. The simplest set of (tree)
dingrams contribute to the cross section, which is proportional to the amplitude
siuared, at O(al') where the power n is characteristic of the process. In gluon
gluon scattering, for example, one has n = 2, whilst for three-jet production in
¢'e” annihilation it is n = 1. This is the leading order (1LO) approximation. The
next simplest set. of (one-loop) diagrams contribute at. O(al*1): this is the next-
to-leading order (NLQO) approximation, ete. Given a sufficiently small coupling,
this perturbation series should converge to the correet answer as more terms are
added. In practice, the series is expected to be only asymptotically convergent
so that bevond a certain order the numerical evaluation of the series begins to
diverge from the true answer.

A complication arises in this approach because tree-level diagrams diverge
whenever external partons become soft, or collinear and related divergences arise
i virtual (loop) diagrams. This is in addition to the ultraviolet. divergences
treated by renormalization. Fortunately, in sufficiently inclusive measurements.
such as the total hadronic cross section, it is guaranteed that the two sets of
divergences cancel.  Unfortunately. in more exclusive quantities. which involve
restricted regions of the external partons™ available phase space. the cancellation
is less complete and large logaritlunic terms remain, generically of the form
L = n(Q?/Q3). Since a (Q?*)L is of order unity for Q% > Q3. sce eqn (3.22),
this can spoil the convergence of finite order perturbation theory.

In the second approach, the original perturbation series is rearranged in terms
of powers of o L.

do =" an(a )" + a(Q*) Y bulagL)" + - (3.23)

n

The first, infinite set of terms represent the leading logarithm approximation
(LLA), then comes the genuinely a -suppressed next-to-LLA (NLLA) and so on.
Since the enhanced regions of phase space involve near collinear or soft gluion
cmission, it is favourable for the primary partons to dress themselves with a
shower of near collincar or soft partons. These are the parton precursors of
hadronic jets. An important feature of such multiparton matrix elements is that
in the enhanced regions of phase space they factorize into products of relatively
simple expressions allowing significant simplifications in the treatiment of leading
logarithms. In some cases. it is actually possible to sum analytically the LLA-
and NLLA-series to all orders in a_.

The emerging picture of an event follows a sequence ol decreasing scales. A
genninely hard subprocess produces a number of primary partons which then
undergo semi-hard glnon radiation resulting in showers of soft partons which
nltimately hadronize. The main features of an event are determined during its
perturbative stages, thereby allowing tests of (p)QCD. In the following subsec-
tions we deseribe the basic phenomenology of the three main types of particle
collision and how QCD applies to them.
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3.2.1  Electron positron annihilation

Electron positron annihilation to hadrons provides the simplest colliding bheam
processes that ean be deseribed using pQCD. The simplicity follows from both
the well-defined energies of the initial state particles and the fact that the leptons
interact via a weakly coupled. colonr singlet. virtnal photon. This allows a clean
separation of the initial and final state particles. The combined momentin of
the incoming leptons provides a large scale justifying the use of pQCD. In the
parton model the basic interaction is an clectroweak process. ete™ — 4% JZ —
qq: this has essentially the same cross section as the well established process
ete™ — ptp . It is usually adequate to consider single photon exchange due
to the small value of the electromagnetic coupling a,,, = ¢*/(47) =~ 1/137. The
structure of the hadronie final state depends only on the centre-of-momentum
(CLo.M.) energy, /s, of the collision and if polarized the polarizations of the
incoming leptons. The C.o.NL system is often also referred to as “centre-of-mass’
system, since in the svstem where the momenta balance, the centre-of-mass of
the interacting particles is at rest. Dealing with relativistic particles, however,
the name ‘centre-of-momentum’ is more to the point.

At low C.oM. energies. 0 < /s < 5 GeV. the most interesting quantity is
the total hadronic cross section. This shows a lot of structure characterized by
steps” at quark thresholds together with strong resonances, associated with
bound states that possess the same quantum numbers as the exchanged photon.
In essence the off mass-shell photon behaves as a JVC = veetor neson: o, w.
¢y J /e, T(1S), ete. The hadronie final state is characterised by low multiplicities
and only modest, structure, It can be described adeguately by a mix of isotropic
phase space and resonance decays.

As the C.o. M. energy increases. the final state hadrons show a tendeney to
align along an axis and a back-to-back two-jet structure begins to appear. This
is followed. at aronnd /s = 30GeV. by the emergence of three-jet features
in a fraction. O(10%), of the events. By identifving these jets with primary
partons it is possible to test the nature of QCD’s basie constituents and their
couplings. For example, three-jet events are believed to be a manilestation of
e — qqg. An example of a three-jet
event is shown in Fig. 6.1. The rate of this three-jet production gives a measure
of the strong coupling, a_, whilst the angular distribution of the jets reflects
the spin-1 nature of the glion. At even higher energies, small fractions of well
separated four. five and more jet events appear. allowing tests of the triple and
quartic glion couplings. Note that these jets are required to be well separated
to avoid the collinear and soft enhancements that wonld invalidate fixed order
perturbation theory, thereby complicating any comparisons to theorv. A more
precise definition of a jet is given in Section 6.2,

On dimensional grounds the total cross section mnst take the form

olg) = *‘l:f (ﬁ‘{i) . (3.24)

vecetor gluon emission in the process e
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where the {m;} represent the relevant masses, such as quark or hadron masses.
The function f(x;) tends to a non-zero constant as 2, — 0. Since the quark and
hadron masses are mostly small, their effect becomes negligible as s increases
and the cross section falls as 57!, as prescribed by the photon propagator. This
remains true until around /s = 40 GeV when deviations begin to be seen: this is
Lhe tail of the Z resonance which becomes dominant at /s = 91 GeV. Apart from
the large enhancement in the total cross section, the main effect of Z exchange is
to modify the Havour mix of produced quarks and to introduce asymmetries into
the polar angle distributions of the primary quarks. compared to pure photon
exchange. Above /s = 91 GeV, photon and Z exchange remain of comparable
nnportance, but the total hadronic cross section continues to fall and becomes of
less relative importance as other production channels, such as ete™ — WHW—
open up.

An example of a less inclusive quantity in e annihilation is the cross
section for the produetion of a specific type of hadron in the final state. Suppose

+0-

this hadron, h, has momentum p#, then the differential cross section can be
written in the form of a convolution

1
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do® ! h'\([)..‘-') tE /_(lnu ‘ u.\(
0 <0

J

~

s) D(z) . (3.25)

er |

-
-~

The first term, da, is the hard cross section for the production of a parton a such
that it carries momentum p*/z. The second term is a fragmentation funection,
DV (z)dz, which gives the probability that the parton a produces the hadron h
carrving a fraction z of the primary parton’s momentum. This fragmentation
function is the final state analogue of the previously mentioned p.d.fis. to be
disenssed more fully in Section 3.2.2. The product of these two terms is sunined
over all the possible contributing partons and integrated over the momentum
fractions. The factorization is between a perturbatively calenlable. short-distance
cross section and a non-perturbative fragmentation function. It is important to
realize that @ does not depend on the identity of the hadron h, which would
be a long-distance effect, but only on the parton a and the colliding beams.
Conversely. D! does not depend on the short-distance, hard subprocesses; in
this sense it is universal and can be applied to any subprocess that produces the
outgoing parton a.

At the lowest order the relevant hard subprocess is e¥e™ — qq, so that in
eqn (3.25) the sum is over quarks with 2m,, < /s. This gives the parton model
prediction for which, as indicated, the fragmentation function depends only on
the momentum fraction z. The inclusion of QCD corrections complicates matters.
though the basic factorized form remains the same. In particular, renormalization

t

requires the introduction of an arbitrary renormalization scale, j . whilst the
factorization procedure introduces a second. arbitrary factorization scale, jip.
This acts as a cut-off on the virtuality of intermediate particles. equivalent to a
cut-off on the (inverse) distance it travels. The exact origin of the scales jogp and
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s will become elear in Seetions 3.0 and 3.6. The QCD hmproved parton mocdel
prediction is

-

3l
do®" I e Z / (l%(l(t""" g ({—).s:ilu.ul«‘) DMz pp.pr). (3.26)
—~Jo =
where the parton sum now includes contributions from glnons. Here the coeffi-
cient function € is derived from the partonic cross section for the subprocess.
Foo — aX. Thanks to its short-distance nature C is caleulable nsing pQCD
and is devoid of any divergences. On the other hand, D" is not caleulable with
today’s technology and therefore must he determined from experiment. That
said, the dependence on the scale jipo, which is introduced in order to separate
short- and long-distance effeets, is caleulable. Recall that both jege and jepe are ar-
bitrary as are aspects of the renormalization and factorization schemes. However,
the physical cross section, on the left-hand side of equ (3.26). is independent of
the particular scales and schemes used, provided that the same choices are used
consistently in both ¢ and D", Whilst not. necessary, it is comnon practice to
only consider the case that pg = pp(= /s).

A simplification in the above deseription of electron positron annihilation
is the assumption that the colliding leptons are mono-energetic. This is not
true. In a process known as bremsstrahilung they decelerate into the collision by
emitting photons which reduces the effective C.o.M. energy. This inatial state
photon radiation (ISR) may be treated using structure functions (perhaps more
properly called electron density functions) (Kleiss et al., 1989). The idea is that
the incident electron is really surronnded by a cloud of photons and further e*e™
pairs. What the structure function, fo.(o, p?). gives is the probability density
for finding an electron in this clond of particles carryving a fraction @ of the

(!

parent electron’s momentum when it is probed at a scale . The electron-positron
collision is then between these constituents. Summing up all the contributions

2Ives

1 1
dagr(s) = / dary [ dao fore(xr.s) foje(aa. 5)da(s = axpaas) . (3:27)
0 0

On the assumption of massless electrons, the C.o.M. energy squared in the hard
subprocess is given by § = (rp. + #apes )2 = aypres. It is possible to caleulate
this structure function in QED perturbation theory. An approximate form is

> 2 26, £
el 2y = (1 — 2)?~1 with  B(p?) = Zem |1y ﬂ— —1] . (3.28)
¥ ; ¥ m?

In practice, one has 0 < 3 < 1 so that f./.(@. 11%) acquires an integrable singn-
lavity for x — 1. which favours soft photon emission. Whilst the singularity can
be treated analytically. its treatment in a numerical implementation takes some
care. (Computers don’t handle singularities very well .. .)
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The effeet of initial state photon emission on a total cross section is strongly
intlnenced by the C.o M. energy dependence of the hard subprocess cross section,
There is a trade-off between the two terms in eqn (3.27). If s is tuned to lie on a
resonance then any ISR will reduce the effective C.o M. energy, § = 2208, and
da(s) will be significantly reduced compared to da(s). In this case. the effect of
[SItis modest, only distorting the resonance’s line shape. However, if s is tuned
to lie above a resonance then any ISR which reduces s to § = m3, is favoured
by the increase in cross section. For an illustration see Fig. 6.3, Such ‘radiative
returns’ can have a major impact on the line shape and lead to individual events
being thrown to the left or right according to the energy imbalances in the post
bremsstrahlung leptons actually entering the hard subprocess.

J ! !
remnant
jets
refnialt
—a - - |
! { ¥

G, 3.2, Left, direct vy interaction with QD photon-guark couplings. Centre.
singly resolved vy interaction with the lower photon behaving as a collection
of partons characterized by its own p.d.f. Right. doubly resolved v~ interac-
tion: in the upper photon the partons can be traced to a pointlike component.
originating from a perturbative v* — qq vertex, whilst in the lower photon

the ‘remaining” hadron-like partons have a non-perturbative origin.

Not all the photons emitted as bremsstrahlung escape without interacting.
A rich variety of processes resulting in resonance pairs, jet events ete. can oc-
cur due to photon-photon interactions (Aurenche et al., 1996). Indeed, the total
cross section for ete™ — ete™ 4 hadrons grows as In”(s/m?). A sonrce of this
complexity is that photons, as sketched in Fig. 3.2, are not as simple as might
be naively thonght. The reader is warned that the notations used to describe
phatons have become rather confused in the literature. Here we follow Chyla
(2001). We are familiar with the idea of a direct photon which has pointlike cou-
plings and can lead to hadron production via the hard subprocess v*v* — qq. In
addition. there are resolved photons that bhehave as dense clouds of (anti)quarks
and gluons. Such a photon behaves like a hadron and is characterized by par-
ton density functions. A pointlike component of these partons can be traced
back to an initial QED vertex v* — qq and the subsequent radiation of glu-
ons which in turn may split into glhon-pairs or further qq-pairs (Witten, 1977).
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A hadron-like component accounts for the remaining partons which have their
origins in non-perturbative physies, perhaps associated with the (negative virtu-
ality) photon fluctuating into a vector meson.  This opens up the possibility of
effective lepton- hadron, known as singly resolved. and hadron hadron. known as
doubly resolved, collisions. These are discussed in detail below.  All these types
of yy-events are characterized by low Cl.o.M. energies and sizeable longitudinal
momentum imbalances. Often these events constitute a hadronic background to
the events of real interest in an experiment.

We also mention one further complication. At very high energies it is neces-
sary to use beams with very small transverse sizes in order to increase the lumi-
nosity and compensate for the falling cross section. This gives very high charge
density particle bunches whose intense electromagnetic fields can induce radia-
tion in one another as they approach each other. the so-called beamstrahhimg.
The details of this depend on the specifies of the beam profile. but can be treated
in a similar vein to bremsstrahlung (Palmer. 1990).

3.2.2  Lepton hadron scattering

Lepton- hadron scattering is a traditional method of probing the structure of
hadrons. Since hadrons are now known to be composite particles with partonic,
(anth)quark and gluon, constituents, such collisions are more complex to de-
seribe than lepton-lepton collisions. In essence, we view the observed scattering,
fh — ('X. as a manifestation of the hard subprocess £q — ('¢. The advantage
of lepton probes is that they undergo experimentally and theoretically clean.
pointlike interactions which are describable in terims of the exchange of a single.
virtual, gauge boson. Multiple boson exchange, whilst possible, is suppressed by
additional factors of the electroweak conplings, a2, or G§. A basic classification
of the events is based on the nature of the boson exchanged by the initial lepton
and quark. In neutral current events. characterized by = (', a photon or Z
is exchanged. Whilst in charged current events, characterized by £ = ¢, g, 7
and (" = ve. v, v, or vice-versa, a W* is exchanged. For charged leptons the
exchanged particle is predominantly a photon. Weak boson, Z or W#, exchange
is observed, however, at low Q? < Mg their contributions are many orders of
magnitude lower, O(G7 /a?,,). If a nentrino beam is used. only weak interac-
tions can occur, making them a useful probe to disentangle the contributions
from quarks and antiquarks.

Figure 2.1 illustrates the basic process underlying lepton hadron seattering
as viewed from the target hadron’s rest frame. This frame coincides with the lab-
oratory frame for fixed target experiments. To date, only the HERA machine at
DIESY provides (asymumetric) colliding beams of electrons/positrons and protons.
Onee the square of the C.o. M. energy, s = (£ + p)?. is fixed. the most important
guantity for deseribing the scattering is the momentum transfer ¢# = (# — ("¢
and the Lorentz invariant Q* = —¢? > 0. The significance of Q7 is that it char-
acterizes the wavelength. or resolving power, of the probe. Also of interest is v.
the energy transferred to the target hadron. For a charged lepton nentral current
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cevent these can be determined experimentally by measuring the energy and an-
pular deflection @ of the seattered lepton. Negleeting the relatively small lepton
masses one finds

QF = =i 07 v = ([ —1') - p/My

2 = X 3.2¢
= +4 L E¢ sin“(0/2) = (E¢ — Ev)| a0

rest

I addition. experiments may also measure details of the hadronie iinal state, X.
This can provide complementary. or indeed when 7 = v the only determination
of % and v. The invariant mass, W, of the hadronie final state is given by

9

W2 = (p4q)
= M{ 4+ 2Myv — Q° . (33.30)
If W2 =M = Q%=2Mv.

In the special case of elastic scattering, when the target hadron remains intact
in the final state. eqn (3.30) implies that Q% and v are not independent.

The formal deseription of lepton-hadron scattering is facilitated greatly by
the “factorized’ nature of the interaction. Details of the calenlations can be found
i the following sections. In terms of the leptonic and hadronic currents the
matrix element is given by

bt

MU %) = (LTl Ogev v (X |, 1) (3.31)

L{ o .“[\-
. - “y ] B .
where the electroweak couplings have been factored out: g3, = r-“;_-(v}", + uj‘.).
. - 7 .
see Appendix B, In (high-Q7) nentral current events the matrix element should
include both 4 and Z exchange contributions. Equation (3.31) suggests writing

the inclusive lepton-hadron seattering cross seetion in terms of two tensors L,
and H" as

I (gevon)? e _
lot = e Ly H" (A7) e Wil
W= matere mEp e o p e
l 1 ! F )
B = §({]J"‘lf W), €) and
’ l R TR . 1 ‘ g SR
H* = - .m} WX I @T) S D (py —k—p) . (3.32)

The hadronic tensor is sumimed over all the allowed final states and by convention
includes a factor (d7)~' and an overall four-momentum conserving d-function,
Also, the definition of both tensors includes an average over spins on the as-
sumption that the incoming particles are unpolarized. As mentioned carlier, the
simplicity of leptons means that the tensor L, is caleulated readily to be

[']N' =2 [r;:’:: & I‘;.I‘rr . ((22/2)7'”1/ + ‘l(""\'('nnnrrﬁ!"r] ¥ "ZD“-“'.‘-',”I”’ s (33.33)

The last two terms are associated with parity violation. The coeflicient Cpyr =
2av ooy [ (0F+aiy) depends on the type of vector boson emitted by the incoming
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lepton, For a photon it is Ce, = 0, for a W boson one has 'y o +1 (¢ or
(Y beam) and Cpy - = —1 (¢ or {7 beam), respectively. The last term, with
vu‘(,'ﬂit'li'vm Dyv = (07 — afy)/(vdy + ady), is suppressed by a relative factor
my Q7 and is almost always neglected. It is not straightforward to calculate the
hadronie tensor. However, since it must be constructed from the only available
four-vectors, p' and ¢, and the two isotropic tensors. 7" and ¢#”?7 it is possible
to write down its general form as

H" = —Fyf+ [Fap"p” + 1 F3e" o, 074" + (Fy + 1 F5)p'q”
+(Fy — 1 F5)¢"p” + F;;q"q”] (p-q)". (3.34)

Here, the hadron specific structure functions, I, are dimensionless (thanks to the
factor of (p-q)~"'). Lorentz scalars. It is also common to see eqn (3.34) defined in
terms of the equivalent stroeture functions Wy = Fy and Wao_g = (M2 /p-q) Fa_g.
We do not do this as it only adds unnecessarily to the notational burden. If the
spin of the colliding particles is specified, then extra terms. containing S} and
Syt would be possible in eqn (3.34). Terms involving further four-momenta wonld
arise also if measurements are made on the hadronic final state.

Quantum mechanics and symmetries impose important constraints on the [
("Tretman ef al., 1972). As defined in eqn (3.34) they are all real. The time rever-
sal invariance of QCD implies that 5 = 0. As we shall learn in Section 3.3.1,
clectromagnetic gauge invariance implies the following enrrent conservation con-
straints

g H? =0 and H*Yeon.=0L (3.35)

A similar, approximate constraint applies to the weak currents. By imposing
eqn (3.35). see Ex. (3-3). the form of the hadronic tensor is restricted further to

q'q” o ) q ) . F
”In": Fl(“'l“" ik ) )l )+ bt (l)u - I 21‘1“)(11" o l 21([")'{'l 3 (‘”’nrl’oqr-
q* p-q q q Pq

(3.36)
If we do not impose equ (3.35) then we must add residual £ and F strue-
ture functions, @ la eqn (3.34). to eqn (3.36) but these would be suppressed as
(g /Q%)%, e.f. eqn (3.33), and will not subsequently trouble us (Jaffe and
Llewellvn-Smith. 1973). Combining eqn (3.36) with eqn (3.33), which satisfies
also the equivalent of eqn (3.35). gives

. -
v

p ) y iV l" y 9 =

Ly H® = Fi2Q%+—2 [4(p-)(p - ') — MEQ?] —Coy —2-p-(¢+-£)Q* , (3.37)
Py Py

where we used €,,0-6"" . = —2[0a0' 11710 — Yoz torz]. Applying this result in

eqn (3.32) gives the general expression for unpolarized. inclusive lepton-hadron
scattering: see also Ex. (3-4):
d2a™ avapy B¢

—ENE i 2=
dE'dcosf  (Q% + MZ)2 My,
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¢+ B A
X {IJI‘| (.[\-‘ I{}{,—I;—‘T’| ‘slli 0/’) t F. », I‘] (()‘\ (()/ }

¥
d2a'™ d7  apvaypy

drdQ? — x (Q%+ MZ)?

: (]'.anll
= —I—,- X . (3.3%)
Q°  dady

» ) = ’
Here, we have defined a pyv = g7, /(47). The first form uses the energy and angle
ol the scattered lepton in the target rest frame. The second and third form use
the Lorentz invariant. variables Q7 defined in eqn (3.29), and x and y defined by

Q*

=
24"[||V ¢ . J" o
= q . [) — I;: = I;'I » B T 'U ‘[II (-;.-‘”)
y=-—= .
I ! [’ I'." rest

[n this fraomework all information on the possible seatterings resides in the strue-
ture functions Fy_3. These, in turn, may be only functions of dimensionless
ratios of Q2, p-q and "AM?", where *M represents any mass (or inverse lengthi)
characteristic of the hadron.

At low C.o.M. energy and low Q2. <0.01(GeV)?. elastic, clectromagnetic
scattering is dominant (Taylor, 1975). Since Q% = 20, v for an clastic scattering
the structure functions Fy o have to be functions of Q?/°M?" or he constant:
Iy = 0 for purely electromagnetic processes. urthermore. the long wavelength
of the exchanged photon means that the target hadron is seen as a coherent
whole. so that "A" must be a macroscopic property of the hadron. In this low-
virtuality limit the form of the hadronic current is actually known to be

g = ” —ii(p') [(p + Y F(Q% M) +i(pu, — l)q,,n"“.’}-‘-_;(()z.'ﬂl')] u(p) .

(:3.10)
Here gy, is the magnetic moment of the hadron measured in units of the nuclear
magneton, ch/(2M0,). and Fy and F, corvespond directly to the electric and
magnetic form factors of the hadron. For the proton and the nentron p,, =
£2.793 and g1, = —2.913 respectively. These form factors can be related to the
Fonrier transform of the hadron’s electrie charge distribution. Using eqn (3.40)
in eqn (3.32) gives the Rosenbluth formmla, which takes the form of eqn (3.38)
with F) and F5 given in terms of F; and F,. Empirically. the two form factors
are both described well by the dipole formula which corresponds to a spherically
svinmetric. exponentially falling charge distribntion. One has

( (\—iT.I/n ‘F( l
Iz 1') = — — Fi ll) = 2 2N2 ©
(L+ a*|q|*)*

(3.41)

Swos
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The parameter o is related to the hadron’s mean charge radins squared according,
to (r7,) = 1202 That the stracture fanctions vanish for Q% — oc reflects the
lack of high frequency Fourier components in a smooth charge distribution.

At slightly higher C.oM. energies, quasi-clastic seatterings become impor-
tant. Here, the target hadron is excited and breaks up into a low multiplicity
system of hadrons, for example. v*p — A" — nat. Again this process can be
deseribed by eqn (3.38) with form factors similar to those in eqn (3.41).

At larger C.o.M. energies. high Q? processes become kinematically possible,
allowing the internal structure of the target hadron to be probed. In this regime,
the fast falling (quasi-)elastic cross sections vanish and the majority of collisions
bhecome inelastice the target hadron being broken up. This is deep inelastic
scattering (DIS). Since the invariant mass of the hadronie final state, 117, is not
determined. Q% and v = p-q/M,, are independent variables. Again eqn (3.38) ap-
plies, but the form of the structure fanctions F, _3 undergo a qualitative change.
Rather than vanish as Q% — oc they remain finite and become practically a
function of the single variable * = Q?*/(2M,r) € (0.1) (MI'T-SLAC Collab.,
1972).

Q% —x

+ I'ﬂ] ‘3_;1(.17) # 0 (.51‘2)
This Bjorken scaling (Bjorken, 1969) demonstrates that the exchanged vector
hoson now scatters off pointlike objects that have no mass scale *A" associated
with them. Furthermore. the effective constraint Q* = » x 2Myw = 2ap - ¢ is
reminiscent of elastic scattering, c.f. eqn (3.30). It is interpreted as being due
to the lepton seattering elastically off a charged, constitnent (antijquark which
carries a fraction o of its parent hadron’s momentum.

In the parton model (Bjorken and Paschos, 1969: Fevuman, 1972) the hadron
is viewed as a collection of independent, that is, essentially non-interacting or
free, (anti)quarks and gluons each carrying a fraction of the parent hadron’s lon-
gitudinal momentum: any transverse momentim is taken to be small by compar-
ison. The hadron is now desceribed by giving the probability density distributions
for the momentum fractions of its parton constituents

F .3_3((12. p-q,cAN)

f(e)de =P(a' € [g,x+dz]) f=q.Ggorg. (3.43)

The f(x) are known as parton density functions (p.d.f.) or also, somewhat con-
fusingly. as ‘structure functions’. Here, and in the following. we shall reserve
the name structure function for physically observable guantities. These fune-
tions are siimilar to the fragmentation functions, which we met in Section 3.2.1,
but in a reverse sense. The hadron cross section is then formed as a sum of
pointlike (anti)quark cross sections weighted by their p.d.fs, in direct analogy to
egn (3.25). Again, in this factorized form the long-distance p.d.Ls are universal,
that is, independent of the particular hard subprocess. As the exchanged vector
bosons only couple to (anti)quarks, the presence of glions in the hadron is felt
only indirectly in DIS experiments.
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Depending on the nature of the exchanged particle the strocture functions
Iy measure different combinations of the p.d.fs.
I

'.3.!'F| = [':3
FY =g L [ (D + [) ! «(U 317 )} :1;’ — ]

n.u
Y =22 [D4T) £Fy =2y |[D-T]
DU DU
FY" =2 [U+D] eFyY" =22 U -D] (3.44)
DU DU

Here, D represents any down-type quark (d.s,b) and U represents any up-type
quark (u, e, t). Whilst these formal sums include the heavy quarks (¢, b.t) their
practical contribution is negligible if the probing boson is unable to resolve theni.
In the transverse plane, which is unaffected by Lorentz boosts along the beam
axis, the size of the heavy quark is given by ~ 1/Mq. whilst the exchanged
hoson sees scales > 1/Q. Therefore. if Mg > Q. the quark can be dropped from
the smmmation. The coeflicients in eqn (3.44) reflect the normalized electric and
weak charges of the (anti)quarks.

The constituent gquark model (Close, 1979) together with the conservation of
flavour imposes a munber of constraints on the p.d.fs. For example, for a proton

we have
1 |

/ d.r[u(.r) — ii(.r)] = / d.r[s(.rt) - S'(.r)] =}

Jo Jo (3.45)

/ (I.’:‘[d(;r) — J(;r:)] =] cte.

0

These equations state that the proton contains two units of up-ness. one unit
of down-ness and no net strangeness. There is no such constraint on the gluions,
[“ i g(r), as the number of bosons is not conserved. It is usnal to see the quark
p.cl.l.s separated into two components (ICuti and Weisskopf, 1971: Landshoff and
Polkinghorne, 1971): the valence quarks which carry all of the proton’s quantim
numbers and the sea quarks and antiguarks which make up the remainder and
carry no net charges. For example,

(3]

I
w(x) = ue(r) + us(x) L dau,(v) =

1 (3.46)

a(x) = ig(x) / dor [u (z) — iy (1)] =0
Jo

The sea quarks are commonly assumed to be produced in g — ¢ splittings.

This suggests the idea that the sea guarks are svmmetrie in the sense that

e = ity = dy = dy = 8, = 5, = -+-. Whilst. this makes many formulae simpler. it

is known empirically not to be exactly true, though a theoretical understanding

of how this comes about remains elusive.
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The parton model interpretation of deep inelastie lepton hadron seattering
is only approximate and QCD corrections should be taken into account. In the
QCD improved parton model the DIS eross section again can be written in a
factorized form, but one which can now be proved formally to hold (Collins and
Soper, 1957), with the stroctore finetions given by

: , — fdz. 1z = (1 2
FY" 0= Y _/ifﬁ.(%-l”-‘-.”")f’:n“{f-?'-:--“-"'-““:" (3.47)

f=q.q.9 -

Here f:"'“ N isa projection of the cross seetion for the partonic seattering Vf — f'
appropriate to the ith structure function.  Again, it has been necessary to in-
troduce a factorization scale, jep. and scheme, plus a renormalization seale, jig.
andl seheme. The (projected) parton cross sections, f:“,”"“. contain only short-
distance physies and are ealenlable in perturbation theory, They do not depend
on the hadron h. By contrast. the p.dfs, fi,. know nothing of the hard sub-
process and depend on the incoming hadron: they are not ealenlable using only
perturbation theory. The proof of equ (3.17) also justifies the assnmption of in-
coherent seattering and provides a formal definition of the p.d.fs. This definition
shows that in a frame in which the target hadron has infinite momentum the
p.d.Ls reduce to the matrix elements, (W Ny ()b}, where Nyg(r) is the manber
density operator for partons of tvpe £ with given momentum fraction,

Formally, cqu (3.47) only represents the ficst term in an operator product
expansion for I*'I[w'}{.r.f)"]"} (Altarelli. 1982). This means that it is only ex-
net for Q7 — ~c. The expansion is organized in terins of the operators’ twist
(= mass dimension — spin). Thus, at finite values of Q7 there are higher twist
corrections which are suppressed as

[In(Q*/ Q)™ <"

B 3 (3.48)

where n = 4 for DIS. In general, these non-perturbative corrections are negleeted,
though there are situations where their effects should be taken into acconnt.,

In eqn (3.47) the Bactorization and renormalization scales are arbitrary. In
practice, it is conmon to set all seales equal, o2 = Q° =y, = pje. This simplifies
the coetficient function. giving, for example, f:"”'”{_.'.!:. zige p) x 8(1 — z) in the
so-called DIS factorization scheme, which allows combinations of the fi, (. i -
(%) to be determined directly in an experiment. Whilst the fi, involve long-
distance physics, the seale g may still be sufficiently large that a (p”) is small
enongh to allow the dependence on the seale to be calenlable at least down
to some low scale jig < Agep. This results in the pad.Ls developing small. b
measurable, logarithmic dependences on p=. Such sealing violations are deseribed
well by the conpled, integro-differential DGLAP equations (Altarelli and Parisi,
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I077; Gribov and Lipatov, 1972; Dokshitzer, 1977).% At leading order these are
ity |:,"L'

.u‘r "dz o, | T X a

}“_{J i) = T | PNz I'ff(;-ﬂe) ﬂ'.:;'lf«}sf(:-rf')}

5 i Yz o s R o

-'L{* 1) = %2{.— Pz J'f:(;_-.u') 4 f’:‘,g‘{-‘-m({;‘-u*)] (3.19)
J Yl b L

e () = /: T_;—f P"”[*}r.-( ) ¥ f:i::’{:}f(%-ﬂ')] .

F=n4

The kernel functions, Pu(z.0,(p6%)). are known as Altarelli Parisi splitting func-
tioms and are associated with the branchings b — a X, They can be expanded as
A power series inoag, The leading order expressions are

P (2) =1C !(H_)
5
Pig (2) = Tl + (1 - 2)%)

-“:::I{-‘.l _ a0, (“ .-‘.‘r:l 4 (1 t z) +2(1 - :}) | (11, —“-lh_.rf[,-}ﬁ“ - 2)
e :
|| + (1 -:'_lzl

=

Ps) = (33.50)
Away from z = 1 these are ordinary linetions, but at 2 = 1 the diagonal splitting
Iinetions, HEH}. must be regarded as distribution funetions. Details are elalo-
rabed in Section 3.6.3. where also the meaning of the plus-preseription is ex-
plained. Sinee the virtualities involved in this initial state evolution are negative
these are the space-like splitting functions. Equations very nmeh like equ (3.49)
control the pp(= Q) behaviour of the [ragmentation functions (Owens, 1978).
The stracture and interpretation of these sets of equations are essentially the
same and to Qo) so are the splitting functions. However, bevond this lead-
g order the space-like and time-like splitting functions differ. The full NLO
splitting funetions for time-like evolntion can be found in Appendix E.

The equations in eqn (3.49) have an appealing physical interpretation. We
picture the (anti)guarks which make up the hadron as surronnded by clouds of
virtnal particles, constantly being emitted and absorbed. These virtual particles
may in turn emit and absorb further virtual particles. Thus, as the Q° of the
probing vector boson inereases. the content of the hadron appears to change
ax it is seen on smaller distance seales. It is this evolution which is deseriboed
by eqn (3.49). The terms (o ‘."'_u”]“”[ )z are interpreted as the probability

¢ These equations hawve quite o history and U noome rellects the main contrilators to
their eluciekation: Dokshitzer, Gribov, Lipatov, Altarelli and Parisic I the past, the name wis
olflten shortencd to Altrelli-Parisi cogunt ions,
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densities that in the branching & — a.X' parton a will carry a fraction in the
range [z, 2 4 dz] of its parent. b's, momentum, and any other products, X, a
fraction 1 — z. Strictly. the branching probability densities are given by the
distribution functions 8(1 — 2)d., + (0, /2%) ",‘,::'(:) which are regular functions
away from z = 1. Thus, for example, the probability that a high virtuality gluon,
carrying momentinn fraction r. cane from a low virtuality gluon. with a larger
momentmn fraction g. is given by

1 | |
0. dz a, €r
dz / dyz= P (2)g(y)d (x — yz) = [ —,—‘“P“.”(z)y(—) . (3.51)
/(; JAO 27‘ o Jor “ 2“ - ~

All the terms in eqn (3.49) have a similar interpretation. Figure 3.3 shows
schematically this interpretation,

7
JdInQQ?

[16. 3.3. A schematic interpretation of the space-like DGLAP equations
whereby the scale dependence follows from the presence of partons within
other higher momentum partons

Given the above interpretation of eqn (3.49) it is straightforward to antici-
pate how the p.d.fs will change with Q2. At low Q°. one might expect that there
are few partons in a hadron and that subsequently their p.d.fs are skewed to
high momentum fractions. This picture is not too far from saying, for example.
that a proton consists only ol two u-quarks and one d-quark. cach with mo-
mentum fractions smeared around the value & = 1/3. As the Q2 increases. the
typical parton momentum fractions deerease as momentum is shared via parton
branchings. Thus, we anticipate a growth in the small-o component of the p.d.ps.
Furthermore. we expect many of these small-r partons to be glions, which have
a high probability to undergo g — gg branchings. and sea quarks such as 0 and
s which arise in g — qq branchings. As the p.d.fs shift towards small & and the
sea grows we must respeet the sumn rules for the quark flavours, eqn (3.45). and
the conservation of momentium,

1
l:-[](l:r.r[_qv(;r)qL Z f(.r)} ; (33.52)

f=aq.q
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It is the application of this smn rule which provides compelling evidence for the
existence of gluons, carryving over 50% of the momentum, in a proton (Llewellyn-
Smith, 1972).

Fquation (3.49) allows us to caleulate how the p.d.fs change between the
scales g and p. However, sinee the f(x, po) (f = ¢q. 4. g) only involve a non-
pertnrbative scale, we can not nse pQCD to calenlate them. In principle. non-
perturbative techmiques, such as lattice calenlations, may allow them to be cal-
culated. However, at the present time only a few moments of their distributions
have been obtained and we must rely on experiment (Capitani et al., 2002).
Their determination relies on an interplay between the use of eqn (3.49) and
the measurement of structure funetions giving various combinations of p.d.f.s at
different Q% scales. In essence, one tries to ‘guess’ a set of f(a., j1g). evolve them
to higher seales using eqn (3.49). and then optimize the fit to the measured com-
binations at the higher scales. Details of the procedure and results are discussed
in Section 7.5. The overall consistency of this procedure gives evidence for the
validity of the evolution equations and thereby pQCD. Many sets of p.d.fs are
available, for example the package porLip (Plothow-Besch. 1993) contains a a
compendimmn.,

As mentioned above, the formal proof of the parton model can be achieved
nsing the apparatus of field theory. However, we can gain insight into its mo-
tivation by considering the space-time structure of the collision. The hadron is
pictured as a collection of partons sitting within clouds ol further partons that are
being emitted and absorbed constantly by one another . The virtualities involved
must be low, &2 < J\I,'f. if the hadron is to remain intact. Indeed, high momentum
transfers are suppressed as [a (Q?)MZ /A", where n = 2 for mesons and n = 3
for baryons. This. in turn, implies that the partons have lifetimes ~ 1 /M), whilst
the incoming exchanged boson interacts for a mere 1/Q. Thus, to the incoming
hoson the partons appear almost frozen having been formed well in advance of
the near instantancous collision. The struck parton has essentially no time to
commumicate with the other partons and therefore behaves as if it were free.
This also implies that the hard scattering knows nothing of the target hadron
bevond the probability that it contains the struck parton.

Returning to the struck parton, it is impulsively kicked out of the hadron and
leaves behind its clond of partons. These remaining partons have been “shaken
free’ and as they have nothing to be re-absorbed by, they continue to fly forwards
on near collinear trajectories. This initial state radiation continues to shower and
hadronize, resulting in a target region jet. The struck parton behaves much like a
quark produced in an ete collision and fragments to produce a current region
jet. Between the colonr charge on the scattered quark and the anticolour left
behind on the hadron renmmant is a colonr field which converts into low energy
hadrons lying between the two jets. Actually, sinee these intermediate hadrons
are produced in a statistical Poisson-like process, it is possible that no hadrons
form between the two jets, although the probability for such a gap is expected to
be exponentially suppressed as the distance between the jets increases. A typical
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neutral enreent DIS event is shown in Fig, 7.2 and a typical charged current
event is shown in Fig. 7.5.

Jet-like structures start to become apparent in DIS for Q7 < (4 GeV)?. As
the Q° (C.o.M. energy) increases multi-jet structures appear, just as in ete”
collisions. The LO hard subprocess is Vg — '. which results in a far forward.
target region, beam remnant and a more central. current region, jet. At O(ay)
the NLO subprocesses are the QCD Compton process, Vg — gq’. for scatter-
ing off a(n anti)quark and boson-gluon fusion. Vg — qq’. for scattering off a
gluon. Both of these processes can give rise to two central jets in addition to
the forward jet. The type of vector boson exchanged is strongly dependent
on the event’s Q% and type of lepton involved. For charged leptons at low to
intermediate Q° < (40 GeV)?, the neutral current cross section. mediated by a
photon. is very much larger than the charged current eross section. mediated by
a W% Measurements are shown in Fig, 7.8. This difference essentially reflects
the propagators of the exchanged bosons which lead to different Q? behaviour:
photons give a 1/Q" fall-off whilst W bosons give a nearly constant cross section
for Q? < M.

4 =
doxe 2 1 doce (2 1 2G5

— X O, = and — X — ; N — (3.53)
de)? ol dQ? T sin?0, (Q2 + M3)?2 =2

As the Q7 increases further both cross sections begin to fall faster. This is he-
cause kinematics require higher Q2 events to have higher @ values and the p.d.fs.
fule ~ 1.Q%). vanish as Q° — oc. Also their difference diminishes until they
become of equal magnitude for Q2 2 (80 GeV)?2. An example of electroweak uni-
fication in action! Above Q% = (10 GeV)? Z exchange starts to visibly contribute
to nentral current events. This is manifested by the appearance of the parity
violating I structure function throngh v — Z interference effects, which start to
reduce onc({1h) compared to oxe(£7h). In charged current events acc(£1h) is
always less than oce (£ h). and vice-versa for antihadrons, with the difference
becoming more pronounced as Q2 increases. This reflects the fact that W and
W couple to different constituents in the target hadron. Using eqn (3.38) and
cqn (3.44) we have:

d*oce  piv e o . |

dpagE ) x [a+2+ (1 -9)*(d+9)]

(120’('(- = s ) -
o Gmag e M [u e+ (1-y)*(d+3)] . (3.54)

For a proton, we expect qualitatively u(x) = 2d(x) > q(r). which gives the hier-
archy in the cross sections. For neatrino beams only Z exchange can contribnte
to the neatral current cross section, which is consequently not too dissimilar to
the charged current cross section.
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Before continning onr discussion we digress slightly in order to introduce a
natural variable for deseribing an outgoing particle. Rapidity, y. and psendora-
pidity, 7. are defined with respect to an axis, typically the beam or a jet axis
nssumed to be pointing along the z-direction. by

1 E + 2 () :
=3 In (-L—_—-%-—> + 1= Infcot(0/2)] (3.55)

where #is the polar angle of the particle and mn its mass: see also Ex. (6-2). Rapicl-
ity is small for central production, 8 ~ 7 /2. and large for far forward/backward
production, # — 0 or 7. In a collision with C.o.M. energy /s the allowed ra-
pidity is restricted kinematically to the range [—In(y/s/m).+ In(\/s/m)]. The
nsefulness of rapidity stems from its appropriateness in deseribing the Lorentz
invariant phase space of the final state particle:

d*p ;
—2—2— = «Ipf_(ir;‘rdy 3 (3.56)

The advantage of this form is the simplicity of the way in which ecach term
transforms under a boost along the beam axis. In particular for a boost of velocity

3= v/e.
| 1 -4 v
y—y+ ;Iu (3.57)

14+ 73

so that dy is invariant, as are p? and ¢. Also, as we shall learn, soft particle
production typically has a flat distribution in rapidity.

In most DIS events the target hadron is *hlown apart’, resulting in a trail of
soft hadronie activity lyving between the colour connected remupant., target region.,
jet and one or more current region jets. However, at HERA in a large fraction of
those inelastic events with small . and therefore large values of 1, the total imass
of the outgoing hadronic system, the distribution of hadronic activity is markedly
different (Hebecker, 2000). The inverse relation W2 = M2+ (1 - 2)Q% /x = Q*/x
is easily derived from eqn (33.30). Whilst central “jet” activity oceurs, it is isolated
from the target hadron which is only slightly deflected and appears not. to break
up. A rapidity gap, typically a region of size Ay <3 in which no hadrons are
found. lies between the ‘jet” and the scattered hadron. What is seen in practice
is no forward activity in the main detector and, in the absence of specialized.
far-forward detectors, a target hadron which can be inferred to have disappeared
down the beam pipe. Compared to a regular DIS event. 4*h — X, this subset of
events behave as v*h — XY where Y is the scattered target hadron or possibly
a low mass excitation of it. Empirically, both the square of the four-momentimm
transferred to the forward hadron, f = (p- p’)? < 0, and the mass of the observed
hadronic system, M3 = (g +p—p')?%, that is excluding the scattered hadron, are
characteristically small, with a lunctional behavionr like

do 4 do 1

h
— ~ e and ~ —
it ANy ;\].‘{-

; (3.58)
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The dependence on W# = (¢ + p)? and Q? = —(£ —")* is modest, In particular,
the cross section for this type of event stays constant, or even grows, as 8§ =
(€ + p)? or W? increase, in marked contrast to the rapidly falling cross sections
ol DIS events. These are the so-called diffractive DIS events, characterized by
their rapidity gaps and almost constant. cross sections. The situation is illustrated
in Fig. 3.1,

§— - h

dN
—_— beam remnant
dy _
current jet
T I I
yrom 0 _l)_\' y
dN |
dy |
hadron
current. jet
rapidity gap
I | I
Un 0 yx Y

I1G. 3.4, Schematic diagrams of the rapidity distribution for the number of
hadrons produced in: top, a regular deep inelastic scattering: bottom. a
diffractive deep inelastic scattering

The requirement that the incoming hadron remains intact limits the imomen-
tnm transfer to [t] < —tae S (1/R0)%, where Ry is the hadron’s size, which is
related to the parameter b in equ (3.58) via b = RE/6. A second. lower bound on
t is provided by the kinematics of the process, —ty,in & ME(M3 + Q%) /W see
ox. (3-10). Since we require —fin < —tnax. the coherence requirement bounds
My . in practice M3 < 0.2W2, This in turn implies a large separation in rapid-
ity, (W2 /MMy ). between the scattered hadron and the produced hadronic
system. The picture which suggests itself is of the target hadron shedding a near
collinear ‘object” which is then struck by the virtual photon leading to central
jet activity. This object carries a modest fraction, xp. of its parent’s momen-
tum and no quantum nmunbers. In particular, it is colour neutral. This ensures
a clean separation. in rapidity. of the deflected hadron and the central activ-
ity. This object is often identified with the Pomeron. the exchange of which is

e
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believed to dominate the hadron hadron scattering cross section according to
Regee phenomenology: this is discussed in more detail in the next section.

The formal description of these rapidity gap events follows similar lines to
that of regular DIS events. The main difference is that the hadronie final state
contains a hadron of known quantum numbers and momentum p'. In addition
to the usual variables, Q*. @ and y, we introduce the quantitics

t=(pn—p')
gy TP~ H) e kaa
q-p W= 4 Q? (3.59)
()° L (62

20q-(p—p) T Q>+ Mg

The approximations hold for low values of # < 00 and high values of W2, such as
are characteristic of high energy diffraction. A moment’s reflection will convinee
vou that. in analogy to the usual phenomenology of DIS, 2y should be identified
with the momentum fraction of the object, pj, = p" —p'* = rpp™. and 3 with the
fraction of the object’s momentum carried by the struck constituent. Thus . the
constituents momentinn fraction with respect to the incoming hadron, is given
by 2 = xp/d. Both ap and /3 lie in the range [0,1]. The four-fold differential,
diffractive DIS cross section is given by

-

(l'lﬂ'n Z'HI : (1) o
= S84 (1 - TN ARG il O 3.60
daop dt dedQ? 2 Q? [ -y J s Buiegnd Py

Here. for simplicity, we have neglected the small contribution from the longitu-
dinal, diffractive structure function. ]5',")('” = I-T_!“'” - 2;1'1"'1”('”. [ntegrating over
{. which i~: often not observed. gives a three-fold differential distribution. now in-
volving l'. " ote. As with ordinary DIS a factorization theorem has been proved

(Clollins, lflﬂh‘).

2, Q2) = b= ) FS(Q2 2,
(llu»(lf (’“ J ) Z ‘/;" e (]I"»(]f (‘" < ) ( 2 B )

[=a.4.4 N

(3.61)
Here ppe is the factorization scale (we have suppressed the renormalization scale
ftre) and I:T_fl'”(z) is the usnal DIS structure function deseribing a photon scat-
tering off a parton f carrying a fraction z of its parent hadron’s momentum.
The remaining terms are the new diffractive parton density functions (Berera
and Soper. 1994). also known as (extended) fracture functions (Trentadue and
Veneziano, 1994). The diffractive p.d.f.s satisly the usual DGLAP evolution equa-

tions.
Attempts have been made to go bevond eqn (3.61) using Regge factorization.
This assmmes that the Pomeron is a real object whose coupling to the parent
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hadron is described by a function of oy and t and whose parton content is then
. - . 2 . . .
described by functions of 4 and Q<. This unproven assumption gives

2 '-‘l)(-l)
d*F,

3 2 2 T g d g
T (@t 2. Q%) = fipp(aw ) EYP (_.-i = —.Q") : (3.62)

rp

where fip ), is often referved to as the Pomeron finx factor. Measurements to date
suggest that the Pomeron has a high gluon content and that there is a significant
probability that a gluon carries nearly all of its momentum. Such a picture
has also been promoted in the context of hadron- hadron collisions (Ingelman
and Schlein, 1985). Unfortunately, it appears that the same Regge factorized
structure functions as measured in DIS will not be applicable, without at least
some modification, in the description of hadron hadron collisions (Collins et al..
1993).

Historically. diffractive events have long been known in hadron-hadron colli-
sions where a well developed phenomenology has arisen. Indeed, this was used to
predict that sizeable diffractive cross sections would occur at HERA (Donnachie
and Landshoff, 1987). However. the discovery of such events at HERA (ZEUS Col-
lab.. 1993: 111 Collab., 1994) still came as surprise to many people and it has led
to a resurgence of interest in the nature of diffraction.

Deep inelastic scattering events, whether diffractive in nature or not. are
characterized by large values of Q% 2 (3 GeV)2. There also exist events in which
an incoming charged lepton emits via bremsstrahlung a quasi-real, Q? = 0,
photon which interacts with the incoming hadron: the so-called photo-production
events. As mentioned earlier, such photons appear to have a rich structure and

ariety of behaviours. They may behave as a hadron, giving effectively a hadron

hadron scattering. This in turn could be elastic, here meaning v*h — Vh with V
a vector meson, diffractive, soft inelastic or hard inelastic. All these categories are
claborated below. The hard inelastie events are viewed as due to the scattering
of (anti)quark or gluon constituents within both the hadron and photon. Thus
we require p.d.f.s to describe even the photon. Of course, it is also possible that
the photon remains intact and interacts direetly with a quark or an antiquark.

3.2.3  Hadron hadron scattering

Hadron- hadron collisions exhibit a rich variety of reactions. These can loosely be
divided into two classes. The first class involves soft interactions which have only
small momentum transfers so that they are sensitive to long-distance effects and
see a hadron as a coherent whole. These have typically large. O(10 mb). cross
sections which change slowly (logarithmically) with the C.o.M. energy. Examples
include the total, elastic and single/double diffractive cross sections discussed in
more detail below. The second class involves hard interactions. defined by the
presence of a large momentum transfer so that they probe the internal structure
of a hadron. These have typically small to tiny cross sections and more pro-
nounced C.o.M. energy dependencies. Examples include high transverse energy
jet. heavy quark and high mass lepton pair production. The non-perturbative
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nature of the physics involved in the first class of reactions means that a more
phenomenological approach is taken when deseribing them. Since pQCD can be
applied directly to the second class of reactions these shall be our main concern.,

The above classification of events is a little misleading. For the so-called
soft events we intend that the characteristic momentum transfers are small in
comparison to the C.o.M. eneray /s. This leaves open the possibility that at
high C.o.NL energies sufficiently large momentum transfers may ocenr to open
up the possibility of applying pQCD. For example, this is nnder active study for
hard diffractive events.

Whilst it is hard to apply QCD to the bulk of hadron- hadron reactions, it is
nevertheless helpful to appreciate their basic properties. The general behavionr
of the total cross sections is as follows. Initially, the cross section falls from
Q100 mb) at very low C.o.M. energies to a broad minimum around /s ~ 20 GeV
hefore rising slowly. Below /s <3 GeV resonance structure is apparent. Above
the resonance region simple quark counting rules give an indication of the relative
cross sections. The rules posit that a total hadron-hadron eross section is propor-
tional to the nmnber of (anti)quarks in the projectile, as determined by the con-
stituent. quark model, times the munber of (anti)gquarks in the target. For s —
one expeets. for example. oy (77p) = oy (K p) = 2/3 X [0y (pp) = aru(pp))-
The asymptotic equality of gy, (pp) and gy (pp) is also required by the Pomer-
anchuk theorem. Figure 3.5 shows these total cross sections as a funetion of the
C.oM. energy. The total eross seetion can be parameterized as

S0

T (s) = |ao + az In® (;) [l + ]"(.\')] {3.63)

where F(s). which vanishes as s — oc, deseribes the low energy behaviour.
This parameterization automatically satisfies the requirement of unitarity as
captured in the Froissart bound, oy, (s) < (ir/m';’,)ln'",(s/.s-.,) for some unknown
so (Froissart, 1961: Martin. 1963). We shall largely be concerned with high energy
pp and pp collisions as this is where the search for new particles has focused the
attention of experimentalists.

In elastic seatterings the hadrons remain intact without excitation of any in-
ternal degrees of freedom. They comprise a sizeable component of the total cross
section, g.(s) = 1/6 x g, (s). Elastic scatterings are specified by the space-like
momentum transfer ¢ = (pi — pour)® < 0. which given s is equivalent to the
C.o.M. scattering angle, 0%, via t = —dp*Zsin?(0°/2) = —ssin*(0*/2). A num-
ber of f-ranges can be identified according to whether electromagnetic or strong
forces dominate: the Conlomb region. |t| < 0.001 GeV?: the interference region
0.001 < || < 0.01 GeV?*: and the diffraction region 0.01 < [f| < 0.15 GeVZ. Only
the first region is well understood. The cross seetion is deseribed by the t-channel
exchange of a photon whose coupling to hadrons is described by two form fae-
tors, eqn (3.41). A typical behaviour for the differential cross section shows a
strong peak below [t] = 0.01 GeV?, then a steady fall until reaching a sharp min-
i as || ~ 14 GeV* which is followed by a broad peak at [t] ~ 2GeVZ. Above



i FHE THEORY O QCD

o
10° 5
)
‘G’ .
1
| 2
Vs (GeV)
& . l’[_‘ O pp Glul
100 ) |
Fi Hm Tp O 7po
20 [ A K+|" A K'P olnl ‘
= Y pp G\.‘l.l\’lit‘
s E. * pﬁ Gsmglc diffractive
< 60
= * rp cIdnuhlc diffractive
o

40 [<

20 |- m-“w
L 3 x ok x

() lllllll 1 K lllllll 1 1 lllllll 1

10 10° 10°

Vs (GeV)

IF1G. 3.5, Measured cross sections in hadron hadron collisions as a func-
tion of the C.o.M. energyv. Data are taken from the Review of Parti-
cle Properties (PDG, 2000) and from the Durham reactions database
http:/ /durpdg.dur.ac.uk /hepdata/reac.htinl.
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1. 3.6, The measured  differential  eross  section in pp and pp  col-
lisions as a  [unction of the momentmm  transfer ¢ for  various
C.o.N. energies. Data are taken from the Durham reactions database
http://durpdg.dur.ac.ak /hepdata /reac.itil.

1] = 2GeV?, the hard diffractive region. the differential cross section falls as £,
The so-called dimensional counting rules (Brodsky and Farrar, 1975) suggest val-
nes no= 6,3, 10 for meson-meson, meson-barvon and barvon barvon scattering,
respectively, though more explicit caleulations based on glion exchange between
the constituent quarks modify these simple exponents (Landshoff, 1974). Fie-
ure 3.6 shows the t-dependence of pp and pp scattering. Approximate forms for
the differential cross section in the dilfractive region are given by

do.. A+ Bt* - 0.4 GeV?2
cl > {( [t] < 0.4 GeV (3.64)

dt fioeh It] > 3.0 GeV? .
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The “dip bimp’ stractare can be desceribed by interference between two exponen-
tials. The t-distribution can be related, via a Fourier- Bessel transforination. to
the impact parameter space distribution of the scattering centres in the hadron,
exp(begt) « exp(—byb?), where b is the impact parameter. Defining an effective
slope by

do,. do,. 3 : d deo,
el iy = Dolggp yaborlotolt -y, sy & lu(—-—-—i) ,
ddt dt dlt 1=ty
(3.65)

the measurements shiow that by increases for large s. Thus the hadron shrinks
at higher energies.

The very forward peaked nature of the elastic scattering cross section in-
dicates that low momentum transfers are dominant. This essentially straight
through behaviour means that specialized low angle detectors. nsnally in con-
Junction with low lnminosity, are required to measure this large cross section.
Interestingly the optical theorem provides a highly non-trivial connection be-
tween this forward (f = 0) differential cross section and the total cross section:
see Ex. (3-11).
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FiG. 3.7, Single diffractive dissociation, double diffractive dissociation and cen-
tral diffraction. Experimentally these events are characterized by: a forward
jet separated by a rapidity gap from an intact, scattered. incoming hadron:
or two forward jets separated by a central rapidity gap: or central activity
separated by two rapidity gaps from the scattered. incoming hadrons.

The next important class of reactions involve diffractive dissociation pro-
cesses in which there is some break-up of the scattering hadrons. A possible way
to view these events is as the t-channel exchange of a colour singlet object called
a Pomeron, see Fig. 3.7. Unlike the case of elastic scattering, in a single/double
diffractive dissociation event one/both of the hadrons is left in an excited state
which then breaks up into a low multiplicity system of hadrons (jet). for example.
p — A" — nxt. Typically the mass of the excited hadronic system is distributed
as do ~ dMy /M x . whilst the t-dependence of the eross section falls away expo-
nentially with a coefficient which decreases as My inereases. Experimentally the
key signature of these events is the lack of any particle production in between
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the seattered /dissociated hadrons. Conventionally, this gap is quoted in units of
rapidity. I the final state hadrons have masses My and AL, then they have a
rapidity gap of Ay = In(s/M; AMy). Since the size of the gap is usnally Ay < 3.
there is o minimum C.o M. energy /s < 1.5GeV required for these events to
ocenr. A related class of events, known as central diffraction events, show two
lnrge rapidity gaps separating centrally produced jets from forward/backward
poimg hadrons (UAS Collab.. 1988). These can be interpreted as the interaction
of two Pomerons. as shown in Fig. 3.7. They are of particular interest because
the jet activity indicates the presence of a hard scale and the possibility to apply
pQCD to their description.

At low energies the cross section for all these rapidity gap reactions equals
npproximately the elastic cross section, with the ratio of single to double diffrac-
Live events found to be = 4 : 1. As the C.o.M. energy dependence of the cross
section for a fixed excited state is flat, the growth of the total dissociation cross
section with /s can be attributed to new excitation chaunels opening up. Ex-
perimentally the double diffractive dissociation cross section grows faster than
the single diffractive dissociation cross section. This is in accord with the naive
expectation opp = U;‘:])/Ugng. The central diffraction cross section is a few per
cent of the total dissociation cross section. At the LHC, a /s = 14TeV. pp col-
lidler being built at CERN. predictions indicate that o, &= 105mb, o, = 25 mb.
gsp = 15 mb and opp = 10mb (Khoze et al.. 2000: Block and Halzen. 2001).

The majority of the remainder of the total cross section is made up of what
may be termed soft, inelastic collisions, see Fig. 3.8. These can be thought of as
peripheral, or glaneing. collisions which result in two fast. forward travelling frag-
ments, which carry the quantum numbers of the incident hadrons and typically
hall of their energy, together with an intervening “trail” of centrally produced
soft. particles. These central particles have exponentially damped transverse mo-
menta, (pr) = 350 MeV., and are uniformly distributed in rapidity, AN, /dy ~ 2.
This implies that the multiplicity should grow logarithmically with the C.o.M.
energy. (N) = Aln(s/sg)+ B/+/s. The pion. kaon, and baryon composition is ob-
served to be roughly 85%. 5% and 10% respectively (UAS Collab., 1987). These
soft. particles also show short-range order characterized by positive correlations
in rapidity. This structure is often interpreted as being due to the production
and subsequent decay into stable hadrons of "universal clusters’. The properties
of the soft particles show only a weak dependence on the Clo M. energy of the
colliding hadrons.

The major components of total hadronic cross sections (elastic scattering, sin-
sle/double diffractive dissociation and soft inelastic collisions) all feature “small’
transverse momentum transfers. This focuses onr attention on scattering in the
limit s — oo whilst £ is held relatively small. Here. a successful phenomenology
has been developed based upon Regge theory. This pre-QCD theory treats the
angular momentum in a scattering amplitude as a complex variable and proceeds
to derive consequences from analyticity and crossing symimetries (Collins, 1977).
A typical f-channel exchange amplitude for a two-to-two process takes the form
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1. 3.8, A schematice diagram of a soft, inelastic collision and the associated
rapidity distribution

.\ @) ; ,
M(s.t) = (i +p) (;) et with p(s.t) = Relid(s,0) ~ p(s,0).

Al?  Im[M(s.1)]

(3.66)

The index ¢ in the above equation denotes the Havour quantum mnnbers ex-

changed in the interaction. As the practically f-independent p is O(0.1). the

amplitudes are mainly imaginary. For the exchange of a particle of spin .J the

exponent would be a,(f) = J. but in eqn (3.66) this has been ‘Reggeized’ to

inclnde contributions from a whole family of particles lyving on a linear Regge
trajectory

a;i(t) = a;(0) + alt + O(t%) . (3.67)

The parameters of the trajectories can be found by fitting the spins and masses
(s~channel poles) of real mesons and baryvons using J = a,(M?). The slope is
almost universal with a’ = 1 GeV ™2, whilst the intercept depends on the Havour
quantim numbers, ¢, being exchanged. One finds a,(0) = 0.5 for the leading
(dominant) contribution from the non-strange vector mesons p,w. @z, fo,.... The
sub-leading pion trajectory has a;(0) = 0. The exponential f-dependence as-
simed in equ (3.66) is empirical: it implies boy = 2[bo + o’ In(s/M?)] and thus
a ‘shrinkage’ of the t-distribution with increasing C.o.M. energy (Gribov. 1961),
el eqn (3.65). More formally it is a measure of the coupling strength between
the scattering and exchanged particles. The mass M, acconnts for the dimensions
and absorbs any numerical factors.

Using eqn (3.66) one can derive compact expressions for. for example, the
total, elastic and singly diffractive cross sections as

i : o, (0)—-1
=5 2 3.68
Tot = 017 (..u,.-) e
‘ 20a,(t)—1)
doa _ (1+p%) (s o2bat (3.69)
dt ~ 16zM3 \ A2 -
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For simplicity we have ineluded only a single Regeeon exchange and omitted the
clectromagnetic contributions. Including the interference between the hadronic
and. well known. electromagnetic amplitudes allows p to be measured exper-
inentally. These formmulae provide a very good description of reactions which
involve the exchange of flavour. These typically fall as s='. To apply them to
situations where no fHavour is exchanged. where eross sections are constant or
prow as s — oo, a new dominant contribution must be included. This is the
Pomeron. It has the quantum numbers of the vacuum and the Regge parameters

ap(0) = L.08 and ap =0.25. (3.71)

These values are derived from successful fits to a remarkably wide range of data
(Donnachie and Landshoff 1992: 1994). This trajectory does not correspond to
any presently known particles. thongh it has been conjectured that it is related to
the predicted glueballs of QCD. Actually. since app(0) > 1. the Pomeron is “super-
critical” and. unless eqn (3.68) is modified. will lead to a violation of unitarity in
the s — oo limit. More apparent is the absurdity ou/oo = (s/M2)w -1 5
for s sufficiently large. The inclusion of the necessary multiple Pomeron ex-
changes and unitarization corrections leads to a more complex theory (Khoze
et al., 2000).

[t is important to remember that Regge theory has not been derived from
QCD. One should therefore be wary of regarding it as doing anything more
than providing an accurate and economical. phenomenological framework for
describing data in the Regge limit. It also acts as a guide in framing the questions
addressed in an experiment. That said, pQCD has been applied to the region
s > |t| > Aqen, leading to the development of a hard Pomeron with an intercept
significantly above one and a small slope. To distinguish it. the usual Pomeron
15 now often referred to as the soft Pomeron, This hard Pomeron is associated
with the summation of leading logarithins of the form o, In(s/t) (Kuraev et al..
1977: Balitsky and Lipatov, 1978). The simplest model for such an object is the
{-channel exchange of two glhons (Low. 1975: Nussinov, 1975) (or one *Regeeized’
gluon), which is suggestive of a glueball interpretation. The hard Pomeron also
manifests itself in the small-z behaviour of structure functions where it sums
leading (o, In(1/x)]" logarithims. However, a word of caution should be sounded.
As the hard Pomeron theory implies a rapid growth in the nnmber of partons
then non-perturbative methods will be required ultimately. The search for the
predicted hard Pomeron is an active topic of research.

Finally. we turn to the rare, hard events which shall be our main focus of
interest. By experimentally requiring an event to contain a large momentum
scale we raise the possibility of applying pQCD to its description. Furthermore,
the short-distance scales suggest working with the quark and gluon constituents
rather than the colliding hadrons themselves. The sitnation is analogous to DIS
and again a factorized formalism can be applied. This is illustrated in Fig. 3.9,
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Fic. 3.9, A schematic diagram for the production of final state particles ¢ and
d in a hard collision of hadrons Ly and hy

The basic cross section formula for the collision of hadrons hiy and s to produce
1 2
|)ill"‘i('l(‘."\' e and o is j.’,'i\’(‘ll ])\

1
do(liyhy — ed) = f dary ey Zf,,/hl(;n.;l'}’..)f,,/h,.,(.‘r-_g.;t"f,_)(l('r(“l’ﬁ'”“((,_)z.;f;’;) ’

0

ab

(3.72)
Here the f,p,, and fi,,, are the same p.d.f.s as arose in DIS, where the indices
refer to partons a, b € {q,q. g} in the interacting hadrons Iy and ha. Here there is
a technical proviso that we are careful to use the same factorization scheme in the
deseription of both processes. They are evaluated at the factorization scale .
which is typically O(Q) — a hard scale characteristic of the scattering process.
The use of the same p.d.f.s is possible because the presence of an incoming hadron
does not cause the target hadron to modify its internal structure. This is the real
significance of the factorization theorem and helps to make pQCD a predictive
theory. In the matrix element for the hard subprocess the parton momenta are
given by P = ~'-‘li’ﬁ, and P:: = ;t.'|1);:2. In general, we do not expect ry = 9 so that
the hard subprocess will be boosted with 3 = (& — a2) /(@) + x2) with respect
to the hiyhy laboratory frame, resulting in the outgoing particles being thrown to
one side or the other. The sumn is over all partonic subprocesses which contribute
to the production of ¢ and d. For example, the production of a pair of heavy
quarks receives contributions from qq — QQ and gg — QQ. whilst prompt
photon production receives contributions from qg — v and qq — gv. These
two-to-two scatterings give the leading. Q(a?) and O(a.a,, ). contributions to
the hard subprocess cross section.  Beyond the leading order it is necessary to
consider two-to-three. ete. processes, which gives rise to a perturbative expan-
sion @ = Croa” + Cxroo™ 4 Cxxroa? 4 -+ A complication arises with
the higher order corrections as they contain singularities when two incoming or
ontgoing partons become collinear. It is the factorization of these singularities.
order by order, into the p.d.fs and fragmentation functions which gives them
their calenlable g7 dependencies. This, logarithumically enhanced, near collinear
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radiation is manifested as the appearance ol initial and final state jets associated
with each of the incoming and ontgoing partons.

The mix of hard subprocesses which contribute 1o eqn (3.72) depends non-
trivially on the relative sizes of both the cross sections and the p.d.lLs. The latter
are influenced by both the type and energy of the colliding beams and any re-
quirements placed on the kinematics of the final state. For example, requiring
the outgoing particles to be produced in a given rapidity range. perhaps cor-
responding to the geometry of a detector element. directly affects the w-ranges
heing sampled in the integral: see Ex. (3-13). To go further, we consider heavy
quark production at the TEVATRON, a /s = 1.8TeV (now 2TeV) pp collider
at FERMILAB. In the case of centrally (y = 0) produced bottom quarks one
has @y & 29 ~ 2my,/y/s = 2 x 5/1800 = 0.0056. whilst for top quarks it is
ry & ro ~ 2x 175/1800 = 0.19. At small & glnons dominate the p.d.lL.s. whilst
at large o only valence (anti)quarks are present: this is particularly true at the
higher scale appropriate for top production. @ ~ 2mg. Thus, bottom quark
production is dominated by gg — bb scattering. whilst top quark production
is dominated by the annihilation process qq — tt. Here, we see that in a high
mass ‘annihilation process’ it pays to have an antihadron in the initial state. In
this result the larger cross section for gg — QQ is overwhelmed by the p.d.f.
contribution. As a second example we consider di-jet production. In the ab-
sence of any Havour determination the ontgoing jets may be seeded by either a
primary (antijquark or glnon so that there are many contributing hard subpro-
cosses: po — po o — gq. qq — qq’. ete. Loosely speaking, the relative hard
subprocess cross sections are in the ratio (“’l 5 A & (f ete., reflecting the
colour charges of the colliding partons. This allows us to express the integrand
ineqn (3.72) in terms of an effective pud.f. (Combridge and Maxwell, 1984). see
Ex. (3-14),

S ) o (ea)da(gg — ag)  with [ () = g(a) -:—%'IZ fla). (3.73)

:q.q

Here Cp/C4 = 4/9 = 1/2. Thus at moderate transverse jet energies, equivalent
to moderate x values, ge scattering will be dominant.

In addition to a hard subprocess such hadronie scatterings also involve an
underlving event arising from the collision of the two beam remnants. In broad
outline the underlying event is like a soft. inelastic collision between two hadrons
of reduced C.o.M. energy squared (1 — xpa2)s. Fortunately, the soft particles
produced have limited transverse momentum and so do not unduly obscure the
high transverse energy particles produced in the hard subprocess. Observation-
ally there is an inereased level of hadronic activity in hard events. even away
from any jets, as compared to minimum bias events which are effectively equiva-
lent to normal soft inelastic collisions. This is the so-called pedestal effect. Thus,
more refined models build in an interplay between the hard subprocess and the
underlying event (Sjostrand and van Zijl, 1987). One possibility. which becomes
more likely with inereasing C.o. M. energy. is that a second hard scattering ocours
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between the partons in the beam remnants. By treating the two scatters as inde-
pendent the rate of donble scattering can be estimated as o35 = oy02 /0,5 The
assnmption of independence is plausible provided all the momentum fractions
remain small,

In an experiment it is necessary to supply a criterion to decide when to initi-
ate the read-ont of the detector. Typically, this trigger condition is based upon
known/supposed features of the events which are of interest. This introduces in-
evitably a bias towards just such events. Therefore, it is also common to collect
an ‘unbiased’ data sample based upon a minimal trigger condition such as the
occurrence of a bunch crossing or the presence of an energy deposit somewhere in
the detector. Given the relative cross sections for the hadron- hadron scatterings
these minimum bias events coincide essentially with the soft. inelastie collision
events. Since hadron- hadron colliders are often viewed as discovery machines
searching for very rare events, there is a need to use high luminosities. Given
large hadron number densities in the colliding bunches it becomes likely that
more than one pair of hadrons from the colliding bunches may interact. most
likely in soft, inelastic collisions. Thus, even when a hard trigger is satisfied it
is quite possible that the detector is seeing an event of interest together with
several soft, inelastic events. For example, at nominal luminosity at the planned
LHC at CERN, cach hard event is. on average, accompanied by Q(10) simultane-
ons mininunn bias events. Fortunately, these extra pile-up events produce mainly
low transverse momentum particles. spread throughout longitudinal phase space.
whilst the hard event must have high transverse momentum particles. typically
restricted kinematically to the central (y = 0) region.

3.3 Born level calculations of QCD cross sections

In this section, we shall review the calculational techniques required to evaluate
basic tree-level processes. We shall concentrate on the process et e™ — . which
is a paradigm for several nmportant processes, together with its lowest, O(a ).
tree-level, QCD correction, ete™ — qqg, which we will use in onr discussion of
the QCD improved parton model. We will also look at the pure QCD process
) — 2o which will give us an insight into the nature of gange invariance. We do
asstme some previous familiarity with Dirac spinors and working with Feynman
diagrams. The interested reader can refresh their memory and find more details
in any good text book. such as the one by Aitchison and Hey (1989) or by Peskin
and Schroeder (1995).

3.3.1  ete™ annihilation to quarks at O(a?)

The basie Feynman diagram for ete™ — qq is given in Fig. 3.10(a). Strictly

speaking, this lowest O(a?) process is more an electroweak than a QCD interac-
tion. However. it remains of great importance in the deseription of ete™ annihil-
ation to hadrons, and using crossing svimmetry, also to deep inelastic scattering,
Fig. 3.10(b) and the Drell Yan process, Fig. 3.10(c). Furthermore, by replacing
the lepton pair by a new quark pair (g # '), we can learn about di-jet production
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o (|, 1 e
et s J “
a) ete” to hadrons b) Neutral current DIS
q e q q
o
o
J et q q’
¢) Drell- Yan process d) Di-jet production

1. 3,10, Examples of the basie processes contributing to hard lepton lepton,
lepton- hadron and hadron-hadron scattering. Our convention is such that
the Feynman diagrams should be read from incoming states on the left to
ontgoing states on the right.

in hadron-hadron collisions, Fig. 3.10(d). It should also be noted that since the
clectroweak conplings are relatively small. o, ~ 1072, diagrams involving sin-
gle photon exchange should be sufficient for an accurate description of processes
(a). (b) and (c¢). On the other hand, since the strong coupling is relatively large
one might wonder about the size of the corrections to the single gluon exchange
diagram (d). Asymptotic freedom will have something to say here.

The matrix element for ete™ — qq is casily written down using the Feynman
rules in Appendix B,

=y v . 2 = 7 L . . " e
M = (") —iey, - u(l™) x 0 x it(q) - —iecqn0ij - v(§)
= = ” 2y o 12 . e
= eo({* )y u(l™) x (1Q7%) x eeqdiju(q)y"v(q) - (3.74)
Here, we use the particle names to also represent their four-momenta and in-
troduce Q" = (€%  ¢7)*, the fonr-momentum transfer. For simplicity, only

photon exchange is included, which is appropriate for Q% < M3, and we have
chosen to work in the covariant Feynman gauge, € = 1. The gquark colours are
specified by the colour indices i and j which run from 1 to N,.. Note that we
have explicitly inclnded a colour conserving Kronecker d-function at the guark

photon vertex which ensures that the q-pair forms a colour singlet. The order
of the terms carrying spinor indices has been determined by working backwards
along cach fermion line. Next. we need to evaluate the matrix element squared:
M|? = MM*. Now. whilst M is a complex number it is formed from a product
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of matrices. so that it is more convenient to use M = AM* and rather evaluate

IM|? = MM namely,

IMP = ¢ 5t () [5(H ) nu(e)] x @
x(""q)2 005 '_’(’l)‘r‘""(fi)[‘7(‘!)‘:""('7)]‘
= (”) m"( ()il ye(7) x Q71
% (eeq)® - Ne - i(@)y" v(q)e(q)y" ulq) . (3.75)

Here. care has been taken to keep the leptonic and hadronic terms separate
and also to sum over the repeated indices. The Hermitian conjugated terms in
eqn (3.75) have been dealt with as a special case of the following result.

[l iy - --Typo]t = o't . 1"1‘, Yo
= o(vol ! v0) -+ - ( ml 270)( mr| Yo )
" { : 6
with .-.,."{1_-.!,5..-.“'_ 1‘[1’}5-011"} Tai= { +1, gt /7 +Af';.|- *'H‘]t Y5+ ”;m} ('i'Tb)

Here I', represents any one of the five basic 4 x 4 matrices.

At this point we pause to comunent on the colour factor in eqn (3.75). Strictly
speaking. the quark and antiquark come with colour polarization vectors, so that
M x a*(q); &, a(@); in equ (3.74). Then. when we sum [M]? over these colour
polarizations we must use the result

Z alq)ra’(q); = O Z a(g)ct" (8)a = dcq - (3.77)

col.pols col.pols

appropriate for unpolarized guarks. For completeness we have included the equiv-
. . ] 2 &l
alent result for a gluon, where now the indices {a.e} = 1... N7 — L. Thus.

IMPZ xS a(a)i by a@); x [a* (@) S a(@)]”
=3 (X atawar @), ) 8 (3 at@);a* @n) ou
= Z(ﬁ.,’(\.,iﬁﬂd‘pk = Zr‘l-,j(‘ij, = N, (3.78)

Rather reassuringly, the reaction rate is found to be proportional to the number
of guark colonrs. N.. Il a quark or gluon appears in the initial state then the
corresponding colours should be averaged. as described in Appendix B. In prac-
tice, it is standard not to write out the colour polarization vectors and instead
simply keep the same indices on the external particles in both M and M1,

A similar result, originally due to van der Waerden, can be used to eliminate
the spinor basis states still appearing in egn (3.75). Denoting the spinor indices
by {i.j. k. 1} = 1...4. the following relations hold

ap)iip)y = 5 B+ m)(1+2sfly [ =5 (B m) (5 ),

sip
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1
v(phv(ph = .— [(p = 1) (X -+ vaf), IS||]) R - [+ m) (1 F 75)], (3.79)

The spin polarization state is specified by the space-like four-vector s which
I nrl.lmgmml to p. s-p = 0 and which for a pure state is normalized such
that s° = —1. The approximate form is appropriate to the high energy limit.

m << I, \\'hvn the spin veetor is parallel /antiparallel to the particle’s direction of
l‘l-l\i‘l. the so-called helicity basis. Often the incoming particles in a collision are
nnpolarized. that is. they are an equal admixture of all possible polarizations. It
is therefore conventional to include an average over the incoming particle spins:
again see Appendix B. Concentrating on the hadronic part of eqn (3.75). making
the spinor indices explicit and assuming no spin sensitive measurements are made
on the outgoing quarks this result allows us to write:

S ) vy vl@);5@); v ula) = (Zu(q)m (a) ),.,(L 0(@);0() ) Vi

spins sSpins spins
= +ma)u -y - (4 —maq) i -V
Ir {(d + '”q)"ﬁ'“(ﬂ = "h.)"r"} . (33.80)

In reaching this point we have been careful to make explicit the individual steps
imvolved. Consequently, the derivation seems quite lengthy. However. with prac-
tice one can, in principle, go straight from M to the traces over propagators and
vertices appearing in [M]%. One simply writes down a v-matrix string from M
followed by a second v-matrix string from M but with the order of the individual
I'-terms reversed. including minus signs for any 45 and 5,75 terms present. see
eqn (3.76), and with spin-sums (p 4 ), as nppmplmt,v for the external spinors,
inserted between these strings.

To deal with such traces of y-matrices we adopt the following strategy which
is always guaranteed to work. First, expand out the brackets so that von have
a sum of terms of the form Tr {77152 ... 4 1 Second. set all terms where n is
odd equal to zero: here remember t.lmt. v5 is the produet of an even nnmber (four)
ol y-matrices. Third, for traces of an even number of y-matrices repeatedly use
the following algorithm based on using the Clifford algebra, 4#4" = 2/ — 5"~
to permute the first a=-matrix through the rest. We illustrate this for the case

= 4. where we need to iterate three times,

L e o ik i V2 (e B U
=2 T iy §— iy T

=20 {7797 =20 T Ay 97 -+ 29" R {97}
R T BEOLEEN
=% =" IR} Y+ Ty ™" (381)

The last line follows because the linal trace equals the original one by the evelicity
of traces. The algorithm reduces the number of v-matrices in a trace by two each
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time it is applied. For n = 2 it gives Tr {447} = 9" Tr {1} = " - 4. Thus the
final result becomes

Ty Af“ a r o ”;u' Lo % T ”,nn"ur + " e . (382)
|

Of course, in practical sitnations a number of tricks (short cuts) can often be
nsed to speed up evaluations. for example,

.—},"q;gja,.“... — 4-a? x e T TRl e ydyt s =dabx o1
..'\’-"dﬂrl‘...:_2)(...9‘_... ...»}-,‘dﬁ/v}'“...:_f_)x.../fﬁd. -
(3.83)
where the dots are to remind us that the strings of consecutive v-matrices may
be embedded in a larger expression. Unfortunately, familiarity with these tricks
only comes with practice. Given these trace results it is now straightforward to
evalnate the hadron trace. eqn (3.80). to vield

Te{(d + mg)V(d — mg)y"} = Te{gy"§7"} - m;:,'l’r {7}
=4 [‘l“‘?" —qg-qnt'” + 4" — m;";u'”’]
=4 [(’“ql’ + q“ql’ 1 ((22/2)”“"] ) (3_84)

The leptonie trace, coming from eqn (3.75). can be evaluated in the same way
and gives essentially the same result, though with an extra factor 1/4 reflecting
the spin average in case of unpolarized beams. If we collect our results so far, we
find

D _IMPP = IQ, 2T — eyl me) )
% ((1(6‘,)“’.\/' STr {(g + m)v" (§ — my)y"}

- 2oleres w60k — (QF)2) )

Q'

x(w,,)' ] l[q"q +§"q" — (@ /'))’l"“]

1 ’ 9 or
= @L,‘,,'H’” . (3.85)

Here Y is introduced to denote a sum over final state and average over initial
state spins and colours. Also, for future reference we have introduced the lepton
and hadron tensors L, and H". The Lorentz contractions are casily carried
out to yield

—ib\/fl' = I-((((:;—)lv ["([*’ Y @)+ 2007 ) - q) + (m? + m.;'i)(,)"!]

|
- (("!f',l)":\’,-a (2 - 3"! + d"‘ cos® 0 Yo (3.86)

In the second line the result is written in terms of the Clo.NL variables #*, the
scattering angle between the incoming lepton and outgoing quark. and 4*. the
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volocity of the final state quarks. In this C.o.M. frame, with massless leptons
trnvelling along the z-direction and the scattering in the x-z plane, the four-
Anomenta are given by

g = ‘/?(1 0.0.41) (3.87)

(— ) W O)?
andd q = 92 (1.3 sin 0", 0, £, cos0”)  with 3 =

Note that as a Lorentz invariant quantity [M|? could only depend on the parti-
cles” four-momenta via their invariants, for example, their scalar producets, p;-p,.
In o two-to-two scattering, ab — ed. it is common to introduce the Mandelstam
variables

s=pPatm)? t=@Pa—p) u=(pa—pa)

9 y 3:88
= (pe + pa)® = (po — pa) = (P — pe)? {358

o

Of these v;u'iablv's (mlv two are independent sinee they are constrained to satisly
84t 4w =m2 + mb + m? + m3. Since § > max{m? + m}f, m? 4 m.'j} is always
positive, one of t and u. typically both, must be negative. Of course there is
some freedom on which particle is labelled ¢ or d. The motivation for a specific
choice is to try and ensure that the Mandelstam variables naturally arise in
the propagators: s in annihilation processes, for example, ete”™ — . and ¢
i scattering processes. for example. f¢q — fq DIS. One refers to s-. - or u-
channel contributions. In terms of the Mandelstam variables, with ¢ = (q—£7)2,
eqn (3.86) can be written

= ; 2 +u? + 2(m? + m=)(2s — m% —m
Zer’:(w’cq ] [ 2ot a2 — g ']. (3.89)

S"

According to eqn (B.4), to obtain a (differential) cross seetion we need to
include a flux factor for the incoming particles and a (differential) phase space
factor for the outgoing particles. In the massless-lepton limit the flux factor,
eqn (B.5). is given by 1/(2s). The evaluation of two-bady. Lorentz invariant
phase space. n = 2 in eqn (B.6G), is relatively straightforward and gives

’ |
(]‘BCI)., g |pmn | Wowtl | s ® (_({
S \/Z 9
l dt  ddg
* BRETG (3.90)

167 |p:, |5 27

The first expression for the two-body phase space element is appropriate for a
deseription of the collision in the C.oM. frame. In the second expression it is
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given in terms of the Mandelstam variable £. After integration over the azimnthal
angle ¢ and introducing the frequently ocenring fine structure constant o

e (3.91)
the final result becomes
2 AT
do ”vmcq“ "\c o e -

= 7 2 — J'.j.- : & ( l--- ()- .{‘.

deos* Dy ( "+ 3y" cos”0°) 3
(l_” = “‘f'lu";iﬁ‘lv‘-' [lz = '"?;(2-"' = m;'i)] (3.92)
(]f = S 52 L waJa

If both lepton beams had a transverse polarization, then the matrix element
eqn (3.86) would acquire a non-trivial ¢ dependence.

Equation (3.92) is easily integrated to give the lowest order expression for
the total eross secetion for ete™ — qq,

2ras. o i fri dma? 86.8 nbGeV?
SMQGw 2 8; i o i 2N e DU 2 A7 AT
do = wunn‘l_.\:r - T H" ~~ -_'-;.TUE(‘IJV" ~ _T_("II\" . (_;_!)_;)

The approximation holds well above threshold., /s = 2m. equivalent to /35 — 1.
It should be noted that the fact that the total cross section depends only on s
and my, is a result of the guarks (and leptons) having no sub-structure. that
is, they are pointlike. Furthermore, the polar angle dependence in eqn (3.86)
is a direct consequence of the quarks (and leptons) having spin 1/2. Given
(pseudo-)vector boson exchange the lepton and quark spins like to align at the
two vertices: a positive (negative) helicity particle with a negative (positive)
helicity antiparticle. Thus, we have an initial spin-1 state annihilating into a
final spin-1 state aligned at an angle * to the initial state. This 0° dependence
in eqn (3.86) is usefully rewritten as

2
... x (14 cosf*)? + (1 —cos0*)* + SL"' sin® 6" . (3.94)
decos* s

The hrst term corresponds to the contributions with a positive (negative) he-
licity lepton going to a pesitive (negative) helicity quark; angular momentum
conservation then favonrs 6* — 0 over 0* — 7. Likewise, the second term cor-
responds to a positive (negative) helicity lepton going to a negative (positive)
helicity quark, which is favoured when the quark and lepton are antiparallel. The
last term corresponds to a spin zero final state involving a spin-flip. which can
only oceur for massive quarks. That the first two terms contribute with equal
weight is a consequence of QED (and QCD) being parity conserving. The pho-
ton couples with equal strength to the left- and right-handed fermions. The weak
interaction violates parity conservation and the Z conples differently to left- and
right-handed fermions. This changes the balance between the first two terms in
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e (3.94) and leads to a term linear in cos 0 which induces a forward- backward
msvinnetry. A similar effeet can be obtained by polarizing one or more of the
forimions.

To abtain similar results for the processes £ q — (qand qq — 70, shown
I Fig. 310, one approach is to caleulate the matrix element in exactly the
siane manner as above. An elegant alternative is to take the previous result for
Mt — qq) and use crossing symmetry. The basic idea is to swap particles
between the initial and final states. An example is given by

M= o py. pe-pa) = MO (pay —pi —ppepe)
ol IJ\/’”"N(“’(S. I ")|2 — IJW!H’—JMT('.. ”.S)I'.! ) (395)

When fermions are involved the equality of the amplitudes is modulo an nunob-
servable phase. Since the physical regions for the Mandelstam variables in the
crossed and uncrossed process do not overlap. the arguments of the second am-
plitude have to be analytically continued. That this is possible places powerful
constraints on the allowed form of the amplitude. The only real, though minor,
complication is to remember that the spin and colour averages for the initial
state may need to be changed as appropriate. Using these results and neglecting
masses we quickly obtain

o= - e R L

ZLM(" q—£7q)|" = (ceqy)” 12

_— _ P o
‘ i w (q — l_ "+ 2 — 2 2q ) — . ';‘!)(‘
L ZL' (aq )| (c"eq) N. 2 ( )

Observe that the result for qq — £ €1 is essentially the same as for £77% — qq.
except for the extra factor 1/NZ due to the average over the colours of the
incoming quarks. In sitnations where a number of processes are related to one
another be erossing symmetries it is common practice to only guote one matrix
clement (squared) and expect the reader to derive the others using eqn (3.96).

Finally, before finishing onr discussion of these processes, we return to a
very important property of the lepton and hadron tensors defined by eqn (3.85).
Suppose that we introduce a polarization vector for the exchanged (off mass-
shell) photon and take ¢(Q)* ~ Q. then it is easily verified that

Q"Lyy =0=Lw@Q" and Q"H,, =0=H,.Q". (3.97)

which is the embodiment of electromagnetic gange invariance. As a consequence
of this result, had we chosen a gauge in which € # 1, then the extra terms in
the numerator of the photon propagator. which are proportional to Q*, would
have given zero contribution. It was sufficient to use only —1,,,.. This is a trivial
example of a more general resnlt which states that the sinn of a gauge invariant
set of amplitudes cannot depend on the arbitrary gauge parameter £, To see why
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a sum of amplitudes must vanish when a photon's polarization vector is replaced
by its four-momentum consider the Fourier transform of a gange transformation,

Al AR 4 e710"0 = e(k)* — (k)" + e k"0 (3.98)

Since # is arbitrary, the scalar product €M, is only guaranteed to be gauge in-
variant if we require KM, = 0. A similar. though more delicate argument holds
in the non-abelian QCD. For more explanations see eqn (3.118) and the discus-
sion in Section 3.3.3.1. Constraints such as this significantly limit the possible
tensor structures of amplitudes and provide very nseful checks on the interme-
diate stages of a caleulation.

3.3.2 etem annihilation to quarks at O(al)

We now consider the leading, tree-level QCD correction to the processete™ — qq
in which a glnon is radiated from either the quark or the antiquark, ete™ — qqg.
The two Feynman diagrams are shown in Fig. 3.11.

e q ¢

t.

F1G. 3.11. The leading, tree level QCD corrections to ete™ — qq. The momen-
tum shown at the internal quark flows in the direction of the fermion number,
as indicated by the arrow.

Concentrating on the hadronic part of the amplitude. and again assuming
only photon exchange. the matrix element is

dtg+mg) —(f+g)+ ” z
3 W T T 5 3 v(q)e* (g)” .

(g +g)*—mg (74 9)

(3.99)
The minus sign in the antiguark propagator arises because the momentum is
Howing in the opposite direction to the fermion number. Before proceeding to
evaluate |M|? it is instructive to verify electromagnetic gauge invariance. Using
Q" = ¢" + g" + ¢" and neglecting the constant overall factors we have

~—
-
-
-

.:

M, =ieeq9,THu(q) [",‘,,

(d*ﬂ*ﬁ (d+ 4+ 4)

M, Q" xu(q) lf (7 + ,;) P )f.] v(q)
qa

4+ 49— mq) — (mq+ ¢+ )

(¢ f{ — y)

- 4 1 | i _
=ii(q) V (4 +g—my) (G + g+ mq)f J v(4)
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a(q) [f°1 -1/ =0. (3.100)

Hore we wrote the propagators as inverses, using (p — m)(p + m) = (p? — m?)1.
wiiel exploited the Dirac equation

(g — mo)ulq) =0 (+mq)ve(q) =0 .
W) —ma) =0 5@)(d+ma) 0. (3.101)

Thus, we confirm that our expression for the amplitude is gauge invariant, pro-
vided we inelnde the contributions from both diagrams.

At this point, we set the quark masses to zero, as they serve only to complicate
onr caleulations. This is a good approximation for the light quarks. Since we
pnlready know the lepton tensor we only need to evaluate the hadron tensor.

Y Mug Ml e (9)elg) == ) MugML7 . (3.102)

spins spins

Here, we have expressed M, from eqn (3.99) as M, ,¢(g)*7 and used

Do) 7elg)” = " (3.103)

pol

for the gluon’s polarization tensor. We shall return to a consideration of this
expression later. We start by considering the first diagram in Fig. 3.11, in which
the ghion is emitted by the quark, which yvields

(2‘1 3 .‘I)z Z MqM(tl ot —&r {ﬂ"!a(ﬂ + ﬁ)“f’:c’i"."u(ﬂ + ﬂ)ﬁfa}

spins

= +2Tx {d(d + @i (d + 9)}
== ‘{'2“'{ﬂf}7‘tﬁ-!llﬂ}
= +2-2(q - 9) - Adugy + 9o — (7 - 9] - (3.104)

Here. we used some tricks from eqn (3.83) to speed np the evaluation: v7¢v, =
24, 44 = ¢* = 0 and g¢ = 2q - g — g¢ together with g% = 0. Note that scalars
appearing in an expression which is a product of some y-matrices have to be
multiplied by a 4 x 4 unit matrix which is usnally not written explicitly.

In eqn (3.104) we see that the factor (¢-g) partly cancels the singularity from
the propagator so that the contribution behaves as (¢-¢) ™' and not (¢-g) 2
might have been anticipated naively. This caneellation is typical of such calenla-
tions. In retrospect., this is not so surprising if we consider the ¢ — qg branching
in isolation. This can be achieved by expressing the numerator of the quark
propagator, p. as a sum over bispinors, u(p, s)i(p. s). c.l. eqn (3.20), and pick-
ing out the term a(q)f" (g)u(p). This expression has mass dimension one, and
since the only relevant quantity carrying mass dimensions is the virtonality of the

as
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propagator, we have that it must be proportional to /2q - ¢. The properties of
such branchings will be studied later. They are important when the propagator
becomes singnlar and they start to give the dominant contributions to a ma-
trix element. These propagator singunlarities can be identified with two physieal
regions. Looking at the denominator

[(q N I'H.;‘:] =2q:9=2E,E () — By cos0qg) . (3.105)

it is clear that this inverse propogator tends to zero for vanishing gluon energy,
E, — 0. known as a soft singularity, and for a massless quark. 3, = 1. when the
opening angle vanishes, 0, — 0, known as a collinear or mass singularity.

The evaluation of Zﬁlmm J\A(,.Mfl proceeds in the same manner. The result can
be obtained from eqn (3.104) by exchanging ¢ and ¢". The more cumbersome
evaluation of the eross-term vields

(2q-9)(2G-9) Z 2Re {M"M‘i‘}

spins

x —16 [(q . r})(Q"’n,,,, - 2Q,.9v — 2q,Q. + '.).ri,,q,,)

+2(G- Qintte + 2(q - Q)i — Q?q,,q,,] . (3.106)

C'ombining these results, restoring the constant factor and evalnating the sum
over the final state quark colours, which is conveniently done using eqn (A.17).
Tr{T"T"*} = Cpré;; = CpN.. gives the hadronie tensor
4(eey)?92CE N,

(q-a)q-g)
X { —()z(q,,q,, + (],,f},,) - [(q OV 4 (G ())2] N (3.107)

+(q- Q) [’tha' T Qﬂ‘lv] +(q-Q) [’iu(?tr + Qu'irf]

+(q-q) [Qﬂ(’l =) — (g — '?)IAQH] + (’l “g (22/2) (‘qu;' - ‘L:’lu)} .

H,, =

This can be contracted with the leptonic tensor, eqn (3.85). to vield the following
expression for the matrix element squared:

2. 13 Fey e L [0 g)% 08 @R (T ) + (0 )7
B H L = 8(e%e)2 g2 CpNe—s
& g Q- (q-9)q-q)

(3.108)

Observe that only the first two terms in eqn (3.107) give non-zero contributions

as the others are either proportional to Q" and vanish by gange invariance or
are antisvimnetric under g« v,

To obtain the differential cross section eqn (B.4) we need to include the Anx

factor. which is the same as for e*e — qq, and the three-body phase space,
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o 3o eqn (B.G). The evaluation of the phase space is best carvied out in the
CLo ML frame and yields:

g - dpy2dQ2
L . p s A
&7 ne
; 1
>
. — . D S (
&>y, = a1 EdE, (3.109)
= -————-l—(lm"’ dm3
128g3Q2 ™

Here particles 1 and 2 can be any of the three final state particles; for the problem
at hand 1=q. 2=q and 3=g is the natural choice. The second expression follows
after integrating over the decay plane’s orientation and the third because, for
example. m3, = Q% + m3 — 2/Q?ESM. Combining these results gives the fully
ditferential cross section

”“P "v 8 [(I_ . q)’..’ e ({_ ) ‘7)2 + (F+ i q)z + (f+ X (7)2]

dla = 22 ol -
@ R (a-9)(q-a)

A €2
RAEHE,—3 9 |

3.110
i (3.110)
Often. in practice, we are not interested in the orientation of the decay plane.
That the three particles lie in a plane, in the C.o. M. system, follows trivially from
q +q+ g = 0. The integrations over ¢, ¢q and 0, may be done explicitly in
eqn (3.110) or done equivalently by replacing L with the orientation-averaged

lepton tensor
il (2;&(21;
my — e2- [ —prv 4
) =e :;( f Q?

Here mi may be safely ignored. This tensor manifestly satisfies eqn (3.97) and
may be thonght of as the spin-averaged polarization tensor for the exchanged, off
mass-shell, vector boson. Re-evaluating L, /" then gives for the spin-averaged
cross section for massless guarks

) (Q? + 2m3) . (3.111)

2 [(q-Q)° + (G-Q)°] 4
& = 052 Cp e BB
(I:-’a‘ ¥ .l.":: -+ .‘lf;'!l i
_— = 20y (3.112)

(1 =2y (1l —2y)
In the second form we have introduced the variables »;. equal to the energy
fraction of the ith particle in the C.o. M. frame. defined by
. ol Q _ 2
MAR S . A 1

QZ Elmzuu

~and such that g + 14 + 2, = 2. Projected onto the x, — xy plane (Fig. 3.12).
o Dalitz plot. the allowed phase space lies in the upper-right triangle of the

dagday

(3.113)
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.J'(|
|
two-jet
T |- = J
. three-jet
2(1—T) [----- ARG, |
o| :
0 2(1-T) L 1 o

F1G. 3.12. A Dalitz plot showing the allowed region of the x — x, plane for a
v = qqe event with massless partons. The thick lines indicate the collinear
singularities, Oy, — 0 = ry = 1 and O, — 0 = x4 = 1. their intersection
marks the position of the soft singularity, r, — 0 = x, = 1 = ry. Also
shown is the boundary line separating the two- and three-jet regions based
on the eriterion max{rg.rq. rg} < T.

rq = [0,1] g = [0.1] square, with lines of constant r, running parallel to the
diagonal edge, where o, = 1. In eqn (3.112) we see very clearly the singularity
strncture for gluon radiation. If 6, — 0 then 2¢ - g = (1 - y)Q* — 0, that is.
&y — 1, whilst if E; — 0 (i, — 0) then both xq and rq — 1.

3.3.3  qq — gg and the gquuge invariant QCD Lagrangian

We will now consider a pure QCD process, qq — gg. at leading order with, for
convenience, massless quarks. Our approach will be to try to generalize the well
mnderstood theory of abelian QED to deseribe the non-abelian theory of QCD.

q. ¢ LR T (| g1 q £1

q—m.k n - q.k

..
-~
e

Q. J g, 12.h q g2 q

J

FiG. 3.13. The three leading order Feymman diagrams for qq — ge.
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By dircet analogy to the process g — 57 we are quickly led to the first two
Fevnman diagrams shown in Fig. 3.13. Their matrix elements are given by

(M + M) (e (g1).€ (g2))
I

9 e e - 1 - g~ Al - -
igie(q) | T3/ (92) =" (0] + 5Ty f () ——#"(42) | u(a)
1l 1

(3.114)

Observe that we have included two non-commuting colour matrices at the quark
glnon vertices. This has significant consequences for gauge invariance. Replacing
tlg2) by go = q+ q— g1. c.f. eqn (3.100), we easily find

(Mo + M) (€ (). g2) = =i g3(T"T" = TT");;5(9)f " (91)u(q)

)

= —gi [T (@) (91)ulq) . (3.115)

w0 that, unlike the case of abelian QED, gauge invariance appears to be violated!
The result is unaffected by including non-zero quark masses. Indeed this would
be the case if there were no other diagrams contributing. However, since gluons
carry colour charge, we might anticipate the existence of a triple-gluon vertex
wiving the third diagram in Fig. 3.13. In fact, looking at eqn (3.115), we see that
the remainder has the form of a quark-gluon vertex proportional to —i ¢, 77; times
n new factor proportional to +g, f*". that is. proportional to the appropriate
colour matrix for an adjoint representation gluon. That the gluon should be
placed in the adjoint representation makes sense from the group theoretical point
ol view. becanse when coupled to a particle in the representation I? only the
ndjoint representation, which for SU(3) is an octet, is guaranteed to be contained
within the tensor product 12 & IR, Thus, only octet gluons can directly couple to
particles from any other representation.

The properties of this new triple-gluion vertex +g, f*% V.0 (91, g2. g3). with
g1+ g2 + gy = 0. are easily established. Looking at eqn (3.115), and bearing in
mind the s-channel propagator present in Fig. 3.13, it must have mass dimension
one, be a Lorentz tensor and. since gluons are bosons, be totally symmetric
under interchange of the labels on any pair of gluons. That is, since [ is
completely antisvimmetrie in its indices, the same nmst hold for V. Thus, it
must be constructed from terms of the form y,,010. W G20 M g3s cte. and be
antisymmetric under o« v and gy < g2 ete. A little experimentation shows
that the only non-trivial possibility is

Viwo (91,92.93) = [ (01 — 92)0 + e (92 — 93)0 + o093 — 1))« (3.116)

ns also given by the Feynman rules in Appendix B. Taking over the form of the
(Fevimman gauge) photon propagator for the gluon we have

M(e*(g1).¢"(g2))
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aT

' ; i' it . -
= i(q) - - i_q_,]j",,, ~ufqg) x ———’—, x +q.f ¢ (3.117)
(n +g2)?

% (g = 92)r + or(on + 292)5 — Nep (200 + g2)0] - € (1) " (92)

I
and again replacing €*(g2)” by ¢4 in this new contribution gives

M (n)ege) = 20T [ + 62 ). )

Given the choice of nnit numerical coefficient in eqn (3.116) this exactly restores
cange invariance, provided the first gluon is physical. that is, gy - e(gy) = 0.

K

IF1G. 3.14. The leading order Fevnman diagrams contributing to gluon- glion
scattering

Having been led to introduce a triple-gluon coupling we ought to consider
also the proeess gg — gg, which now can proceed via the first three diagrams in
Fig. 3.14. If we test gange invariance and replace €*(g4)" by ¢f. the smn of the
first three diagrams in Fig. 3.14 gives the following contribution:

(M + M+ M) (elgr).e(g2). € (93). 1)

- —i!lf[ + f"'" fm"(fl €3 €201 — €1 gy €2°€3)
+ fU ey - gy €2 €3 — € €2 €50 gq)
LU ey e € gn — €€ €20 )] (3.119)

Here, we assme on mass-shell (g7 = 0). physical (g, - €(g;) = 0) external gluons
and employ the Jacobi identity. eqn (A.12). Once more, we find problems with
gange invariance for this subset of diagrams which can be remedied by introdue-
ing a dimensionless, fully symmetric quartic-gluon vertex. The exact form can be
read off directly from eqn (3.119) and can be found in Appendix B. This vertex
has exactly the same structure as that derived from the gauge-kinetie term in
the Yang Mills (QCD) Lagrangian. What is more, these triple- and quartic-gluon
vertices are sufficient to guarantee the gange invariance of all QCD processes to
all orders — no other gluon self-vertices are needed.

3.3.3.1  Physical states and ghosts  In eqn (3.118) we demonstrated effectively
the gange invariance of the qq — gg amplitnde provided that both gluons have
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physical polarizations. This raises the issue of how to treat the polarization
tensor for the gluon: is the QED form, eqn (3.103). really adequate for QCD?
IFor a vector particle of momentum &% its polarization vectors must satisfy

e(k;s) €' (k:s') = b0, and k-e(k)=0. (3.120)

The first equation imposes ortho-normality on the basis states whilst the second
cquation requires that they are orthogonal to the particle’s direction of motion.
Now, because the gluon (or photon) is massless it only has two physical polariza-
tion states whereas the second equation only imposes one constraint on the four
components of a polarization vector. Thus. we require an additional constraint.,
which can be taken to be n.e = 0, where n is any four-vector subject to n-k # 0.
As the physical polarization sum, T,,,, can be constructed only from #,,,,. k, and
ny. is required to satisfy AT, = k"1, = n"T,,, = n"T,, = 0 and have trace
", = =2, it is straightforward to show that it must have the form

L AT (Kpny +nyk) 5 Kby
L l’:(’..)"( (,‘ )" = v + n-k — N (7) . k)'.! 3

phys

(3.121)

see k9x. (3-15). This is precisely the form of the numerator of the gluon propagator
i a physical gauge. There is quite some freedom in the choice of n which we
can use to our advantage. In particular, having n? = 0 simplifies things.

Given the correct polarization tensor, eqn (3.121), you might ask why this
expression is not used in QED calculations, since the arguments leading to its
construction apply equally well to photons and gluons. The difference lies in the
realization of gange invariance. In QED we have

,"“M;um.“ =0 ('5122)

which for a physical photon is independent of the polarization of all other pho-
tons. In QCD all other gluons also had to be physical. Thus, the ‘extra’ terms
in eqn (3.121) which subtract ont the unphysical longitudinal and scalar polar-
izations and are proportional to & give vanishing contributions and can be safely
dropped. In QED, we can use —1,,,, for the polarization sum. Likewise we can use

Ay i QCD, provided only a single external gluon is present. If two or more
external gluons are present using —1),,,, will leave unwanted extra contributions.
IFor example. using the full expression for the qq — gg amplitnde the additional
contribution is given by:

-

1
1y - g (“I '!fl)
o (@nd +nlg3) o 9393 l}
>

’ ’ ’
(gini +nig7) o 4797

9
“

M,,fM;,,.{[—,,“’] i[=ail? = [yt

X =0 + — M
n2 - g2 (2 g2)
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2

v(q)g,ulq) - (3.123)

>

= i g2 f"T}; 7—'[——

<th " 42
Here, we see that any dependence on the arbitrary four-vectors ny and no van-
ishes, which is in fact required by gauge invariance. The final result also appears
to be asvinmetric. However, this is illusory: if we replace gy by (¢ + ¢) — ¢2. then
the bracketed term vanishes and we are left with the same expression except
that now ¢, appears, and fa% bhecomes fP. that is. the result really is 1-2
syinetric.

The obvious way in which to avoid the contribution due to unphysical glhon
polarizations, such as in eqn (3.123). is to always use eqn (3.121) for external
eluons. However, this is cumbersome and an alternative is available. We resain
can (3.103) for the polarization smn and add yet another diagram to thos: in
Fig. 3.13 whose contribution is designed to cancel exactly the unwanted coutri-
bution. Looking at eqn (3.123) the stracture is that of a qqg vertex, followed by
a gluon propagator and Anally a term proportional to »—_q_.,f"""y‘{'. This suggests
the form of a new g vertex. We choose 5 to be a Lorentz scalar field, for sim-
plicity, make it complex to give the vertex a ‘directionality’. so as to distingaish
g1 from g2, and put it into a colour octet representation to justify the f% colour
factor. Finally. we have this ghost field obey Fermi- Dirac statistics so that closed
loops acquire an extra minus sign as do quarks. However, ghosts are scalars and
this choice violates the spin-statistics theorem. As a consequence ghosts vidate
unitarity and give negative cross sections — which cancel precisely the nnwiited
term eqn (3.123).

FF1G. 3.15. Two of the diagrams contributing to the gluon self-cnergy

At this point the role of the unphysical ghost fields appears to be oniy to
facilitate a trick intended to simplify the caleulation of tree-level amplitudes. The
sitnation is more subtle when loop diagrams occur. such as in Fig. 3.15. These
diagrams ean be viewed as either higher order contributions to the amplituce for
qq scattering or, if the diagrams are “cut’ through the loop, as contributioas to
the amplitude squared. M (left-hand side) x M (right-hand side). for i — ge.
This dual interpretation can be made more formal. In the first interpretition
there exists a region of the loop momentum integral (see Section 3.4 for an
elaboration) in which both internal particles are real, that is. on their positive
mass-shells, and generate an imaginary part in the complex amplitude. 11 the
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second interpretation this same integral corresponds to the phase-space integral
appearing in the total cross section for the production of a pair of real gluons.
(T'his non-linear relationship between S-imatrix elements is in essence the optical
theorem.) The significance of this equivalence is that we must restrict the internal
pliuons in any loop to only physical polarization states or violate unitarity. This
can be achieved in two ways. Either, use a physical gange, so called because only
physical polarizations propagate for an on mass-shell gluon. Or use a covariant
pange and whenever a gluon loop ocenrs add the contribution from a ghost loop.
remembering to include the extra minus sign, thereby ensuring the removal of
any non-physical contributions.

330 The cvaluation of colour factors

The evalnation of the colour factors which occur in the expressions we will en-
counter for matrix elements can always be found using essentially two results.
IFor any particular sub-amplitude the colour factor consists of an ordered prod-
net of T and f%" terms. The latter can be eliminated by applying the following
identity, derived in Appendix A,

% = - T {T*TT° — T°T'T°} , (3.124)
71
to the fundamental representation. After applving eqn (3.124) we are left with
a string of T matrices. Now all internal indices are already summed over and
once the amplitude is squared and colour averaged so are all external indices.
Thus, the matrices can be paired as T T}, T,’,’ql"' <o+, allowing the completeness
relation to be substituted,

— " - R i aa
Z’I"l" T |00k — 001t | - (3.125)

[

Finally, by carefully contracting the colour d-functions, a pure mmnber, the colour
factor. will remain.

We illustrate this approach using the process qq — gg. Schematically. the
amplitude may be written

JM = :r":[‘bM[ * '14'1‘"}\4 A + ifﬂfu-.l.‘-'/ws
= Tn']"'(./\/“ + J'Vl_,,) + Y'FDva‘(M” —_ J\/f_.;) . (312(5)

The first two terms are associated with the two orderings of the double brems-
strahlung contribution. The third term, which has been eliminated either directly
nsing eqn (A.10) or less directly using eqn (3.124) and eqn (A.7). is associated
with splitting of a radiated gluon via the triple-gluon vertex. The T*T" and
T"T terms in MM, after colour averaging, each give rise to the colonr factor

TefrertTire) = ¥ % Crrt ohae

ab 13kl
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al e o
= N.Ci. (3.127)

After rather more work the eross-term can be evaluated similarly to obtain the
colour factor

2 2N,

g 1
rrr{'ImThr fl?‘l‘l} = .'V,.(—',.' ((;F - (__1) - J\‘.r(-‘,'-"—'— ) (3128)

From these two results we can deduce that the colour factor associated with the
|M3)? term is given by N.CpCy. Thus, we learn that |[M]? is proportional to
the number of quark colours, N the radiation of a gluon off a(n anti)quark is
proportional to C'r; whilst radiation off a gluon is proportional to C' 4. Also, we
see a generic behaviour, the interference between two colour Hows, here T9T"
and TVT, is suppressed by a typical factor N2 compared to the direct contri-
butions.

Again, in practice, a number of tricks may be applicable in special cases
to speed up colour factor calenlations. In the case of eqn (3.127) we could
nse eqn (A7), Zﬂj 5Ty = Cpdy. to immediately obtain the result. For
eqn (3.128) one can substitute 7T = (TUT* 4 i f*%T¢). The first term has
just been evaluated. For the second term one can write

ifufur-[-l_ {_rr.--r]--brrr;} S ifahl"r'. {Tf_'r[-bfrn B rIw‘T-ur['ﬁ}/:z
- ,I.Ff“b(-fnht‘ ) (3.12!})
= TrCa(N? - 1)/2,

where we used the antisymmetry of f4%_ equ (3.124), and equ (A.17). These two
terms when combined give the quoted result. However. the approach discussed
first is guaranteed to work in all cases and is ideally suited to being done by
computer algebra techniques. thereby reducing the risk of error and the tedinm.

3.4 Ultraviolet divergences and renormalization

When a Feynman diagram involves a closed loop. the momentim conserving, o-
functions at the vertices prove insufficient to specify fully the momentum of the
particles in the loop - an integral over a loop momentum remains. For example,
in a self-encrey diagram an integral of the following form may be encountered:
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: 1 Ak
k- o~ [y [ dRA ‘-— ~ / — ~InA. 3.130
/ [(A + p)? — m?] k2 /‘ " /( k: k = ( )

Truneating the integral by an ultraviolet cut-off, A, we see that the integral is
logarithmically divergent. Renormalization is the treatment of such divergences
which are associated with the high frequency — short distance components of
the helds. In essence, the procedure first involves using a regulator to artificially
render all integrals finite. so that they can be safely manipulated. Second. new
terims are introduced into the theory in such a way that all the divergences cancel
hiotween the contributions from the bare Lagrangian and the new connterterms
when the regnlator is removed. Significantly, these additional terms must have
oxactly the same structure as the original Lagrangian. Finally. the finite matrix
elements ean be compared to experimentally measured numbers and, after fixing
nny free parameters, higher order predictions can be made. We will demonstrate
this procedure at one-loop. More details can be found in many of the standard
lield theory texts, such as (Ramond. 1990) or (Peskin and Schroeder, 1995).

Unfortunately, the erude ent-off used to make eqn (3.130) finite is not com-
patible with either Lorentz or gauge invariance. Technically speaking, the Ward
identities are violated. However, it is casy to see that if the A-integral involves
fewer dimensions, then the integral again becomes finite but importantly now
no longer violates the two symmetries. Dimensional regularization is the pre-
ferred choice in pQCD caleulations. The method of dimensional regularization
nnd the standard procedures for dealing with (one) loop integrals are described
in Appendix C.

341 Self-enerqy and vertex corrections

Armed with the knowledge of how to use dimensional regularization to calen-
late one-loop amplitudes, we now sketeh the results for the quark and gluion
sell-energies and quark- gluon and triple-glnon vertices. These are the core cor-
rections to the propagators and couplings in which all the external propagators
are “npntated’. We shall work in a covariant gauge with arbitrary gange param-
cter £ # 1. This will be followed by a discussion of how renormalization handles
the divergences which we isolate.

p+k

1. 3,16, The three tadpole-type diagrams and the quark gluon loop diagram
which contribute to the quark self-energy at leading non-trivial order. O(a)
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At OQ(ay) four diagrams, shown in Fig. 3.16. appear to contribute to the gnark
self-energy. However, the three ‘tadpole’ diagrams give zero contributions. This
is seen most easily by considering the diagram’s colour factors, Tr {7} = 0 and
Sfany = O, for the quark and both the gluon and ghost tadpoles. respectively. This
leaves only the fourth diagram, which apart from a group theoretical factor. is
the same as in the abelian theory QED. The one-loop integral yvields

« dPk . . (Kt ptm) .
—IL(])) = /( {—l!}.,-ﬂ ik T X0 [(k"f‘ﬁ)‘! = ’"2| X =1 TJ‘},,

i - Jebt o <l
X 13 [_,’: + (1 —§) 2 l} (3.131)

APk 5, (K + p+ m)v. o kR
=~Agaft’)’ l"/(')-r)” [(k + p)2 — m?2]k? [ =3 k2 ]

This expression should be familiar from the discussion in Appendix C and indeed
coincides with eqn (C.1) for § = 1. The full result is

—-i¥(p) =1 g—f;C';.-JU { A &p— 3+ &)m]

N & A(a) a2 (1~ u)}]
]5[1+2/0 (ln{?ﬂ{ln(l )4(1 Ep @)

1 it
+ m[ + 3+ A davIn (ll(f(;,)]} : (3.132)

with A(a) = am?® — a(l — a)p?.

The caleulation of the gluon self-energy proceeds in a similar manner. At
O(a,) the relevant Feynman diagrams are shown in Fig. 3.17. Again the four
tadpole diagrams do not contribute. The first three diagrams are the same as for
the gquark propagator and vanish for the saimne reasons, the fourth diagram is more
interesting as its colour factor is non-vanishing. In dimensional regularization it
is proportional to a momentum integral which possesses no intrinsic scale,

dPr 1 TR
/ S (3.133)

As a result there is no value of D for which we can evalnate the integral. If
D > 2 then it contains an ultraviolet divergence. whilst if D < 2 it contains
an infrared divergenee. In this cirenmstance we define such an integral to be
identically zero (Collins. 1986). To help motivate this choice. if the integral were
not zero then it would contribute a mass to the gluon, thereby violating gange
ivariance. In fact, we could have also applied this argument to the loop integrals
arising from the glion and ghost tadpoles. The quark loop contribution. for a
single quark flavour, is given by

TV = — N2y, [ pah APk Te{y"(F+ p+ m)v“(F + m)}
'”(I’)q., = T {7 . }f('z“')n (& + P — mz][;.-'.: — mn?|
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1. 3.17. The four tadpole-type diagrams and the quark. gluon and (in a
) & | a8
covariant gauge) its associated ghost loop diagrams. which contribute to the
glion sell-energy at leading non-trivial order. O(a )

‘

I . )
= — i(—"-T;.-()"" (p*n™” — p*p¥)

d 3
I 2 2
o X I - = -
X [Al -6 / daa(l —a)ln (m “(2 & )] ; (3.134)
: Jo L

The only subtlety in this contribution to the gluon self-energy is the overall
minus sign for the closed guark loop. otherwise the evaluation follows the earlier
pattern and, if anything. is more straightforward. NModulo the conpling and colour
fnctor the result is the familiar one from QED. In the non-abelian QCD., the new
contributions come from the gluon and ghost loops. The gluon loop is given by

1.
l”(]‘)’:? = (‘ls[‘( )2L:rt!fbml'1' /.'Ll""i'
14 4 s e 2 ) (‘27‘-)])

a [”"«.(I" +2p)a — Nap(2k + p)* + 15" (k - I‘)"]
1 2 (k+ p)*(k + p)")
___.; sy - l — -
< (e
X ["I"a(’-' — )y — N5y (26 +p)” + 0, (K + 21))6]

1 36 ’t"'"\'.'i
e (" B8

TEREECETN, | i ’ —n?
= 21(',.1«\""— (19p=9"" — 220" p") | A, — In -—-m-!:
da 12 I
116 ., 134

i
g

.
+6(1 - &) ([A. —In ( ,,l: )} - '2) (P — p"p”)
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+ 3(1 =€) *(p°n" - p“p")} : (3.135)

The overall factor of one half is to account for the diagram’s symmetry factor.
Despite its appearance the calenlation is tedious rather than ditlienlt and, given
their relative simplicity. we have carried out the Feynman parameter integrals,
The ghost contribution is rather less involved and is given by

APk (k+ p)rk”

(27)P (k + p)2k?

j =3 cab 1 N _p;!
— I..( () {([) l)“ 2])’ p' ) [L\, — In (72—)]

B .4 D
St S p"} _ (3.136)

—) n(l’)”” - _(,(I.-zﬂ' )2fumlfb¢'d

!

3

Note that there is an overall minus sign due to the fermionic nature of the ghost
fields.

Referring back to the quark loop contribution to the glion self-energy. given
by eqn (3.134), we see that it has a transverse tensor structure, p, I (p) = 0 =
Pl (p). equivalent to TS ~x (p*n” — p"p”). This structure is not shown by
cither the pure gluon, eqn (3.135), or ghost, eqn (3.136), contributions separately.
However, they naturally form a set which when added together gives

) (n*“’ + rlj;:,’,) (3.137)

. Ne—— ) B p? 115 1 _, -
= __3(}--‘ {,ub =1 + —£2 4« e Moy
DT { E [ 1 ( 12 g TR g )

As we shall see, this is an important consequence of gauge invariance. A result
all the more surprising since onr Lagrangian contains an explicit gange breaking
term and the ‘tree-level” propagator is not, in general, transverse.

q.i

g, Ji.a

q.7
IF1G. 3.18. The two diagrams contributing to the quark gluon vertex at O(a)

The calenlation of one-loop vertex corrections is more involved and resnlts in
rather complicated expressions which we choose not to give in full: details can
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116, 3,19, The four basic diagrams contributing to the triple-gluon vertex at
(o). Note that two further permutations of the first diagram exist.

he found in the literature. Instead we only show, the relatively straightforward.
divergent. parts of the vertex corrections. Fignre 3.18 shows the two diagrams
which contribute to the quark-gluon vertex at O(a_). The first is essentially the
same as in QED, whilst the second only arises in a non-abelian theory such as
QCD. The resunlt for the nltraviolet divergent part of the vertex correction is

b TR C, 3(1 -+ N
IS g, Q) = —igsp Ty T {[5 (Cl = —'3-") F ——-——( 1 £)Cl] A+ ﬁU“i\;}(_.} .

(3.138)
The first term comes from the *QED-like’ graph, proportional to T*TT", whilst
the second comes from the non-abelian graph, proportional to ™ fabed €. Fig-
ure 3.19 shows the four basic diagrams which contribute to the triple-gluon
vertex at Oag). The result for the ultraviolet divergent part of the vertex is
given by

Ceatc(@1.92)"77 = gpt” fave 07 (o = @2)" + 97" (g1 + 292)7 —~ 4" (2g1 + ¢2)7]
o, ( T —Y9€) . u.v. =
: { A [.i i TC"I Bhe tF finite [ - (3.139)

The first term is given by the ny fermions which contribute to the quark loop.
In QED. this term wounld vanish according to Furry's theorem (Furry. 1937).
which states that any quark loop joined to an odd number of photons vanishes.
This is essentially becanse QED's charge conjugation svinmetry gnarantees that
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the contributions from a quark and an antiquark gomng round the loop in the
opposite direction exactly cancel. Furry’s theorem does not ensure the vanishing
of this diagram because in QCD the order of the colonr factors is important;
Te{TeT"T} # Te{T<T"T"} so that the quark and antiquark contributions
do not cancel. The second term in eqn (3.139) arvises from the pure gange field
(glnon and ghost) diagrams.

As 2 result of these and other somewhat involved caleulations we are able to
write the one-loop corrections in terms of a divergent (in the € — 0 limit) and a
finite piece. Significantly, the coefficients of the divergent picces follow the pat-
tern established by the tree-level terms already present in the Lagrangian density

no tew divergent interactions occur. This will prove to be of erucial impor-
tance in our approach to renormalization. It is also a very non-trivial statement,
For example, a term of the form In(p?/p?) /e appearing in a correction wonld
certainly invalidate this statement. Fortunately, a theorem due to S. Weinberg
states that the divergences may only be proportional to a polynomial in the
externzl momenta and particle masses, of the order of the diagram’s degree of
divergence (Weinberg, 1960: ‘tHooft, 1973: Weinberg, 19736).

Before proceeding to consider the renormalization of the theory it is useful
to collect our results so far. Beginning with the quark propagator. the sum of
the tree and one-loop contributions may be written heuristically as

Sp+ Sp(—=i2)Sp 4+ O(a?)

=Sp 4+ Sp(—1X)Sp 4+ Sp(—-i1X)Sp(—-iX)Sp + -
= (S +i%)” (3.140)
Here .S,‘,.l = —i(p—m) is the inverse of the quark propagator and ¥ is the gquark
self-energy. This should be calculated from one-particle irreducible diagrams.,
that is diagrams which cannot be split in two by entting a single propagator,
50 as to avoid double counting in the series. Now the interpretation of the first
expression is somewhat confused since its second term contains a double pole,
1/(p* —m®)?%. due to the two quark propagators. In order to obtain an expression
containing only a simple pole we follow Dyson and smm the infinite set of terms
given in the second line. The expression in the third line gives the sum of this
geometric series. Even though Sp- is a 4 x 4 spinor matrix (and Sp. below, is
a two-index Lorentz tensor), the usual trick of considering the difference of the
geometric series and Sp(—1Y) times the series allows the simn to be caleulated.
The only proviso being that a little care is taken over the order of the non-
commuting terms. Using the result eqn (3.132), the explicit expression for the
stummed (inverse) propagator is

; > -1

i {]5 (l + %‘;({ [E.’l, + H"\EP}) - m(l + ?—;(, [(3 +&)A A+ flljm\t(,]) + (.')(nf)} !

(3.141)

Similar considerations apply to the glion propagator which can be summed in
the same fashion to give
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Sp+ Sp(—=il)Sy + Sp(-iI)Sp(-il)Sy + -
= [(85" #imy~*]"*
= =i [(1+ )"y — p"'p") + 5";;1';;"]"'

i | 5 e pY pp
= = |——= =" +——] - — 1 . 3.142
P2 [(l + 1) ( il p- ) ¢ r- ] ( )

nre .‘J'“' i1s the inverse of the gluon propagator. as found in eqn (3.17). and
1 Ty (p2 g — pp”) is the gluon self-energy. We do not show the diagonal
lour matrix. Observe that the ‘gange fixing'. longitudinal, term is unaffected
by the corrections which remain orthogonal to it to all orders. Using the results
[ equs (3.134) and (3.137) we have the explicit expression

([:_ITFH.J’ - MC-’A] A+ U.V-) +0(af) . (3.143)

3 G finite

o 0,

- Ho(p7) = 1+ =

8 iy

Meve, we allow for ny flavours of quarks in the loop. The vertex corrections are

whinpler to treat. The sum of the tree- and one-loop level contributions to the
nuark gluon vertex is

. it (g ' (3 3 E) v UV. . ‘
-1 91T {1 + = ([{C-;.- -+ T(-,t] A+ ﬁnim) i O(nf)} . (3.1:444)

whilst the similar s for the triple-gluon vertex is

L9t fave (177 (91 — @2)" + 07" (01 + 292)7 — 0" (21 + 92)7]  (3.145)
(v, g (17 —9¢€) U.V. 2
3 {l + yr ([— ETJ-'“_{ 4 —12—6‘.4] A+ finite ) T O(ag) ¢ -

In the next section we diseuss how to obtain physically meaningful results from
these divergent expressions.

3.2 Renormalization

The basic analysis that led to eqn (3.132) can be applied to all the loop integrals
encountered in pQCD. The loop integrals are first caleulated in D dimensions,
using analytic continmation. and then expanded in € = (14— D)/2. The ultraviolet
divergences manifest themselves as poles in 1 /¢ (Speer, 1974; Breitenlohner and
Maison, 1977). An N-loop amplitude has the Laurent expansion

iy = ()" Co 16, 31406
N_“;"(I};) ?'—l--l () . (3.146)
The coeflicients {C, } depend on combinations of the external momenta, typically
arising via integrals over Feyniman parameters, and an arbitrary mass j. Clearly.
the physical limit of an expression such as cqn (3.146) is not well defined. To
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make progress we must hind a method of removing the /e poles, thus allowing
the D — 4 (e — 0) limit to be taken: this is renormalizat on.

The procedure we adopt is a pragmatic one. Using the original Lagrangian’s
Fevnman rules. the divergent diagrams are identified and evalnated. Then knows
ing which interactions contain divergences, supplementary Fevnman rules are
added to the theory, one for cach divergent interaction. These have coefficients
that are carefully chosen so that they completely cancel the divergent 1/e poles
generated by the original terms. In essence, the Lagrangian is supplemented by
a counterterm Lagrangian which, treated as a perturbation, generates the new
interactions necessary to render the theory finite. Schematically, this can be
written as

(1) 2(2) +(3)
Lecviorin =L+ Lrounl--r * L« ounter T Lumms-r & s
= L+ Leounter - (‘;1417)
The O(a,) term, Ef,:,:”m,r. is constructed to cancel the one-loop divergences gen-
(2)

erated by the original Lagrangian, £. The O(a?) term, .Cm“,m,r. is constructed
to cancel the “two-loop’ divergences generated by £ 4 £ st

Referring back to eqn (3.132) we see that two divergences oceur in the quark
propagator. One is associated with the quark’s kinetic term. x g« ¢ i@, and
one with its mass term, x m <+ mer. Equations (3.134) and (3.137) show that
another divergence is associated with the transverse part of the glion's kinetic
tern, x (pZy" — pHp”) s (9" A — 9V A, AL: the lngitudinal part of the
gluon’s kinetie energy term remains finite. Eqgnation (3.138) contains a divergence
of the same form as the quark glion vertex, o« Tyy* — Ty A" v, whilst
eqn (3.139) contains a divergence of the same structure as the triple-ghion vertex,
X fabe[n77 (g1 — g2)" + 07 (91 +292)7 — "7 (291 + 92)7] < Jupe (D, AL) AY A, Pro-
ceeding in this way we find that the form for the O(a ) counterterm Lagrangian,
in a general covariant gange, is given by
Leomner =02y, &ii — 82, mibyip; — 82,3 :1;(('),,,-1;', ~ Dy ALY A™

counter

'H)-Z,l,” ((')"i,"i)(i),, n") (3.148)
< (1 T ¢ )
_‘)J.(‘hﬁl".- s’ T A t"""l! vy + ‘)7u' nA st < fave (()u‘f‘i )'l’ AL
3 4 .
"I'()J“. Gsft f,,;,,((),,.l")fl"".fl“’ f‘:/“, q ;1 j,,;,t_.f,,,h ,-‘-l"’".zl'"A;i.fl:, .

Here, we have also added terms to cancel divergences whirh arise in the cor-
rections to the ghost propagator, the guartic-gluon vertex and the ghost glnon
vertex. We have chosen not to include a term proportional to (2 A%)?. as the
longitudinal part of the gluon propagator receives no corrections.

As indicated earlier, in eqn (3.148) each term should be regarvded as a pertur-
bation to which new Fevnman rules can be associated. The coefficients 62 are
chosen so that the s of their individual contributions plus those of the corre-
sponding one-loop contributions from the original Lagrangian arve finite. Using
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N resnlts from onr earlier caleulations, Section 3.4.1, and referring to the rela-
annhip between the quantum Lagrangian, eqn (3.21), and the I‘ovnnmn rules
prived from it, Appendix B, we can infer the values of six of the 620 4

R P "Y\' . .l
VARES T [-ECkA + Fy
ZzH. = 25 B4 6)CkA, +F

ey 47‘-

525‘” g [— (j—‘T,,-n; - _(13 (— .‘6)6'_4) A+ FA]
i

'W‘.]

4 3
& .. T
0/(::.3'4- = [— (EC ( E)C‘l) «F F,.w-u.rs]

] 1 17 — ¢
()Z.(‘I,) = f;—; [— (GTF”'{ — (‘l—‘)mc‘) A. + F‘,\:l] % (-;149)

The finite functions, Fy. F, 0. Fa. Fape. Fas are arbitrary. Only the coeffi-
vlents of the 1/e poles are preseribed. We shall return to the issne of how to
vhoose the Fis later when we discuss renormalization schemes.

In eqn (3.148) we have the beginnings of a remarkable result which saves our
npproach from being merely ad hoe. Comparing eqn (3.21) and eqn (3.148) one is
Jinmediately struck by their similarity: a fact which has been proven to hold true
Lo all orders in perturbation theory. We can make this similarity more manifest
hy rescaling, or if you will renormalizing, the fields, masses and couplings. To do
this, introduce

Z=146Z where 0Z=062ZM 4+62® 4+§Z® 4 ... (3.150)
nnd
vo=ZJ/%  mo=Z542;"
AL = 72 = Zpin (3.151)
o= Zn' bo=2Z48 (Ze=2)-

This allows us to write the sum of eqns (3.148) and (3.21), with g, — g* as
nppropriate for D = 4 — 2¢ dimensions, as

l - [ [ (1124 l i
Lienorm = ‘i”(l(W, —mo)to — 5 ((),.A(,,, = ()u"\u“) J fl ; EO — (& /lu,.)'!]

) D) (3.152)
‘ Z/\ M ey Z A i '
~ gl — 75— Lyicdho; Agor + gant — ,2' , fabc(( o AG
ZA il Z“‘
P Z ) l ‘bﬂAcu 2 " 1 ful r uA o
I +.(ISI‘ 22 fubr(( 4 Du)f 0 (l-.'ﬂ /‘g 1.fuln'fmh 4 g (),uAl)u .

“A

I » . . .. . .
| In a renormalizable theory all the ultraviolet divergences arising in loop dia-
griuns can be cancelled by connterterms corresponding to the finite nmmber of
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interactions ol mass dimension four or less. By contrast, in a non-renormalizable
theory counterterms corresponding to new interactions must be added at each
new order in perturbation theory.

Unfortunately, looking at eqn (3.152). we appear to have lost gange invariance
which. as we learnt in Section 3.3.3 for tree-level caleulations. requires very par-
ticular relationships to hold between the varions terms in the Lagrangian. This
is potentially a calamitons situation because the formal proof of renormalizabil-
ity relies on the gauge symmetry to gunarantee certain relationships amongst the
theory's Green's functions. Now, this apparent loss of gauge invariance already
appeared at the classical level because of the necessity to introduce a gange flixing
(and ghost) term. Fortunately, Beeehi, Rouet and Stora (BRS) (1974) have found
a rather unusual, but nonetheless exact, syminetry of the “broken Lagrangian’,
Thus, a form of gauge invariance can be restored with the proviso that all the
gange couplings are equal. This symmetry then allows a number of relationships.
known as Slaviiov Taylor (Taylor. 1971; Slavnov, 1972) identities (or Ward iden-
tities in the abelian QED case). to be established between the Green's functions
of the Yang  Mills theory. A consequence of these relationships is the requirement
for the following equations to hold:

Z.-la,"q' Z/\ ML = Z.-l" = _» _ Ys0 I
T T T =2y = "t (3.153)
Z"‘ dh' 4._‘ -A" Z"\ & .q!‘,l

This allows us to introduce a single renormalization factor Z, and a unique gange
coupling ¢, in the quark gluon. triple-glion, quartic-gluon and ghost gluon
terms. Thus, the apparent proliferation of couplings in eqn (3.152) is illusory
provided that we chioose the finite parts of the counterterms in eqn (3.149) so as
to respect eqn (3.153).

The renormalization preseription results in a finite Lagrangian, eqn (3.152).
whose form is exactly the same as that of the original Lagrangian. eqn (3.21).
written in terms of rescaled fields vy, Ap and 1y and parameters g, g and &.
These are often referred to as the bare Lagrangian and bare ficlds and parameters.
In essence what we have are a remarkable series of cancellations, for example,

Y=ty - (Z::.“ — L)
m=mg— (Zm,u — )m etc. (3.154)

Here both the bare quantities and the corresponding counter terms are divergent
but their difference is finite.

We now return to the question of how to choose the finite terms. F. in
eqn (3.149). First. we should not be alarmed by their arbitrariness. This refleets
nothing more than the need to experimentally measure the actnal masses and
couplings, something which would be true of any theory. irrespective of the need
for renormalization. Actnally this cannot fix the wavefunction renormalizations,
Zy. Za and Z,. as they do not appear in physical quantities, though this also




UETRAVIOLIST DIVERGENCES AND RENORMALIZATION 0l

menns that we could live withont them. The different choices for the F; func-
Hons constitute different renormalization schemes. The most important point
Lo remember with choosing a renormalization scheme is to use it consistently
thronghont the calenlation so as not to spoil the critical relationships between
Chreen's functions.

Perhaps the simplest scheme is the minimal subtraction, or MS, scheme
("thooft, 1973) in which the connterterms only cancel the 1/e poles. A vari-
ant of this is the modified minimal subtraction, or NS, scheme (Bardeen et al.,
1078) in which the counterterms cancel the full A, = 1/e + In(47) — 4 picces.
In egn (3.149) this amounts to setting F; = 0 in all the expressions. The differ-
ence between the two schemes is a difference in the finite parts proportional to
In(47) — 35 = 1.954, equivalent to replacing the arbitrary ;2 by 7i° = dmp? Je7®,
Thus, in the NS scheme a potentially large contribution to radiative corrections
I also removed, thereby aiding the convergence of the perturbative expansion.
Dospite its somewhat abstract nature the MS scheme’s simplicity makes it the
most popular one for pQCD calenlations. A less manifest advantage of the scheme
In the fact that the dimensionless Z; do not depend on the combination m /. As
we shall see, this mass independence simplifies the discussion of the renormal-
lzation group equations (RGEs). That this holds to all orders can be seen by the
ollowing heuristie argument. The counterterms are constructed to have just the
hure bones necessary to remove the divergences which oceur at high momentum.
However, in this limit, we might expect any masses to be negligible so that they
o not appear in the residues of the poles, and since F, = 0. nor in the Z,.

Other “more physical” renormalization schiemes may also be used. For exam-
ple, when focusing on heavy quark properties the on mass-shell scheme may be
used. Here Fy and F, are adjusted so that the (real part) of the pole in the
quark propagator occurs at the quark mass, p? = m?, and has unit residue.
In a similar fashion F4 and F4: may be adjusted so that the triple-gluon ver-
tex, eqn (3.145). plus counterterm equals g, at a particular external momentuimn
configuration, typically chosen to be unphysical so as to avoid introducing extra-
neous singularities. In these schemes, it is common for a mass (/) dependence
to be introdueed via the finite parts of the counterterms.

To finish this section we give the results of calculating the renormalization
lactors Z, to two-loop approximation in pQCD. To be more specifie, in a covari-
ant gange the MS prescription gives

oy Gl e B B EReschEly
by =1 1 ECk ‘(-lr:) {+f lT,.nf} 'y 5 8y
£ 34+ ¢
__%,[f_ _n *“)‘c'..l]}c',‘
€=l 2 ]
’ a,l (4, (13 — 3¢) .
ZA I_I‘i—-‘_f [31}::, G (]
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=14 dme 4 Catt ( I'r) { ¢ 121"”’( 06 Ca
11, (36— 362) y
1 F—‘E [51*[,-"; — "———:;—2—'(1] }(._,\
) a.\? 115 3 a7
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ey Ne fi ¢ A T Xz 1
i (I_rr) {; [(C}«‘ "L —;(\) 1;.‘1:; = T(i] + = — |4TF M. o= 1 |] } .
(3.155)

Here. we have done some work to derive the expression for Z,. which cannot be
obtained directly but is obtained indirectly using eqn (3.153). Typically. due to
its relative simplicity. the correction to the ghost-gluon vertex is quoted to which
one applies Z, = Z..\,,g,,/Zj‘/.")Z,,: though any of the remaining three expressions
in eqn (3.153) must lead to the same expression for Z,. Also. yvou are reminded
that the non-renormalization of the longitudinal part of the gluon propagator
implies that Z¢ = Z 4.

Before using these results we make a few observations. The choice of the
(modified) minimal subtraction scheme leads to several simplifications which
need not hold in other schemes. First, the leading terms in all the expressions
are unity, Z = 1 + O(a,). Second, since all F, = 0, there is no dependence
on any external momentum scales. All the coefficients of a! are made up of
pure numbers, the gange fixing parameter and group factors. Third. there is also
no dependence on the gquark mass scale. m/p. The MS prescriptions are -he
archetypical examples of mass independent renormalization schemes (“tHooft.,
1973; Weinberg. 1973b). Fourth, both Z,, and Z, are independent of £, the
gauge fixing parameter (Caswell and Wilezek, 1974: Gross. 1976). A more general
observation is that both 67, and 67, are proportional to the quark colour
charge Cp. whilst 67, is proportional to C4. All the above observations hold
to all orders in a_. We also see that certain choices of € give simplifications. In
particular, in the Landau gauge. £ = 0. the O(a,) term in Z,, vanishes and the
O(u;‘f) tenm simplifies greatly.
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Vb The renormalization group cquations

1 should vot have gone nminoticed that there appears to be a disturbingly large
I wilom in the application of the renormalization proceduore. First is the free-
o to select the finite parts of the counterterms, subject to respecting the
Unviov Tavlor identities. We have already exploited this freedom to absorb a
(Illlvriunlly large coefficient in the change from the MS to MS schemes. Sec-
il 15 the freedom in the choice of the unit mass. g, which sets a scale for
tie problem. However, physical quantities can not depend on any of these ar-
]Lrnry choices. All preseriptions are ultimately equivalent. For example, in two
hiomes the quark masses are related as Z,,(R)mp = mo = Z,,(R' )iy so that
m Zow (R Z (R e, where the ratio is finite, because so is each ;.
wen thongh neither Z,, is individually finite. In this way the invariance can be
wicnpsilated in the group structure of the transformations connecting quantities
(gar o 0 cete.) in different schemnes.

The seemingly simple invariance of physical quantities under changes in g
londs to a very powerful differential equation conecting ge. m. ¢ .cte., defined at
nie scale o those at a second scale. To see how this arises, suppose we calculate
the amplitude, that is amputated Green's funetion. for an operator deseribing
the ‘seattering” of ny (anti)quarks and n 4 gluons (we need not consider external
phosts). This amplitude can be written in terms of either the bare or renormalized
(uantities. Here, we have assumed that the counterterm for the interaction is
proportional to itsell so that the renormalization is multiplicative,? that is,

o L/

Fo(agy mo. 0. Q) = Z; "J'Z; “'SLI‘(;J.(IS. m, €,Q) . (3.156)

Here, we use the single scale @ to characterize any external four-momenta present
in the problem. For simplicity we only consider one quark mass. m. The left-hand
wide of eqn (3.156) is clearly independent of g, as mnst be the right-hand side.
Differentiating with respect to . using the chain rule, we obtain the following
renormalization group equation

] =3 "o L5\ 7
O [7 F 20 Do m, £,Q) (3.157)
did ™ : :
— - + 3 J + < + €4 = I
- — S — % B 17y —_— — Ny Y — N
i Ayt " o Mmoo ™ T Rt

The first. term accounts for any explicit ¢ dependence. whilst the remainder takes
care of any implicit dependences via go(p), m(p) and E(p). Equation (3.157)
serves to define the dimensionless coeflicient functions

4 I general the counterterm may involve other operators of the same mass dimension. An

cxanple is provided by the pQCD corrections to a weak decay. In the case of such operator
mixing it is necessary to consider linear combinations of the operators which are diagonal.
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fu ((iﬁ lf () m ()’l ').‘ ((ls ,’ £ f) QZ__l (),l ( ) )

¢ (m. ﬂ,«f;ﬁ) = ’—“)—E
G & du
which are all finite as € — 0. You are warned that variants of these definitions,
differing slightly in signs and normalizations, occur in the literature. Observe
that /7 ard +,,. like Z, and Z,,, are both independent of &.
A lincar partial differential equation such as equ (3.157) can be solved nsing

the method of characteristics. To do this we introduce the functions ji(t). @ (1),
mi(t) and £(t) which satisfy the differential equations

dji dav, dm 1 l

d€
(“ B = = = = —
i A@.a/ia)  omoyw (@, m/p) € de(a,, m/ )

(3.159)

and pass through the point 7i(0) = g, a,(0) = a,. 7(0) = m and &0) = £.
These functions connect the parameters defined at the scale g to those defined
at a sccond scale T = pe’. The *bar-notation” serves to highlight that we are
now thinking of a_, ete. as running parameters. Later on. except for mi. we will
drop the special notation. The functions in eqn (3.159) define a characteristic
parameterized by f. Since d€ x €, for de # 0, then £ will remain identically
zero if £(0) = 0 and we can ignore any &-dependence in eqn (3.157): € = 0 is the
Landan gange which we adopt. The solution of these equations is straightforward
if 3. v (and d¢) do not depend on 72 /ji. In a minimal subtraction scheme, or
more generally a mass independent scheme, all the functions in eqn (3.158) are
independent of /. Adopting this further restriction we have

Y w.(t) 1. — a (t) :
Ji ! de mi(t) / " Yo (L) .
t=lnl'= k= and —_) = lr ; 3.160
g ([l) /,; 3(x) il ( m ) Ho: = 3(r) (BR6G)

Explicit solutions for o, and 71 require the actual expressions for 3 and v,,. We
shall derive these shortly but for the moment we assume that the solutions have
been found. This allows us to rewrite eqn (3.157) as

{% = (@, (1) - n.:m\(ﬁ,(fv))} P, (0, me), Q) =0,  (3161)

This ordinary differential equation is easily solved using an integrating factor:

@,

U(j.a,.m. Q) = exp —n.,.,/ (l.’l'M - ".‘1/ -(l:‘r'y,.‘(.r) (o, m, Q) .
o, .r

o B@)

(3.162)

The solution is a constant along our characteristic which we evaluate at # =
0. What it says is that the theory defined at (p.a..m) is equivalent to the
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theory defined at gz, provided that the coupling and mass are changed to take the
olloctive values @ (72) and wi(j7) and the fields present are scaled appropriately.
It is nseful to make explicit. the dimensionality of the Green's function. The
i dimension of I' is given by di = D — ngdy, — nady, where again D is the
imensionality of space-time. and dy = (D — 1)/2 and d 4 = (D — 2)/2 are the
s dimensions of the quark and gluon fields. The significance of this dimension
I that if {7e.m. Q) are all scaled by the same factor s, then I scales as s, that
W, I (spe. o, s, 5Q) = s (jr.a . m. Q). This allows us to write,

P, 0. m.sQ) = sT (— O, E Q) (3.163)
S S
. o ngye(T) & T
= sMexp | - / A f () + 1ava () 1 ﬁ.m.ﬂ.cz ‘
Je () S s
I the second form we have employed eqn (3.162). If we now choose ji = sy

Ahen we can determine how the Green's function changes nnder a scaling of the
external four-momenta.

I‘(’l.(‘ls. IH.S(J} = Sdr l'}:p . / " (I;" "."‘-"f'f‘b(-l')“f'({" ")’-““}‘.‘\(J:) r ( ; _ il_{ (2)
o e

= h_(rf-.-uc.‘),-.un,\'l,-\)l' (“.a-ﬁ fi’. (2) (31(,])

In the scecond form we make the simplifying assumption that the 4, are con-
stant. Thus, the dependence on the scaling factor s can be taken into account
by evaluating the Green's function at an effective coupling., @ (sp). and a scaled
eflective mass, mi(spe) /s, together with an overall scaling of the Green's function.
However, the overall sealing dimension differs from the canonical dimension, dy-.
by the presence of the 4, term. Reflecting this discrepancy with the naive ex-
pectation. the v, are known as anomalous dimensions. As we shall see shortly.
in practice one often uses j¢ ~ Q. Note that even if = 0, so that the classical
theory were scale invariant, the anomalons dimensions and non-zero 3-function
would still imply a breaking of this classical scale invariance in the quantim
theory. This is possible becanse the renormalization procedure necessarily intro-
duees a mass/momentinm scale. here .

As the next section will show, in QCD both 3 and =+, are negative. This
means that the effective, or running. coupling., @,(Q). decreases logarithmically
as the scale Q increases. eqn (3.22). This we: 1l\¢'mn" of the strong force is the
essence of asymptotic freedom (Gross and Wilezek. 1973: Politzer, 1974) and lies
hehind the suecess of perturbative QCD. The solution for 77(Q2) shows that it
i also logarithmically suppressed: this is in addition to the factor 1/Q which
appears in eqn (3.164). At this point it might be tempting to neglect quark
masses. mo= 0 in eqn (3.164). at high energies. Q > m(Q). so that all Q
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dependence ocenrs vin @,(QQ).  However, this can lead 1o problens with low-
energy or near collinear gluons so that for this approximation to make sense we
st restrict ourselves to infrared safe gquantities as discussed in Section 3.5,

Before moving on. we mention that a number of similar renormalization
pronp cquations have been derived in the literature. Foremost is the Callan-
Symanzik equation (Symanzik, 1971: Callan, 1972) which is obtained by study-
ing the Green's function’s dependence on the physical mass m. The equation
takes the form of eqn (3.157) with coeflicient functions that only depend on g,
(% = 1) and with the péd/dp term replaced by an inhomogeneons term which
miay be neglected in the m/€Q — 0 limit.

344 Calewlating the RGE cocflicient functions

The values of the coeflicient lunetions 3, v, 7.4, ete. defined in eqn (3.158) can
be calenlated as power series in a, using our previous results. Here, we illustrate
the method for the F-function. Consider the relationship, cqn (3.153). hetween
the bare and renormalized conplings. ga = pf 9.4, Since the bare coupling g,0
ean know nothing of the arbitrary seale ji. which was introduced only to facilitate
renormalization. we must have

g0 . o L OZ. -
# i = = e [E-ﬂ-“zﬂ + iy ('g,'.! k .'-'a";i . {3.165)

From this we can obtain 3 = (g./27)0;. In applying the chain rule we have
made the simplifving assumption that we use a mass independent renormaliza-
tion scheme such as MS. Thus Z, only depends on the renormalized coupling
. and not on @i(p) /e (nor on £). Equation (3.165) determines how mich g.(pe)
must change by when g changes in ovder that g, stays constant. Relerring to
can (3.155) we can write Z, as a Laurent series in inverse powers of ¢,

Zy=1+4) "—":-“'L} : (3.166)

=1

On the other hand, we want both g, and 4, to be well defined in the limit
¢ — 0, that is to contain no poles in 1/e. Thus, we write 3, = A + Be: it is
easily confirmed that all higher powers of € must vanish. Substituting this into
cqn (3.165) and collecting powers of € gives

[-’l"’u--l + E‘H ® ﬂn]"u + .‘fa--'lﬂ:r—l + !j,BH:I] 4

] i
0= (B+g)e+ A+ g.Bay+--- =1

Ll

(3.167)
where the prime indicates differentintion with respect to g.. Setting the coefhi-
cients of €™, m < 1, 1o zero gives

N o . [ . 0
By(gs) = lim{giay —egs} and @, = ay(an-y + Uatlyy_y) ¢ N 212
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= y_fu: . ($.165)

At lirst sight, it may seem odd that we ean ealenlate the J-function from jost
A residue of the 1/e pole. However, the conditions on the a,-» (‘tHooft, 1973),
which ensure the absence of pole terms in 4. together with the boundary condi-
Bions o, (0) = 0 allow all the a, 55 to be ealenlated in terms of a;.

Referving to equ (3.155) the coellicient ay is easily read off. allowing us 10
Infer the fiest two terms in the expansion of the d-lunetion,

a4 al 20 " " 7. .
. 4 — — N = P
H _{ [. _ﬁ.ﬂf ;{‘ ] {’I":I,J (l{; + I_If,-;) f}"; 1(_,1,]

155 i
-r]u} I {-‘F i ':l- r'-t) f',.
L 200 . IWGT
| (-!(f I(l-f A= ,1_ C;’l) Fpng 4 r":lf'jl +}

The third term s given in (Tarasov ef al.. 1980) for the MS seheme and the @(o )
(fonr loop) term is available in (Larin ef al, 1997), again for the MS schieine.
Similar analyses to the above can be applied to mg = mZ,,(g,) to obtain 5,,. to
abtain v from Z (g, &) and likewise =+ and +,,; see Ex. (3-20). Here we simply
(uote the results:

(3.169)

5 2120 L
fene = _-:I":h"f (_]_11-) [TIF'"I = i‘fj‘ = 1 [..4[} (—j'-

. T 0N Vo <
Y= +-E.ff,t. - (-E;:-) I.J‘;.n;+;ﬁ. =

o (13 - 35) i-f] ]

(4]
A =+— |=Trny -
& T ik R S

(25 +e:£ + E'*]] €'y

(3.170)

2 W — HE -2
'|- "—h [[*l{f‘p + rrf.-..-'l}Tj-'H_f = (5 3 & ] L.!,] ek

= ,1“__"11 e (“ ) I f;.-u_; —= {”5-'-35}(?,;] f-"1.-| + -«

iz 4 in g8

Observe that both (7 and 5, are independent of the gauge parameter £ a fact
which can be traced to the Eindependence of Z, and Z,,, in a mass independent
renorimalization scheme, This is not so for the wavefunetion anomalons dimen-
sions . 74 and 3. This raises the issue of the scheme (in)dependence of our
results, I we restrict ourselves to mass independent sehiemes (and negleet possi-
ble non-perturbative effects) then the first two terms in 3 and the first terns in
T Yoo el 34 are independent of the specifie choices of connterterms. Bevoid
these leading terms the results are schieme dependent and, Tor example, the thired
andl higher order terms in eqn (3.169) can be set equal to arbitrary vidues,

o eqn (3.165) we assumed o mass independent renormalization scheme liad
been used. I this is not the ease, then the presence of m/p dependences in the Z,
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significantly complicates the RGEs. First, the evaluation of # and the 5, s made
harder by, for example, the extra term, *(y,, — l)i)Z_,,/('J("L:). in eqn (3.165).
Second, the solution of the coupled, linear, differential equations for the effective
coupling and mass, eqn (3.159), is made harder. Here, a possible approach to
avoiding these problems is to go to a regime where the mass(es) are negligible
compared to g and all other scales (Q).

3.0.5  The running coupling and quark masses

A key lesson from onr study of the RGEs is the need to express our results in
terms of the running, or effective. coupling and mass. If we use as argument Q?,
the evolution equations in a mass independent scheme are

2 ‘1”,-‘.((22) . .

Q 107~ B0 (Q?%) = —aZ(Fo + Fra, + Bea? +--)  and (3.171)

Q% dm(Q? , ; :
m(}qg) ( ':;52‘: ) = Ym (GH(QJ)) = —-ﬂ,,(“m 4 YOy + Va1 4. ) ! (.;‘172)

c.f. eqn (3.159). Here. we have in mind that ;.7 > 0 so that 3.5, < 0.
Taking into account that Q% d/dQ? = (1/2)Q d/dQ. the coefficients in the series
expansions for the MS scheme can be read off from eqns (3.169) and (3.170).

Bo = 11C 4 — 4'1};-!!; _ (33 — 2";]
127 127
i 17C% — (6Cp + 10CA)TEny (153 — 19ny)
™ 24m? S Uz (3.173)
3Cr 1
= S — 5
dm i
Cp(97CA 4+ 9CE —20Tpny) (303 — 10ny)
P 9672 =T Tme

Here 4y, 3 and 54 are common to any mass independent renormalization scheme,
whilst v, is specific to the MS scheme. The terms quoted above are given as
function of the colour factors Cp. C 4 and Ty and thus are valid for any gauge
theory with an unbroken gauge symmetry., Note that Ty always appears in a
product with ny. the number of active quark flavours. The coefficients on the
right-hand side apply for the case of colour SU(3). that is. they are specific to
QCD.

Referring to eqn (3.160) and working to next-to-leading order the solution
for o (Q?) is given implicitly by

)2 a,(Q%) lr
In (-—Q——j) = +/ ,( !
(JO n_(Qf,) fj(.]')

2 : ;

=~ 1 /(l_(Q }da. .3(; 5 ﬁ L :ﬁ_ o 5.12
:“-i-g o, (Q2) la2(Bp+28) a2 x P+ xb
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b Q* | i o, (Q%) e Bt
e (Qu) (Q ) in : (Hn e p"'hns(Qz)) |Q‘-'I . g

D, given the value of a (QF) at one scale g, it is possible to solve for a (Q%)
L o second seale Q: the one proviso being that we remain in the perturbative
innin where eqn (3.171) is valid. An alternative and slightly simpler form of
i (3.174) can be obtained using the boundary condition u,.(:\fx,l,) = D63

' | ,)’l ( a (Q%) ) -
R | [ e | 3.175
= "\Q(:n (Q ) M . B + Bra(QF) e

lere the parameter Agep is equivalent to giving the coupling o (Q?) at a specific
wle (0 At the quantun-level, QCD is specified by a dimensionful parameter.
Thils is even true in the absence of any quark masses to set a classical-level scale.
he appearance of snch a seale at the guantin-level is known as dimensional
Lransnmtation. In eqn (3.175) a (Q?) is given implicitly. By expanding in inverse
powers of ln(Qg//\aC,,) an approximate explicit form can be derived.

1 . ﬂln[ln((}g/z\é(,,,)]
Fo ln(()z/f\'fx-_,,) 33 ]“((c).z/f\-é(‘,l))

a(Q%) = (3.176)

£

2
(ln[ln(Q"!/Af)(-,,)] - :]2-) - —;

f...
l“ (Q* /AQ( D)

In practice the last (=5/4) term in this expression is often neglected. This is
pauivalent to a redefinition of Aqep by O(+10%) (Buras ef al.. 1977).

Il we had worked at leading order, 3, = 0. then eqn (3.174) can be solved to
pive

a,(Qf)
1+ o (Q7) n(Q?/QF)
and the inverse of eqn (3.175) is given exactly by eqn (3.22) with '\6(1) =
Qi expl—1/G0a,(Q3)]. As this expression for Agep suggests, changing the value
of a_(Q%) for a fixed @ does not really alter the theory but. gives the same theory
with its unit of momentum rescaled. In this sense (massless) QCD is parameter
free (Coleman and Weinberg, 1973). Equation (3.176) makes the asviptotic
behavionr of e (Q%) manifest — the QCD conpling decreases as 1/ In(Q/Aqen)
for 2 — oc. It is important to realize that this decrease in o justifies the nse
of pQCD. in particular the solution based on the first few terms in eqn (3.171).
As (Q decreases the converse is expected and indeed a strong growth of a_(Q?) is
confirmed experimentally. However, the singularity at @ = Aqgep should not he
taken too serionsly as large values of a_ invalidate eqn (3.171) and any solutions
based upon it. In this low-Q) regime QCD is non-perturbative and no one knows
vet how a_(Q?) behaves in reality, nor can it be claimed that this is a proof of
confinement in QCD, though it does make it more plausible. It is safer to regard

a (Q%) =

(3.177)
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Agen ~ 200N eV, roughly an inverse hadron size, as the scale at which non-
perturbative physics becomes important. Finally, returning to eqn (3.176), if we
substitute Afyep, = Qfexp[—1/500,(QF)] we can derive an explicit expression
relating the strong coupling at two scales,

0 (Q%) = a.(C) (1 B (Qg)'““’) (3.178)

w Hu N w

: 2 Q*
with w =1+ Gpa(QF) In (a—z) -
0
which is aceurate to next-to-leading order.

The erucial fact for asymptotic freedom is that /3 is negative, that is 3y > 0.
Referring to eqn (3.173) we see that quarks, and fermions in general, give a pos-
itive contribution. whilst non-abelian interactions amongst gluons. proportional
to Cy. lead to an overall negative 3, provided ny < 17. In QED with abelian
photons the S-function is positive and consequently electric charges grow as
the scale of a measurement grows. How varions particles contribute to the /j3-
function has been extensively studied and it is now known that only theories
containing non-abelian gange bosons give negative contributions (Coleman and
Gross. 1973). Since many extensions to the Standard Model have been proposed,
it is interesting to see how a new particle would contribute to the J-function; see
Ex. (3-22). At leading order only coloured particles can contribute to the QCD
G-function. though in higher orders all particles contribute. The contributions to
o consist of two components related to the particles™ colonr and Poincaré group
representations. The general expression is

, 1 -
Jy = 1o E Byl .- (3.179)
coloured
particles

Here D, equals —11 for a vector boson, +4 for a Dirac fermion, +2 for a Weyl
fermion, 41 for a complex scalar and +1/2 for a real scalar field. whilst T
is a colour charge determined by the particle’s SU(N,) representation. For ex-
ample. Tp = 1/2 (by convention) for the fundamental (triplet) representation,
Ty = 2N/ 1y for the adjoint (octet) representation. (2N, — 1)T for the sextet
representation ete. For QCD with a colour SU(3) octet of vector bosons and ny
triplets of Dirac fermions this gives eqn (3.169).

The next-to-leading order solution for 7(QQ?) follows similar lines to that for
a,(Q?). One finds

In (m(("ﬁ)) = /‘.AQZ)(I'J‘—-——W"'(JT)
'_“.((2;;) . ()_(Qﬁ) . H(‘T)

| foQ7) [.ffu("m +max) Y . b — Hv
(I.'l" _ — ‘{ —— B

% a, (Q2) x(F + 5y .L‘) o G0 + ha
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Lily My

g m(Q'*’) i(Q3) (” [QF J) ( o+ .-"I“H(Q.z))

( ‘”) .'f" i Iij](l ((‘)ﬁ)
51 = "n ': W -
or - m(Q%) = g (a,(Q%)) i {1 + TR, (Q~ )] . (3.180)

Apiin, given m(Q3) at one scale Qg we can calenlate m(Q?) at a second seale Q.
provided that pQCD, and in particular eqn (3.172), remains valid. This offers a

mcise way of specifying a running quark mass as the mass when the scale equals
f;.n mass: = mi(m?). In the second form of the solution 7 plays a similar role
lo Aqen. Specializing to the leading order result, vy = 0 = 3}, we have

ma?) = miah) (S92 ® s ln(Qu/AQ(-.._)))% -
m(Q7) = m(Qy) (“s(Qﬁ)) = m(Qg) ( n(Q/Aqcn) ” (3.181)

Thus. we see that the quark mass falls as an inverse power of a logarithm as Q?
Inereases. This quantum scaling violation, in addition to the classical 7(Q?%)/Q
snppression, adds justification to dropping light quark masses from onr caleula-
tons.

Up to this point we have left unresolved the issue of how many quarks. ny.
Lo inclnde in our calenlations. The critical issue is the relative magnitude of
0 quark’s mass to the overall scale Q. If the quark has 7(Q%) > Q then it
won only make its presence felt via internal loops and it is possible to remove
these contribntions by suitable choices of the counterterms. This decoupling the-
“orem (Svimanzik, 1973: Appelquist and Carazzone, 1975) means that we can
Ignore a quark if 7(Q?) = Q. On the other hand, if the quark has mi(Q%) < Q,
then we should include its contributions and infrared safe guantities can be eval-
inted using the approximation mg = 0. The so-called light quarks. d, u and s,
have my < Agep so that in a pQCD ecaleulation, characterized by Q > Agep.
we always have ny > 3. The issue is more delicate for the so-called heavy quarks,
¢, band t. in situations where 7 (Q?) ~ Q. Here we expect significant. process
tlependent contributions from the quark mass which we must therefore include
i onr ealeulations. Furthermore, we have to decide how to cope with the change
In the S-function above and below the guark mass threshold.

Well above i we can use the “full’ theory containing ny + 1 quarks and
o (%), whilst well below i we can use an ‘effective’ theory with ny light
quarks and a_ (Q?). At intermediate scales, Q ~ 7iig(Q7), we must match the
lwo versions of the theory so as to ensure that they give consistent results. This
matehing has been carried ont to next-to-next-to-leading order for SU(3) in the
MS scheme (Bernreuther. 1983) and results in a relationship between the two
running couplings given by

(222 4 332 — 11)
7272

0@} = ol (@) 14+ —al (@) + (ol (%)
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2

Q-

with o = 1In

If we evalnate this expression at the point at which the scale equals the ronning
— ] . . « )

quark mass, mq = m(mg). that is @ = 0, then eqn (3.182) almost reduces to

requiring a_ to be continuous at the scale mgq (Marciano, 1984),

a:(m(}) = u_:(mfz) - %(n: (11:6))" . (3.183)
This explains why it is common to require a to be continuous at (@ = mg rather
than at the production threshold @ = 2mgq. Of course. imposing continuity on
a, implies a discontiniity in Agen. which subsequently becomes dependent on
the number of active Havours, ny. For example, at leading order it is easy to
verify that the continuity of a (mq) as ny — ny + 1 requires

g .’(u,on

NG S O A1) ey
A1) _ alng) AqQep “n — Al QCD (3.184)
AqQen L Qcp | Tng .

Similar expressions can be derived at next-to-leading order given a specific equa-
tion for a, equivalent to a definition for Agep.

This raises the issue of how to quote a measurement of the running coupling,
a.. Two conventions in popular usage are to quote a (A7) or Ag(],n. In both
cases, this will typically involve having cither to evolve a, or to match Agep
at favour thresholds. In the case of Agep it is important to be specilie as to
which next-to-leading order equation is being used. for example, eqn (3.175) or
(3.176) with or withont the last term. The value of Agep also depends on the
renormalization scheme, for example, ;\'I;i‘.g = dme 7" A g Since there are more
traps involved in specifving Agep. the preferred option has become to quote a
at the scale of the Z mass.

An interesting aspect of converting a measurement at Q% to an a_ value at
M3 is the effeet on the measurement’s error. By differentiating eqn (3.160) we
find

3(a (Q%))
,"i(ns(ﬁl-',f))

So that, if Q% < M. then the error will shrink as we evolve from @ to Mz, A
second consequence of eqn (3.185) is that a change in o (M3) only canses an
O(a?) change in a (Q?). Thus, an experimentally determined quantity, o + A,
at Q% must be compared to at least a next-to-leading order theoretical prediction
in order to be able to meaningfully measure a (M3).

Aa,(Q7) = Aa, (M) = (.‘—‘-(Ql) Aa(M3) . (3.185)

a (M)

AD

o+ Ao = Au;?; 1 + Ba, + AC-'nf + ?}1—’

(3.186)
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That is, in addition to the leading O(a™) term we require the O(a™ ") term
o measure ag(A3). In eqn (3.186) we also included an estimate of Ll)v next-to-
next-to-leading order perturbative correction and a non-perturbative contribu-
ton that is parameterized as a power law correction. The measurement error on
(. (AZ) can be estimated as

Ao (MF) o (MF) 1 [Ao » AD
LOB) a0 N |7 TACalQ)E o

Looking at the first term, the “error telescoping effect” suggests using a small valne
ol ()% together with an intrinsically higher order process, large N. However, the
orror associated with missing the second two terms favours nsing larger values of
(7. where their contributions are smaller. It is also possible that AC,AD x N
po that there is no advantage to larger N.

(3.187)

JoL6 An eaplicit example
In the previous sections we learnt that physical guantities are independent of
the arbitrary renormalization scale je il they are made functions of the running
coupling and mass. We now repeat this rather formal analysis in a particular
case. We focus on QCD corrections to the dimensionless R parameter defined in
¢'e” annihilation, eqn (2.30). Suppose we have calculated a perturbative series
for 1.
OF 5 - o2 %
R (“—2.0_\.(11“)) =1+ Z ra(Q /¥ )a (1i°) . (3.188)
n=1]
We have removed an inessential factor ch:ﬁ from eqn (3.188) with respect to the
usnal definition and assumed that all guark masses are zero. We comment shortly
on the case of only a finite number of terms. Demanding that R, a physically
measnrable quantity. is independent of 1 leads to a series of differential equations

5 )*
0= pn ——R( 2, g (g ))
dpi?

J d )"
- i b I
[“ oy + 8o i)n.] X (;1 > )

dr,,
- Z Z (”2 o ;l " ,fm”n+m+l) . (318‘))

n=1m=0

The first few terms are given explicitly by

| 9 (I 0] (]
0= wl ¥ — ’," Lrifo | of + (1 ’l—‘% oo — 1r o 4 - .
dye a2’ dyi? dype?

(3.190)
Since cach coeflicient must vanish individually we obtain a series of differential
cqguations which are solved easily to give

r(t) = e
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f':{jj £ } {'.u'.f“f
ra(t) = 3 + (20200 + ey By )t + ey B51*
rn(t) = €y 4+ oo e (Bat)" " (3.191)

Here the peedependence s via t = In(gp? /Q7) and the {e; } are mmmerical constants,
In general, £, (#) x #"1, so that the series comtains terms of the form (e )", This
raises i potentially embarrassing problem. for when a (12) (g /Q7) = 1. which
is inevitable for sufliciently large €, the series appears not to bhe convergent. This
problem is ecasily finessed il we rearrange eqn (3.191) to take acconmt of these
so-called leading logarithmic terins,

Rit.a) =14 |1 + oot + {J’..n__;.i"_l"! R [
*"";E”E t I[*f':t F (2000 + 14y :li'li'i::l v e
o ()

“UTF Goo (1) M(Q2 /i)

It is then apparent that the leading logarithms can be simmed by the use of the
one-loop running coupling a_(Q?). You may wonder if this just means that the
convergence problem has been shifted to the next-to-leading logarithmie terims
x (a.1)" o, However, using the two-loop runmning coupling smuns both the leading
and next-to-leading logarithms and shows that the NLL terms are genuinely
suppressed by a. In fact we already know the result of carrying this program to
completion. It is given by eqn (3.162),

- T I (13.192)

(1.0 Q%) = 1 + e1a,(Q°) + chaZ(Q%) + o ()., (3.193)

a series whose convergenee actually improves as @ — oc. The coeflicients in
eaqn (3.193) have been calenlated to Q(al) (Chetyrkin ef al, 1996a). The coef-
ficient ¢ is renormalization scheme independent, whereas ¢, for o = 2 depends
on the scheme. We caleulate the one-loop correction in Section 3.5,

It is useful to review the above ealeulation from a different perspective which
pives an insight into how the RGEs work. Earlier. we encountered Weinberg's
theorem when disenssing the form of the counterterms needed to remove nltra-
violet diversences (Weinberg, 1960). Onece a diagram is rendered nite he went
ot to investigate its asymptotic belawionr as the scale of the external momenta
hecomes large. A typical beliavionr is a dimensionful factor, QY. times a poly-
nomial in (Q% /1) (Mueller, 1981). Thus, we expect a typieal eross section to
Bave the form

a = ('J'IZH:'H., (]u{f}zht:}) with S, (x) = apn + agp T+~ + g .

(3.104)
el eqns (3.188) and (3.191). Now. beeause the terins in the RGE eqn (3.157)
are of different orders in o, it interrelates S, of dilferent noand their coetlicients
e Indecd these consteaints allow the S, to be partially reconstrocted. The
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tesdting stracture containg sevies of leading and pexi-to-leading logarithoms ete.,
which correspond to expansions of the running conpling. Thus, the RGE enforces
relationships between the coeflicients such that all the large logarithims can be
sined by nsing an effective conpling with a seale appropriate to the problem.

Before leaving eqn (3.188) we comment on two features of eqn (3.191). First
I the seemingly trivial observation that i (7 /p*) is a constant, ey, Sinee any j
dependenee in ry, arises rom the treatment of nltraviolet diversences., this means
that at one-loop the QCD correction to the 5 vertex is finite; a vesult which
st in fact hold at all orders if QCD is not to spoil electric charse conservation.

Second is the elfect of troneating the series eqn (3.188). As we have noted the
coellicient of the Qal ') term is related to coefficients of the O(a), Ola!),
v Ofal) terms in such a way as to remove the p-dependence to Qa”). For
example, to two-loops one has

2 2
Laed (%-"_ﬁ) L+ ey (i) + [m — ey /o In (j‘:} )] al(w’) . (3.195)

which is p-independent to Qo) bt p-dependent at O(a?). Ths, a troneated
wevies is p-dependent and in practice we must decide what valne(s) to use for
ji. This is the seale setting problem. A conservative approach is to vary g in
n range centred on the characteristie seale [QQ/A, QM. This should cover more
wpecilic prescriptions whilst, il A is kept modest. avoid making the logarithm
lorge and spoiling the validity of cqn (3.195). In this sense the measurement can
e said to be of a, at the seale Q2. A word of caution: it is sometimes elaimed
that. by varving g one ean estimate the size of the next (uncalenlated) term in
i series. For example, the a2 term from the o, term in equ (3.195), but sinee
e 15 arbitrary (until ealenlated) this procedure is not without risk. Other more
nmbitious proposals for scale setting are available. The prineiple of minimum
sensitivity (PMS) (P Stevenson 1981) chooses g so as to make the truneated
series locally independent of jo. Applicd to eqn (3.195) this vields

LR
tl;r-

A y " o
_.! [,u } =) = jinye =Qal':~:p(— < —I,) . (5. 196)

i Her A

The application is to equ (3.195). Fastest apparent convergence (FAC) chooses p
s0 that the lirst non-trivial term gives the saane result as the sum of the known
terms, Applying this preseription to eqn (3.195) gives

RV (pac) = B (niae) == e = QF ""‘Il( :! ) - (3.197)
L

Again the application is to eqn (3.195). A third proposal by Brodsky, Lepage
and Mackenzie (BLM) (19583) determines po from the requirement that the ng-
dependence of the coctlicients e; vanishes. In all eases, by going to higher orders
i o, the dependence on g is reduced and the seale setting problem diminished.
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3.5  Infrared safety

Ultraviolet divergences are not the only complication which arises in QCD. di-
vergenees also oceur when real gluons are emitted with either very low energy
or nearly collinear to the emitter. We already noticed this problem at tree level
with the ete™ — qqg calculation in Section 3.3.2. Throughout this section we
will illustrate the basic methods and ideas used to deal with these infrared diver-
genees nsing the important example of the O(a_) correction to electron - positron
annihilation to hadrons. The underlying process is e*e™ — 4*(Q) — qq which,
as we have seen. is also closely related to both deep inelastic scattering and the
Drell-Yan process. The O(a,) correction is given by gluon emission off the final
state guark or antiquark. though the following discussion applies with minimal
modification for emission off a gluon. Recall the behaviour of the guark propa-
gator prior to emission. eqn (3.105),

: == 1 with 3, = lal _
(q+9)* —m2  2E,E (1 — F4c0804) el G By \ E2

(3.198)
Here we see that there are basically two singular regions. which may overlap:
; 0 E, — 0 soft
(Propagator) " — iy —+0) (33.199)

2E.E[(1—-54) — U0 04— collinear.

The collinear singularity is also known as a mass singularity since the propagator
is strictly only divergent for gluon emission ofl a massless parton, quark or glion.
In both limits the virtuality of the emitter tends to zero, so that it travels a
large space time distance prior to the gluion emission. These divergences are
therefore associated with the long distance, infrared behaviour of the theory.
Similar infrarved divergences occeur also in virtual processes. This is because the
integrals over loop momenta include phase space regions corresponding to the
emission of both collinear and low-energy. real gluons for which the propagators
are singular. This leads to very long-lived virtual Huctuations. It must now be
admitted that we glossed over this issue in our carlier discussions of ultraviolet
divergences. Since our calenlations are perturbative, based on quarks and gluons,
they will break down in these limits where non-perturbative contributions enter.
In this section we shall consider how to cope with these divergences and under
what circimstances they cancel.

3.5.1  Infrarved cancellations and dimensional reqularization

The key to treating infrared divergences lies in two observations. First, whilst
real diagrams squared always give positive contributions to a cross section, in-
terference involving virtnal diagrams can give negative contributions. This opens
up the possibility of arranging a cancellation between the singularities in the two
sets of diagrams at the level of the amplitudes squared. Second. there is a striking
similarity between the two singular confignrations, soft and near-collinear gluon
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ehmssion, and the sitnation where no emission at all occurs. In practical situa-
Hons a detector’s energy resolution and granmlarity will not allow a sufliciently
polt or collinear emission to be distinguished from no emission. If this is to be
rellected in the corresponding theoretical caleulation then the two contributions
need to be added to give a useful result. In the case of electron-positron annihil-
ntion to hadrons the lowest order terms in the matrix element squared are given
by

ll) - T (0)
quq M'I‘l -+ n«Wm Saker & M‘I‘Il-'» = 8 JM‘I‘H-.

2 _ @ OF 1% 4 o F 44000 fbiha —
M2 = | M q,,l +a, ( Migy|” + 2Re L MG MG, }) ----- - (3.200)

There is no \/ag cross-term in the squared result as there is no common final
state: |qq) # |gqe). At next-to-leading order we should take into account both
the real process ete™ — qqg and the interference between the tree-level and one-
loop, virtual corrections to the process ete™ — qq. In eqn (3.200) we anticipate
that the first and second terms at O(a,) will contain “+oc” and *—oc” infrared
divergences and that these will cancel when added to leave a finite result.

As with the treatment of ultraviolet divergences. before we can manipulate
any matrix clements we need to regulate any infrared divergences and make
them finite. It is rather pleasing that dimensional regularization again provides
n suitable method. To see how this works we shall consider the tree-level process
7 qae. for massless quarks. In the soft gluon limit the dominant contribution
to the matrix element squared comes from the cross-term. eqn (3.1006),

q-q | 1

MPox — o
e e BR (T —swsle)

(3.201)

which behaves as E . This expression, describing radiation off a colour-anti-
colonr dipole. also (Olltdlll's collinear suu.,ulautu's for g —|| q. where it behaves
as (1% .and for g —|| . where it behaves as ()‘“\ As we shall learn in Sections 3.7
and 3.6.7. this simplification of a matrix element squared in the soft and collinear
limits is generie. Thus the contribution to the cross section from a soft gluon
emitted nearly parallel to the quark is given by the following D-dimensional
phase space integral

dPg 2 q-q
BB L i S 3.202)
./('M)“ (g )(fl'!l)(fi'.‘l) ( :

-3 1

/(l“ iSZ/’dq"th_ﬂ
F2m)® o 2E, o8 [Eg - !l][] J(€2) I;n:\/‘.j‘—T'

97 +97
- /‘(IE e /ﬁ(III Si"l)—:c()(m do—2g 1
“Jo TR o ™21 —coslye) J (27)P f(Q)
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o . = Q-3¢ al-5
“l'lar‘.-‘g_!:“ '_".l; tlﬂ,mﬁiil "'{H,ml,-"'-.!} i {ﬂ‘mf'.!}-/mj—ﬂm i

I the first line we isolate the component of the gloon’s momentim parallel to the
guarks f($2) deseribes the (non-singular) angular dependence of the dimensionless
combination (g - q/q-9) x (E,/E,). In the second line we have introduced polar
coordinates oriented along the direction g. As the third line wakes rll-;-.r. it s
apparent that the soft. E; — 0, singularity is integrable provided D = 4, as is
the collinear, f, — 0, singularity. Thus to tame infrared divergences we '-.vurk i
D = A = 2¢ dimensions, but now with ¢ < 0 so that D = 4.

Readers may be aware that another method for regulating infraved diver-
gences is to add asmall mass to the gluon in intermediate ealenlations which
can be removed in the final result, However, this is a ‘short-sighted” solution as
a gluon mass term violates gange invarianee at Qo). As soon as two gluons
are involved in a sitnation, a gluon mass cannot be used withont destroying the
basis for the theory, You may wonder if it is possible to extend the BRS syin-
metry even further to accommodate a glion (or ghost) mass term as well as the
eange fixing term. Unfortunately, this is only known to be possible for an abelian

theory such as QED.

A4.5.2 ete” anndhilation to hadrons at NLOQ

We ean now start to ealenlate the eross seetion for electron- positron annibilation
to hadrons ineluding our infraved regulator. This is given schematically as the
product of a lepton tensor and a hadron tensor which is integrated over the final
state phase space, c.f. eqn (3.85),

o= ﬁf.,.,, r_'; fqlil*”‘“' (:3.2083)
Observe that in the photon propagator any terms proportional to (1 - £)Q" Q"
do not comtribute thanks to electromagnetic gange invarinnee which requires that
both Q"L = 0 = Q" L, and Q,H" = 0 = Q,H"". Now. the only available
objeets that can earry the integrated hadron tensor’s Lorentz indices are ™"
and QY. Add to this the gange invariance reguircment, and we can restrict
the integrated hadron tensor to the form

/dl]lf-.{.lll-[f‘}} = ﬁ ( l.',;m . 2:_:]3 ) H[ff ) (3.204)

with  H(Q%) = ~ ["‘bn*"’{ta"':».

You may recognize the pre-factor as the appropriate form of the spin averaged
polarization sum for an off mass-shell photon in 2 dimensions, e.f. eqn (3.111).
Substituting eqn (3.204) into eqn (3.203) and using the standard form of the
(massless) lepton tensor, eqn (3,85 } then gives

¢ (D -

lt?' e H{(; Y (33.205)
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I this way we have reduced e problem to the simpler one of calealnting the
contraction of the hadronic tensor witl Mg el integeating it over its phise
spaee. o confinm eqn (3.2060) we apply it to the underlving, lowest order sil-
process for a single, mnssless tuark Havour,
2 i
{e) e= 21 —¢) 2 :
&g = Eﬁm{ﬂ*ﬂp'] N,- x —pw Ii'l'-‘tTI’ hj‘ir"ﬂ':l' ]
o 2(1 —¢) 2 L 1. fda)\" Tl -@&) -
= J00 (3 o ealt' FNe—5 | =] ———=L4(1 - )02
QT (3 —2¢) \“Calt S Ne 5 (:,JJ) (2 —2q) (1~
‘Iml;{"'r!ﬂ? (1L~} (I —¢) dm\"
Q VB -20T(2-2) \ Q2 ‘

(3.206)

The evsluation of the hadron tensor essentinlly follows the earlior Lroatment,
Section 3.3.1, however, we now work in D dimensions. This means addding a
lnctor p* to the quark’s conpling and remembering that ' =D =42 when
doing the y-matrix algebra: see Bx. (3-19). We used equ (C.22) for the phase
space. The result coincides witl ean (3.93) in the limit D —. 4.

4521  The real Oler,) ecomtribution Ay Ol ) the most straightforward cont ri-
butions to evaluate come from the real emission process +* —. ee: see Fig, 3011
amd the earlier discussion of Section 3.3.2. Waorking with massless quarks in )
dimensions the projection of the a8 matrix element squared is

f LS

el
(ceqgu ™ 2Cr N,

, = [ g4 y-q (q-q)Q* ]
=2(1 —)Tr {1} |(1 - =2 + =—= o 2
L2 }_': *}(ﬂ"ﬂ ﬂ-'.?) () - q) y

o - s =5 (1 —a3) 1~ x,) o
= 2(1 - ¢)Tr {1} '[! -rJ(“ - _r_"'} b (i _:ﬂ:})+ T =x0 ‘f-a-‘..} 21]

TR e
T tag —ca

(1= 2)(1- A-:r.l] ‘

Heve we canploy the usnal encrgy fractions, . defined in con (3103). In the first
twor lines it is casy to identify the individual contributions from the diagrams
corresponding to gluon emission off te aquark, emission ofl the antieprark sl
tieir interference, In this expression the collinear singularitios appear as single
poles in the limits g- g — 0 (kg — 1) org-4—0 (#q — 1). The soft singularity
Appears as poles in the limit g.g — 0 44 — 0 (xy — Land oy — 1), Observe
bhat in this limit the interference term bas o donble pole. Ty appropriate [)-
dimensional, three-body phase space integral s given by oqn (C.23), so that
Hi(Q7) is given by

=2(}=c)Tr {1} (3.207)

)

- i ol e Rl N
Hu(Q%) = —y, [ W H™(QY) = 00ty 52 CN,2Q7 (T;-H_) riz = :1
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| i I
b 'L :!J-‘nq/l‘_hlll.!’q [(1 =) (1 = ) (g + 4 — 1)]

A =xg) | (L= xyg) 2zy —xg — 1) - NP
5 I{I _']([] - J'l[] * ':I- —qu}) % {I _J-'qu '—Sf'ﬂ} -}rl ‘ [L&"h}

This phase space integral looks very daunting, but can in fact be rendered guite
simple by means of a change of variables, xy = 1 = vxy, and oy = .

1 i ”
_/.; mﬂ_[. l'I*li.r"*[l — x)o(l = )

(1 —x) xry L (l=v)
x{“ e (1—:1)""}{_17.1"'3'}
= 2{“ B r]1"[2 —e)I(1 = e)I'(—¢) n (2 —e)l%(—¢) rl*“u - f}}

(3 — 3e) (2 - 3¢) (5 — 3e)
- IPl-¢) 1 2 8 .l _,m)
— Il :h]{l—:ir—]( T

@ e (2-3¢)

_Pa-gf2 S0 s
= [—{T—_lri (E + = iy 5 + 'ﬂl:f]) . (3.209)

The o and ¢ integrals are of the standard Euler S-funetion form. equ (C.27). and
the resulting F-fimetions have been manipulated using equ (C.25). Here we see
a double, 1/62. pole which comes from the interference term and is associated
with the soft gluon singularity. There is also a single. 1/¢. pole associated with
the collinear/soft divergences, Combining equs (3.200), (3.208) aned (3.205) gives
the real gluon emission eross section at Qo ),

{c) (e) Oy~ [ AT "TH1—-e) (2 3 19 .
o =a, —Cp — 4 =+ — + : 3.2
- " EH{ " ( Q* ) (1l —3¢) \ & S 2 o) 19:210)

3.529 The virtual Qo) contribution  We now turn our attention to the
O(a.) contribution coming from the interference of the virtnal, one-loop cor-
rections, shown in Fig, 3.20, and the tree-level process 5% — i

Fic. 3.20. The virtual, one-loop, QCD corrections to the 3% — qq vertex at
Olay)
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Recalling our carlier discussion of renorimalization, Section 3001, we antici-
puite that these virtual corrections contain both infrared and ultraviolet diver-
pences. We begin by investigating the ultraviolet beliaviour ol the eorrections.
The divergence in the gquark self-eneray can be read off from eqn (3.132). To
obitain the divergent part of the vertex correction we note its similarity to the
fest, “QED-like’ graph in Fig. 3.18 which is identical upon making the replace-
Tt _f,t.,l:’f"'T“ Tr’],j = n-,,[T’*T"]U — f.‘f'“C.t:f'i._,. Thus, the diversence can be read
ofl fronn the first term in eqn (3.138). Temporarily abandoning our restriction to
pnssless, o mass-shell (anti)quarks, the one-loop contribution to the g0 vertex
I given by

1 NA—gm) L . :
SO [}( ]i’f :::' ';’E}_,;j_—”;__}}_.{—q}} FT Q)

1 o
IH.,J: ri.r, f; {( _} [(ﬂ dm .‘Tf—:t:f) )
+ " ('E + dmn— Uf : m.{)] + E"‘r‘") A, + UV |Ill|!t'}
q* — m*

.if-r-“riu:,:E{Z';.- x (U.V. linite) . (3.211)

Note that we only absorh hall of the selfenersy corvections into the renorvmalized
conpling appeariog in the thivd line. The other hall goes into the wavelunetion
renornalization. We also use the Dirae equation acting on quark, a(g). and
antiguark, efg). basis states to eliminate the two remaining divergent terms.
The s is then free of uliraviolet divergenees. This result for the g6 vertex
shonld be compared to that for the gqq vertex, Ex. (3-23).

The absence of ultraviolet divergent QCD corrections to the g vertex is not
an accident but an important requirement for the aceeptability of QCD, Its sig-
nificanee lies in the et that QCD does not alfect the renonmalization of clectric
charges or, if von wish. does not spail electromagnetic gange invarianee. More
lornnally. the eleetrie charge operator commmtes with the QCD Hamiltonian, 17
it did not, then eleetrie eharges would not be conserved. For exaunple. consider
an antinentrino interacting with an electron to give hadrons, #.e™ — W = di.
The initial state has charge —e and is unaffected by strong corrections, whereas
the final state is potentially affected by them and so might have a renormalized
charge —e' # —e which is nnaceeptable. The e, Zgqg and Wq' vertices are free
ol strong interaction divergences to all orders. This is the reason why we can eal-
culate the eharge on a ladron from the smn of charges on its constituent quarks
without regard to any complex, non-perturbative, strong interaction dynamics.

Sinee we are [ocusing on the case of massless, on mass-shell (anti)guarks a
nmber of the virtual diagrams do not contribute. Recall eqn (3.131) for the
uark self-energy, which in the ease of p* = n* = 0 reduces to

ll”f.‘ -”'H‘I- ) ﬁ}-f" i “ . t]kjtkﬂ
(2m)7 [k + 2k - plk? M

AN(p) = —{s;,.;r’}“f-‘r'ﬁ-:f
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s o A -
= —(gsht )“C'ﬁ"’e;ﬁ/Wf(k) =10 (3.212)

In the second line, we have made explicit the fact that the resulting loop integral
is independent of any scale (p? = 0). This is the same situation that we encoun-
tered previously with the tadpole diagrams where the integral cannot be defined
for any dimension D. In dimensional regularization these integrals are defined
to be zero. Thus, the only one-loop diagram which can contribute is the vertex
correction where the scale is set by Q% = 2¢ - q.

The contraction of the hadron tensor describing the interference between the
vertex correction and tree-level diagrams is given by the real part of the following
expression,

; i O A B | (aet 2eN\2rp.. bepb dl)l‘. 1
e HYY = +i2(eeqga®)* Tr {T1 }/(2-.1-)’3 T v
=
{0 U = 71 = S - D)
(3.213)
Evaluating the two traces is a straightforward if tedions exercise,
Tr{dva (K + DK — D" 47"}
= +8(1 — ) [Q" — 4(k - q)(k - q) — 2k - (q — PQ* + h*Q?]
Tr {gh(K + @) (K — @) k" }
= —4(1 — e)(k + q)%(k — §)%*Q° . (3.214)

The second result implies that the gauge dependent contribution is of the same
type as the integral in eqn (3.212) and therefore vanishes. There is no &-depend-
ence. In order to treat the remaining loop momentum integral we first combine
the propagators using Feynman parameters,

1 l—a
| l.’ — = / da / ds o _l - —
k2(k+q)2(k— @)%  Jo 0 [a(k +q)% + Bk — q)? + (1 —a— 3K}
1 1—a 1
- . 3.215
A e _L dﬂ[(l-t +aq— 3q)? + a3Q?? Lo

This suggests the change of variables A — k' —aqg' + 3¢" in the integral. Making
this substitution in the integral’s numerator the first trace. eqn (3.214). gives

Tr{} =8(1 —¢) {Q" -4 [(l.' ~q)(k-q) — ad(q - :})2]
~2(8g-G+aq-q|Q° + ¢ [F* —2a8q- 4] Q% } (3.216)

=8(1 - tr)Q"{[l —a—B+(1-¢af]@* - (1-e€)?@2- ()—IA.;'} _

In the first line we have discarded any terms that are linear in & and so give
vanishing contributions in an isotropic integral. Whilst in the second line we
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hive replaced R by 59" /D, again by virtne of the integral’s isotropy. When
we substitnte eqns (3.215) and (3.216) into (3.213) we see that we have an
vxpression which only depends on Q% This makes the evaluation of the two-body
phase space integral in eqn (3.204) trivial and we can go straight to eqn (3.205)
for the result,

= tl”! 1
= +ioy g )2Ce dn / 52)D 12 + aBQ]

X {[1 it (= «)f.-:s]()- —( _«)”(2 - r)“l.'"’}

) d7e° o
= _n‘{,’gn(ug (?(—5—:;) I'(1 + ¢ /'dn[ df—— (”{),)

. {[1 —a-f+(1-caf] (1- f)"} J (3.217)

€1 ﬂ €

The loop momentum integrals are evaluated nsing eqn (C.11). The integral over
the Fevnman parameters is simplificd by means of the change of variable 3 =
(1 —a)e which decouples the integrals and allows the use of eqn (C.27) to obtain

1 1~ )
= 1 l-a-8+(1—-€ead (1-e¢)
. A x
/ dao / d (i) { ol "

= (1—a) (1 =a)(l —v)+ (1 —e€a(l —a)] (1- ()2}
/tl / In(l -—n}n] { ol — o) =

21 —%) I =)

1 -e)1[2 3 8 ;
" T —20)2 [?+ i (1 _-zf)l ‘ (3.218)

Substituting this result into equ (3.217) gives ns onr final result,

1 a{!}“s 'f' ("lwﬂ'z)' F(l i ()I"..’(l e () (E— “F;

3 8
V="% o —Q? (1 - 2¢) BT - ?.t'))
ey dap®\ Tl +e)l%(1—-¢) (2 3 .
=0 g (—Q‘-’) FioT) g T T OOk

(3.2”])
Here. it is important to remember that the real part is understood.
| |

4.05.2.3  The combined O(a,) contribution  After having calenlated the real.
can (3.210), and the virtual, eqn (3.219). gluon corrections to the lowest or-
der expression, eqn (3.206). we can combine them to give the complete, Oa )
cross section for electron- positron annihilation to hadrons.

_ .l O brp?\ " 2(1 =€) (E _‘ﬂ . )
A {I-I—( (Q ) I‘(I—Ik)[ lcz-I~f-| 5 + O(e)
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(1 -+ e)I'(1 — 3¢ 2 ‘

5 e . 2 53 . 480
[on + Ofe)] {l + 5}-('1-‘[1 + O(e)) [(6_2 = 2 oy 7y + O(())

1+ O] (63 P2 O(e))]}

i .
= a0 {l o O gl O(n;f)} : (3.220)
1 s
In the second line we made use of the expansion Re{(—1)‘} = Refe™} =

I — (72/2)e? + O(e') and eqn (C.26). As a result, it becomes clear that both the
1/¢* and 1 /€ poles cancel to leave a finite result. As a consequence we can safely
take € — 0 and obtain the D = 4 limit. Thus, for a suitably inclusive definition of
the hadronie eross section we avoid the potential infrared catastrophe associated
with soft gluons.

Before going on to identify the general characteristics of infrared safe ob-
servables we mention a succinet way of organizing the above cancellation using
cut-diagrams. The O(a,) cross section is represented by the diagrams shown in
IFig. 3.21. The two basic diagrams have each been ‘eut’ in two ways. On the
left-hand side of the cut we view it as the usual Feynman diagram corresponding
to M. On the right-hand side of the cut we view it as a ‘reversed’ Feynman
diagram corresponding to M*. Thus, the top-left diagram represents the inter-
ference between the two tree-level Feynman diagrams, whilst the bottom-left di-
agram represents the interference between the tree-level and one-loop correction
to the basic yqq vertex. You should notice that these are the same diagram cut
in two different places. This one diagram encapsulates the contributions which
must be taken into account to ensure the cancellation of infrared divergences.

3.5.3  Infrared safe obscrvables

Our caleulation of the cross section for electron- positron annihilation to hadrons
demonstrates that it is free of infrared divergences to at least O(ay). In fact, the
KLN-theorem (Kinoshita, 1962; Lee and Nauenberg, 1964), and its generalization
to QCD (Poggio and Quinn, 1976; Sterman. 1976), guarantees that such a fully
inclusive observable is infrared finite to all orders. This theorem can be extended
50 as to apply to other observables (Sterman and Weinberg, 1977: Dokshitzer
et al., 1980). The key requirement for the cancellation is that a quark and a quark
accompanied by any number of soft gluons and/or collinear glions and qd-pairs
are treated the same. Likewise, |g) and |g -+ nyg + nog) + ns(qq))) must give
the same contribution to an observable. Now, in practice cross sections are often
weighted by functions corresponding to physical measurements on the parton
final states. In general a measurement is deseribed by an expression of the form
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I1G. 3.21. The ent-diagrams which deseribe the contributions to the amplitude
squared for v* — hadrons at O(a,)

y | — 1 "H (n) 2 -
S L ;‘ﬁf"“’ ZIM (P pnlpi) (3.221)
Pn =1 I =¢ (total cross section)
with " Lo £ : ;
pn =0(X — Xulpi)) 1= il_\': (differential cross section) .
(1.

The sum includes the contributions from all n-parton final states and. on the
asstmption that quarks, antiquarks and gluons are not distinguished. we include
the symmetrization factor 1/nl. The weight functions of the 22 final state partons.,
Pulpree oo pn). define the measurement. For example, to obtain the total cross
section, I = o, we simply use p,,(p;) = 1. Often, we are interested in the distri-
bution of some variable X' which is given by the function X, (p;) for n partons.
Typical observables discussed later include the event’s Thrust, see eqn (6.2), or
a jet resolution parameter, see eqn (6.3) or (6.4). To obtain [ = do/dX we have
to nse p, = 0(X — X, (p;)). However. in view of the cancellations required for
infrarved safety, the functions A, and A, must become equal in the soft and
collinear limits.

r‘.)".+,'|(!’] ..... l\‘“"-(l — /\)I’n) — . RIDDD]
Xusr (1 pus0) = elilnic Bl e

Whilst. this is a requirement imposed on theoretical grounds. yon are reminded
that it also has a basis in experimental reality. The results of a measurement
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should he insensitive to changes in a detector’s energy resolution or granularity.
As a result of this requirement any observable which is not a linear function of
the parton four-momenta will not be infrared safe and should not be used in
experiment or theory. If you do not heed this restriction then vou will be sensi-
tive to long-distance physies. This means either introducing a non-perturbative
model. npon which yvour results will depend. or accepting that using pQCD will
give infinity at NLO. Despite this established wisdom it is still too conmmon to
see variables such as Sphericity (not to be confused with spherocity) or (some)
cone based jet finders which are infrared unsafe!

A special sitnation arises for observables such as structure functions and
fragmentation functions. By their nature the inclusive sunnnation over initial or
final states is restricted by the requirement to contain a specific particle. This
results in residnal collinear singularities which can be treated in a manner which
is reminiscent of renormalization: see Section 3.6.

The first example of an observable specifically designed to satisfy the in-
frared finiteness requirement is the Sterman- Weinberg jet definition (Sterman
and Weinberg, 1977). Other examples of early variables are given in (Basham
et al., 1978a) and (Fox and Wolfram. 1978). A hadronic e¥e™ event is defined
to be a two-jet event if a fraction (1 — €) of the total C.o.M. energy is con-
tained within two back-to-back cones of half angle 6. Whilst this clearly satisfies
eqn (3.222). in practice it is rarely used at efe™ colliders. though such “cone
based” definitions are still used at hadron colliders. A more popular jet defini-
tion is based on the minimmm invariant mass of particle pairs. At leading order
all events are two-jet events. At O(a,), an event is only classified as two-jet if one
of the three possible pairs of partons has (p; +p;)?/Q° < y for a given value of the
resolution parameter y. By construction we have y < 1/3. A two-jet event ocenrs
for two basic phase space configurations. Either, the gluon is radiated sufficiently
close in direction to the quark or with sufficiently low energy that (¢+¢)%/Q° < y
and the qg-pair forms a jet recoiling against the ¢ (or with g and ¢ interchanged).
Or. much less likely. the gluon has high energy and the qg-pair forms a jet recoil-
ing against the gluon. Using (p; + p;)*/Q% = 1 — 2 > y we see that the three-jet
region of phase space is confined to a triangular region, 2y < r; < 1 — y. in
the centre of the xg — axy plane away from the collinear and soft singularities,
see Fig. 3.12 where y = 1 — T, This means that calculating the O(a ), three-jet
cross section is relatively straightlorward as, unlike the two-jet cross section, it
does not involve any infrared cancellations and therefore it does not require a
regulator., One can then use the known result oo + 03 = ay[l + (3Cpra,/(47)),
ceqn (3.220)., to infer the two-jet cross section. Rather than do this in one step
we first use eqn (3.221) with X, -3 = min{l — ;.1 —a2. 1 — w3}, X = y and the
matrix element squared given by eqn (3.112),

doy 0, kil e i
e ﬂn'—:(-'l.‘ / (l.i' 2 = - =
R (L—2)A - |54y Q—2HL—F) | ypys
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1=y 2 1 =) el -
= ﬂu.':(:"" / tl;"{2(l Y+ 11— (1 —a)(l+x)
J2y y(l —x)

1 1 1 9
+ + 2 _ o] — $\ —
; l—y (l—;r : .r—y) (144" - 201 —a)(a -")]}
B T -)(3'-"2 —3y+2) —2yY : (1 —3y)(1 +y) 2 99:
0"27.'6’ [_ i) In ” H ” } (3.223)

I'his expression shows a characteristic logarithimic divergence as y — 0, that is. as
the singular regions are approached. In passing, we mention that this expression
pives the Thrust distribution with 7" = 1 — g. Integrating this expression from
i to the phase space limit 1/3, we can calenlate o3 and henee the n-jet rates
defined by f, = a,, /o as

: 5 x* B ,
Js(y) = 2Cp {7) = Y+ (3 — 6Gy)In (l 5 )

27 — 2y
+4Lis S N R
1~ 1 -y

and  fo(y) =1 - fa(y) . (3.224)
Here, the dilogarithm or Spence function is defined by
oIl -z
[..i-_t_c(.'?‘) = —] (l.’-.'—(-‘—) . (-;225)
0 =

It arises frequently in QCD caleulations. Equation (3.224) shows that in the limit
i 0. fa(y) diverges as (a,Cp/7) In® y. This can give the counter-intuitive re-
mlt foly) < fa(y) and worse fa(y) < 0. Whilst this is unsettling, it is possible
hecanse fo(y) receives contributions from an interference term. In calenlating
Jaly) we restriet ourselves to a subregion of the real phase space so that the full
cancellation of divergences which ocenrred in eqn (3.220) is now only partially
complete and residual logarithms remain. At higher orders we may anticipate
terms of the form (o Crp/ (‘.27r)ln2 y|™. Such large enhancements have obvions
implications for the convergence of cross seetions. Consequently a significant ef-
fort is dedicated to identifying and ‘resumming’ such contributions. For reference
we also give the O(ay). three-jet rate for the Sterman-Weinberg jet definition,

. 2
fale,d) = ;—;C';.-S {]n (%) [ln (2_1r - l) - —” 4 % - li(» + O(e ]nr‘i.cﬁzlnf)} ;
(3.226)
Here, it s clear that the most singular term is associated with overlapping
collinear. 8 — 0, and soft. ¢ — 0. singularities.

3.6 The QCD improved parton model

The naive (quark) parton maodel is independent of QCD as such and indeed was
invented before QCD existed (Bjorken and Paschos, 1969: Fevnman, 1972). It
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hegan as a quasi-classieal model for DIS, based apon the idea that o hadron
cian be deseribed as a collection of independent partons, with little transverse
momenti, off which a lepton can seatter via the exchange of a vector bhoson,
The constituent quark model supplies quantum numbers to these partons and
thereby sngeests relationships between the varions stracture funetions (Close,
1979). At this tree level all that pQCD supplies is support for treating the par-
tons as independent, via asvmptotic freedom., and candidates, the gluons, for
the eleetroweak neatral partons inferred from the apparent violation of the mo-
mentum sun role (Llewellva-Smith, 1972). This parton model picture of DIS is
casily generalized to hadron-hadron collisions.

The parton model comes to life when we add pQCD corrections (Altarelli,
1952). This brings to the fore guantum effeets and changes onr picture of the par-
toms within a hadron. An essential feature of the parton model is the separation
ol a eross seetion into hadron independent coeflicient funetions, which deseribe
the parton seatterings. and scattering independent pad.Cs, which characterize the
hadrons: see, for example, eqn (3.227). In order to maintain this separation in the
presence of QCD corrections, we are obliged to make the pud.Ls scale dependent,
that is, functions of both 2 and Q<. This introduces the idea that a parton con-
tains within it further *danghter” partons and that these are revealed when the
(¢ of the probing veetor boson is increased. This seale dependence is governed
by the Funons DGLATD equations and whilst it remains trae that. in the absence
of suitable non-perturbative techmigues for QCD, we cannot ealenlate the pods
from first prineiples. we ean deduce the palbs at one scale from a given set at
another seale, Introducing pQCD also forees us to give a precise meaning to
the idea of actorization, which has now heen proved to hold in pQCD (Collins
and Soper. 1987). In doing so we give greater legitimacy to the QCD improved
parton model: so much so that the QCD improved parton maodel provides the
conventional framework for carrving out pQCD calenlations.

Inevitably, when we add pQCD corrections to the naive parton model. the
necessary mathematies beeomes more involved. However, we believe that the un-
derlyving ideas are not that complicated, Therelore, alter repeating the tree-level
treatiment of DIS we give a henristie developiment of the NLO pQCD corrections
to DIS and factorization. This is followed by the complete Qo) calealation.
After this we switeh attention to the DGLATP evolution equations and their gen-
cralizations, This is followed by a disenssion of how these equations take aceonnt
of large logarithmic enhancements to a cross section. Finallv, we show how the
factorization formalisi is applicd to the Drell Yan process in hadron hadron
collisions.

3.6.1  DIS at the pavion level

The formal description of lepton parton seattering follows that for lepton hadron
seattering, The partonic eross section, da®f, is given by eqn (3.32) with two
modifications: the hadron momentum p" s replaced by the parton momentum
" and in the hadron tensor the state |l) is replaced by [f). f = {q.q.2}. to
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pive ﬂ,'.':.*'r J Again gange invarianee ensures that this partonic tensor retains the
form given in eqn (3.36) but with partonie structure lunctions. These partonic
steneture functions are fanetions of ' and gt which, thanks to Bjorken sealing
(Bjorken, 1969), oceur in the combination --;ﬁ, [2p - qv) = 2/y. Sinee we 1se
the wme of a particle to represent its four-momentum, we use iy for the four-
omentum of the exchanged boson to avoid any confusion with the momentum
of wquark. 9%, The lepton tensor is. as hefore, given by cqu (:3.33). This parton
Cross section is related to the hadron eross section by weighting it by the hadron’s

poallfs, ;
dath) _ Z [ilﬂﬁ|{ﬂj'¢$i’i“!} (i) . (3.227)
f=q.q.0"" Y
This implies
H
. — I - (3
M mav) = 3" f %ﬁ.tmﬂﬁlf "upeav) . (33.225)
f=g.q.qa” *

where the factor 1/y can be traced to the sealing p* —. up” used to obrain the
lepton-parton Hux factor,

Rather than work with the full hadronic tensor, it is helpful to projeet om
two combinations of steneture functions,

.,“_l"!nl = uh'f”i Vh)

fin
= o 2adh) Fy {zmn.F) =
_[D~2}1r(l+—@—)—-fﬂ ”[2_;(]+__E,,J"-'__ f,]
l‘qfll‘h] = Ifljlli"rf”{t:-:ll’
Q® [Fa (2, )* . (2xedly, )? s
- [ (1+ 52E) - A+ 8FE) . e

This will simplify the expressions with which we have to work. Here, with a
view to future use, we have chosen to work in D = 4 — 2 dimensions. Similar
Irrojections can be defined at the parton level. In the ease of fly this is straight-
lorward but for H;, we have to use the parton momentun, yp. in the equivalent
ol eqn (33.229). Referring to eqn (3.228) we then have

d ) ' I = —= ' ]; " A
Hy M=} f% WY D yp.gy) = > f'Tfh (J:)H}‘;t ()
s I Tr - -

I:I]...f]'.y 0 o L
i i
Vi dy (N S) | dz EN ooy
Hy Vi Y A yp.gy) = 3 ;f —h(3)2R ).
F=qu.0”" f=u..q w

(3.230)

Remember that sealing implies that the HI{ Y1 are functions of Q7 /(y2p-q.) =

x/y. The advantage of the “total’ strocture function, HH" 1 i that it is es-
sentially the matrix element squared for the vector hoson parton subprocess.
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The longitudinal” steucture function, .'-f}_l' N s particularly nice becanse many
dingrams give vanishing contributions and those that do not vanish at Qo)
are [ree of infrared singularities. In eqn (3.229) we recognise the combination i
square brackets as the longitndinal structure function; see Ex. (3-5). Onee we
have calenlated s and Hy we ean invert eqn (3.229) to give us the structure
functions o and Fy.

L*._,.{r.r; - 5 l_{]H;;.Iu 4 {?T_-ET']J.‘E_E”:-H”
Iy () - !"% N -':;_-_I:j"-‘t:,”l
e Z f"l:f(%.) :—;;-‘ﬂ”r“} _ i)
f=qa" "

Here we have made the simplifving assumption that the 2 My, /Q terms are
negligible. In what follows we shall also negleet all guark masses. This makes the
algebra simpler and will cast into sharper relief any collinear singnlarities.

3.6.2  DIS at leading ovder

We now caleulate the leading order contributions to DIS in the parton madel. We
will focus on electromagnetic exchange in which a photon conples to the eleetri-
cally eharged partons: quarks and antiquarks. The charge conjugation synmetry
of QED and QCD ensures that quarks and antiguarks give the same contribntion.
Thus at O(a") we need only consider the one tree-level subprocess 5% — q'.
The treatment of Z and W exchange involves only minor modifications.

To ealeulate Hy. 9 e first require the matrix element squaredl. This is casily
evaluated in D dimensions,

Y Mt — ) = N - OTr{1}Q" . (3.232)

Here Q* = —(q — q)* = 2g- 4" > 0. Next, we average over the spin and colour
polarizations of the incoming quark, 2N, and include the one-hody phase space
integral. equ (C.19). to obtain

f Ay Y IM(yq — Q) = 20%2(1 — )Q* x 276(4") . (3.233)
Here we have used Te{1} = 4. Since the struck quark carries a [raction g of
the parent hadron’s momentum, ¢* = yp*. the d-function. which constrains the

seattered quark to be on mass-shell, can be rewritten as

0= ptg P =u2p-q" — Q@ =2p-q"(y— 1)
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= &y") d(y — x). (:3.2:31)

2pqn
Heve s the usual Bjorken-r, eqn (3.39). At this point we panse to observe
tiat the origin of this 8(y — &) factor is purely kinematical and therefore we miy
mnticipate that all the one-loop corvections to the 4°q —  vertex will also be
proportional to 8y — x). Finally, following convention, we divide ont a factor
de? 1o obtain

o | —— Q'J

W = = [ dP

T dmwe? 'Z 2p e

=il —e)wd(y —x).  (3.235)

My q — )| = f:;‘;“ — €)

oy — x)

The effect of the d-function in eqn (3.235) is to seleet only those (santiJequarks
with momentum fraction x. The presence of a d-function also menns that the
partonic structure functions are formally distribution fmetions (in the math-
cinatical sense) and so only bave meaning when integrated with a sulliciently
simaoth ordinary function, The ealenlation of f‘a"}:"”. can (3.2249), is even easier
as it vanishes. This follows heeanse, assuming massless quarks so that duleg) = 0,
wer have

M (v = ) x (g )dulg) = 0. (5.2:306)

GCiiven F‘.";;""]. together with H}_—"” =l we use eqn (3.231) to abtain the lowest
order electromagnetio structure funetions

EIF:'F}I-JE.I.} 2k IH:_E‘””{-"; — Z fl.‘}.fll{"}:.] g {J,:Lﬂr]

F=q.4

This confirms the Callan Gross relationship between Fy and Fy which holds
ot lowest order for seattering off a spin-1/2 parton. As we will see at O
and beyond Fa(ar) # 20\ (x) and the two structure functions ean no longer
be regarded as equivalent. In Ex. (3-24) the same resnlt is obtained using the
explicit hadron tensor. This also demonstrates, as one might expect of thie parity
conserving QED, that £y = 0,

This calenlation has familiarized us with onr notation and proved the Callan
Gross relationship between the steueture functions appearing in the parton imeodel
at trec-level. We now wish to investioate how this picture changes with the
inclusion of pQCD corrections.

$0.53 A hewrstie treatment of factorization

A nmumber of processes contribnte to the structure functions at Ofa ). If the
struck parton is a(o anti)quark we have the tree-level seattering ¥ q — ¢'x. the
so-called QED Compton provess, shown in Fig. 3.22. To this must be added
the interference between the tree-level and the one-loop corrections to the basic
seattering g — . The situation here is similar to that encountered in the

treatment of the pQCD corrections to the process 5° — Qi see Section 3.5,
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There. hoth the ultraviolet and infrared singularities in the two sets ol contribn-
tions caneelled to leave a finite result. Electroweak veetor bosons do not directly
conple to glions. In order for gluons to contribute to the structure functions they
must first split into a charged gi-pair. Thus their contribution is at least Ol ).
The lowest order contribution comes from the tree-level process v7g — qd. the
so-called boson-—gluon Msion process, shown in Fig. 3.23.

FiGg., 3.22. The two diagrams contributing to the QCD Compton process,
2t — 'z, at leading On,) anel. reading right to left, giq' — +°q

Fie. 3.93. The two diagrams contributing to the boson glion fusion proeess,
v* g — qfj. at leading Ofa,) and, reading right to lefu. qq — '8

We shall concentrate on the tree-level. Ofa,). provess v°q — 'z and in

particular the partonic structure function HE"". sinee this contains examples
of all the singularities with which we shall have to deal. As noted. h':.;"" is

proportional to the matrix clement squared for the hard subprocess. This can
be obtained from that for the process v° — qig. eqn (3.207), using crossing,
eqn (3.95). That is. making the substitutions q" — g gt — —¢" and Q- —
~0)*, reflecting the space-like nature of the photon’s virtuality, one finds

goo o B0 . Q*(q-4')
g-q  a-q l(o-alg-a')]
(3.2:38)

The three terms correspond to emission of the gluon off the outgoing quark,

Do IM(yg q'g)” = 8e*ed g Ty (TT")
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oll the ineoming guark and the interference between the two contributions, To
olhitiin ”h U we need to aver ST OVer llu inconping gquark spins and colours, 2N,
thividle In* the conventional factor dre® and integrate over the two-body phase
ppace of the fual state particles,

i 1 : . YT
- dme? fdth"’l. (M(ya — o)l

i 2 ’
5 g4 g-q Qg q') .
— Je2a,Cr | dibs |2 . + . 32140
A f‘ . [H"f g-q  Ag-q)a-q4") ( )

Heve we used Te {77} = CpN.. Looking at the propagators, x [Eg(l —
cos )] 71, we see that this expression has a manber of singnlar regions: .4, Sec-
tion 3.5.2. There are collinear singularities when the gluon is emitted parallel to
Hhe incoming quark. ¢ - g — 0, or the ontgoing quark, g-¢" — 0. There is also a
wolt singularity when the energy of the gluon vanishes, The collinear singularities
nre associated with the vanishing of the gquark propagators just prior to or just
ifter the interaction with the photon. Such a low-virtuality intermediate quark
will travel a large distance, #* = E* /l2, so that the glion is emitted either well
hefore or well after the hard subprocess. We may therefore anticipate that the
nitial state collinear singularvity can be natorally associated with the incoming
hadron and into which it might be absorbed. The final state collinear and soft
gluon singularities both imply a zero mass particle in the final state,

s=(g+q') =29-¢ (3.240)
1-—-3
= (g+a)* = u2p-yy — QF = (-—l) Q{—l-

In the second form we let the incoming quark carey o momentum feaction .
that is. g% = gp" and we introduced = = »/y where x las its nsual meaning,
cqn (3.39). Thns, § = 24« q" — 0 is equivalent to Q*(gy/x — 1) — 0 50 that these
singularities involve the kinematies of the lowest order hard seattering to which
they mnst consequently be associated. They also raise the speetre of infraved
sineulig cross sections,

Fortunately, for the analogons process 5% — qde we learnt that inehiding the
contribution from the interference between the tree-level and one-loop correetions
to the process 4* — i ensured that all the singnlarities cancelled in the infrared
sl total cross section, eqn (3.220); see Seetion 3.5, Henee we might expeet
that the singularities present in cqn (3.239) will cancel when we inelude the
contribmtion coming from the interference between the tree-level and one-loop
corrections to the process 3°q — q'. Unfortunately, in DIS the probing photon
can tell the difference between the charged quark in o collinear qg-pair and a
gquark ¢ with equal momentum. Thos, the equivalent cancellation for DIS is
incomplete. In particular the final state collinear and soft glion singularities
caneel but the collinear singularity associated with the incoming quark remains.
This removes the danger of a singular DIS eross seetion, provided we have o
means of dealing with the remaining initial state singularity.
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In view of the above discussion we will analyse the mitial state, collinear
singularity present in eqn (3.239). Equation (3.240) gives us one of the Lorentz
invariants. To evaluate g - ¢ and ¢ - ¢" it is helpful to specialize to the C.o.ML
frame. Here the momenta of the massless . " and g can be written as

B § + Q*?
¢ = Pin(1.0.0,1) it (‘_:\/Q
q" = pom(l.—sin0*,0. - cos0*) cg (3.241)

s

¢" = pou(l. +sinf* .0, 4 cos0") 7
These allow us to infer that
(54 Q2 § 4 Q2
'2y-q:2£-—~—-(s+ 2 )(l—('o:-:ﬂ') 2q- ¢ —9(.’:\/'_') )\/-

= —(1 —cos0") = %(l +cos0) .

—(1 + cos@*)

(3.242)
The two-body phase space integral is given by eqn (C.21) with. for the moment,
¢ = 0. In terms of these C.o.M. variables equ (3.239) becomes

I
HYY = deta,Cp— ! l"/ deos*
87 /5 Joy

2(l-2)  (L—cos@) 2z(1+e0s6*) (3.243)
(1 — cosf*) 2(1 —z) (1—z)(1 —cosir)] =77

Referring to eqn (3.241) we see that the cosf* — 1 singularity in eqn (3.243)
arises when the gluon direction approaches that of the incoming quark. The soft
eluon and final state collinear singularities manifest themselves as the = — 1
singularity, see eqn (3.240). Now, rather than work with cos @*. we choose to use
the transverse momentum of the gluon measured with respect to the incoming
quark direction,

k= Doy 5in” 0° (3.244)
Q" (1-2) dk3. 2 cost)* deosf*
I—cos?6*) = 5 = — X
4 =z S A k3. (14 cos@*) (1 —cos@*)

The limit cos0* — 1 now becomes &% — 0. Making this change of variables in
eqn (3.243) gives

HIY = (3.245)
2% Y e /QQ T (le 2cos0)* (1 —2)%+ (1 4 cos8*)z i 1 — cos@*
“aon 2 k2 (14 cosf*) (1-2) 4(1 — 2)

where cos@* is now implicitly given in terms of k. Notice that we have in-
] .
troduced a ent-off, £°. on the transverse momentum in order to regulate the
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collinear singularity, At small opening angles, cos@* — 1, the virtuality of the
Intermediate quark, 2g-¢ in eqn (3.242), and the gluon’s transverse momentimn,
can (3.244), are related by 2(g - q) = k3./(1 — 2). Thus, % is also a lower bound
on the minimum virtnality of the intermediate quark. equivalent to an upper
bound on the distance it travels. This ad hoc preseription will be replaced by
dimensional regularization in Section 3.6.4. Focussing on the collinear region we
nbtain

Pk, (1 4 22
AL = ¢2 ; . / ‘Z'_; (1+—) TR+ OwHQY S . (3.246)
" 5? A i3 i

The final state. z — 1, singularity is still present in this result. Invoking the
O(a,) corrections to the v'q — q' vertex. which are proportional to 8(1 — z).
this singularity is removed. A more proper treatment would show us that the
cocllicient is actually a distribution,

Q* = -2
= (~¢ DAL SN " (”\ - .
g9 = gz [ L + Cgdl1 = 2)] 1 1)
& l\'"’ "~ (l =7 -:)+

|
t
"

= c;;% {P},g’( )lu( 2'") + R(z )} (3.247)

Here, we introduced 1/(1 - 2) 4 as a shorthand for (1/(1 — z)) .. where the plus-
preseription is defined by

1
F(z)y = F(z) - 8(1 — ;)/“ dy F(y) . (3.248)

Distributions only make sense when integrated with a suitable smooth function.
We typically encounter the plus-preseription in a situation such as

oo [ L] = [alater-o] Loty [ L a
[z [LE5] = [azlar-a] L o [0 L @am

which is free of divergences provided ¢(z). and f(z). are nou-singular.

The full caleulation wonld also have given us the form of the unspecified
cocflicients Cy, and R(z). Later we shall use a physical argument to extract
Coyq = 3/2. Given Cy,. then eqn (3.247) fully specifies the regularized. lowest
order. Altarclli- Parisi splitting fnnction I’ﬁ,:,’( ). eqn (3.50). Finally, given a sim-
ilar result for ﬁ;-w)_ which is non-singular. we can nse eqn (3.231) to derive F)
and Fy. Including the lowest order contribntion, eqn (3.237). and. for simplicity
omitting the s over quark Havours, gives

n R R ldz r s :
_l______e(l"(% K) — / %’-d (;) {5(1 -2)+ :)l;_' [szc‘:]( '“(Q ) + Ryalz )]}

b |
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{9 % 2
— q(x) 4 / Lq(-,-) o [1:1:;’( )In( «© ) F Ry )J (:3.250)

In this expression we do not show explicitly any dependence on the renormaliza-
tion scale jp which anyway does not enter at Q(a_). Now, having identified and
isolated the initial state singularity in F5. we must decide how to deal with it.

Equation (3.250) exhibits a large logarithm coming from the collinear singu-
larity which we have identified with long-distance physies. What we would like
to do is to factorize eqn (3.250) in such a way that all long-distance physics is
contained within the hadron specific p.d.f.. whilst all short-distance physics is
contained within a hard-subprocess specific coefficient funetion. In order to facil-
itate the separation of the long- and short-distance contributions we introduce a
new factorization scale, jpe, into eqn (3.250). Our aim is to move the logarithmic
singularity into g(r), but we are also free to move none, part or all of the finite
term, Ry, into g(r). Reflecting this freedom we also introduce a finite. arbitrary
function. Rfl"(:). into eqn (3.250). The prescription for choosing !i’fl" constitutes
a factorization scheme. Introducing pp and Rf: we rewrite eqn (3.250) as

Fa(r. Q% s Ydz ray o 2 '
% = q(x) + f %q(%) o [R‘Ji’( ) In (—L) +RE(z )] (3.251)

q
| IR T - .
v [ La(®) 52 [rwem (L) + Rute) - B0

e

e

This form snggests defining a factorization scale and scheme dependent p.d.f.
which absorbs fully the collinear singularity

iy, g :
q".(J'.[!i-.R‘f:H) = q(x) + / f%:r;(-;) :—‘; [I"[':”( )Iu( ) + R’ ()J

‘ (3.252)
The second term on the right-hand side of eqn (3.252) is logarithmically divergent
2 — 0. but we expect the p.df. on the left-hand side to be finite. In an
argument that is very reminiscent of renormalization we claim that the “bare’
p.Lf.. g(x). contains a compensating logarithmic divergence in 2 in just sueh a
way that their sum is finite and independent of £2 in the #2 — 0 Limit.

|
. p— dz 7% >
q" (. i, RE) :q(.;.':r.'.)-{-/ Tq(::ﬁ) = [1:‘,};’( ) i ("{_;) kR (:.)]

.
(3.253)

This *physical” p.d.f. is now finite and so we may drop any reference to the s

regulator. In terms of eqn (3.253) we can rewrite eqn (3.250) to O(a,) as

Fa(r. Q%)

’ -—
ca

as K

=" (&, i RJ)

12 po - Q° -
¥ / Zq" (Zome.R) 52 [R‘.ﬂ’( )In (%) + Raq2) = B (2)
r ”
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D .
—_/ %q'ﬁ (%.ﬂ;:.h’f{) (33.254)

’ o I (1 P v
X {a(l - z)+ = [1‘*[::’( ) (ﬂ-:-) + Ryq(2) — nfl(~)]} .

The right-hand side of these equations appears to depend on g and R;'l' . How-

&

ever, all dependence on 2 and R"I" cancels to the calenlated order. O(ay). and
any dependence at Q(a?) would also cancel if we included the neglected OQ(a?)
terms in eqn (3.254). As the original expression, eqn (3.250), makes clear, the
physical Fy(r, Q%) is independent of both the arbitrary factorization scale and
scheme. What we have gained, as the second form in eqn (3.251) makes clear.
is that all the long-distance behaviour is contained within the finite p.d.f. whilst
the process dependent coeflicient. function only contains short-distance physics.
The significance of jg is that it delimits the boundary between short. Q > iy,
and long. Q < ;u- distance physies.

In eqn (3.251) both the choice of jepe and 1:’."'" are arbitrary. For the scale,
choosing e = Q is clearly advantageons, as it yields the simple expression

!_‘:'-’..(_".__ﬁ___.'.f‘?z) — /lsl_.—:r;"' (%Q‘! h’f;.) {0( —=:2) *' [H(I‘I 'H“I(:)]} :

zeg 2
('i.?rr)
The choice of which finite terms from 2, in eqn (3.250) to absorh into !?' defines
the Tactorization scheme. Two schemes are in popular usage. In the (mn(ithml)
minimal subtraction scheme only the singular term is absorbed into the parton
density function, that is. Rf:"'; = 0. In the DIS scheme all of the finite term,
together with the singular term, are absorbed into the p.d.f.. that is, I?‘II”'g= = Ryqy-
This scheme results in a particularly simple form for the strancture function,

Fi(z, Q%) =mesq” " (.QP). (3.256)

The above reasoning which leads to factorization applics equally well to Fy (. Q7).
One might therefore be tempred to define DIS p.d.fs according to the equivalent
of eqn (3.256) for Fy. However, yvou should be aware that at O(a,) I # 20l
and the two schemes will not be equivalent. Equation (3.25G) is the conven-
tional definition. It is significant that Fy = £5/(2x) — Iy is infrared finite and in
particular contains no collinear. initial state singnlarities. This means that the
samne redefinition of the pud.fis used to render F, finite will also render Fy finite.
Although we will not demonstrate it. this is also true for /.

As the discussion of factorization schemes makes clear, the p.d.fs shonld
not be regarded as physical quantities. since they depend on the scheme used to
define them. However, when convoluted with the appropriate coeflicient. funetion.
can (3.254), they give rise to physical. measurable structure functions.

The erneial point to remember with regard to factorization schemes is that
the same scheme must be used for both the pud.fis and the coefficient funetions.,
If this is not the case then the cancellation implicit in eqn (3.254) will not
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ocenr and it will sot be equivalent to equ (3.260). Sinee the palCs in the MS
scheme carry no information that is specific to lepton hadron seattering. they
are easier to use iv applications to hadron-hadron seattering and thus often are
the preferred choice, If DIS pud.fs were used to deseribe another process, then
the new coeflicient funetions, deseribing that process’s short-distance physies,
would have to include a compensating factor of ﬁ'"luﬁ taken from the unrelated
DIS process,

3.06.0  DIS at ned-to-leading order

The above discussion of factorization avoided technical details so as to concen-
trate on the core jdeas. We now explicitly earry ot this process for the case
of DIS. We will use dimensional regularization throughout to deal with all the
singularitios.

3641 The process v*q —  at Oa,) There are two contributions to the
process 4°q — " which need to be considered at Qo). The real. tree-level
seattering 3 q — g, Fig. 3.22, and the virtual, one-loop corrections to 5 *q — .
These are both very similar to the pQCD correetions to the process 5° — qf
which we hiave already calenlated: see Section 3.5, In fact, to obtain —u,,, H"" we
cun nse crossing. equ (3.95). for the reguired matrix elements without any further
calenlation. The D-dimensional amplitude squared for the process 5° — qaqg is
given by egn (3.207). To obtain the amplitude squared for the process 5°q — q'g
we need to make the substitutions ¢ — —¢". relabel the original ¢ as ', replace
()* by —€° and add an overall minus sign sinee we now have a closed quark
loop. This gives

Y IM(a — g = e g PCrN2Tr (1)1 - o) (3.257)

. - Qg
0 (Y |l G Gl 24 H’ okl
g4  g-q) (g9-9)lg-9')

Here we have replaced Tr {77} by Cp N, As before we chose to use the Cuo.AL
variables

9 3
-

20-4f = —(1-2). 29-q= —uv and 2q-q = —:-—[l - 1), (3.258)

which differ from eqn (3.240) and eqn (3.242) only in the replacement of cos@*
by ¢ = (1 +cos6*)/2. [n terms of these variables eqn (3.257) becomes

Z IM(7q — q'g)]* = r"’f::':{y,.,u']EF;.-ﬁ?rE'I‘I‘{l}{l - &) (3.259)

: v =zl . 2% (F=u) .
x{[l—r}[{]_:] e +“_:] = I-.?f}.

To this expression we shonld add an average over the spin and colour of the
incoming quark, 2N,, divide by the conventional factor dme? and inelude the
two-hody phase space integral, eqn (C.21). This gives
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il
”EI:
I £yl A
mzﬂ IM(7*a — ') (23260
E- L e (:;r")' (1 -¢)
= Oq -nr{-." o] — ¥
hl" § 7 Vq | L r“ = r}

v (@=-a] . % G-u) .
:-c/l::hr. (1 =wu) {“"!‘}[“_:}+ = J-I-”_r:} > ri-.!f}.

The e-integral is of the standard Euler S-Tunetion type, eqn (C.27), and is eval-
wited to viekl

I
f dee™" (1 — o)™ {---)
0

o 1 PR-el(l —e) _ JP=0ri-e
‘{”'”[u-;} fB-29 0 A" Fi—ag

w22 D(-ar@E-e i3 <1 —r]}

{I-2) T@2-29 '@ “Te—2

) I'*{1 —¢) (1 —¢) i | 2z
(1 = 2¢) {_ ¢ I“ = (1 -Erllt—:}]

| (1-¢) 2
AT -2)(1-20 ' (i -Er}}

=g f w1422 3 1 ool S 2 .
- r[!—ﬂf]{-:““:] TEr=my et (h-‘?{‘_l__;})r'*‘m' }}'

(3.261)

The simplifications in the second line hawve been achieved nsing eqn (C.25) whilst
i the thivd line we have expanded out the expression in enrly braces, Substitn-
g cen (3.261) into equ (3.260) gives

rlva) _ 90, dmp? = ¥ F(1—¢)
Hew' = oz, Cr (ﬁfir_—ﬂ) L=

L2y 3 1 T %
= Lo Ll TR FH— [t YRSy L
"’{ W= =3 A (‘ ﬂu—::)' T ’}
(3.262)
Iddentifying the € — 0 limit in equo (3.262) is o little tricky but nsing the identit ¥

L
-

I 1 In{l - :]) T S
el —— M= e e
(1 —z)bh 4 l: } (1-2z)4 ( + i . { J

- | =
=
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see x. (3-26), we finally obtain

plaa)
”z:.u

05 .. (ArpEN (1 -¢) . 1 1422
= 2 2O SO Plall ol || | Wl R0 T | S ot R
Cagg ¢! ( Q? ) (1 ‘)r(x sgiaty g e -2 ooy

e f In(1 — 2) 1 #:22 3 1
+(l+2°) [ ——] - Inz— =——— +3—z40(¢) p .
(1 -+ )( g )+ - n 571 + 1 (()}

(3.264)

The donble pole. 1/, is due to the soft gluon singularity.

A second contribution to the total structure function at O(a,) comes from
the interference between the process v*q — q" at one-loop and at tree-level. The
structures of the one-loop vertex and tree-level diagram are the sime, so that
we can combine them into an effective vertex

2= : dm?\“ T +e)[%(L—¢) (2 3
W Lt il - 1
il Ketqy [l ‘hCI ( 07 ) T — 2¢) > + +h

e T s TR0 C T W2 B &
o [1 .mc"'(cg'-’) ML-Sa & "o ot g WO

(3.265)

o)t

Here. the one-loop contribution has been inferred from eqn (3.219). the only
difference being the absence of the (—1)° factor, reflecting the space-like nature
of ¢/ in DIS. In the second line we used I'(1 + ¢)['(1 — ¢) = 1+ (w2/6)e® +
O(e'). Equation (3.265) has infrared singularities but is ultraviolet finite. The
caleulation of this additional contribntion to 171)(_:'") is straightforward. giving

H( a(l) f':"(l - ()d'(] - :) (3.2“6)

» dm2\° T(1 =)
oot () U0 (2,314, o))

Adding eqn (3.264) and (3.266) together we see that the 1/€? terms, the soft
gluon pole. cancel,

) _ 20 L + 22 8. 1 T =€) (Amic™\
o= = 3 =g — ] — -
[l.‘ (|2‘ Cl‘(l f){ [(l = Z).;_ * 2 (l )] r(l =1 o)() (J_g
o (L — 2 V42 3 1
+(1+2°)| —— — l - -
H(1 + )( p )+ - nz 50 =2,

( 2
B e (E) + %-) (1 — :)} . (3.2G7)

The remaining 1/¢ pole is associated with the collinear singunlarity for glnon cinis-
sion off the incoming quark. its coefficient is the regularized, one-loop. Altarelli
Parisi splitting function
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14 :" 3 : ] 4 z*
1 0) - - - =y B T
[r|(| ( ) o (l | 'E‘)(l =t u)] — (:I.' (——l = ).}' v (-‘.2(!-‘\)

This caleulation supplies us with the value of C'y, = 3/2 in eqn (3.247).

We also need to caleulate the longitudinal part of the hadronice tensor. This is
particularly easy to O(a) since many of the potential contributions vanish in the
massless quark limit. We have already seen. in eqn (3.236). that the tree-level
dingram, and by virtue of eqn (3.265) its one-loop virtnal correction, give no
contribution. This implies that the longitudinal structure function. £, ~« Hj . is
it least O(ay). Turning to the O(a,) tree-level contribution and again assuming
massless gquarks, so that gu(q) = 0, we have

(4 + ¢)
MU

x ﬁ.(q)ojd Yar(q)e? (g)" . (3.269)

(¢ —9)

au Mg — q'g) < alq") |y ,ﬂ ﬂ( 2 u(q)e’(g)°

Thus. the diagram deseribing gluon radiation oft the scattered guark gives no
contribution. leaving only the diagram describing gluon radiation off the incom-
g quark. Squaring this diagram and summing over spins. where we can nse
177" for the lone gluon’s polarization tensor, gives

Ly ’ 2 oy N2y 1 r el
ZI%M(T "q—q'g)l” = —cei(gan) C’I"f\’r—!—q)z e {d' ddvodv° g4}

(2

= (“("(Jql 2CpNe—=2(1 — €)Tr {ﬂﬁﬁﬁ‘ﬂﬂ}

(’ft 9)°

S —aT {4'dga}

- (’.2ff;z| gt )2(';.~:\’(,2(l —¢e)Tx {ﬂ ﬂ}
= (:2(:';"'(_(;,‘11.' Y2CEN(1 —€)2¢" - qTr {1} . (3.270)

=¢" wt)(:’\’

Here, we have used the trick in Ex. (3-19) and repeatedly used ¢¢ = 29 - q — dg
together with gg¢ = ¢% = 0. The result is non-zero and free of singnlarities and so
we need not have nsed a regulator. Next, we average over the incoming guark’s
spin and colonr polarizations, 2N, nuse Tr {1} = 4. adopt the choice of variables
in eqn (3.242) and inclnde the integral over two-body phase space. eqn (C.20).
to obtain

sl 1 - . f
o = — /"‘b-.»Z |fh~'\/f(7 *q — q'g)l

dme
1 L Pout A /l = fl
= i) Cp=— {1 =& = duv (1 —au) ™"
’f q(ll ) I ( )l‘r \/E (l’;m)r““r).u ( )

_l 20y Q' -lfru.' 2 N F2=%)
i gy 0 1—z) T(2-2)
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l .f‘.‘ ()
= l (|,, ( ’

2
+ Oe) . (3.271)

Given equs (3.267) and (3.271) we can convolute them with the pudf. to

reconstruct Hy and Hjy, and henee obtain the Ofay) (anti)quark’s contribution
1o 15 and Fy, c.f. eqn (3.231). as

F3 ()

0y dz rx oy} Bl =€) (dzp® ]
wel %/: —:q(,){ Faa (= ) eI'(1 —2) \ @
5 -2 I 422
+C].'[(]-l' :')(mil—_‘.—)) —(—T—t—”—)luz
~ 4 — %
3 1 o oo R AR :
g e lg g a -}
1 9
a, dz ra @°
= 2—;/; —;fl(;){ Pz )[— — 4k + In(4x) —In (‘T_»‘)]
[ 1422 -z 3 5z 49
+ Cy [-—-—-l_z (ln(-——: )—])4- i J+}
- o () 2o, [1dz yx o
Ftlap)i= B (:i)_'r —_—r[(-:) Crz. (3.272)

[n the second expression for I we have expanded ont the cocflicient of the
splitting funetion and introduced a more compact form for the remainder term.
The 1/€ pole naturally arises in the combination A, . eqn (C.16). If we add in the
leading order result, eqn (3.237). then eqn (3.272) takes the form of eqn (33.250)
with € actimg as regulator. If the factorization procedure removes just the 1/e
term we have the minimal subtraction scheme, if it removes the additional terms,
A, . we have the modified minimal subtraction scheme, NS. In the DIS scheme
both the A, and finite terms are removed.

3.6.4.2 The O(a,) process v*g — qiq  The calenlation of the terms -—?I,-»H""
and g,.y,,fl”"’ for the process g — qq follows the same lines as that for
7'q — g but is a little simpler in practice due to the lack of soft gluon sin-
eularities. Here. we just quote the results and leave their computation to the
adventurows/diligent reader: see Ex. (3-27).

AP = 1 = 2285 [ 1 2]
1 {4xi*\" Tl —¢) l'-z :
L& L =% e
x{ r(Q'-’ ) (1 —2¢) +In 5 + O(¢)
H® = gug, H™ = fl‘)';’r oL =2 | o) (3.273)

Using eqn (3.231) applied to the above results, which contain both the quark
and antigquark terms, we obtain the O(a_) glion’s contribution to F; and Fy.
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I ','._ 24 u!‘ L q/ *|—"l
[;"l(l—*)] 1 we\" Bld=%) 1 —2z - 2
| (-9 & (Ql)ruumr”"c7“ﬂ*““’”q
y )—Z a d:" = { P )[ ”l”(}%’)]
+ Ty [[z2 + (1 — z)2| In (-l-—j—;) —148z(1 — :)]}
Joe

1

o O o [ dz (L) 5h
- e —gi =y Ak — ) 3.271
& - R 2 [ Fa(5)a-2) (3274)

"T‘g —

36,43 The combined results for the O(a ) DIS structure functions  The above
results, eqns (3.272) and (3.274). can be combined to give the NLO formula for

~h) h “pe wzow 2 TG
I ol and Fh ). In the modificd minimal subtraction, MS, scheme we have

;!{ V'h)
(1. Q%) =

T

i
[L 5 ™ (Za) [a-a]

f=u.q

(fﬁﬂw )u. +CL" () )]

+ flm(é‘uf) 7 (Pflfl(z)lu— £ OB )}

lul B

" (@, Q%) =

/li o !fff!{fm(i: )[A“ -2+ (P‘(l::’( )“‘ +C ))]}
o i gl f I

=i

F T . Vi 3 Ty
where we have also included the MS expression for F§ S eqn (3.275) gvy
pives the normalized strength of the exchanged gange boson’s coupling to the
(anti)quark, for example g, = ¢q. whilst the coeflicient functions are given by

105 I «V v
cy = 5("'.(! YV Crz

4 =2 - 3 94 f?.‘
(,.“q’_‘(.. l 14z I }—_ o )
I - : 1 1],

(9.1 V‘-I} - (t{" q) e C,,'(l R Z) (3.2?‘;)

c{Ve = C“"“’ — Tpdz(1 — 2)
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=19,

ance implices (*fr'"{:] = (":r'”{;]. We ecan also infer
[ from onr resulis for Fo. In the MS scheme the NLO
cluon, pal.fs are wiven by

Charge conjugation mvari
the form of the gquark pad.
(anti)quark. and for completeness the
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(3.277)

Tu the deep inelastic senttering, DIS. scheme Fy is given by

2 = °w i, il]: ns L < S10) f‘;'d o
Z vy f L Lr.”‘“] = "TI'_ —:f y (:'“i") f"“ [:.l In 3 . 1‘5.31’3}
[=dq T Jo = - "

which is exact to all orders. At Qo) Fy and Fy are aiven by eqn (3.275) with

modified coellicient funetions.
f:-l:‘-r.”{ :} - —"C'.'-' -
CYM(z) = —Cr(l + 2)
CIV¥(z) = ~Tpdz(1 - 3) -

(:3.279)

v, ) in the DIS scheme.  In order to

All other coeflicient fnnetions vanish to O
ied (antiyguark padfs are veouired.

expression for Fa, m wlil

maintain the same
NS and MS scheme padbs is wiven by

The relation between |

I
- o] [ ] l'l-.,| "l|: % [ s . T
””Ih{-r*“i-‘] - '."hth[-r-ﬂ?.*} T f - E I IMh (:) ¢ 1_| '”{.‘.':I
r o j i

2w

=i
s 2 NS 3 Oy Ydz R [ AV ——
MRy = o) — o | S Y (:){.: ().  (3.280)
“hdE T fmghta .

Here the expression relating g"" 1o the M5 p.d.Ls is only the conventional one.
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Clomparing eqn (3.276) with (5.279) and equ (3.277) with (3.280) we see the
characteristic differences between the MS and DIS factorization schemes. In the
MS sehieme the coeflicient functions are relatively complex whilst the pal.fs are
very simple and contain no traces of any hard subprocess. By contrast, in the DIS
sCheme the coetheiont lmetions deseribing DIS are very simple bt the palds
aie relatively complex and contain teris which are specific to the /5 stracture
function of DIS. In the DIS scheme the simplicity of the coeflicient functions
only holds for DIS, whereas in the MS scheme the simplicity of the pad.fs holds
for all processes,

Before moving on to disenss the scale dependence of the pod.Ls it is worthwhile
to remind ourselves of how this calenlintion proceeded. We began by deriving the
corrections to the partonic seatterings Vg, Ve — X, The resalt was then put
into the form sugoested by the factorization theorem eqn (3.47). This required
the cocllicient Tunetion, !:',1"" (. g3 ), el the parton-to-parton pal.L, fe(r, pg.),
to e delined. Now, the short-distance coeflicient function is universal and can be
paually well nsed to deseribe Vi — X seatterings using eqn (3.47) but now with
hidron-to-parton p.d.fs. By exploiting the separation of long- and short-distanee
physies we are able to finesse the need to deal directly with a non-pertorbative
hadron. Finallv, given an experimental measurement of 7" (x, %), it is pos-
sible to extract a combination of the pa.fs ﬁ.{.t.'.u'f,-'_i deseribing the hadron's
constituents, which can then be used in the deseription of other processes,

A5 The ecvolution of the parton density funetions

The pud £, which appears in equo (3.251) is not a perturbatively ealenlable guantity
bt one which nmmst presently be extracted from experimental data within a par-
ticular factorization scheme. We also know that the left-lhand side of eqgn (3.251)
I independent of the arbitrary factorization scale, g Indeced, ¢ (x, J3:) was
constructed in eqn (3.252) to ensure that the right-hand side is je-independent
to Qo). I we differentinte eqn (3.254), or (4.252), with respect to g we obtain
e eqquation for the scale dependence, setting g = e, of the padll.,

o iyl pi?) Yz, L -
H‘""!",-";;;-z— : [ e ,,,,{;]q(;._u-), (3.251)

This is the basic form of the DGLAT equation: see ecqn (.49) and the discussion

The explicit calenlations of the previons section show that the evolution of
noquark pullf includes contribmtions from q — qlg) and also from g — qlq)
splitting funetions. Likewise, for an antiguark we should inelude contribntions
from q — qlg) and g — qlq) splitting funetions. At leading O(n,) the gluon
pel L evolves according to a similar equation with contribntions [rom g — g(=).
i — glq) and § — g(q) splitting funetions. More generally we have to consider
i — Wedd) and higher order vertiees, This opens up the possibility of q — (X))
nined ¢ — q'(X) splitting funetions ete. and leads vs to the evolution equations
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Ly ; dz o, r oo W b
”25,—'_—'—-!(.:'.;12) = —?—;;-— [ e, (20000 ( .;l") + Py.a,(200,); (":-l'h)
op - - b - -
x5
*[q L(" ‘1 ) T.I‘z)]
, g, dz o

|
‘ s £ 2
=(a.p?) = =y [ Pa.q,(z.0,)q; (,, l“z) + Py, (2.04)q; (T " )

= 3 -2 2% z

+ Poelz 04 )q(i T ]

p Eean
'["’;):%(J'.ﬂz) :' LI}%;—J_ [ng(...n )q(: e ) Z Pye(z. ay )f(_vl’ )]

=14

b)

(3.282)

The kernel funetions Py, (2. (p?)) ave associated with the branchings b — a(X)
and can be calenlated as power series in o,

— plo). Qs pll)y, i e
"l’(‘“'” ) ub (") L ‘)_.:_l’ﬂh (") Wi . (-i.?b-‘)
el

In their general form. eqn (3.282), they look rather formidable but they actually
simplify greatly since not all splitting [unetions are independent. The charge
conjugation symmetry and the SU(n ) Havour syimmetry of QCD. for equal mass

quarks, imply the relationships
) — &' pNS S
[)‘Iu‘lv it [‘lﬂl- = A'}Il(q L [)qq

. NS S ) = =2

qu- e AT ‘)UP( * qu lm- = Pm. = Pr.«l t

— = P
’)‘lrg = S T [‘IK

(3.284)

The q — q and q — q splitting functions are usefully separated into flavonr
non-singlet (NS) and singlet (S) parts that are associated with the evolution of

the valence and sea quarks. respectively. The splitting functions, PS . PS5 and
! & qqa® '

P«?q only start at O(a?). where P..J” = P.::(l” Thus. at leading order equ (3.282)
reduces to the simpler eqn (3.49). Since the virtnalities involved in this initial
state evolution are negative, these are the space-like splitting functions.

The treatiment of radiative corrections for outgoing partons follows a similar
pattern as that for incoming partons. It provides a similar factorization theorem
for fragmentation functions and equations very much like eqn (3.282), which
control the g behavionr of the fragmentation functions (Owens. 1978: Uematsu,
1978). The leading order equations for the factorization scale dependence of the
fragmentation functions are

L TR / L [ cra)Dh (L) + Pratzi0 D (£

-

i ;');r;I () = | Fox [Paatz.00 D8 (Z.12) + Ptz DY (5.2 )]
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" '.’j:_‘)_'i(, Il )—f d:“ ll,'“(“‘“ )1)"('— n ) L]'n. 2,0y Dh(._ " )]

f=q.4

(3.285)

Note the reversed order of the indices on the splitting functions compared to
ogn (3.49). The structure and interpretation of these time-like equations are
essentially the same as for the space-like equations and to O(a,) so are the
splitting hincetions. However, beyond this leading order the space-like and time-
like splitting functions differ. All the splitting functions are known to O(a?)
(Fnvmanski and Petronzio, 1982), see also (Hamberg and van Neerven, 1992),
whilst partial resnlts are becoming available at O(a?). The O(a?). time-like
splitting functions can be fonnmd in Appendix E.

3601 Method of moments  Whilst the direct munerical solution of the space-
like and time-like DGLAP equations is one option. semi-analytical approaches
are also available. The convolution which oceurs in the DGLAP equations can
he separated using a Mellin transform into moment space:

l c4i

dnax™ "f('n) . (3.286)

A
¢
=
—
8
S
Il

: [
) = / da 2" f(a)

JO .)!I |

C=ix

The contour used in the inverse transformation must lie to the right of all singn-

larities in the analytic continuation of f(n). The moment space transformation
s = o aigs - " = 5 AT

of, for illustration only, a simplifiecd DGLAP equation with 5. = Q2. is as follows:

af . Ldz
Qe @) =52 | TPee)s (5.07)

'(f oy 0, f(n, ()? 3.
90° ——n, OP)i= T v(n.a ) f(n,Q°) . (3.287)

Here, the Mellin transform of the splitting function, y(n. 0 ) = P(n.a,). is known
as the anomalous dimension. Equation (33.287) is now easily solved. Working to
one-loop precision we find

SSTCLY PP

g Ty
F, 0% = jn, cz..)(g() f(u-.n-)( Eg;) (B2

The first solution assumes fixed o, whilst the second assumes the use of the
running coupling, eqn (3.22). As the first form makes clear the anomalous di-
mension is so called because it modifies the naive Q-dependence and acts as
an additional sealing power. All information on the nature ol the solutions are
contained within the anomalous dimensions. which are fully equivalent to the
Altarelli- Parisi kernels. Given the solution eqn (3.288). one then applies the in-
verse Mellin transform, eqn (3.286). to go back from the moment to the r-space:
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soe examples Ex. (3-33) and (3-34). In the more general case the Mellin trans-
form of the DGLAT equations leads to matrix equations. These can be solved in
cssentinlly the same way after they are first dingonalized.
We shall now nse this moment space equation to determine the coeflicient
" I eqn (3.247) whilst avoiding the need to evaluate any virtnal corrections.
Consider the leading order evolution equation for the difference of two quark
pal.Ls, such as (n = d) or (u — i),

i TR Vidz o, NS A3 -
{l} EMJ'! [J'[J ]— I3 -:_EE 'CIlI[*'}r.I' (':‘.{2) . I:LEH':'}

All dependence on the gluon pal.f. has cancelled. This is the evolution equation
for the non-singlet, in terms of its flavour SU(3) transformation propertics, strucs
ture function. Excrcise (3-8) investigates other uselil combinations of p.d.Ls.
Now, _ﬁ: die g™ () is a constant by virtue of the conservation of Havour gquantium
aumbers within QCD. Referring to eqn (3.287) with # = 1. this implics that
Yaa(1v0,) = 0 for the ¢ — qg splitting function. That is.

A : ]
0= L i.’ltfj.'{l:—i—_—‘m + Cad(1 — ..}}

| 4 TR
i { [ 40 41- = (_-'H} (:5.200)
] =

which supplies s with the value of Cyg and completes the expression for Py (2).
The same result viewed [rom an alternative perspective is discussed in Ex. (3-30)
and a similar approach based on using momentim conservation can be applied
to lind Cy. Ex. (3-29).

Of conrse these armuments rely on the phivsical interpretation of the pal.Ls.
I Seetion 3.6.4 we procecded by divect ealeulation 1o fully evaluate the splitting
functions. Given the fll expressions for the splitting functions. cqn (3.50). we
cam evaluate the anomalons dimensions appearing in eqn (3.287). At the lowest
ovder we find:

l 1 11 1 2
L] — E .__E el |t SCEEy o SRS ) M
e ) 254 [{" — 1)n L (n+ 1)(n +2) T | m] I!”‘rh =

| 3 el
Wiy | 28 ¥ e o .20
Y1) = CF e 3 ;ﬁ = (3.292)
[ 24 nu+nt
O () = T 3.20;
Yaw (1) TF | n(n + l}[n+2:||] Sl

v 4
e | 2Entn ] (:3.204)
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These show that 1;',::'{ 1) = 0 thereby proving conservation of flavour. A number

of other conservation laws are also implicd by eaqns (3.291)-(3.204),

1
0 = f :r:{ﬂ;‘:’:‘{:}— Pai (2) +ny [PE(2) - f-'ﬁ,,[:]]} (3.295)
L
I
0 :fl]: :{P,,._.,._I_':}-l— Eu_.tf‘.m{::}} (+3.2906)
i

!
0 - [ s :{ﬂ._.,{:] + P (=) + PRS(z) 4y [PE(2) + P, :;j} (3.207)
S

See Ex. (3-31) for further elaboration of how the moment 1= shared within a
haddron.

Gt Leading logarithins

Our derivation of the DGLAP equation focused on treating a region of phase
space which has a logarithmically enhanced eross seetion. Reeall that introdue-
ing pge to isolate the collinear singularity left behind a residual, large logarithm,
There are two singular regions: the collinear region which gives logarithimic en-
Ianeements of the form o, In(Q? /Q2%) and the soft region which gives logarithmie
enhancements of the form a_ In(1 Jx). These regions ean overlap and give doulsle
logarithmie enhancements of the form o, m(Q7 Q) In(1 /). Pracesses which in-
volve multiple parton final states can have up to one In(€QQ* /€7 and one (1 fir)
fnctor for each power of a_. The phase space regions which contribnte these
leading logaritlhmic enlancemenis are associated with configurations in which
Sueeessive” partons have strongly ordered transverse, k-, and for longitudinal,
ki (= ). momenta:

Skt o Lo o "
LL{._J.#I-: {"‘L;’{{ 1 f‘? = !-'"1- e B -'l'llr P f,_!'f. [-!j'm]

”,.L L]- ~ | ] o " "W
xleq {Q* kg 23k > QF (1.204)

DLEA: { alo<1 {9 |
{j:‘f‘;qﬁl £ b "ﬁ"‘""‘@:."] *E:.I‘:‘-"

L, A { Lz i Xy & Ty L T (3.300)
Lo < 1
The solntion of the DGLAP equation sums over all orders in o, the caontributions
from the leading, single, collinear logarithins, [ (@2 /)" and the leading.
donble logarithums o, In(Q*/Q2) In( 1/e)|". This is the region of strongly ordered
b and ovdered x. It does not inelude the leading. single, soft singnlaritios which
nre treated instead by the BFKL equation (Kuraey of al., 1077 Balitsky amd
Lipntov, 1978) which describes the r-evolution of palLs at fixed Q2. Figure 3.2
whows the In(Q%)-In(1/x) plane and the regions which are described by the var-
s leading looarithmie (L1) simmntinne  Talnving ae af i of sesssee. samloielso,
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In(1/2) Salnratin
- / DLLA
Recwe | LL, A: BFKL evolution
hl“,.l'r.l'u} ....... ..:I ...........................
; LLeA: DGLAP evolution
0 : .
n(Q3) In(Q*)

Fic. 3.20. The (Q?) - In(1/x) plane showing the regions in which the LLg,
LL,. and DLL approximations hold. Also shown are the regions in which
Regge phenomenology applies and where saturation/recombination elfects
Iave to be taken into account.

constraints in eqn (3.298) or equ (3.300) gives rise to a next-to-leading logarith-
mic ‘NLL) enhancement to the cross section. These are suppressed by a factor
e, With respeet to the LL-enhancement. Tneluding stmmed NLL-terms maodi-
lies the DGLAP or BFKL equations whilst maintaining their general structure,
We now discuss the double leading logarithmic (DLL) approximation. the BFKL
cquation, the combined evolution equations which incorporate both DG LAP
and BFKL evolution and the generalizations to inelude parton recombination,
We shall make more explicit the relationship between these equations and the
lead pg logarithms in the following Seetion 5.6.7.

3.6.6.1  The double leading logarithmic approrimation At small r and large Q°
we tqust sum the leading o, In(Q?/Q3) In(1/x) terms. This can be done dircetly
from the DGLAP equations by keeping only the most singular 1/z terms i the
splitting functions. At Qa,) only Py, and Py have soft gluon singnlarities, but
at O(a?) all splitting functions are singular as z — 0. [u this limit the lowest
order parton distributions are given by (Rujula et al., 1971)

Fa(r, Q%) ~ gl ()7) ~ !Hliu.f.?;';:ll'xﬂ \KI{" In (",[Qﬁl‘) In (l) (3.7501)
)

7% o (€)%) a
o [Calute (@8)/e.@)
i wiy In(1/x) '

See Ex. (3-33), which also gives sub-leading terms. This solution shows a strong
arowth in the small-z partons and hence the structure Tunctions, in part ienlar
Falr, %) (Gliick et al.. 1995). The dependence on the initial distribution is only
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vin s mg-th moment, I this initial distribation has too strong a sinall-r growth,
then the above solution will wot hold; for example, rg(2,Q2) ~ +=2, A > 0 leads
o g, QF) e, independent of 2,

I what is known as “double asymptotic sealing”. in the limit 1f2, QF = oc
eau (3.301) implies that for ‘soft” f(e QF) then ln Falx, Q%) depends linearly on
\/"III{FI_.I:{JEL"HJQE” x In(1/x) and is independent of the complementary combi-
mation ynla (Q5)/a (€27)) + n(1/x) (Ball and Forte, 1990 ). Subs-leading terms
only slightly eomplicate this statement.

A6.62 The BEKL equation At small 2 and moderate €2 > ""E.‘!E-'IJ' where
plions are dominant, we must sum the leading o In(1 /) terms whilst keeping
the full Q*-dependence. This means that we do not have strongly ordeved ko
but instead integrate over the full sange of k4. This leads us to work with the
nnintegrated ghion palf. G £5). which is related to the usual pal.f. via

L S e
rglx, (F) = f EI}-"-E{IJ.:;'._I . (5.:302)

In phenomenological applications it is common to assume a narrow, Ganssian
by distribution for the partons in a hadron, which is commensurate witl Ol
linement. Predictions for strueture lunetions are then miade using the so-ealled
kg Tactorization (Catani ef al. 1990 19914q).

Fi(re, Q%) =f i‘- /%flﬁ“}““[;i.ﬁé;’..fﬁg(%.ki;’,) ; (3.303)
n = , r -

Here f:'.'""‘ is derived from the quark box diagrams that deseribe virtual-phioton
virtnal-glion seattering, 7°2° — @’ — 3¢, The unintegeated gluon pud.f.
satisfies the BFKL cquation (Kuraev of al., 1977 Balitsky and Lipatov, 19758);
see also (Muceller, 199:4) for an alternative devivation in terms of colour dipoles,
At leadling order the BFKL equation is given by

AG(e k) _ Caogy f Sday J Glroai) ~ Gl ki) | Gl k)
.T.J II‘E tf,r] " 1 l.‘: f!%r r.‘".'.f. — I.‘:f.; m 5
(3.304)

W
Given the unintegrated gluon padf. at one value of 4. this cauation allows vou
te calenlate its valne at smaller values of &, that is, larger values of In(1/x). If
18 fixed, then the equation can be solved analvtically. In the small-2 Binit this
busically gives a power law behaviour in .

Sy 5 | #\ Vi3 — In*(k3./k3.)
Glr. A5) =G [ wp. = — —d exp | = .
2 I v"?r{lh" [“[J*“’}J-} + _s_l,i EEA II-‘I[J.';”'r.i"} + .‘ll
(3.305)
The solution follows by first applving a Mellin transform and then nsing the
sadldle point method to evalnate the inverse, Here
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5 "% dk2 G (20, K , 1d¢ I 1 %G l
g(“."“d) = / / ( LR} I) __|" f.‘,’ — o, —) : _,| xTrn, =

Jo HTE@ B el Gz \*'3
(3.306)
Caa, i,
A= 4lna=as ~+0.5 and N = 28¢(3)—22s (3.307)
E a_=(0.2 T

The numnerical value of the Riemann zeta-function is ((3) = 1.202 056 903 2. Due
to eqn (3.303) the behaviour G x o~ feeds through to give Fy x 7. The ky
behaviour is typical of diffusion and reflects the lack of any Ap-ordering in BFKL
dynamics; in essence there is a random walk in Ay as # decreases (Balitsky and
Lipatov, 1978; Bartels and Lotter, 1993).

Actually. this observation highlights a problem. Given that the width of the
Ganssian in In(k3./k2.) is given by /[A n(zg/2) + A], then for sufficiently small
o there will be support for G, k7.) from the non-perturbative region in k2. Thus,
if we nse a running coupling, a (k3.). then it is necessary to introduce infrared
cut-offs, for example &3 > 0 in eqn (3.304). and other possible refinements such
as including momentum conservation (Collins and Landshoff, 1992: Bartels et al.,
1996G). Whilst. numerical evaluations show that similar power law behaviour in
o and diffusion in In(A%./k%) occurs (Askew et al., 1993), these are essentially
misguided due to the inherent instablity of the BFKL equation with running
conpling. The situation is made worse by the NLL, corrections to the BFKL
kernel (Fadin and Lipatov. 1998), which gives

X = aie A% (1 . ﬁ.:sc"‘"“‘)

~ —0.1. (3.308)
W m

o =0:2

Such a large, negative correction basically invalidates perturbation theory and, if
taken seriously. leads to negative cross sections. The source of these large corree-
tions has been traced to large In(Q?/Q7) terins coming from phase space restric-
tions (Salam. 1998). There are a number of putative solutions to this situation,
which include resummation (Ciafaloni et al. 1999q; 199956). imposing momentim
conservation (Altarelli ef al., 2000) and imposing perturbative stability (Ball and
Forte, 1999). A succinet review is provided by Ball and Landshoff (2000).

3.6.6.3  Combined cvolution cquations The DGLAP and BFKL equations de-
seribe evolution in two complementary regions. A number of attempts have
been made to give a combined description of both regions in a single equation.
Amongst these are an attempt to include In(1/x) terms into the usual collinear
factorization by adding snmmed corrections into the Py, kernel appearing in the
DGLAP equations (Ellis et al., 1995; Ball and Forte, 1995). A second approach
is given by the CCFM equation which uses angular ordering to deseribe both
the » and the Q% evolution and has the DGLAP and the BFKL equations as
limiting cases (Ciafaloni. 1988: Catani ef al., 1990b). see also (Andersson et al.,
199Ga).
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$.6.6.0  Shadowing, gluon recombination and hot spots 1f left nnchecked. the
rapid rise in the small-x gluon p.d 1. predicted by both the DGLAP and BFKL
cquations would violate unitarity. It also leads to a breakdown in the parton
model picture of seattering off independent partons. At sufficiently high densities
it hecomes possible for a second parton to overlap in space with the first, so-called
shiddowing. The probability of this happening can be estimated as

% N(x. Q). (3.309)

where the partons. predominently gluons, are taken to have an effective area,
piven by a typical QCD cross section, o ~ o (Q%)/Q* and number N(x, Q).
The denominator is taken to be of order the area of the hadron, with the radius
I~ Ry, = /My, In general, Py, is small but especially for small it may
become large. When it becomes O(1) the hadron is said to saturate and the usual
DGLAP equation may need to be modified to account for parton recombination.,

Pﬂ.’\l 24

5 g P Lip Sla? icly( o) (3.310
1 =Py % g+ P ®qg— ———= | —(yg)*.
¢ o i U Ty 16R*2 [, g o )

A similar modification can be applied to the BFKL equation. In this GLR equa-
tion (Gribov et al., 1983) the familiar first two terms lead to a growth in g(ir. j?)
due to emission whilst the third involves a suppression due to recombination,
g — ¢ The competition between these two terms ensures that the gluon p.d.f.
cquilibrates below the unitarity bound.

The validity of eqn (3.310) is not assured. but it appears reasonable to use it
to estimate the onset of shadowing (Askew et al.. 1993). It has been derived at
DLL acenracy (Mueller and Qiu, 1986): however, this neglects 1 /N, suppressed
terims associated with pre-recombination interactions between the gluons (Bar-
tels. 1993: Laenen and Levin, 1994). Its equivalent has also been derived for
the BFKL equation in the colour dipole approach (Kovehegov, 1999). More sig-
nificantly, it must be admitted that at saturation the high densities and field
strengths ocenring, F'* ~ 1 /g, imply that the perturbation theory is no longer
valid. This has led to the development of a treatiment in terms of a semi-classical,
effeetive field theory (MeLerran and Venugopalan, 1999). which also leads to par-
ton recombination (lancu et al.. 2000).

The choice R = Ry, in eqn (3.310) corresponds to a mmiform distribution of
the QCD fields across the hadron. However, it has been conjectured that this
may not be the case and that partons inside the hadron may concentrate in
dense hot spots centred on the valence quarks (Mueller, 1991). In this case one
should use an R < Iy, Such a behavionr is predicted by the BFKL equation but,
not the DGLAP equation. It predicts the number of gluon jets per unit rapidity
localized to a transverse region of size Axj. ~ 1/k3. as

du C'aa, A

din(1/x) & J@N/S)n(1/x)

(3.311)
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3.6.7  The analysis of ladder diagrams

In onr discussion of DIS. Section 3.6.3. we encountered the Altarelli Parisi split-
ting function Py (2). eqn (3.246), when investigating the limit of near collincar
emission. A point which may not vet have been appreciated is the nniversality of
this result. That is. whenever we have a process which contains a ¢ — qg vertex,
then in the collinear limit its (azimuthally-averaged) contribution to the cross
section will be deseribed by the same factor

”.....
s ):I.,(_. : (3.312)
_J :‘.;

Similar expressions deseribe the collinear limits of g — qq and g — gg vertices
with Py, replaced by Py, and Py, respeetively. This factorization of the matrix
clement squared then leads to much simpler expressions for a cross section in
the collinear limit. Furthermore, the collinear emission regions of phase space
are very nmportant becanse they are responsible for one of the dominant., leading
logarithmic, contributions to the cross section. In the other dominant region
of phase space, the limit of soft gluon emission, we also have that the cross
section simplifies significantly: see Section 3.7, In this way we can use simplified
expressions to deseribe the bulk of a cross section. Of course, if our analysis
[ocuses attention on a region of phase space which involves hard. non-collinear
emission(s). then the approximate matrix elements may only be of limited use.

qg=p-9.k

g.jr.a

1. 3.25. The emission of a near collinear glion ofl an incoming quark in an
n+ 1 parton scattering

To see how this simplification occurs, consider the situation sketched in
FFig. 3.25 where a quark entering an n-particle scattering emits a real gluon.
which we shortly will take to be near collinear with the quark. The matrix ele-
ment for this process is given by

M = ,:;M“"—((:f = f))._,~,-,. a(p)e” (9)" . (3.313)

Introducing a gauge vector nf* with, for convenience. n* = 0 (and g-n # 0).
we can use eqn (3.121) to sum over the glion's physical, that is. transverse,
polarizations in the matrix element squared to obtain

> w‘““’} [ (62T, T = 62Crbune]
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Ty { o~ (’5 ﬁ) f’ W ‘ﬁ ﬂ] } (__”ma + I."}"n" -+ l.u“yu )

92" ) n-yg
'r.-{.--H(w,.m*h lrwwr»m) ud }
o o i)
G g T G- D+ ) )]

1 2

Tr{-[(n-(p—a)— )+ @-90f + (u-p)p]---} . (3.314)

 (2p-9) (n-g)

The ellipsis in these expressions represent the contributions from M" and
Ml") In line two we used an identity based upon commuting y-matrices to
nhlam line three and then again commuted y-matrices in lines three and four,
plus using g¢ = ¢° = 0 = p* = pp. to obtain an exact result. Now we wish to
specialize to the near collinear limit. To do this we use a Sudakov decomposition
of the quark and gluon momentimn four-vectors (Sudakov. 1956),

q" = zp" + ' + K

Pr=g' 49" = g'=Q0-2)p" /" -k . (3.315)

Here n't could have been any four-vector, subject to n-p # 0, but it proves most
nseful to make this the gange vector whilst £ is transverse to both p* and n',
p-ki=0=mn-k, and k% = —k3 < 0. The gluon’s on mass-shell constraint,
g° = 0, determines 3 = —k7./(2(1 — z)n - p). The (negative) virtnality of the
intermediate quark is given by
12
= 2 = 9 — Y Y s (4 ) .
=(p—g) =-2p-g=20nm-p= —— (13.316)

-
-

Adopting these variables eqn (3.314) becomes

2 e (1“3) 2 e (| - L o e ‘L}! vy 4y g
G C 1o - I!{ [(l 2O+ s+ 3 -p) l,‘] } o 3N

Now if we only wish to keep the leading term in the collinear limit, &2 — 0. then
: 1
we can drop the second two terms in the square brackets to obtain

= 14+2% ;
le‘"“)1 —.2 f~ fl,Cr“ )f)u. B} O(1)
1 -
= 2( = )f)qf)qq( )Z | \A‘")] - (3'318)
T

Thus. in the collinear limit the matrix element factorizes into the product of the
nnregularized. lowest order Altarelli- Parisi splitting function. Pyq(2). and the
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matrix element squared for the process assuming no gluon emission 1ook place,
To obtain the cross seetion we must inclnde the flux factor, an average over the
mitial spin and colour polarizations and the phase space. giving,

(L—2)
TR A R AR
1672 (L—2) i3
(IL‘:';- a, - i Iy
> Htle—nR.(,(:) x d"o . (3.319)

9
(|"+I(T e l (“‘T

G2l (z) x d"a

Here we have made explicit the phase space element for the near collinear gluon;
see Ex. (3-35).

The collinear factorization of the matrix element squared. eqn (3.318). does
not depend on the nature of the sub-matrix element. M, for the other n particles
involved in the scattering. In this sense the Altarelli Parisi kernel !.)‘m is nniversal.
A similar analysis can be applied to the collinear limits of @ — qg. g — qq. sce
Ex. (3-36), and g — go.

I8 :

(n—1)7" Fn

1. 3.26. On the left a ladder diagram dominated by ¢ — qg branchings and
on the right a ladder diagram dominated by g — go hranchings

Armed with collinear factorization we can give a less abstract and more phys-
ical interpretation of the relationship between the evolntion equations and the
leading logarithmie enhancements to cross sections. This traditional approach is
based upon the analysis of Feynman diagrams (Dokshitzer. 1977). The aim is
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to identify those diagrams and the associated regions of phase space which give
rise to the leading logarithms and then sum them. The treatment of the single
collinear and double logarithms is a situation where the use of a physical gange
proves invaluable (Frenkel and Taylor, 1976: Dokshitzer et al.. 1930). It can then
e shown that the dominant contributions come from the so-called ladder graphs,
such as Fig. 3.26. with strongly ordered branchings eqn (3.298) and (3.300).
These ladders correspond to individnal, tree-level Fevmman diagrams squared.
Dingrams involving the quartic glion coupling give sub-leading contributions.
Likewise. gquantum interference between tree-level diagrams. which would give
lndders with crossed rungs, only give sub-leading contributions. The strong or-
dering in k3., which effectively implies ordering of the virtnalities eqn (3.316).
allows eqn (3.319) to be iteratively applied. In the case of an n-rung gluon ladder
the cross section, o, (x, Q?). is gi\—'t'n by:

] " ey / W A2, o (k) /""—"'f'dl:'f,,. a (kZp)
2 +) - -I-? *) -
Q2 ,\';'l- 27 Jo2 2-’- ) JQ? AIT 27

1 1
day, - & day - €Ty dry - T >
€p._ -2 ) 2 .
x/ _Pu, (_)/ — Pgg | = — Pag | — ) 921, Qp) -
r <y Iy Jry L2 ¥ iy, ra I M

(3.320)

Associated with each rung are a Ay and an > integral. both of which may
contribnte a large logarithnm in the collinear or soft limits, respectively. Eqna-
tion (3.320) embodies an almost classical picture of a parton shower in terms
of suceessive branchings. It is this which lies behind our interpretation of the
Altarelli-Parisi equations and which will be further exploited in the develop-
ment. of all-orders Monte Carlo event generators.

The usual collinear leading Iu;,arilhmi(' approximation is characterized by
strongly ordered transverse momenta, Q% 3> k2, > -+ > k3, > Ky > Q.
Using the one-loop expression for a (A4.) the nested transverse momentum inte-
grals become:

; k2, 1 1 B dk2, 1 1
o 2N o ‘0l [ 17
Fiilia) o /(”_ [ 27 o In( (B2 /0% Jor ki 27 o In(k Sl A%)

1 (k2 /A2 Ko [In(k./A2)
(27 0)" / e [In((}(,/\ ] /Q ‘“"[lu(q;-;/'"““,\z,}

Il

n

L 1 (ln(Q"’/A")
=7 5 ™ lu(czf,/:\z))]

—

B a (QH\]" AT
- |=m ()] o

In the second line, we have used a change of variables which makes the integrals
simpler to evaluate. To do the momentum fraction integrals it is nseful to work
with the Mellin transform.

-~
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|
a,(m) x / Bz gt / ehy l’% ( - ) fmlm ( ) (1. Q7)
Ju Jr  n I A

= [l-’m(m)] "_(}(m.();‘;) - (13.422)

The result [ollows by repeatedly applyving the fact that the Mellin transform
of a convolution is the product of the Mellin transforms of the components.
Combining eqns (3.321) and (3.322) gives

3 - P (a a Q2
Z&,,(m.()‘):5}(:::.(35)2-,—:—! ,)_(;“') '(T%Q%)

n

5 l_',‘:;;’ (el
- ; alflis) T
= g(m.Qp) ((_t‘(({-ﬁ’j) . (3.323)

which coincides with eqn (3.288). This demonstrates that the DGLADP equation
sums the leading a, In(Q*/Q3) terms.

In the double leading logarithmic approximation we approximate . (z) by
20"y / z and impose strong ordering on the longitudinal integrals. v < v, < -+« €
ro < ay << 1. This is in addition to the strongly ordered transverse momentim
integrals which we evaluated in eqn (3.321). The longitudinal integral becomes

MR 2 2 l
Toale) o & / & 2C | / i 2(',;'—- [ g 1— q(: 1 OE)
L & r

-n L2 |
ki drs ['d
(20" ‘f f - [ I Ga@2)
Bl 1 3 =
- L lac o (T)] Go(Q2) (3.324)

2 2 ~ . - 5
In the second line we have taken rg(r. Q) = Go(Q7). Again the nested integrals
are straightforward to evaluate and lead to a second 1/n! factor. Combining
cons (3.324) and (3.321) gives

- oh — g it Sk [y (6@, 1N]"
;an(J.Q ) = GU(QU); ("!),., [Nﬁu In ((\,(Q"!)) In (')]

9 4C; Q2 |
~ GolQg) exp ,-.H;: In ( ((5";) In ( ) ! (13.325)

Here, we have recognised the sum Y-, (y/20!)*" as the power series for the mod-
ified Bessel function [y(y) which has the asymptotic form e /27y (Arfken and
Weber, 1995). This result coincides with eqn (3.301).

Strictly speaking, the ladder diagrams, such as Fig. 3.26. arce only schematice.,
For example. at one-loop they shonld be understood to also represent dingrams
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that inclade vertex and propagator corrections. This leads to a running, coupling
{ oy ey H w 2 - : :
i eqn (3.320) which softens the Q< dependence in our results,

Q©F (ll., . a, In(Q?/Q7) o fixed (3,396
I" -‘30—! "'(ﬂ;((k;)/fls(()?)) a, running . 2.320)

Here, we have used the transverse momentum in the branching as the argument
ol a.. An n-rung ladder diagram can also be used to represent the nth-order
term, [a, In(1/2)]", in the solution of the BFKL equation (Gribov et al.. 1983).
Heve, cach rung does not have a simple meaning but represents the sum of
contributions from a set of real emission diagrams and interference with virtual
dingrams. We also mention that the recombination term in eqn (3.310) can be
represented by the merging of two ladders into a single ladder in what has been
christened a “fan diagram’.

i

3.6.8  The Drell-Yan process

The Drell-Yan process (Drell and Yan. 1971) is the production of high-mass
lepton pairs from the decay of an electroweak |)(N)n produced in a hadron-
hadron collision. Originally these were e'e™ or pt = pairs coming from the
decay of a virtual photon but. as collision energies have increased, it now includes
the contribution from Z exchange and also ev,. and ju, pairs coming from W=
decavs. Historically, the Drell- Yan process has proved very important: see the
hook by Calin and Goldhaber (1989) for several original papers. It was pivotal
in the discovery of heavy quarks, which manifested themselves as quarkonimm
resonances: charm and the J(¢¢) in 1974 and bottom and the T in 1978, It was
also the process which in 1983 led to the discovery of the massive electroweak
pange bosons. the W= and the Z.

Theoretically, the Drell-Yan process is favoured because the final state parti-
cles are individnally colourless and therefore are unaffected by the strong force.
The high mass of the time-like photon, Q* > 0, ensures that small distance
physics is probed and that pQCD is applicable. Within QCD the significance
of the Drell-Yan process is due to its role as the prototype process within
hadron-hadron collisions to be described using the same factorization approach
that we used to treat DIS. Neglecting 7 exchange, the underlying lowest or-
der (trec-level) subprocess is quark-antiquark annihilation to a virtual photon.
hyho @ qq — Q") — 11~ . Therefore. the process offers a direct probe of a
hadron’s antiquark content: see Ex. (3-37). In the framework of eqn (3.72) the
cross section is given by
da™

d)?
d&

/ dary / (l"ZZIun | ‘llu(' 2) ‘*“‘Iln(rl (2 ] A2 ] IM‘IH")(Q s

(hyhy — 4(Q) — () = (3.327)

Here, we introduce the following scaling variables
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.
T
P
o
ﬂq'.‘._

amd 7=—, (3.:325)
7 ~

|

with & = (rigm + rape)® = rpras. Note that in eqn (3.327) we are carelul to
imelude both contributions coming from the quark (antiquark) being in hadron |
(2) and viee versa. We have also temporarily suppressed the pad.fs’ dependence
on the scale Q7. The differential eross section for the hard subprocess is given
by

tlo dra? _ )] '
Tt'%_:{ﬂfl | ") = iﬁ"{;; "'il:l -T) = {:;: ﬁ‘j[[ ). (1.:329)

This has been obtained from eqn (3.93) using crossing, allowing for the changed
average over initial state colours and wualtiplying by unity in the form 1 =
JdQ=8(* — £). The factor rrw.: sets the seale for the eross section and contains
its dimensions. Combining eqns (3.327) and (3.329) gives

do ﬂ::t:-_ Y T T " 2 _ 7F(7) 3 490
- ) fn;.{i}f}h_r( ) Hﬁ..'[-“}fﬂ.;( )_‘“ 20 . (5.5830)

Il the palfs are seale independent, that is. they do not depewd on ()%, as in
the naive parton model, then the dilferentinl cross seetion tir'r,."'tl[,?-'} ne (X Y xa
function of 7. This result follows on dimensional grounds and is the same scaling
as we saw in DIS.

3681 The Qo) corvections to the Dretl- Yan process The ealenlation of the
Q) corrections 1o the Drell Yan process follows very mneh the same proce-
dures as those used for DIS (Altarelli ef al., 19790 Kubar-André and Paige,
1979). Here we only outline the results using o* — 1767 produetion for illus-
tration: W oand 2 production follow the same lines whilst including the decay
orientation of the lepton pair adds no new insights. A useful guide to the calen-
Intions is given by Willenbrock (1989).

There are basically two new contributions at Qo ): charge conjugation sym-
metry relates guark and antiguark initiated proeesses. There is the glion brems-
strahlung correction to the lowest ovder process, g — ~v°. We expect this to
show collinear singularities when the gluon becomes parallel to either the in-
coming quark or antiguark, bnt to be free of final state singularities after we
inchide the one-loop, virtual correetions to qq — = °. It is also free of ultraviolet
singularities. There is also the gluon initiated process gg — 5"q". We expect this
to contain a collinear singularity when the seattered guark lies antiparallel to
the incoming quark in the C.o ML frame. This is equivalent to the gluon uncler-
going a near collinear g — g branching in a fast moving frame. The appropriate
generalization of eqn (3.327) is given by

1 I
[Iﬂ {h.lu — () — (7)) :fﬂl.rlf ey
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=5 it datl)
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dal1)
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f=q.4

The Fevnman diagrams for the two new. hard subprocesses have been wiven in
Figs. 3.23 and 3.22. but now are read from right 1o left. Crossing also allows us
to obtain the matrix elements with minimal effort, However, we cannot directly
take over the phiase space tegrals as they involve different regions. The result
of these calenlations are

1ath ' (o 02
o7 E — 7°d) = %‘Hg‘;{ ~ B [r.a. ~lIn (}—‘-})] + Hm(f';u} :
(3.332)

jaih (0} y - 02 d
:'—ifc}—z—{qq —71'g) = %{%fﬁ%{’—?ﬂm'fﬂ [rl. ~ In (;f'T)] + H,,;,{T}}

where for convenience we have introdueed the cocflicient funetions

- =l g2
fftﬂ'{;}zﬁ,,.[,l[t+22} (.ll“__"_]) _9 L +2 |u:+(-‘?-ﬂ)ﬁ{[—;]]
.I.. ",

[ =% l—=
e -

=
B

Heilz) = Tp ‘._?{;’-! (1 — ;}2] T (“ 2) ) +J 42z - :S;EJ : (3.539)
The stracture of coqns (3.331) and (3.332) is very similar to the corresponding
expressions which arose in the NLO deseription of DIS, eqns (3.272) and (3.271).
It is the power of fietorization that essentially the swine separation of the eross
section into factorization seale dependent lomg-distance pad.Cs and short-distanes
cocflicient Tonetions will treat the collinear singularities in the NLO deseription
of the Drell- Yan process. Indecd, imtroducing the NS pa.fs, cqn (3.277). into
copn (3.331) gives

() I 1

da a

—,—If|l|h: —**"}'[f"] —*J"-I'f'"} = —H /- Il.il‘; [ tl.l"-_-

(= Q* Jo Ju

x { z [fﬂ!ﬁh.(ft-ﬂi-l*fr;r::'qlfﬂ-'z- 1)+ -‘FE.E (5 ) (o i3 T] ez
I,

x (.‘F{l —F) 4 200 (7) In (5’_‘) 1 H.,..{?"]])

2w 5

+ 3 [l i S i) + IS 1) e i) 2
f=nq.4q
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| e (3 i : gl
x .!—n [2[(‘12’(7) In (“2 ) + H(,K(T)} } : (3.334)

”

which is independent of the factorization scale to O(a,). The NS coefficient fune-
tions in this expression depend on the factorization scheme, that is, which linite
teris are absorbed into the p.d.fis and are therefore different in the DIS scheme;
see Ex. (3-38). The Q(a?) corrections to Drell- Yan have also been caleunlated
(Zijlstra and van Neerven, 1992).

3.6.8.2  Transverse momentum in Drell Yan processes  The measurement of
the W boson mass to high acenracy is very desirable as it facilitates tests of the
Standard Model of electroweak interactions at the quantum (loop) level: see, for
example, the report by Altarelli et al. (1989). Since the W decays to a charged
lepton and a neutrino its mass reconstruction at hadron hadron colliders must
necessarily be indirect. The preferred method is based upon measuring the boost-
invariant transverse momentum distribution of the charged lepton. Assuming
that the Wis produced with no transverse momentum and neglecting its width,
One expects

9
)5
Y

i 3,335
M, ( )

Lm0 (1 . OL)

odpy, Mg TG
This strongly peaked distribution is very sensitive to My, but to be useful we
must be confident. that we understand the underlying transverse momentum
distribution of the W boson.

At Q(a?) the massive veetor bosons produced in the Drell-Yan process have
zero transverse momentum. At O(al) the qq — Vg and gq — V' (2q — V)
processes provide a good description of high-py- vector boson production. Now.
at order O(al') the cross section behaves as

1 d 1 ; M2
s R AL g (—‘) + ] . (3.336)

o ns. pe 2
o dpy Py Py

s0 that care must be exercised in the low-pyp region. My > pr > Aqep. The
need to sum these large logarithims was first recognized by Dokshitzer et al.
(1980) and an impact parameter space formalism for stunming them developed
(Collins and Soper 1981: 19582: Collins et al. 1985). Impact parameters are the
Fourier conjugate variables to py. In computing the effect of multiple glunon ra-
diation it is important to impose momentum conservation, » K, = pyp.oon
the (soft) gluon bremstrahilung (Parisi and Petronzio, 1979): this greatly reduces
the possibility of obtaining pr = 0. A numerical implementation of this for-
malism (Ladinsky and Yuan. 1994) proved the necessity to include a Ganssian
smearing of the initial partons’ impact parameter distribution in order to counter
convergence and infrared problems. Analytic expressions for the coeflicients in
eqn (3.336) are available up to N*LL accuracy (Kulesza and Stirling, 1999). In
an alternative form of eqn (3.336) the right-hand side can be resunimed by “ex-
ponentiating” the leading logarithmic terms ol In"*! (M /p3). which have been
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I'1c:. 3.27. The emission of a soft gluon from one of N hard. final state partons

calculated to NLLA aceuracy (Frixione et al., 1999). From the impact parameter
space results it is then possible to derive expressions for the pp-space. In order
to deseribe the full pgp range, it is important to match these low-py sunmmed
calculations to the high-pyp fixed order calenlations. This has been carried out
(Ellis et al., 1997: Ellis and Veseli. 1998). though there remain problems in en-
stiring a smooth cross-over at ppr = My To compare with actual measurements.
experimental data are available for the pp-distribution of Z bosons (D0 Collab.
2000a, 20000; CDIEF Collab. 2000) and W bosons (D0 Collab., 2001).

3.7  The treatment of soft gluons

We learnt in Seetion 3.5 that matrix clements become singular when soft gluons
are emitted and that these singnlarities cancel in sufficiently inclusive observables
stuch as a total cross section. When less inclusive measurements are made, for
example, by observing any soft particles above an energy threshold. the cancel-
lation is incomplete and there remain logarithimic enhancements to the emission
probability. That said, the effects of these soft gluons are mitigated due to their
lack of energy. In this section. first we show how matrix clements simplify in
the limit of soft gluon emission and then we investigate their physical effects
(Bassetto et al., 1983).

As glions become softer their wavelengths grow and they become sensitive
only to an event’s global struncture. Specifically, the distribution of soft gluon
radiation depends only on the momenta and colour conmections of the hard,
final state partons and not on any internal dynamics. This is known as Low's
theorem for the case of soft photon emission. To see how this arises consider a
hard process involving N final state partons with momenta {p’'}. all of whose
relative transverse momenta are large compared to Agep. This condition ensures
that all internal particles are well off mass-shell. such that their large virtnalities
shield the collinear and soft singular regions. Thus, adding a solt gluon with
momentum A = w(l.n). w < E,. can give rise to soft singularities only if it is
cmitted from an external parton. A typical such Fevnman diagram is illustrated
in Fig. 3.27.

Suppose that the gluon is emitted by a final state quark. then the correspond-
g matrix element is given by
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N R 5 | + N
J\"E Mg k) = g Tl (R) alg) " (f(lﬁl ;f:'.’ - ,)2/\43\ g + k)

[—(d — m)v" + 2¢" + 4]
2q -k

= B The (k) 7—-"(;,))\4‘ (q) + Ow) . (3.337)

= g.T75¢ “(k)ilq) W;N}(q + k)

Here we have exploited. after a suitable re-arrangement. the Dirac equation sat-
isficd by the basis spinor and neglected terms proportional to & compared to
those proportional to ¢. This neglect of recoil effects is known as the eikonal ap-
proximation. The structure obtained is universal, that is, the same form would
hold for emission off an antiquark. another gluon or even a coloured scalar; see
£x. (3-39). The reason is that the soft glion has a correspondingly long wave-
length and is unable to resolve the spin structure of the emitting particle. Adding
np the contributions from all the hard partons we obtain

N
J\A(NH) = .‘I.«if.(’"')u ZT" .I.. A JM‘N) E (3.338)

: Vi
i=1]

Here the colour charge operators, T, generate the appropriate colonr factors for
a gluon, colonr a. emitted by parton i. They act as follows:

T gifiins) = F TG M)
7}',']-“:(7.‘::---) = —T'-'|'--:fi.,j:-~) (3.:339)
T gally<) = —ifabal 59565

To obtain the matrix element squared we need to use an expression for the gluon
polarization sum. eqn (3.121), which allows us to write

v _ = gy . J1 I
|.M(N+”|z = —g2J - .l'lM“\"l" with' J%(k:pi) = ZT,“ (pf)_ll. - "". Ir.) ‘
' (3.340)
Here J* is known as the insertion current. For a colour nentral system, such as
in an ete” event, we have Y, T; = 0. so that the second term, proportional to
the gange vector »’*. can be safely dropped. It is also absent in the Feynman
gange. Henceforth we drop it. Including the phase space then gives the following
form for the soft gluon emission cross section (Marchesini and Webber, 1990).

rla(N*'”
Bk
I(I.) T (k) s—d Mg
pas: WL (Ao Pt D 1 pi 1 P'f (o €2, AN,
27 ZT' e (pi-K)Ypj-k) 2(pi-k)? 2(p;- k)| w 2rm
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ordering of any colowy matrices,

FFor completeness we also include some relevant Feynman rules from the stan-
dard eleetroweak theory. Here the propagators for the vector bosons, Vo= ~, W=
or Z, are given by

i - Ju1s gl l g l)"’)h B .)
P2 —ME +ie ( i “)1,'.!_&,\,3 ra S (B.2)

whilst their couplings to fermions take the form
— ey vy +apys) . (3.3)

The individual coeflicients appearing in this expression are collected in the fol-
lowing table:

Boson K vy as
¥ Cf 1 0

7 1/(2sinfl cosfl,) I:{ — 2ey sin® 0, - l:{
W= Vg /(242510 6y) I -1

Here for the fermion f. ¢ is its electric charge measnred in units of the
positron charge ¢ > (); I:{ is its third component of weak isospin, [y = f% for np-
type quarks or nentrinos, and [y = ——% for down-type quarks or charged leptons.
For the corresponding antiparticles the signs are reversed. For charged current
interactions involving quarks. the coefficients Ve are the respective elements of
the Cabbibo Kobayashi- Maskawa matrix. the dominant elements of which are
Vg = 0970 = Vi, Vi = 0.222 = V4 and Vyy, = 1. For leptons one effectively
has V,, ¢ = dger. The parameter ,, is the weak mixing angle with sin® 6, = 0.223.

3.2 Phase space and cross section formulae
Onece the amplitude squared for a process has been evaluated, it is necessary to
include the finx factor and the (differential) phase space in order to obtain the
(differential) cross section. We consider the general process p, +p, — pr 4+ py
for which the cross section is given schematically by

i = ﬁ s AR sy, . (B.1)

Here it should be inderstood that the cross section and phase space are typically
multi-differential quantities. For head-on collisions the flux factor is given by

flux = 4 \/(p,, )% — (mmy,)?

= AP Vs = APl s = (pa+ )’ (1.5)
= 2s.
In the second line the flux is given in teris of the C.oNL momenta, p;, = —pjp.

and the laboratory variables p'*" and p)*® = (mny,. 0). The third line is appropriate
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in the Timit of negligible particle masses. In the case of a particle decay the flax:
faetor is given by twice the decaving particle’s mass, finx = 20/,

A differentinl element of the Lorentz invariant n-body phase space for the
ontgoing particles is given by

tl"‘ll{.ﬂii R L L P )

" " —IIIP' s pt - m?)
)5 o )
= (2a)'8'" | pu + o - z_u.- ]] [dji;l‘;p (13.6)
= e

i the second version the on mass-shell 8-funetion has been explicitly integrated
ont and the positive energy solution £, = +/p7 + m7 selected. Using eqn (B.6)
and cqn (B.) it is easy 1o verify that the dimensionality of the phase space I8
wiven by dn. whilst the mass dimension of [M[? must be 4 - 2n.

I many practical sitnations the incoming particles ave unpolarized and the
spins of the final state particles are not measured. The same applies for their
colonrs. To take this into account one has to sum the amplitude squared over
the spins and colours of the outgoing particles aud average over the spins and
colours of the incoming particles. Thus, in eqn (B.) we use

-Ewl"z 2.:‘::”“ X, AP, {n.?};

=l sprin ol

M[*

where the colonr degeneracy is Ng = N. for a gquark or an antiguark and N:=18
for a gluon and where we allow two spin polarizations for the external fermions
and massless external gluons or photons,



APPENDIX C
DIMENSIONAL REGULARIZATION

C.l 0 Integration in non-integer dimensions

Dinensional regularization is the preferved method in QCD for rendering ultra-
violet divergent loop integrals finite. The basie idea is to work in ) = 1 — 2
space - time dimensions. Then. given suitable definitions. we evaluate the loop
momentum integrals with any divergenees appearing as poles in 1/e. This ren-
ders the theory finite, for D < 4, so that we ean earey out the renormalization
procedure and aflterwards take the limit ¢ — 0,

In D dimensions the strneture of the QCD Lagrangian is unaltered: it contains
the same kinetie and interaction terms and. therefore, has the smme Fevnman
rules, There is only one change, the replacement g, —+ g1, where pis an
arbitrary unit mass (‘tHooft. 1973). This is needed to ensure that each term in
the Lagrangian density has the correet mass dimension: see Ex. (3-17).

Before explaining the method, it is useful to introduce a fow standard wia-
nipulations which makes the final integrals casier to carry ont. We illustrate this
approach using the following typical integral which arises in the calenlation of
the fermion self-cnergy,

[ = g2 i=P f dPk 1 (K A+ f 4 )y,
LAY (222 [(k + p)® — m? + ie][A2 4 ie]

(C.1)

For the moment, we have not set £ = 4 but left it free. We have also introdneed
an arbitrary mass g which serves to preserve the canonical dimension of the
mtegral for £ # 4, This integral has a superficial degree of divergence ) —
3. obtained by connting the number of powers of the loop momentum in the
integrand, snggesting a potential linear diverzence in D = 4 dimensions. At the
expense ol introducing extra integrals, equ (C.1) is simplilicd by combining the
two terms in the denominator using the identity

I
AT A
Pl +na+ -+ n) | | n*l'"'rrf;-'"...nl::*_l.ﬂ] — 3 o)
- - devy - darg
!‘{,'!I.:I {]Fz] C -[ {”l.‘} i EII L {*1I“‘l| * ----- .l_ '1.'."!‘1.';}". +'"'.|'" !‘l“-

(C.2

Herve the exponents {n, ) need not be inteser, The foi} are known as Fevinan
parameters. Applying this result to eqn (C.1). and at the same thne integratine
ontt the d-Tunetion, gives
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. d?k (P m)y,
I = 1 l)/ j de ! 1 ”
2 (2m)P ](n[ k+ p)? —m? +ie] + (1 — a)|h? + ie])”

. ol i
n q I 4-p :' "!-)f e : Y (4“."154- )Y B
2P Jo  ((k+ ap)? — am? + a1 = a)p? + ie)

(C.3)

In the second line we have “‘completed the square’, which after shifting the mo-
mentum variable, A — B — ap”, vields

2 =D dPk /l KA+ (1 —a)p+m]y,
1= gat @) o T (B-Atier
APk 1

1
2 4=D i s . 4
go A da 4" (1 — a)p + ni '7”/(277)“ E—ATiR (Cd)

Here, we introduced A = am? — a(l — a)p?. This change of variable and the
re-ordering of the integrals is legitimate becanse we will choose D to make the
integral convergent. The & term vanished because the integrand is isotropic
and no longer has a preferred direction. The p# dependence is now via p? in A,
This means that the apparent linear divergence of eqn (C.1) is in reality only a
logarithmic divergence.

At this point you are reminded that in Minkowski space k2 = E? —k?, so that
the temporal and spatial components are not on an equal footing. To remedy this
sitnation we transform to Euclidean space, £+ ik, so that k2 — —I.";’,; = i."-;“:-}-k"'.
For the ease at hand this gives

FRUE Y |
./_x [ (27)P-1 (B2 — k* — A + ie)?
B Tdly f 4Ok 1
N f /("w)"-' (—kZ — & — A +ie)?

B iD’-L 1 3
= i{—1)2 f(gﬂn( e (C.5)

A subtlety in this manipulation is the role playved by the infinitesimal ie in the
denominator. Essentially, we have used a closed contour in the complex E-plane
that goes along the real axis. down the complex axis and (l«)scs iu the first and

third quadrants. Now the integrand has poles at & = +(v/k* — ie) which,
thanks to the ie term (e > 0), lie just outside the contour dlld themln ensure
the equality of the two integrals in eqn (C.5). Following these manipulations the
example integral equ (C.1) becomes

Il

d? ko 1

P T AW ch

I
I= igf;z“'”[ da " [(1 = @)p+m]~,
0 a
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We now explain the method of dimensional regularization as applied to
can (C.6). First, we introduace polar coordinates whilst still keeping D free, which
vields

I =ig® ‘.l—l)f'(i‘ alt [(] V)P lN] L, / s it ) / i I:‘.ﬁ*l
o 0 ¥ : o 4 = (l R, R iF)'..’

Since by design the required integral eqn (C.6) is isotropic, the angular mt('tmlls
can be treated separately. The D-dimensional expression for the angular integrals
is given in terms of the Euler T-function. eqn (C.24),

sy i
e EE = — . C.8
/ r(072) e
This result coincides with the standard expressions, 2w, 47, 277, ... for positive

integers o= 2.3.4. ... However, thanks to the nse of the l-flluct-non. the result
is analytic in D) so that we can use analytic continnation to define the result for
non-integer and even complex values of D. The derivation of this result can be
found in Ex. (3-18). Finally. there is the £ integral which we treat as a regular
integral. It is of the standard Enler J-function form:

kgt Ty = DY2) (pya-
dhep;— = AP
(k7 + A)" 2 (n)

(C.9)
Combining eqns (C.8) and (C.9). with n = 2. allows eqn (C.6) to be written as

E) ‘)
1 =gt RE L [ (01 a2 )12

o e s B By §ee=2
= IWI (- == [)/..) A da Y [(' = !l')/! + IH‘] ",t',, m . ((l“)
For future reference the basic D-dimensional integral is given by (Bollini
et al., 1973)
/ d?E (&2 _i(_]),,_,,,fv'“""* B2 P(n+ D/2)T(in —n — D/2)
(27)P (k2 — Aym (dw)P/2 I(D/2)0(m) :

(C.11)
The procedure leading to this result was illustrated for the case of a scalar
integrand. If the integrand depends on one of the components of kg, say k.
then we write the integral as

2 - 2 ~2 )2 % .0
/d“!.-j(!.-..._i.- ) = /d” Ve by f(hy, k2) = [:I” Qs s 2dky f(ky kT + 52) .
(C.12)
[n this way. the integral over Ay is treated as a normal integral and the D-
dimensional treatment is reserved for the remaining ‘isotropic™ components of
k.
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Before investigating the 12— 4 limit of eqn (C.10) we nmst livst deal with the
s-matrices. This is discussed in Section C.2. Using the D-dimensional algebra of
s-matrices it is easy to show that

(1 —a)p+ m]y, = (D =21 —a)p+ Dm . (C.13) '

Substituting this result in eqn (C.10) and at the sane time writing D = 4 - 2¢
gives

A '
=i u'f"urm f do [—(2 = 20)(1 — a)p + (4 — 2c)m] (;i;:)

= I[] il f da [=2(1 — a)p+ dm + €(2(1 — a)p — 2in)] ('4{{"}) :
~lrr
(C.14)

In the second line we used eqn (C.25) to make explicit the pole associated with
the D — 4, € — 0 limit. Using cqn (C.26) together with »* = o™ we can now
investigate the € — 0 limit of eqn (C.14), which becomes

| 1
fl;_ﬁ f'JI'I'{[_E":[ —w)p+ dm] [; — 2k + In(47) — ln ( 1{; )]

+2(1 — o)p - Em} + Oe)
I
- l;—‘“'{{ p+ dm) ({l — i + In(4x) I-;'}[l +..? l.fnl:] — ) In ( !;E;]})‘

e I.a + .;j:d.. In ("2"1)} } + (C.15)

In this expression it may be noted that the inclusion of the mass ptakes eare of
the dimensions in the logarithm. What we find is that the altravielet divergence
in equ (C.1) is now isolated as a simple 1/ pole. Experience will confirm that
1 /¢ always ocenrs in the combination

A, = ,;1 + In(dn) — 1 . (C.16)

There remains a linite part given in terins of tedions but ealeulable o-integrals.

It st be admitted that our approach to dimensional regularization has been
a little cavalier. That our results hold is thanks to the work of others (‘tHooft
and Veltman, I‘hl} In essence, what we have done is to first identily those
dimensions, 1 < 4 in the example above, for which the desired integral is finite;
this means free of both ultraviolet, & — >, and, if massless particles appear in
the loop. infrared. k. k- p — 0, divergenees. The integral is computed and then
expressed as an analytic function of D which ean be nsed to continue the integral
into the vicinity of D = 4.
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.2 Dadimensional s-matrix algebra

L secord with the discussion of Seetion 33,1, also o the general ease of D
dimensions we require ‘“I. = 43 and *f.' = —v; lor i = 1,2.3,..; the same
Clitford algebra {47, 4"} = 29" 1; and the linearity and evelicity of traces. As
these poles essentially coineide with those assimed earlier, we can nse the sane
pnipulations on the teaces of -matrices in D2 as in 4 dimensions. One word of
warning is to remember that 9, = D, which leads to extra terms proportional
o 22— 4 appearing in some results: compare can (3.83) and Ex. (3-19). Finally,
remembering that each trace is proportional to the trace of the D-dimensional
it watrix, we define Tr {1} = f(D) where [ is any well behaved funetion of
[ subjeet to the boundary condition f(1) = 4. The simplest choiee is f(D) = 1.
Sinee in practical applications we will always take the limit ¢ — 0, any difference
J(D) — 4 = Ofc) ean only contribute to divergent graphs, ~ 1/e". and, as we
shiall learn, the additional terms are equivalent to a change in the finite part of
the connterterms and so unobservable by renormalization gronp invariance,

Whilst it does not arise in pure wnpolarized QCD ealeulations, for the sake
ol radiative corrections to chiral weak processes, we wention the treatinent of
95 The nsual properties of 5, are: "r_rl_ = - {(1)° = 1 amd {735, 7} = 0. Un-
lortunately, if we require resalts that are analvtic fnetions of D then the anti-
commmtativity property obliges Tr {vav,, 7., = 0 for any n. However. in
0 = 4 dimensions we can realize 5, as 95 = 19077273 and obtain the resalt
Tr {5 90eTevr ) = i €uwas. This conllict highlights the fact that =5 is intrinsic to
fonr dimensions. One resolution is to use the D = 4 definition of 45 and molify
the anticomnmtators ("tHooft aod Veltman, 1972) to obey

T =TT N= 0,1.2.3,
5 = FiaTn otherwise.

e = 1o n Ty = { (C.17)

The price of this solution is the loss of Lorentz invariance. Thus, when = s
present we mnst treat sepacately the sets of components g < 4 and g > 4.

C.3  D-dimensional phase space

The generalization of the n-body phase space to 2 dimensions is steajehit forwared,

I
n 1] —-———I];l l::f—llriH-}{‘”? = m'f]
i, = {—_:ﬁ]nﬁuu Pa + pu— Z'"' H “'J”_II’ (C.18)
=] y=1 -

(2z)t-N2f, -

Again the ' (x) = O(")8(r) ensures that we only include contribitions from
positive-energy particles. The ease of n = 1 is partienlarly simple,

didy = 2780 (pd = ?) : (C.1%)
iy = o+
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We will illustrate the use of eqn (C.18) for the case n = 2, such as might
ocenr in o two-to-two scattering, which gives

I-'.lu I” l
dda(Q — py + p2) = / [‘};}” o, f{‘?;}“ lqE ]“;jl:”ﬁ[f‘l m = p2)
| If.-'l IFI
LH(Q - Er ~ Ea). (C.20)

T a@2n)P? | TEE

Here, we have E; = /p: + 5 and, after integrating out the spatial momentum
components of the second final state particle, p, = Q — p,. We shall now special-
ize to the C.oL frame, Q¥ = (V/5,0), which is generally the most convenient,
and assume that there is an explicit dependence on the longitudinal component,
pro= peosf*, of the ontgoing momentum in the integrand. The phase-space
integral becomes

| dpr. dP- zm- - .
f{]*:'2= (2= :l'” 3 B, B ﬁ[ﬁ—ﬁ| ~ )
D-3 D-3 R
e l” zf:!m_ d .ﬂ il;u Pr g (."1" Y -”TI) I, w2
(2P~ £ Ey ‘] prvs
B | oxl1:)/2 l.'ij'l.r_{; .” ]'”"”""
J(2m) -2 *T((D - 2)/2} J-; %
1 § (4= | i 5 oo
= —— | — —— s s "
e (ﬁ'ﬁ) =0 deostsin = f

1l p (= : i
= 11'\;"- (1!') T _f}/ tlu n[l - 1}] (C.21)

In the final line we have changed variables to ¢ = (1 + cos#) /2. which proves
nselil for some applications, If the integrand is a sealar. that s, does not depend
exphicitly on pg. then we can reduce eqn (C.21) to

||—lf_" i']i“—f} =
f'”“_ -hnfﬁ(.r‘r'-') P2 - 2¢) (€.22)

We will also need eqn (C.8) for the case n = 3, which can be written as

J— ——QE o
f”q“_ 2(i47) (u-z) l{.a—mfm'j: o [(N—a)(1 = a2)(1 = g)]"

(€.23)

At this point we also mention the nnmber of spin-polarization states which
should be nsed when averaging the matrix clement squared in 2 dimensions.
Given the standard choice Tr {1} = 4, the (anti)quarks as usual should be taken
to have two spin-polarization states. On the other hand. it is conventional to
pive massless gluons D — 2 = 2(1 — ¢) spin-polarization states,
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C.a  Uselal mathomatical formulac

Here we collect some uselnl mnthemationl results. Further diseussion ean be
femmned in the standard mathematical physies texts, sueh as the book by Arfken
and Weber (19095).

We make frequent nse of the Buler U-funetion, which can he defined by the
convergent integral

M
(s} = f dEte ! Refs) > 0. (C.21)
il

Integration by parts will confirm the important identity
C(E+z)=z2I'(2). (C.25)

Thus, for positive, integer values of 2. I'(z) = (z — 1)L which explains the alter-
native pame “factorial inction’. Equation (C.25) can also be nsed to shilt the
argument ad define the P-Tunction when Re{z} < 00 This also shows that there
are simple poles at 2 =0, -1, -2,... We also need the expansion

L

T(L+¢)=1—7yge+ (Fﬁ e é"?:‘f) 4O, (C.26)

whoere 5 = OLATT 215660901 -+« is the Euler Mascheroni constant, We will also
olten nse the related Enler d-function integral,

4 I+ m)U(L + n)
] S A ; - e I
l;{l.r.r (1 —x) FRTmtn) Refmin) > —1. (C.27)



APPENDIX D
.. R AND R+ FOR ARBITRARY COLOUR FACTORS

This chapter contains a compilation of the ingredients that go into the theo-
retical prediction for By and R +. All expressions are given for arbitrary colour
factors, which allows to evalnate not only the QCD-SU(3) predictions. but also
the predictions for alternative theories with an unbroken gange symmetry based
on a simple Lie group. This is needed. for example, by any analysis which aims
at a measurement of the colour factors from Ry and R +. Keeping the colour fac-
tors, it is convenient to redefine the coupling constant such that the amplitnde
for gluon emission from a quark is independent of the gange group of the theory.
Absorbing a factor 27 as well vields the redefined coupling
a Cp

G =t (D.1)

The predictions of the theory for ny quark degrees of freedom then can be ex-
pressed as function of the free parameter a, and the variables

= % i Jr= é‘—; and Ji= n!% ; (D.2)

fa

All expressions apply for the MS renormalization scheme and cover at least the
dominant contributions. In some cases, the higher order expressions are known
but are not quoted here. since the main objective of this section is to provide
siimple expressions that allow a fast evaluation of the respective effeets.

D.1 The running coupling constant and masses

The variation of the strong coupling constant a_ and renorvmalized masses 7
with the renormalization scale of the theory is deseribed by a coupled system of
differential equations.

da, ; >
B = hga —Ba> —lisad o (D.3)
d Inge? '
dInmm n
——— = =l — 1k v s (D.4)
dln g :

The parameters b, and g, depend on the specific theory. The leading coefli-
cients (Jones, 197:1; Caswell. 1974; Tarasov et al., 1980: Tarrach, 1951: Nacht-
mann and Wetzel, 1981) arve. c.f. Section 3.-4.5.

2

—fn (Dr))

11
g = S~
0 G f.\ 3
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BT . o . : '
hl . “(_i‘ ,-\ .Fif.-\ju ,In (])'h)
2857 L 1h 79 "ll" ll
g = & + = l"— n (D7)
2= T Ta pg Pt ¥ qagtade — S lalnt g f (BT
aned

3 & !le -')f Do

r= AT s
EIT R JEa)

Equation (D.3) determines how the strong coupling constant evolves for a
fixed number of active flavours, whereas in practical applications one often has
to relate a value of a_ from a scale jiy with ny = 4 active quark flavours to
the measurement at a scale 5 with ny = 5 flavours. The treatment of flavour
thresholds is deseribed in Bernreuther and Wetzel (1982), Bernreuther (1983).
Marciano (1984), and Rodrigo and Santamaria (1993). c.f. Section 3.4.5. With
a, = a(ny, ). the coupling constant a (+) = a,(nyg+1, ) for a different number
of Havours, but at the same energy scale jz, can be expressed as a power series
in the original coupling. To O(a?) the expansion is given by

a,(*) = a, Fa: —f;[-i

P8 7T O oY . /3 17
ay (qf’rﬁ) T (Tf.-tf'r + '.2f'r) LF (GfAf'r~ 1—5}"1-) . (D.10)

where L = In(mi(m)/p) is the logarithm of the ratio between the fixed point of
the NS running mass of the extra quark flavonr 7i(77) and the matching scale
. Note that the matching condition eqn (D.10) implies that two measurements
at. the same energy scale with different numbers of active Havours, in general.
will see a ditferent coupling strength. Only for a point p close to m(ii) is the
coupling continmous, as one would naively expect. The numerical value of the
point. of continnity depends on the order of the perturbative expansion. Up to
NLO. it coincides with mi(m).

In the context of arbitrary colour factors it would be preferable to express
eqn (D.10) as a function of the pole masses M of the quarks rather than the NS
running masses 7. since the latter already absorb part of the radiative corrections
of the specific theory. To leading order the pole mass M is related to the running,
mass according to

M
A e s .
mi(\M) L+ 2a_ (M) (D.11)

From the leading order term., eqn (D.d), one obtains

() = (M) ( {'l)_”"m‘ . (D.12)



