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must bo massless, since n mass term for llie gauge fields, iir^A'^A"'1. would not
lie gauge invariant due to the inhomogonoous term in ecjn (̂ t.r»).

In addition to eqn (3.9) there is one other invariant term involving the gauge
lields of mass dimension four or less which could he added to the standard
l.agrangian density. In terms of the dual Held strength tensor.

F*„ = - / „ „ " F a r normalized such that F = F . (3,1 I)

the so-called 0-terni is given by

fjtn- 77" tr"W' 

o»«T>- 0

1 (¡7T~ Us1'
2c""°T (^A';,<)aA'i + I'/sUcKA"^ (3.12)

The parameter 0 appearing above has nothing to do with the parameters ()„ in
eqn (.'$.2). As the second form makes clear. Co can be expressed as the total
divergence of a gauge dependent current. As such it contributes only a surface
term to the action which naively may be neglected. Unfortunately, life is not so
simple and the surface integral is related to a topological invariant, called the
Pontryagin index.1 The non-trivial topological structure of the vacuum in Q('I) is
such that in practice the 0-tonn does give a non-perturbative contribution. This
represents a serious problem since the 0- tenn violates both the discrete symme-
tries parity (P) and time reversal (T). which are known to be respected by QC'D
to high accuracy, along with charge conjugation (C) invariance (Cheng. Ii)8S).
Since T-violation is equivalent to CP-violation, one would expect a contribution
to the CP-violating electric dipole moment of the neutron

e.d.m. = 0 x l ( r ( l 5 - l 6 ) e -cm , (3.13)

where 0 is t he sum of 0 and the elect roweak. CP-violating phase in the quark
mass matrix. Given the measured value, e.d.m. < l()""2rV-cni (PDG. 2000). this
requires 0 < 10 far smaller t han the CP-violation observed in weak interac-
tions. This is the 'strong C P problem' for which several putative solutions are
available in the literature, most prominent, of which is the axion. However, we
adopt, a pragmatic approach and simply set 0 = 0: in any ease the 0- tenn does
not give rise to any perturbative physics.

The classical QC'D l.agrangian density £ , hiss £<,,,;,rk I described so
far. is constructed to be invariant under local gauge transformations. However,
this requirement, leads to difficulties in formulating the quant inn t heory. The crux
of the problem is the large degeneracy between sets of gluon lield configurations
which are all equivalent under gauge transformations. The treatment of t his

1 Loosely .speaking, I lie number of twists in the mapping of the .'i-spherc, at infinity, into
i he St:(:{) gauge space.
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problem requires I lie apparatus of gauge lixing and ghost lie-Ids. Here we provide
a heuristic discussion of I lie solution using the Fevninan path integral method;
more complete details can be found in any modern quantum lield theory text
b o o k , such as the one by Peskin and Schroeder (l!)!l.r>).

I'lG. 3 .1 . A schematic diagram of gauge field space showing t he 'fibres' of gauge
equivalent field configurations. .-1". and the surface defined by t he gauge fixing 
condition. f(A°) = 0 

In the Feyiunan path integral approach. quantities of interest are evaluated
as averages over all configurations of the quark and gluon fields weighted by the
exponential of the action for the fields. This is similar to the use of the partition
function in statistical mechanics. It is the nai've functional integral over all the
gluon fields, including the gauge equivalent copies, which causes a divergence.
This divergence is completely unrelated to those discussed later in the context
of renormali'/.atioii. The basic resolution, due to Faddeev and Popov (l!)(i7). is to
split the functional integral into an integral over unique elements representing
the sets of gauge equivalent lield configurations and a common integral over
the space of gauge transformations. The latter integral represents a constant
(infinite) factor which can be safely dropped. The gauge degeneracy is broken
by imposing a gauge fixing condition of the form f(A°) = 0. Here A" is the
transform of the gauge field A under the action of U(0) . oqn (.'{.">). and f ( A )
is a function such that for a given A a solution exists for only one value of the
gauge parameters 0. In a non-abelian theory this may be true only if we exclude
topologically non-trivial gauge field configurations, which in any case give only
very small contributions to the action and do not affect perturbation theory
(Gribov. 1!)7<S). The situation is illustrated in Fig. .'5.1. By inserting the identity
in a suitable form. c.f. I /d .<; |d / /dj ' | i ( / ( .r ) ) , and not showing source terms,
the fundamental partition function can be symbolically written as

Z = Jvij'Vii'VA exp | d ' , x £ c | 0 „ ( t f v < M ) ) x y p t f d e t

- J v ^ D c - D A V ^ V v exp ^ J d l x j£ , . l i i s s - ^ f ( A ) 2

[vo det
¿f(A")

/ Ml
S (/{/!")) 

60
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(3.1-1)

Source terms are not. shown. In the second line the divergent. 0 integral lias
lieen discarded as the remaining terms are act ually ^-independent. Formally, l his
means that we have redefined the integration measure. T h e ¿-funct ion has been
implemented in the action as the quadratic term. The parameter £ is arbitrary,
contributing only to t he overall normalization, and as such it cannot, enter into
any physical quantity, like S-matrix elements, though it may appear in interme-
diate expressions. As is made clear below, particular choices, such as £ = I. are
often preferred due to the relative simplicity of the resulting gluon propagator.
The determinant of the .lacobiau matrix is incorporated into the action as an
integral over the octet of ghost fields. ;/". These are unphysical, complex valued.
Lorentz scalars which obey Fermi Dirac statistics, that is. t hey are represented
by Grassmann variables, and transform under the adjoint representation of the
gauge group. Ghost fields only appear internally in loop diagrams, their physical
role is discussed in a less abstract fashion ill Section 3.3.3.1. The result, of these
manipulations is the addition of gauge fixing and ghost terms to the Lagrangian
density.

The gauge divergence in the path integral which is associated with t he gauge
degeneracy of t he gluon lieltls manifests itself pert urbatively in the lack of a 
gluon propagator. The addit ion of a gauge fixing term allows this propagator to
be defined. To see how t his works consider the popular choice of covariant gauge:
<)i,A"'' 0. As indicated above, this requires two new terms to be added to the
classical Lagrangian.

¿rtx+giiost = - ^ ( W n U X A " " ) + /)„,/"• (0"S"b + uJabcA*») (3.15)

Observe that the bracketed term in the ghost. Lagrangian is the appropriate gen-
eralization of the covariant derivative for the adjoint, representation: T"(A)i„. — 

i fnhc- It provides a kinetic term for the ghost fields and in this covariant gauge a 
ghost gluon coupling. Propagators are derived from the quadratic, free particle,
terms in the action; for t he .4" field t hese are

^g.-uige

- i | d ' . r I ( d „ A a
v - d„Al){i)"A"v - <)"A"1') + ^¡)llA"',i)„A"" + C9( , l : ! ) |

+i f d '.r/i;^./-) ,/•"<)- - -1J <vd" 

-\JdlpA»(p) > n r - ( l -

•\,i,At(x) ( 3 . 1 6 )

<UA';,(p) . 

In the second line, integration by parts is used whilst in the third a Fourier
transform, 0,, —i}>,,. is used to go to momentum space. The gluon propagator.
IK/;)"""'', is given by the inverse of the bracketed term.
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» r y - ( i - 0 />"//'

IK") , 7 T T 7 - , r + ( i - (3.17)

It is easy t o sec t hat t his inverse? would not exist in t he absence of tin? gauge lixing
term, that is. in the limit. £ —«> oc. Since then t he moment tun-vector />'' would
lie an eigenvector of the inverse propagator with eigenvalue zero, this results in
a matrix with at least one vanishing eigenvalue which cannot be inverted. Th e
a term enforces causality. It can be traced to adding a term +ieA",At t t ' to the
action to ensure that the action integral is convergent.

Another popular choice is the axial or physical gauge delined by 11 • .-1" 0 
where n is a fixed Lorentz four-vector. Somet imes , the additional restriction
ii2 I or i r = 0 is applied. T h e required gauge fixing term is

£ n , = - ¿ ( H • A-)(M - A " ) . ( 3 . 1 8 )

Since in this axial gauge the corresponding ghost term only contains the ki-
n d ic piece and does not. couple ghosts to any other lields. the ghosts may he
t rivially integrated out and need not be considered further. The corresponding,
momentum space, gluon propagator is given by

I K / ' )
jtt'ub

i>2 + 
- V n • ¡i (" • I>)2

Cllll
( 3 - I f )

Now. in any gauge the gluon propagator can be decomposed into a weighted sum
of direct products of polarization vectors ((/;)'' for the oil' mass-shell gluon:

\ W " = - T ^ - r - £ ' f M V W ' (:{"2, ))
'' T.I..S 

where, in general, the sum includes contributions from two transverse ('/'), one
longitudinal (L) and one scalar component (S). Significantly, for an axial gauge
in the on mass-shell limit, / r = t), only the physical, transverse polarizations
propagate (C/. = C's <))• This proves to be very useful in s i tuations where
physical arguments are to be used. The price to be paid is t he relative complexity
of the propagator, in particular the presence of t he spurious singularities in (ii • 
/»)"1 which require a careful treatment in terms of principal values (Leibbrandt.
1!)S7). In practice, it proves popular to use t he Feyninan gauge for higher order
calculations and the axial gauges to gain physical insight.

Finally, we give the complete (JC'D Lagraugian density, in the covariant
gauge:

£ Q C I ) = >LJ(->:)[] V - " ' M - ' ' )

1 \o„Al - d„Ai){cr A"" - ff'A"") + 
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-I-(< ) n 1 )(<>  nJ'-K'h (*) <n(x) -i- SUM»,, l .-ir

+<hf bc(d,iAl)Ah A'1' - ~ ni,r n,i, Ah Ar A'lAl .21

l liis lias b en separated into the uadratic parts and the remaining perturba-
tions  which are proportional to either o r The first three terms give rise
tu the uar , gluon and ghost propagators, the fourth and filth the uar  gluon
and host gluon vertices, whilst the sixth and seventh terms give rise to triple-
and tiartic-gluon vertices. The corresponding Feynman rules are detailed in

ppendix , together with those for the axial gauge.

. 2 T h e C  d e s c r i p t i o n o f b a s i c r e a c t i o n s

In the following section, we attempt to give an overview of three basic aspects
of hadron production in collider experiments. These are  a summary of the ac-
tual properties of the events that are seen in lepton lepton. lepton hadron and
hadron hadron collisions; an outline of these events  formal description using

C ; and an insight into t he physical pictures which guide people s t hin ing.
In general, the use of C  to describe a reaction means the use of per-

turbative C  p C . This restriction is purely practical and merely reflects
our present inability to calculate more than a few non-pert urbative properties
within C . The applicability of perturbation theory relies on the strong cou-
pling being small.  very important, property of C  is that the si e of the
strong coupling varies wit h the si e of t he characteristic momentum transfer in
a process. The coupling runs in such a way that it is small for large momentum
transfers. Q , and large for small momentum transfers. To leading order
one has

s     ,. - T . 2 r  .22

Here l s an energy scale at which non-pert,urbative effects become impor-
tant. Experimentally, it is found to be 2  oV. that is. the mass scale of
hadronic physics as given by t he pion mass or e uivalently the inverse of a typical
hadron si e 11,,. The coefficient .in   in e n .22  is defined in ection .l.-r .
The appearance of the scale  and the running of the coupling is a subtle
aspect of renorinali able theories, such as C . which we shall discuss later.

s a conse uence, the ma or part of this boo  is dedicated, necessarily, to dis-
cussing hard processes that involve a large moment um t ransfer. This may arise
naturally, as for example in the production of a heavy particle, or may be en-
gineered. by. for example, only considering ets with large transverse energies.

f course, we do need to discuss non-perturbat ive aspects of C . in particular
liadroni at ion. Here, when detailed descriptions are needed, we must mainly rely
on models rather than theoretically secure C  predictions. Fortunately, the
effects of liadroni at ion on p C  predictions appear to be modest.

Restricting our attention to large momentum transfer processes, Q-
with   n - implies, by virtue of the uncertainty principle, that we see
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lint lire i hi 11 si i mil. sul>-nuclear scale. At these scales had mi is appear I • t lie c< im-
posed of the (ant¡)<|iiarks and gluons which appear in the Q C D Lngrangiau.
Furthermore. they are only weakly self-interacting t hanks to the running strong
coupling. This allows t he individual, target hadrous to he characterized by part on
density functions (p.d.f.s) describing the distribut ions of parlous as a function of
the fraction of their parent hadron's momentum that they carry. In the parton
model, cross sections for hard processes are calculated in terms of the tree-level
scattering or annihilation of individual (anti)c|iiarks and gluons convoluted with
the appropriate p.d.f.s. What gives this statement its power is the fact that the
p.d.l.s are independent of the hard sit I »process. In essence what we have is that
I he cross sect.ion can lie faetorized into a process dependent. short-distance, hard
suhprocess. involving parlous, and a process independent., long-distance part , the
p.d.f.s. describing t he hadrons involved.

Now. many of the hard subprocesses of interest, are electroweak in nature
so that QCD really only enters via the higher order corrections. Two important
feat tires of this QCD improved parton model are the dependence of the p.d.f.s on
the hard scale of the interaction and the appearance of multipartoii final states.
It is the QC'D improved parton model that provides the framework for most of
what, follows.

As we have just said, calculations in pQCD are carried out in terms of the
quark and gluoii degrees of freedom appearing in the QCD Lagraugiau rather
than the colourless hadrons observed in experiments. The confinement transi-
tion from the almost, free parlous to the bound state hadrons is still not well
understood but must be addressed before making comparisons wit h experiment.
Fortunately, given the necessary restriction to hard processes, it is believed that
non-perl.urbative effects, which involve small momentum transfers. Q < AQC:».
do not spoil parton level predictions. This can be seen in two complementary
ways. First , the disparity in momentum transfers argues that the periurbative
features of an event can not be modified significantly by hadronization without
introducing a new. pert urbative scale. Second, t he uncertainty principle can be
used to relate the four-moment tun of a virtual particle. Q''. to the space time
distance it travels. Q1' /Q2: see Ex. (-1-2). Thus, pert urbative physics takes place
on short-distance scales, whilst non-pert urbative effects are long range in nature
and can only have limited effect on the widely separated hard partous.

Two basic approaches are available to calculate hadrouic event properties
within pQCD. One approach is fixed-order perturbation theory, the other one is
based oil a summation of leading logarithms.

To describe a given type of event using fixed order perturbation t heory, its
dominant, features arc identified, typically collimated sprays of hadrons known
as jets, and these are associated with well separated primary parlous. In the
absence of flavour tagging these may be either quarks or gluons. In this way
the event is matched to a scattering amplitude containing the primary partous
as external states. This amplitude is described by a sequence of ever more
complex Feynuian diagrams which may be grouped into sets according to how
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many gauge couplings, g , /̂-ITTO,,, they contain. The simplest set of (tree)
diagrams contribute to the cross section, which is proportional to the amplitude
,i|uared. at 0 ( o " ) where the power n is characteristic of the process. In gluon

gluon scattering, for example, one has n = 2. whilst for three-jet production in
e 1 e annihilation it is n 1. This is the lauding oiiler (LO) approximation. T h e
next simplest set of (one-loop) diagrams cont ribute at. O ( o " + I ) : this is the next-
to-leading order (NLO) approximation, etc. Given a sufficiently small coupling,
this perturbation series should converge to the correct answer as more terms are
added. In practice, the series is expected to be only asymptotical ly convergent,
so that beyond a certain order the numerical evaluation of the series begins to
diverge from the t rue answer.

A complication arises in this approach because tree-level diagrams diverge
whenever external partons become soft, or colli near and related divergences arise
in virtual (loop) diagrams. This is in addition to the ultraviolet divergences
treated by renorinalizat.ion. Fortunately, in sufficiently inclusive measurements,
such as the" total hadronic cross section, it. is guaranteed that, the two sets of
divergences cancel. Unfort unately, in more exclusive quantities, which involve
restricted regions of the external partons' available phase space, the cancellation
is less complete and large logarithmic terms remain, generically of the form
L = \n{Q2/Ql). Since o S ( Q ' ) L is of order unity for Q2 » Q2. see eqn (3.22),
this can spoil the convergence of Unite order perturbation theory.

In the second approach, the original perturbation series is rearranged in terms
of powers of o s L .

.la = £ rt„(asL)" + as(Q2) £ h„(a„¿)" + • • • (3.23)
n n 

The first, infinite set of terms represent, the lending logarithm approximation 
(LI.A), then comes the genuinely «„-suppressed next.-l.o-LLA (NLLA) and s o o n .
Since t he enhanced regions of phase space involve near collinear or soft gluon
emission, it is favourable for the primary partons to dress themselves with a 
shower of near collinear or soft partons. These are the parton precursors of
hadronic jets. An important feature of such multipartou matrix elements is that
in the enhanced regions of phase space they factorize into products of relatively
simple expressions allowing significant, simplifications in the treatment, of leading
logarithms. In some cases, it is actual ly possible to sum analytically the LLA-
and NLLA-series to all orders in o s .

The emerging picture of an event follows a sequence of decreasing scales. A 
genuinely hard subproeess produces a number of primary partons which then
undergo semi-hard gluon radiation resulting in showers of soft partons which
ult imately hadronize. The main features of an event are determined during its
perturbative stages, thereby allowing tests of (p)QCD. In the following subsec-
tions we describe the basic phenomenology of the three main types of particle
collision and how QC'D applies to l lietn.
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3.2.1 Electron position itnn Unlnt ion 

Electron posi t ion annihilation to hadrons provides the simplest colliding beam
processes that can be described using pQCD. The simplicity follows from both
I lie well-defined energies of t lie initial s tate part icles and the fact t hat t he Icptons
interact via a weakly coupled, colour singlet, virtual photon. This allows a clean
separation of the initial and final s tate particles. The combined momentum of
t he incoming Icptons provides a large scale just ifying the use of pQC'D. In t he
parton model t he basic interaction is an electroweak process. e + e ~ — 7 * / Z —•
(|(j: this has essentially the same cross section as the well established process
e ' e —> / / + / / ~ . It. is usually adequate to consider single photon exchange due
lo the small value of the electromagnetic coupling o ( , m = e~/(47r) s; 1/137. T h e
structure of the hadromc final s tate depends only on the centre-of-niomentinn
(C.o.M.) energy, ^/s. of the collision and if polarized the polarizations of the
incoming Icptons. The C.o.M. system is often also referred to as "ccntro-of-mass"
system, since in the system where the momenta balance, the centre-of-mass of
the interacting particles is at rest. Dealing with relativist,ie particles, however,
the name V-ontre-of-niomentuni' is more to the point.

At low C.o.M. energies. 0 < y/s < 5 G e V . the most interesting quantity is
the total hadromc cross section. This shows a lot of structure characterized by
"steps' at quark thresholds together with strong resonances, associated with qq
bound states that possess the same quantum numbers as the exchanged photon.
In essence the off mass-shell photon behaves as a ,II>(' = 1 - vector meson: /i. uj.
(,'). .1 /(,'. T(L.b'). etc. The hadronic final s tate is characterised by low mult jplieitics
an<l only modest, structure. It can lie described adequately by a mix of isotropic
phase space and resonance decays.

As the C.o.M. energy increases, the final s ta le hadrons show a tendency to
align along an axis and a back-to-back t wo-jet structure begins to appear. This
is followed, at around >/* = 3()GeV. by the emergence of three-jet features
in a fraction. (9(1(1%). of the events. By identifying these jets with primary
partons it is possible to test the nature of (¿CD's basic const i tuents and their
couplings. For example , three-jet events are believed to be a manifestation of
vector gluon emission in t he process e ' e~ —» qqg. An example of a three-jet
event is shown in Fig. C.l. T h e rate of this three-jet, production gives a measure
of the strong coupling. o s . whilst the angular distribution of the jets reflects
the spin-1 nat ure of the gluon. At even higher energies, small fractions of well
separated four, live and more jet events appear, allowing tests of the triple and
quartic gluon couplings. Note that these jets are required to be well separated
to avoid the collincar and soft enhancements that would invalidate lixed order
perturbation theory, thereby complicating any comparisons to theory. A more
precise definition of a jet is given in Section (i.2.

On dimensional grounds the total cross section must take the form

(3.2-1)
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where i lie represent the relevant masses, sneli as uar  or hadron masses.
The function f(x,) tends to a non- ero constant as x,  . ince the uar  and

luulron masses are mostly small, their effect becomes negligible as .s increases
and I he cross section falls as .s-  as prescribed by t he photon propagator. This
remains true until around y s -l GeV when deviations begin to be seen  this is
I lie tail of the  resonance which becomes dominant al y s  1 GeV. part from
i he large enhancement in t he total cross section, the main effect, of  exchange is
to modify the flavour mix of produced uar s and to introduce asymmetries into
the polar angle distributions of the primary uar s, compared to pure photon
exchange. bove v s  1 GeV, photon and  exchange remain of comparable
importance, but the total Itadronic cross sect ion continues to fall and becomes of
less relative importance as other product ion channels, such as e e   V ,
open up.

n example of a less inclusive uantity in e e annihilation is the cross
seel ion for the production of a specific type of hadron in the final state. uppose
this hadron. h. has momentum p'1. then the differential cross section can be
written in the form of a convolution

d a - -h-v(/>.*) =  ( ,*) Dll(z) . 2

The first term. d r, is the hard cross section for the product ion of a parton a such
that it carries momentum p1'/z. The second term is a fragmentation function.
D\](z)ilz, which gives the probability that the parton ii produces the hadron h 
carrying a fraction c of the primary part.on s momentum. This fragmentation
function is the final state analogue of the previously mentioned p.d.f.s, to be
discussed more fully in ection .2.2. The product, of t hese two terms is summed
over all the possible contributing partons and integrated over the momentum
fractions. T h e factori ation is between a pcrturbatively calculable, short-distance
cross section and a non-perturbative fragmentation function. It is important to
reali e that a does not depend on the identity of the hadron h, which would
be a long-distance effect, but only on the parton n and the colliding beams.
Conversely. D\) does not depend on the short-distance, hard subprocesses; in
this sense it is universal and can be applied to any subprocess that, produces the
outgoing parton i.

t the lowest order the relevant hard subprocess is e e   , so that in
e n .2  the sum is over uar s with 2m,t < \/s. This gives the parton model
prediction for which, as indicated, the fragmentation function depends only on
t lie momentum fraet ion The inclusion of C  corrections complicates matters,
though the basic faetori ed form remains the same. In particular, renormali ation
re uires the introduction of an arbitrary renormali ation scale. ;. whilst, the
factori ation procedure introduces a second, arbitrary factori ation scale, .-.
This acts as a cut-off on the virl.uality of intermediate particles, e uivalent to a 

cut-off on the inverse  distance it travels. The exact origin of the scales ,  and
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///. will licciiiiic clear in Sod inns 3. I and H.li. The Q C D improved parton model
predict,ion is

d r r ^ = C1C,<' {^.s:,ll{.,lF)n):(z:,,,<.,„•). (3.26)

where the parton sum now includes contributions from gluons. Here the coeffi-
cient function C is derived from the partonic cross section for the subprocess.
e + e —» aX. Thanks to its short-distance nature C is calculable using pQCD
and is devoid of any divergences. On the other hand. L)\\ is not calculable with
today's technology and therefore must be determined from experiment. That
said, the dependence on the scale ///.-. which is introduced in order to separate
short- and long-distance effects, is calculable. Recall that both / / a n d ///•• an* ar-
bitrary as are aspects of the rcnormalizatiou and factorization schemes. However,
the physical cross section, on the left-hand side of eqn (3.26). is independent of
the particular scales and schemes used, provided that the same choices are used
consistent Iv in both C and D)]. Whilst not. necessary, it is common practice to
only consider the case t hat f in = /(/••(= V*)-

A simplification in the above description of electron positron annihilation
is the assumption that the colliding leptons are mono-energetic. This is not
true. In a process known as bremsstrahlung they decelerate into the collision by
emitting photons which reduces the effective C.o.M. energy. This initial .state 
photon radiation (ISR) may be treated using structure functions (perhaps more
properly called electron density functions) (Kleiss rt id., 1!)89). The idea is that
t h<' incident, electron is really surrounded by a cloud of photons and flirt her e + e
pairs. What the structure function. fL./,.(.r, //.-). gives is the probability density
for finding an electron in this cloud of particles carrying a fraction r of the
parent electron's moment um when it is probed at a scale //. The electron positron
collision is then between these constituents. Summing up all the contributions
gives

<l"isn(*) / <l'i / <lr>fc/c(xi..s)fu/v(x2.s)da{s = xix2.s). (3.27)
J I) J o 

On the assumption of massless electrons, the C.o.M. energy squared in the hard
subprocess is given by s- = (-'"i />«. + .''j/',. • )2 = ci ./'_>.s. It is possible to calculate
this structure function in QED perturbation theory. An approximate form is

fc/c(x, tr ) = ¡i{ 1 - x f - 1 with /Hi'2) = (3.28)

In practice, one has 0 < 3 «C 1 so t hat f,./c(x. //") ac<|uires an integrable singu-
larity for r —» 1. which favours soft photon emission. Whilst, t he singularity can
be treated analytically, its treatment in a numerical implementation takes some
care. (Computers don't handle singularities very well . . . )
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'I'lir olfect of ¡nil,inl s tale photon ('mission on a total cross section is strongly
influenced hv t he C.o.M. energy dependence ol' the hard snbproeess cross section.
There is a trade-oil between the two terms in eqn (.'{.'27). Il' s is tuned t.o lie on a 
resonance then any ISR will reduce the effective C.o.M. energy, .s = xix-js, and
(IÎT(.S') will be significantly reduced compared to d(7(.s). In this case, the effect, of
ISR is modest, only distorting the resonance's line shape. However, if s is t uned
to lie above a resonance then any ISR which reduces s to .s « mj{ is favoured
by the increase in cross section. For an illustration see Fig. 0.3. Such 'radiative
returns' can have a major impact on the line shape and lead to individual events
being thrown to the left fir right according t.o the energy imbalances in the post
bremsstrahlung 1optons actually entering the hard snbproeess.

FK;. 3 .2 . Left, direct 7 7 interaction with Q F D photon quark couplings. Centre,
singly resolved 7 7 interaction with the lower photon behaving as a collection
of parlous characterized by its own p.d.f. Right, doubly resolved 77 interac-
tion: in the upper photon the parlous can be traced to a point like component,
originating from a perturbative 7 ' —* qq vertex, whilst in the lower photon
the 'remaining' hadron-like partons have a non-perturbative origin.

Not all the photons emitted as bremsstrahlung escape without interacting.
A rich variety of processes result ing in resonance pairs, jet events etc. can oc-
cur due to photon photon interactions (Aurenche et ni. 1990). Indeed, the total
cross section for e + e ~ —> e + e ~ 4- hadrons grows as In" ( .s/nr.) . A source of this
complexity is that photons, as sketched in Fig. 3.2. are not as simple as might
be na'ively thought. The reader is warned that the notations used to describe
photons have become rather confused in the literature. Here we follow Chyla
(2001). We are familiar wit h t he idea of a direct photon which has pointlike cou-
plings and can lead to hadron production via the hard snbproeess 7*7* — qq. In
addit ion, there are resolved photons that behave as dense clouds of (anti)quarks
and glnons. Such a photon behaves like a hadron and is characterized by par-
ton density functions. A point like component of these partons can be traced
back to ail initial QED vertex 7 ' —> qq and the subsequent radiation of gln-
ons which in turn may split into gluon-pairs or further qq-pairs (Witten. 1077).
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A hadron-likc < <>u11x>iifiit accounts for I lie remaining parlous which have their
origins in non-perturhative physics, perhaps associated with tin- (negative virtu-
a l l y ) photon lluctuating into a vector meson. This opens up the possibility of
effective lepton liadron. known as singly resolved, and hadron liadron. known as
doubly resolved, collisions. These an- discussed in detail below. All these types
of 77-evonts are characterized by low C'.o.M. energies and sizeable longitudinal
momentum imbalances. Often these events constitute a hadronic background to
the events of real interest in an experiment.

We also ment ion one further complication. At very high energies it is neces-
sary to use beams with very small transverse sizes in order to increase t he lumi-
nosity and compensate for the falling cross section. This gives very high charge
density particle bunches whose intense electromagnetic fields can induce radia-
tion in one another as they approach each other, the so-called beamstrahlung.
The details of I his depend on t he specifics of t he beam profile, but can lie treated
in a similar vein to breinsstrahlung (Palmer. 1!)!)0).

if .2.2 Lepton hadron scattering 

l.epton hadron scattering is a traditional method of probing the structure of
hadrons. Since hadrons are now known to be composite particles with partonic.
(nnti)quark and gluon. constituents, such collisions are more complex to de-
scribe than lepton lepton collisions. In essence, we view the observed scattering,
/ h —• I'X. as a manifestation of the hard subprocess fq —> Pq'. The advantage
of lepton probes is that they undergo experimentally and theoretically clean,
pointlike interact ions which are describable in terms of the exchange of a single,
virtual, gauge boson. Multiple boson exchange, whilst possible, is suppressed by
additional factors of the electroweak couplings, o 2

m or Cy. A basic classification
of t he event s is based on t he nature of the boson exchanged by t he initial lepton
and quark. In neutral current events, characterized by / = ('. a photon or Z 
is exchanged. Whilst in charged current events, characterized by C. = e. //. r 
and / ' = v,.. v„, ur or vice-versa, a W ± is exchanged. For charged leptons the
exchanged particle is predominantly a photon. Weak boson. Z or W ± , exchange
is observed, however, at low Q~ <§: A/{y their contributions are many orders of
magnitude lower. 0(Gy/a%,„). If a neutrino beam is used, only weak interac-
tions can occur, making theiii a useful probe to disentangle the contributions
from quarks and antiqiiarks.

Figure 2.1 illustrates the basic process underlying lepton hadron scattering
as viewed from t he target liadron's rest frame. This frame coincides wit h the lab-
oratory frame for fixed target experiments. To date, only the I IKK A machine at
DKSY provides (asymmetric) colliding beams of electrons/positrons and protons.
Once t he square of the C.o.M. energy. ••>' = (/ + p)2. is fixed, the most important
quantity for describing the scattering is the momentum transfer i/1' = P' P1'
and the Lorentz invariant Q~ = —<¡~ > 0. The significance of Q - is that it char-
acterizes the wavelengt h, or resolving power, of the probe. Also of interest is v. 
t he energy transferred to the target hadron. For a charged lepton neutral current
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event these can lie (leterinineil experimentally by measuring I lie energy and an-
gular dellection 0 of the scattered lepton. Negleeting the relatively small lepton
masses one finds 

Q* = - ( £ - ( ' ) 2 ,, = (t-n-l>/Mu 

= + 1 E,Ef. sin~(0/'-) = (E( ~ Ev)I,,,. . 

In addition, experiments may also measure details ol' the hadronie linal state. A".
This can provide complementary, or indeed when C = // the only determination

of (/* and v. The invariant mass. I f . of the hadronie final state is given by

H/2 = (p + 'lf 

= A/,? + 2M\,u - Q2 . (3.30)

If IK2 = A/,2 = j . i f = 2M\xu . 

In the special case of elastic scattering, when the target hadron remains intact
in the linal state, eqn (3.30) implies that Q2 and i' are not independent.

The formal description of lepton hadron scattering is facilitated greatly by
t he •factorized' nature of t he interaction. Details of t lie calculations can be found
in tlie following sections. In terms of the Icplonic and hadronie currents the
matrix element is given bv

M(th - t'X) = (C'\J„\P.)Otv 2 ' 2 g i ,WX| . /„ lh) (3.31)
<r - A/f,

where the elect roweak couplings have been factored out: (¡jx '•(•('Jy + "j\•)• 
see Appendix B. lu (high-Q") neutral current events t he matrix element should
include both and 7. exchange contributions. Equation (3.31) suggests writing
the inclusive lepton hadron scattering cross section in terms of two tensors /.,,,.
and II'"' as

i 'ii 1 (i/n .'/liV)z . \ •,,

v = ^\4\fh>((v,An and

//"" = —- V (h\S"\x)(x\.r\h)(2*y,^(pX - k - p). 
J • '177

The hadronie tensor is suuuned over all t lie allowed final states and by convent iou
includes a factor (<lir)_1 and an overall four-momentum conserving ¿-function.
Also, the definition of both tensors includes an average over spins on the as-
sumption that t he incoming part icles are unpolarized. As mentioned earlier, the
simplicity of leptons means that the tensor L,„, is calculated readily to lie

= 2 [(,/„ + C'/,, - (Q2/2)ih,„ + i CtV(,„rWT] -I- 2 D(V >"},,„„ . (3.33)

The last t wo terms are associated wit h parity violation. The coefficient C'tv 
2n, \-1'(\ /(i'2\ + " n ) <l<'pends on t he type of vector boson emitted by the incoming
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leptou. For « photon it is C fi II, for a  boson one lias , w -11  or
f  beam  and C w  1  or I beam , respectively. The last, term, with
coellicient y  v v i  v -f i i f V , is suppressed by a relative factor
m 2 and is almost always neglected. It is not straightforward to calculate the
hadrouic tensor. However, since it must be constructed from the only available
four-vectors,  and and the two isotropic tensors.  and f T. it is possible
to write down its general form as

/ /  = -F\ 1  \F2l> ,,   i FAf aT,r,,T + {F,  i FWif 

+(F\-\ FrM-v  + Fr,<, <,  (p  q)'1 . . 4

I lere. t he liadrou specific structure functions. ,. arc dimensionless t han s to t he
factor of 1 . orent  scalars. It is also common to see o n . 1  defined in
terms of the e uivalent structure functions   F\ and 11 - 1 [M2Jp-q)F2-(-,.

o do not do this as it only adds unnecessarily to the uotatioual burden. If the
spin of the colliding particles is specified, then extra terms, containing S  and

H, would be possible in o n . 1 . Terms involving further four-momenta would
arise also if measurements are made on the hadronic final state.

i iautum mechanics and symmetries impose important constraints on the
Troininu ct at.. 1 2 . s defined in e n . I  they are all real. The time rever-

sal invarianeo of C  implies that Fr,  . s we shall learn in ection . .1.
electromagnetic gauge invarianeo implies the following current conservation con-
straints

q  =  and   q  =  . .

 similar, approximate constraint applies to the wea  currents. y imposing
e n . . see Fx. - . the form of the hadronic tensor is restricted further to

= , ( ,  + ££) + £-(? -
 <r ) i> <i\ <r A <r ) i> q 

.
If we do not. impose o n .  then we must add residual  and F,  struc-
ture functions, « la e ii . 1 . to e n . i  but these would be suppressed as
(t»tintl/Q')~. c.f. o n . . and will not subse uently trouble us . alfe and

lewellyn- mith. 1 . Combining e n .  with e n . . which satisfies
also the e iiivalont of e n . . gives

L  H' ' = F\2Q2+-—^- 4 p  ()(P  I') - Mj*Q2]-Ctv >  + <')(]' . .
I'll P'l 

where we used cin rf' 'a,T. = -2 i Tr- - q T' pplying this result in
e n . 2  gives tlie general expression for unpolari ed. inclusive lepton liadron
scattering  see also Ex. -4

d - V  , v ii  '2

d E d cos  ~ I M2)'2 Mh



I I IK Q C I ) HI M C l t l l ' l I O N O K I t A S K ' U K A O ' I I O N S II

siiia(Ö/2) -I /•'•

(I-VTn I 'IST o n 'Ma

(|.i( I (Q2 + M? )2

x + ( i - , - i s « ! ) f 2 - c v , , ( , - £ ) Ft I 

( 3 . 3 8 )
j /_ d V 1 '

X ( l . /d/ / ' 

Mere, we have defined d ¡ \ !ljy/{-It)- The first form uses the energy and angle
of the scattered lepton in the target rest frame. The second and third form use
the horcntz invariant variables Q2, defined in cqn (3.29). and ./• and </ defined bv

./• = JJL.
2 Mhr
<1P
e-p

E - E'

E

(Jl
•'II

Mr. • 

In this framework all informal ion on the possible scatterings resides in the struc-
ture functions F\ _.(. These, in turn, may be only funct ions of diiuensionless
ratios of Q2. p • </ and 'M2'. where 'M represents any mass (or inverse lengt h)
characteristic of the hndron.

At low C.o.M. energy and low Q 2 . ^0.111 (GeV)- , elastic, electromagnetic
scattering is dominant (Taylor. 197")). Since Q1 2M\,I' for an elastic scattering
the structure functions Fi -, have to be functions of ( } 2 / ' M 2 ' or be constant:
Fi tl for purely electromagnetic processes. Furthermore, the long wavelength
of the exchanged photon means that the target liadron is seen as a coherent
whole, so that AF must be a macroscopic property of the liadron. In this low-
virtualitv limit the form of the hadronie current is actnallv known to be

1

•2 Ml 
Hp') [(p + p'yTi(Q2rM-) -I i (//„ - 1 h„n""^,(Q2.-i\F)} „(,,) . 

(3.10)
I Iere p\, is the magnetic moment, of the liadron measured in units of the nuclear
magneton. < li/(2M]>). and T\ and J--, correspond directly to the electric and
magnetic form factors of the hadrou. For the proton and the neutron //,,
1-2.793 and //„ = —2.913 respectively. These form factors can be related to the
Fourier transform of the liadron!s electric charge distribution. Using eqn (3.10)
in e<in (3.32) gives the Rosenhlut h formula, which takes t he form of eqn (3.38)
with F\ and F_> given in terms of T\ and T>. Empirically, the two form factors
are both described well by the dipole formula which corres|)onds to a spherically
symmetric, exponentially falling charge distribution. One has

p(r) = 
K-\r\/o

S~f7:1 f,(<l) = 
1

(1 ^ M - y -
(3.11)
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I ll«  parameter o is minted to the hadron s iiicaii charge radiuss uared according
tn i l,   1 'la1. Thai the structure functions vanish for 2  oc relleels the
lac  of high fre uency Fourier components in a smoot h charge distribut ion.

t slightly higher C.o. . energies. uasi-elastic scatterings become impor-
tant. Here, the target, hadron is excited and brea s up into a low multiplicity
system of hadrons, for example. l    ii r . gain this process can be
described bv ec n .  with form factors similar to those in e n .11 .

t larger C.o. . energies, high 2 processes become inematically possible,
a l lowingthe internal structure of the target hadron to be probed. In this regime,
t he last falling uasi- elast ic cross sect ions vanish and the ma ority of collisions
become inelastic t lie target hadron being bro en up. This is deep incla.stic 
sen lcvilli/ l I . ince the invariant mass of the hadronic final state. IF. is not
determined. (J2 and u — p-q/Mi, are independent variables. gain e n .  ap-
plies. but 111«  form of the structure functions l-\ undergo a ualitative change.
Hat her t han vanish as 2  oc they remain finite and become practically a 
function of the single variable x = Q2/(2Muu) e .1  IT- C Collab.,
11 2 .

r i . . p .   i  .42

I ltis or en scaling or en. l i  demonstrates that the exchanged vector
boson now scatters off pointli e ob ects that have no mass scale  associated
wit h them. Furthermore, the effective constraint. Q~  x x 2 ,i   2xp  q is
reininiscent of elastic scattering, c.f. e n . . It is interpreted as being due
to the lepton scattering elastically oil  a charged, constituent anti uar  which
carries a fraction x of its parent hadron s momentum.

In the parton model or en and aschos, 1 G  Feyuman. 1 2  tin- hadron
is viewed as a collection of independent, that is, essentially non-interacting or
free, anti nar s and gluons each carrying a fract ion of the parent hadron s lon-
gitudinal momentum  any transverse momentum is ta en to be small by compar-
ison. The hadron is now described by giving t he probability density distributions
for t he momentum fractions of its parton constituents

x d .r  T(x'  - - d.r    q. q or g . .4

The f ( x ) are nown as parton density /mictions p.d.f.  or also, somewhat con-
fusingly. as structure functions . Here, and in the following, we shall reserve
the name structure function for physically observable uantities. These func-
tions are similar to the fragmentation functions, which we met iu ect ion .2.1,
but in a reverse sense. The hadron cross section is then formed as a sum of
point li e anti uar  cross sections weighted by t heir p.d.f.s, in direct, analogy to
e n .2 . gain, in this faet.ori ed form the long-distance p.d.f.s are universal,
that is, independent of the particular hard subprocess. s the exchanged vector
bosons only couple to auti uar s. the presence of gluons in the hadron is felt
only indirectly in I  experiments.
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Depending <ui I,lie nature of the exchanged particle the structure functions
/•', t measure different combinations of the p.d.f.s.

2x1') = !•'•> 

n.i
+ D)+ l(U + U) 

i>.r

= « 

xF?' =2xJ2\D-U\ 
1). u 

= 2 r £ [ i / - 0 ] (3.1-1)
o.r n.r

Here. D represents any down-type quark (d.s , b) and U represents any up-type
quark (u .c . t). Whilst t hese formal sums include t he heavy quarks (e. I>. t.) their
practical contrihution is negligible if the probing boson is unable to resolve them.
In the transverse plane, which is unaffected by Lorentz boosts along the beam
axis, the size of the heavy quark is given by ~ l / . U q . whilst the exchanged
boson sees scales > 1 /Q. Therefore, if A/Q > (}. the quark can be dropped front
the summation. The coefficients in eqn (3.-I I) reflect the normalized electric and
weak charges of the (anti)quarks.

The constituent quark model (Close. l!)7!l) together with the conservation of
flavour imposes a number of constraints on the p.d.f.s. For example, for a proton
we have

I d r [„(,•) - , , ( . , ; ) ] = 2 

[ d.T [,/(*) - d(x)] = I 
Jo

I <\x{s(x) - s(x)] = U 
.A» (3.15)

i tc. 

These equations state that the proton contains t wo units of up-ness. one unit
of down-ness and no net strangeness. There is no such constraint on the gluons.
IJ da: ;i(x). as the number of bosons is not conserved. It is usual to see the quark
p.d.f.s separated into two components (Kuti and Weisskopf. 1971: Laudsholf and
I'olkinghorne. I!)71): the valence quarks which carry all of the proton's quantum
numbers and the sea quarks and ant ¡quarks which make up the remainder and
carry no net charges. For example.

u(x) = itv(.r) + vs(x)

«(:x) = fl,(: r)

/ d.r liv
./(i

(•'•) = 2 

f d.r[»s(:r) - r,s(,-)] - 0 .

(3.-IG)

The sea quarks are commonly assumed to be produced in g —> qq splittings.
This suggests the idea that the sea quarks are symmetric in the sense that
IIS = i7s = f/s = TL„ = .ss .ss = . . . . Whilst this makes many formulae simpler, it
is known empirically not to be exactly true, though a theoretical understanding
of how this comes about remains elusive.
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Tlic pari,dm model interpretation of 'deep inelastic lepton hadron scattering
is only approximate and Q C D corrections should he taken into account. In the
QC'D improved parton model the DIS cross section again can he written in a 
factori/ed form, but one which can now be proved formally to hold (Collins and
Soper. I9.X7). v.-ith the structure functions given by

l f U W / ' ) = Y . / ' f / h t p ^ ' / ' « ) ^ 7 1 ^ , - ^ - . ^ ) . ( 3 . 4 7 )

Here F,'1 " is a projection of t he cross section for the partonic scattering \ ' f —+ / '
appropriate to the /'tli structure function. Again, it has been necessary to in-
troduce a factorization scale. ///.-. and scheme, plus a renonnalization scale. / / / / .
and scheme. The (projected) parton cross sections. F,11 " . contain only short-
distance physics and are calculable in perturbation t heory. They do not depend
on the hadron h. By contrast, the p.d.f.s. f\,. know nothing of the hard sub-
process and depend 011 the incoming hadron; they are not calculable using only
perturbation theory. T h e proof of cqn (3.47) also justifies the assumption of in-
coherent scattering and provides a formal definition of the p.d.f.s. This definition
shows that ¡11 a frame in which the target hadron has infinite momentum the
p.d.f.s reduce to the matrix elements, (h |N/ ( :r ) |h) , where Ar/(.r) is the number
density operator for partons of type / with given momentum fraction.

Formally, etjn (3.47) only represents the first term in an operator product
expansion for F , ° '"'(.r.Q2) (Altarelli. 1982). This means that it is only ex-
act for ( / ' —• oc. The expansion is organized in terms of the operators' twist
( mass dimension — spin). Thus, at finite values of Q~ there are higher t wist
correct ions which are suppressed as

| i u ( ( / - 7 ^ ) ] " ' < "
Q" ' 

when111 = I for D1S. In general, t hese non-pertnrhat ive corrections are neglected,
though there are situations where their effects should be taken into account.

In eqn (3.47) the factorization and rcnormnlization scales are arbitrary. In
practice, it is common to set all scales equal. / r s Q2 = = fij.-. This .simplifies
the coefficient function, giving, for example. F,1* f ) ( i r . z : f i . / / ) oc rf(l - z) in the
so-called DIS factorization scheme, which allows combinations of the / i , ( . r . / r
Q2) to be determined directly in an experiment.. Whilst the fu involve long-
distance physics, the scale /1 may still be sufficiently large that o s ( / r ) is small
enough to allow the dependence 011 the scale to be calculable at least down
to some low scale //O^AQCD- This results in the p.d.f.s developing small. I1111
measurable, logarithmic dependences on //". Such scaling violations are described
well by the coupled, integro-differential D G L A P equations (Altarelli and Parish
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11)77; Cribov and Lipatov, 1972; Dokshitzcr. 1977).'-' At leading order these are
I'.iven bv

= / t S [ C I « » ^ * ) + C M » ( f v ) ] <••>•*»

f — Q'O 

The kernel functions. I'„i,(z, o s ( / / 2 ) ) , are known as Altarelli Parisi splitting ftinc-
t ions and are associated wit h the branchings b —» a X . They can be expanded as
a powi-r series in o s . T h e leading order expressions are

r S ? u - c r ( L ± f ) +

C < s > = M z * + ( 1 - . : ) s |

C W = ( < 7 ^ 7 + -•>) + - *)

0 - > = C F | 1 + ( 1 . " 8 ' 3 1 • ( 3 . 1 0 )

Away from z= I these are ordinary functions, but at z 1 the diagonal splitting
functions. / ' , . must, be regarded as distribution functions. Details are elabo-
rated in Section 3.(>.3. where also the meaning of the plus-prescription is ex-
plained. Since the virtualities involved in this initial s tate evolution are negative
t hese are the space-like splitting functions. Equations very much like cqn (3.4!))
control the /</••(= Q) behaviour of the fragmentation functions (Owens, 1!)7S).
The structure and interpretation of these sets of equations are essentially the
same and to 0(as) so are the splitt ing functions. However, beyond this lead-
ing order the space-like and time-like splitting functions differ. The full NIX)
splitting functions for time-like evolution can be found in Appendix E.

T h e equations in eqn (3.49) have an appealing physical interpretation. We
pict ure the (anti)quarks which make up the hadron as surrounded by clouds of
virtual particles, constantly being emitted and absorbed. These virtual particles
may in turn emit and absorb further virtual particles. Thus, as the Q2 of the
probing vector boson increases, the content of the hadron appears to change
as it is seen on smaller distance scales. It is this evolution which is described
by eqn (3.49). T h e terms ( n s / 2 - ) F j ' ) ( ; ) d ; are interpreted as the probability

•' T h e « ; equa t ions have qu i te a his tory and t he n a m e reflects t he main cont.ii lmtors to
their ehieidai ion: Dokshitzer , Gr ihov , Mpatov , Altarelli a n d Parisi I11 t h e pas t , t he n a m e was
nfleii shor tened to Altarelli Parisi equal ions.
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densities Ilial in llii  branching l>  a.  parton u will carry a fraction in the
range c.c I ;  of its parent, lis. nioineutuiu. and any other products. , a 
fraction 1  trictly, the branching probability densities are given by the
distribution functions <)( 1 z)<\,I, I o s 2 ;T) ' '^ ( ) which are regular functions
away from z I. Thus, for example, the probability that a high virtnalily gluon.
carrying moment inn fraction . . came from a low virtuality gluon. with a larger
momentum fraction . is given bv

[** / ' ^ C W i W <*- yz) = [ ( 7 ) • 

ll the terms in e n .4  have a similar interpretation. Figure .  shows
schematically this interpretation.

J)\n7f

Fit;. . .  schematic interpretation of the space-li e G  e uations
whereby the scale dependence follows from the presence of parlous within
other higher momentum parlous

Given the above interpretation of e n .4  it is straightforward to antici-
pate how the p.d.f.s will change with CJJ. t low Q1. one might expect that there
are few parlous in a had roil and that subse uently their p.d.f.s are s ewed to
high momentum fractions. This picture is not too far from saying, for example,
that a proton consists only of two u- uar s and one d- uar . each with mo-
mentum fractions smeared around the value x 1 . s the Q~ increases, the
typical parton moment um fractions decrease as momentum is shared via parton
branchings. Thus, we anticipate a growth in the small-.r component of t he p.d.f.s.
Furthermore, we expect many of these small-x partons to be gluons. which have
a high probability to undergo g  gg branchings, and sea uar s such as u and
s which arise in g   branchings. s the p.d.f.s shift towards small x and t he
sea grows we must respect the sum rules for the uar  flavours, e n .4 . and
the conservation of momentum.

= i ' d r r L r ) + V f(x)
Jo i . . . f='i-<i

. 2
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li is the application of tills sum rule which provides compelling evidence for the
existence of ghions. currying over ,r)0% of the momentum, in a proton (Llewellyn-
Smith. I!)72).

Equation (3.49) allows us to calculate how the p.d.f.s change between the
scales //(> and //. However, since t he /(.T, //o) ( / = q. <]. tj) only involve a non-
pert urbative scale, we can not use pQCD to calculate them. In principle, 11011-
porturbative techniques, such as lat tice calculations, may allow them to be cal-
culated. However, at the present time only a few moments of their distributions
have been obtained and we must rely on experiment. (Gapitani r.l at.. 2002).
Their determination relies on an interplay between the use of cqn (.'$.49) and
t he measurement of structure functions giving various combinations of p.d.f.s at
different. Q2 scales. In essence, one tries to 'guess' a set of / ( .r . //o). evolve them
to higher scales using cqn (3.49). and then optimize the fit to the measured com-
binations at the higher scales. Details of the procedure and results are discussed
in Section 7..r). The overall consistency of this procedure gives evidence for the
validity of the evolution equations and thereby pQCD. Many sets of p.d.f.s are
available, for example the package I'DKMB (Plothow-Besch. 1993) contains a a 
compendium.

As mentioned above, the formal proof of the parton model can be achieved
using the apparatus of field theory. However, we can gain insight into its mo-
tivation by considering the space time structure of the collision. The hadron is
pictured as a collection of partons sitting within clouds of further parlous that arc
being emitted and absorbed constantly by one another . The virtualilies involved
must be low, k 2 & Mt

2. if the hadron is to remain intact. Indeed, high momentum
transfers are suppressed as [os(Q")A/,2/A'"]". where ri = 2 for mesons and ii 3 
for barvons. This, in turn, implies that the parlous have lifetimes ~ l /Mi , . whilst
the incoming exchanged boson interacts for a mere l/Q. Thus, to the incoming
boson t he parlous appear almost, frozen having been formed well in advance of
the near instantaneous collision. The struck parton has essentially no time to
communicate with the other parlous and therefore behaves as if it were free.
This also implies that the hard scattering knows nothing of the target hadron
bevond t he probability that, it contains the struck parton.

Returning to the struck parton, it is impulsively kicked out of l he hadron and
leaves behind its cloud of partons. These remaining partons have been 'shaken
free' and as they have nothing to be re-absorbed bv. they continue to By forwards
on near collinear trajectories. This ¡nil ial state radiation eont nines to shower and
hadronize. resulting in a target, region jet. The struck parton behaves much like a 
quark produced in an e + e collision and fragments to produce a current region
jet. Between the colour charge on the scattered quark and the ant ¡colour left
behind on the hadron remnant is a colour field which converts into low energy
hadrons lying between the two jets. Actually, since these intermediate hadrons
are produced in a statistical Poisson-like process, it. is possible that no hadrons
form bet ween t he two jets, alt hough t he probability for such a gap is expected to
he exponentially suppressed as the distance between the jets increases. A typical



IK m i 1111:0m 01 g o i )

neutral current IMS event is shown in Fig. 7.2 and a typical charged current
event is shown in Fig. 7.5.

Jet-like structures start to become apparent in IMS for Q2 (1 G o V ) . As
the (J2 (G'.o.M. energy) increases multi-jet structures appear, just as in e + e ~
collisions. The LO hard subprocess is j — q'. which results in a far forward,
target region, beam remnant and a more central, current region, jet. At (9 (o s )
the NLO subproeosses are the QCD Compton process. I'q —» gq'. for scatter-
ing off n(n anti)(|uark and boson gluon fusion. V'g —> qq'. for scattering off a 
gluon. Both of these processes can give rise to two central jets in addition to
the forward jet. The type of vector boson exchanged is strongly dependent
on the event's Q 2 and type of lepton involved. For charged lcptous at low to
intermediate Q'2 & (10 GeV)- . tl 10 neutral current cross section, mediated bv a 
photon, is very much larger than t he charged current cross section, mediated by
a \ V ± . Measurements are shown in Fig. 7.8. This difference essentially reflects
the propagators of the exchanged bosons which lead to different ( } 2 behaviour:
photons give a \ / Q x fall-off whilst W bosons give a nearly constant cross sect ion
for Q 2 « M ' i -

W a , K l d ^ s h , HrW + A W * ^ - - ( , , - , 3 )

As the Q 2 increases further both cross sections begin to fall faster. This is be-
cause kinematics require higher Q2 events to have higher x values and t he p.d.f.s.
/i,(.c ~ l.Q2). vanish as Q2 — oc. Also their difference diminishes until they
become of equal magnitude for Q2 ^ (80 GeV) 2 . An example of eleetroweak uni-
fication in action! Above (J2 — (40 GeV) 2 Z exchange starts to visibly contribute
to neutral current events. This is manifested by the appearance of the parity
violating F\\ structure function through 7 - Z interference effects, which start to
reduce tn<'( /+1i) compared to a x c ( t ~ h ) . In charged current events <rce(/ + h) is
always less than <7{:c(/'~li), and vice-versa for antiliadrous, with the difference
becoming more pronounced as Q 2 increases. This reflects the fact that W and
\ V + couple to different constituents ¡11 the target liadron. Using e<)n (.'{..'58) and
eqn (3.44) we have:

-!j^(e+h) oc [ii + c + (1 - y)2(d + s)] 
ax a(J' <1Q2

and - l ^ ( e - h ) x [a + c + (1 - y)2(d + 5)] . (3.54)
cto: (IQ~ 1

For a proton, we expect qualitatively u(x) 2d(x) > </(x), which gives the hier-
archy in t he cross sect ions. For neutrino beams only Z exchange can contribute
to the neutral current cross section, which is consequently not too dissimilar to
the charged current cross section.
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Before continuing our discussion wo digress slightly in order to introduce* a 
natural variable for describing an outgoing particle. Rapidity, y. and pseudora-
piditv, //. are defined with respect to an axis, typically the beam or a jet axis
assumed to be pointing along the 2-direet.ion. by

1 (E l - / i . \ »1—0
! / = g h i ( ¿ ^ f ) * '' = ln|cot(£»/2)] , (3.55)

where 0 is t he polar angle of the particle and m its mass: see also Ex. ((¡-2). Rapid-
ity is small for central product ion, 0 ~ ~ / 2 . and large for far forward/backward
production. 0 —• (I or TT. In a collision with C.o.M. energy Y/s the allowed ra-
pidity is restricted kineinatioally to the range [— ln(^/if////), 111(^/5/7»)]. The
usefulness of rapidity stems from its appropriateness in describing the Lorontz
invariant phase space of t he filial state particle:

(\:iv
= d/r' dr,xb/ . (3.50)

The advantage of this form is the simplicity of the way in which each term
I ransforms under a boost along t Ik* beam axis, lu particular for a boost of velocity

0 = i'/c. 

so that d.i/ is invariant, as are /r± and Also, as we shall learn, soft particle
production typically has a Mat. distribution in rapidity.

In most DIS events the target hadron is 'blown apart.', resulting iu a trail of
soft hadronic activity lying bet ween the colour connected remnant, target region,
jet and one or more current region jets. However, at, III'.RA in a large fraction of
those inelast ic events with small./'. and therefore large values of 11', t he total mass
of t he outgoing hadronic system, the distribution of hadronic activity is markedly
different (Ilebecker. 2000). The inverse relation II"2 = M?t + ( 1 r)Q-/x % Q2/x
is easily derived from etpi (3.30). Whilst, central 'jet' activity occurs, it is isolated
from the target hadron which is only slightly deflected and appears not to break
tip. A rapidity gap, typically a region of size Ay ^ 3 in which no hadrons are
found, lies between the 'jet' and the scattered hadron. What is seen in practice
is no forward activity in the main detector and. in the absence of specialized,
far-forward detectors, a target hadron which can be inferred to have disappeared
down the beam pipe. Compared to a regular DIS event. 7M1 —» A*, this subset of
events behave as 7M1 —* XY where Y is the scattered target hadron or possibly
a low mass excitation of it . Empirically, both the square of the four-moment urn
transferred to the forward hadron. t = (/) / / ) - < 0, and 1 he mass of the observed
hadronic system, M\- = (</ ]> /'')"'• t hat, is excluding the scat tered hadron. are
characteristically small, with a functional behaviour like
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The dependence oil II - (q I /<)-' and Q* (' — |H modest. In particular.
I lie cross section for this type of event, stays constant, or even grows, as .s
(( I />)""' or IF2 increase, in marked contrast to the rapidly falling cross sections
of IMS events. These are the so-called diffractive DIS events, characterized by
t heir rapidity gaps and almost constant cross sections. The situation is illnst rated
in Fig. .'J. I.

<IN

current jet

(IN

Itadron

current jet

rapidity gap

I
.'/I.

FIG. 1. Schematic diagrams of the rapidity distribution for the number of
hadrons produced in: top, a regular deep inelastic scattering: bottom, a 
diffractive deep inelastic scattering

The requirement that the incoming liadron remains intact limits the momen-
tum transfer to |/ < — f m a x & ( l / /?o)". where /?<i is the liadron's size, which is
related to the parameter 1/ in eqn (.'{.58) via b = /?«/<). A second, lower bound on
I is provided by the kinematics of the process, —/,,,„, « M ^ M 2 + Q ' ) ' / W ' : see
Ex. (.'$-10). Since we require - l m u i < —'max. 'lie coherence requirement, bounds
M \ . in practice JUy < 0.2 H'J. This in turn implies a large separation in rapid-
ity. Iii(IF2/j1/|,.A/ v ). between the scattered liadron and the produced hadrouic
system. The picture which suggests itself is of the target liadron shedding a near
collinear 'object' which is then struck by the virtual photon leading to central
jet activity. This object, carries a modest fraction. ,C||.. of its parent's momen-
tum and no quantum numbers. In particular, it is colour neutral. This ensures
a clean separation, in rapidity, of the dellected liadron and the central activ-
ity. This object is often identified wit h the Pomeron. the exchange of which is
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believed to dominate tlx- hadron hadron scattering cross section according to
Regge phenomenology: tliis is discussed iu more detail in the next section.

The formal description of these rapidity gap events follows similar lines to
that of regular DIS events. The main difference is that the hadronie final state
contains a hadron of known quantum numbers and momentum /»'. In addition
to the usual variables. Q2, x and we introduce the quantities

_ iW y f ( f 

W 2 + Q - ( 3 . 5 9 )

* Q*

,•„. ~ Q2 + M2 ' 

The approximations hold for low values of I < 0 and high values of II'-. such as
are characteristic of high energy diffraction. A moment's reflection will convince
you that, in analogy to the usual phenomenology of DIS, j:«« should be identified
with the momentum fraction of the object . />{[> = ]>'' —I»'1' ~ Xip/^'. and fi wit h the
fraction of the object's momentum carried by the struck constituent. Thus x. the
constituents moinent.um fraction with respect to the incoming hadron. is given
by x = .rip/l Both .rip and ¡1 lie in the range [0. 1). The four-fold differential,
diffractive DIS cross section is given by

, = [1 + (1 - v f \ • v md.riP <\l d.rdQ- xQ ' 1 ' 

Here, for simplicity, we have neglected the small contribution from the longitu-
dinal, diffractive structure function. /•'}" '' /•'!" — 2:r/;',')( Integrating over
/. which is often not observed, gives a t hree-fold differential dist ribution, now in-
volving /•'! " 11 etc. As wit h ordinary DIS a factorization theorem has been proved
{Collins, 1998),

,_> . - . U M ) r i . .-J r p , 

- E J g z . 

(3 .<>I)

Here ///.- is t he factorization scale (we have suppressed the renormalization scale
/in) and F-\'f\z) is the usual DIS structure function describing a photon scat-
tering off a parton / carrying a fraction z of its parent hadron's momentum.
The remaining terms are the new diffractive parton density functions (Berera
and Sopor. 1994), also known as (extended) fracture functions (Trentaduo and
Veneziano, 1994). The diffract ive p.d.f.s satisfy t he usual DGLAP evolut ion equa-
tions.

At tempts have been made to go beyond eqn (3.til) using Regge factorization.
This assumes that the Pomoron is a real object, whose coupling to the parent

' = (PI, - P'f 
<I (P-P') 

- ' I f = 
(IP

Q~
2,i • (,, - ,,') 
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liadron is described by a function of. in- and I mid whose parlon content is then
deserilied by functions of Q and Q 2 . This unproven assumption gives

= / . . , „ (** , / . )F 2
D ( 2 > ( f i = — . ( A . (3.02)

da:0>d/ \ l ip J 

where fw/\, is often referred to as the Pomcron flux factor. Measurements to date
suggest t hat, t he Pomcron has a high gluon content and that there is a significant
probability that, a gluon carries nearly all of its momentum. Such a picture
has also been promoted in the context of hadron liadron collisions (Ingelmau
and Schlcin. 198.r>). Unfortunately, it appears that the same Rcggc factorized
structure fnnctious as measured in DIS will not be applicable, without at least,
some modification, in the description of hadron hadron collisions (Collins et til.. 
1!)!):$).

Historically, dilfractive events have long been known in hadrou hadron colli-
sions where a well developed phenomenology has arisen. Indeed, this was used to
predict that sizeable dilfractive cross sections would occur at IIKHA (Dounachie
and Landshoff, 1987). However, the discovery of such events at IIKHA (ZKUS Col-
lab.. 1993: II1 Collab.. 1994) still came as surprise to many people and it has led
to a resurgence of interest in the nature of diffraction.

Deep inelastic scattering events, whether dilfractive in nature or not. are
characterized by large values of Q2 i i (3 GeV)". There also exist events in which
an incoming charged lepton emits via breinsstrahlung a quasi-real. Q~ ~ 0.
photon which interacts with the incoming hadron: the so-called photo-product ion
events. As mentioned earlier, such photons appear to have a rich structure and
variety of behaviours. They may behave as a hadron. giving effectively a hadron
hadron scattering. This in turn could be elastic, here meaning ->*h —> Vh with V 
a vector meson, dilfractive, soft, inelast ic or hard inelast ic. All these categories are
elaborated below. The hard inelastic events are viewed as due to the scattering
of (anti)quark or gluon constituents within both the hadron and photon. Thus
we require p.d.f.s to describe even the photon. Of course, it is also possible that
th<' photon remains intact and interacts direct ly with a quark or an ant ¡quark.

3.2.3 liadma hadron scattering 

liadron liadron collisions exhibit a rich variety of reactions. These can loosely be
divided into two classes. The first class involves soft interactions which have only
small momentum transfers so that they are sensitive to long-distance effects and
see a hadron as a coherent whole. These have typically large. (9(10 nib), cross
sections which change slowly (logarithmically) with the C.o.M. energy. Examples
include the total, elastic and single/double dilfractive cross sections discussed in
more detail below. The second class involves hard interactions, defined by the
presence of a large momentum transfer so that they probe the internal st ructure
of a liadron. These have typically small to tiny cross sections and more pro-
nouueed C.o.M. energy dependencies. Examples include high transverse energy
jet. heavy quark and high mass lepton pair production. The non-pert urbativc
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nature of die physics involved in the first class of reactions means thai a more
phcnomcnological approach is taken when describing tliein. Since pQCD can be
applied directly !<» the second class of reactions these shall be our main concern.

The above classification of events is a little misleading. For the so-called
soil events we intend that the characteristic momentum transfers are small in
comparison to the C.o.M. energy This leaves open the possibility that at
high C.o.M. energies sufficiently large momentum transfers may occur to open
up the possibility of applying pQCD. For example, this is under active study for
hard diffractive events.

Whilst it is hard to apply Q C D to the bulk of hadron hadron reactions, it is
nevertheless helpful to appreciate their basic properties. The general behaviour
of the total cross sections is as follows. Initially, the cross section falls from
0 ( 1 0 0 nib) at very low C.o.M. energies to a broad minimum around y/s ~ 2 0 G e V
before rising slowly. Below s / s 3 GeV resonance structure is apparent. Above
i he resonance region simple quark count ing rules give an indicat ion of the relative
cross sections. The rules posil that a total hadron hadron cross section is propor-
tional to the number of (ant i)quarks in the projectile, as determined by t he con-
stituent quark model, t imes the number of (anti)quarks iu the target . For s • oc
one expects, for example. au , i ( f " p ) ~ <t,„i(K p) « 2 / 3 x |<7,(1,(pp) % <7,„t(pp)].
The asymptotic equality of <Tlol(|>p) and <T,((,(pf>) is also required by the Pomer-
aucliuk t heorem. Figure 3.5 shows these total cross sections as a function of the
C.o.M. energy. The total cross section can be parameterized as

<T|„i(.<i) = 
> I s 

<I(J f if ) III"
" So

[1 + F ( s ) ]

where F(.s-). which vanishes as .s -> oc. describes the low energy behaviour.
This parameterization automatically satisfies the requirement of uuitaritv as
captured in the Froissart bound. <7tl)1 (.s) < ( : r / m 2 ) ln"(.s-/,s<)) for some unknown
•Si (Froissart. 1901: Martin. 1903). We shall largely be concerned with high energy
pp and pp collisions as this is where the search for new particles has focused the
attention of experimentalists.

In elastic scatterings the hadrons remain intact, without, excitation of any in-
ternal degrees of freedom. They comprise a sizeable component, of the total cross
section. <7, I(N) % 1/0 x <Ti„\(s). Elastic scatterings are specified by the space-like
momentum transfer I = (j>\„ —/¿out)2 < 0. which given s is equivalent to the
C.o.M. scattering angle, 0 ' , via I = —lp ' 2 s in 2 ( f l* /2 ) ~ —ss i ir ( f l* /2 ) . A num-
ber of /-ranges can be identified according to whether electromagnetic or strong
forces dominate: the Coulomb region. |/| < 11.001 GeV 2 ; the interference region
0.001 < |/| < 0.01 GeV'2: and the diffraction region 0.01 < < 0 . 1 5 G e V 2 . Only
the first region is well understood. The cross section is described by the /-channel
exchange of a photon whose coupling to hadrons is described by two form fac-
tors. eqn (3.11). A typical behaviour for the differential cross section shows a 
strong peak below |/| = 0.01 GeV , then a steady fall until reaching a sharp min-
imum as |/| ~ 1.4 GeV" which is followed by a broad peak at |/| ~ 2 G e V . Above
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lisions <LS a function of the mouK'ntmn transfer I for various
C.o.M. energies. Data are taken front the Durham reactions database
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|/[ 2 GeV- , the hard difi'ract.ive region, the differential cross section falls as I ".
The so-called dimensional counting rules (Brodsky and Farrar. 1!)7">) suggest val-
ues n (i.8. 1(1 for meson meson, meson baryon and baryon barvon scat tering,
respectively, though more explicit calculations based on gluon exchange between
the constituent quarks modify these simple exponents (LandshoH", 1!)74). Fig-
ure 3.(i shows the /--dependence! of pp anel pp scattering. Approximate forms for
the elilferential cross section in the elilfrae-tive region are given by

d<7cj |/| < 0.4 Oe-V"'

d/ X | / - " |/| > 3.0 GeV 2 (3.0-1)
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lie dip  ni  struct ure can be described by interference between  wo exponen-
tials. The -distribution can be related, via a Fourier cssol I ransloriuat ion. to
the impact parameter space distribution of the scattering centres in the liadron.
exp vu 4  exp  b,.\flr), where h is the impact parameter. efining an effective
slope by

the ineasureinents show that ,.ir increases for large s. Thus the liadron shrin s
at higher energies.

The very forward pea ed nature of the elastic scattering cross section in-
dicates that low momentum transfers are dominant. This essentially straight
through behaviour means that speciali ed low angle detectors, usually in con-
unction with low luminosity, are re uired to measure this large cross section.
Interestingly the optical theorem provides a highly non-trivial connection be-
tween this forward f I  differential cross section and the total cross section
sec Ex. -11 .

Fie . . . ingle dilfractive dissociation, double dilfractive dissociation and cen-
tral diffraction. Experimentally these events are characteri ed by  a forward
et separated by a rapidity gap from an intact , scattered, incoming liadron

or two forward ets separated by a central rapidity gap  or central activity
separated by two rapidity gaps from t he scattered, incoming hadrons.

The next important class of reactions involve dilfractive dissociation pro-
cesses in which there is some brea -up of the scattering hadrons.  possible way
to view these events is as the -channel exchange of a colour singlet ob ect called
a omeron. see Fig. . . nli e the case of elastic scattering, in a single double
dilfractive dissociation event one both of t he hadrons is left in an excited state
which then brea s up into a low multiplicity system of hadrons et , for example,
p    n;r . Typically the mass of t he excited hadronlc system is distributed
as drr  i . whilst, the -dependence of the cross section falls away expo-
nentially with a coefficient which decreases as i n c r e a s e s . Experimentally the

ey signat ure of these events is t he lac  of any particle production in bet ween

( .( ,)
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I lie scattered/dissociated Imdrons. (¡(invent ionally. I his gap is quoted in units of
rapidity. II the final state hadrnns have masses Mt and A/j. then they have a 
rapidity gap of A;/ ln(.s/j\/| Since the size of the gap is usually
there is a minimum C.o.M. energy , / s ^ 4 . 5 C l e V required for these events to
occur. A related class of events, known as cent ral diffraction events, show two
large rapidity gaps separating centrally produced jets from forward/backward
going hadrons (UAH Collab.. 1988). These can be interpreted as the interaction
of two Pomerons. as shown in Fig. 3.7. They are of particular interest because
the jet activity indicates the presence of a hard scale and the possibility to apply
pQCD to t heir description.

At low energies the cross section for all these rapidity gap reactions equals
approximately the elastic cross section, with the ratio of single to double dill'rac-
tive events found to be % 4 : 1. As the C.o.M. energy dependence of the cross
cetioti for a fixed excited state is flat, the growth of the total dissociation cross
cction with y/s can be attributed to new excitation channels opening up. Ex-

perimentally the double diffractive dissociation cross section grows faster than
the single diffractive dissociation cross section. This is in accord with the naive
expectation <7nn 555 <7.sd/"lot- The central (infraction cross section is a few per
cent of the total dissociation cross section. At t he I.1IO. a ^/x — 1'lTeV. pp col-
lider being built at C'ERN. predictions indicate that <rlot ss 105 mb. a,.\ ~ 2-ri nib.
(TS|, % 15 inb and ( t d [ ) « lOmb (Khoze el, al. 2000; Block and Halzen, 2001).

The majority of the remainder of the total cross section is made up of what
may be termed soft, inelastic collisions, see Fig. 3.8. These can be thought of as
peripheral, or glancing, collisions which result in two fast , forward travelling frag-
ments. which carry the quantum numbers of the incident hadrons and typically
half of their energy, together with an intervening 't rail' of centrally produced
soft particles. These central particles have exponentially damped transverse mo-
menta, {/>/•) = 350 MeV. and are uniformly distributed in rapidity, d.'V, i,/d// ~ 2.
This implies that the multiplicity should grow logarithmically with the C.o.M.
energy. (N) = .4 ln(.s/.s'o) + D/\/s. The pion. kaon. and baryon composition is ob-
served to be roughly 85%. 5% and 10% respectively (UA5 Collab.. 1987). These
soft particles also show short-range order characterized by positive correlations
iu rapidity. This structure is often interpreted as being due to the production
and subsequent decay into stable hadrons of 'universal clusters'. The properties
of the soft particles show only a weak dependence on the C.o.M. energy of the
colliding hadrons.

The major components of total hadronic cross sections (elastic scattering, sin-
gle/double diffractive dissociation and soft inelastic collisions) all feature 'small'
transverse momentum transfers. This focuses our at tention on scattering in t he
limit .s —• oc whilst I is held relatively small. Here, a successful phenomenology
has been developed based upon Regge theory. This pre-QCD theory treats the
angular momentum in a scattering amplitude as a complex variable and proceeds
to derive consequences from analvtieity and crossing .symmetries (Collins, 1977).
A typical /-channel exchange amplitude for a two-to-two process takes t he form
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FLC:. 3 .8 . A schemat ic diagram of a soft, inelastic collision and the associated
rapidity distribution

M(s,t) = (i + ,,) '( \ b - ' with f>(s.t.) = « /»(»,()) . 
Xm\M{s.t)\

The index i in the above equation denotes the flavour quantum numbers ex-
changed in the interaction. As the practically /-independent /> is (9(0.1). the
amplitudes are mainly imaginary. For the exchange of a particle of spin ./ t he
exponent, would lie o , ( / ) — ./. but in eqn (3.60) this has been "Reggei/ed' to
include contribut ions from a whole family of particles lying on a linear Regge
trajectory

o , ( / ) = o , ( 0 ) + o;./ + C>(/'2) . (3.07)

The parameters of the trajectories can be found by fitting the spins and masses
(.s-channcl poles) of real mesons and baryons using ./ = a , ( M ~ ) . The slope is
almost universal with o ' « 1 GeV whilst the intercept depends on the flavour
quantum numbers, i. being exchanged. One finds o , ( 0 ) % 0.5 for the leading
(dominant) contribution from the non-strange vector mesons p,u!.n>. /•> The
sub-leading pion trajectory has o , ( 0 ) % 0. The exponential /-dependence as-
sumed in eqn (3.00) is empirical: it. implies !>,.̂  = 2[/<o -1 o'ln(.s/A/,"')] and thus
a 'shrinkage' of the /-distribution with increasing C.o.M. energy (Gribov. 1001).
c.f. eqn (3.(i.r>). More formally it is a measure of the coupling strength between
the scattering and exchanged particles. The mass M, accounts for the dimensions
and absorbs any numerical factors.

Using eqn (3.00) one can derive compact expressions for. for example, the
total, elastic and singly diffractivo cross sections as

= TT7» ( "772 ) (3-68)
M? \M?) 

<lTt.| = (1 + / r ) ( \

<1/ I G t t A / ; ' V M'f J 

-'<<>.<0-1)
„21M i 
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A/; ' A / f \ M
(3.70)

For simplicity we have included only a single Reggeon exchange and omitted the
electromagnct,ic contributions. Including the interference between the hndronic
and. well known, electromagnetic amplitudes allows i> to be measured exper-
imentally. These formulae provide a very good description of reactions which
involve the exchange of flavour. These typically fall as ,s~'. To apply t hem to
situations where no Ifavour is exchanged, where cross sections are constant, or
grow as ,s- •> oc. a new dominant, contribution must be included. This is the
I'omeron. It. has the quantum numbers of the vacuum and the Regge parameters

These values are derived from successful fits to a remarkably wide range of data
(Donnachie and Landshoff 1902: 1991). This trajectory does not correspond to
any presently known particles, though it lias been conjectured that it is related to
t he predicted glueballs of QCD. Actually, since oB»(0) > 1. t he Pomeron is 'super-
critical' and. unless eqn (3.68) is modified, will lead to a violation of unitarity in
the .s- —> oo limit . More apparent, is the absurdity T.-i/rr,<>( ^ ( .s/A/j-)"n' ( , , ) _ l > 1 
for s sufficiently large. The inclusion of the necessary multiple Pomeron ex-
changes and unitarization corrections leads to a more complex theory (Khoze
r.t. ul.. 2 0 0 0 ) .

It is important to remember that Regge theory has not. been derived from
(¿CD. One should therefore be wary of regarding it as doing anything more
than providing an accurate and economical, phcuomcnological framework for
describing data in the Regge limit.. It also act s as a guide in framing the questions
addressed in an experiment. That said, pQCD has been applied to the region
.s » |/| > AQCI), leading to t he development of a hard Pomeron with an intercept
significantly above one and a small slope. To distinguish it. the usual Pomeron
is now often referred to as the soft Pomeron. This hard Pomeron is associated
with the summation of leading logarithms of the form n s l n ( . s / / ) (Kuraev ct a I..
1977: Balitskv and Lipatov. 1978). The simplest model for such an ob ject is the
/-channel exchange of two glnons (Low, 197">: Nussinov. 197.r>) (or one 'Roggeized"
glnon). which is suggestive of a glueball interpretation. The hard Pomeron also
manifests itself in the small-.»' behaviour of structure functions where it sums
leading [(vsln('l/:»:))" logarit hms. However, a word of caution should be sounded.
As the hard Pomeron theory implies a rapid growth in t he number of partons
then non-perturbative methods will be required ultimately. The search for the
predicted hard Pomeron is an active topic of research.

Finally, we turn to the rare, hard events which shall be our main focus of
interest. By experimentally requiring an event to contain a large momentum
scale we raise the possibility of applying pQCD to its description. Furt hermore,
t he short-dist ance scales suggest, working wit h t he quark and glnon constituent s 
rather than the colliding hadrons themselves. The situation is analogous to DIS
and again a lact.orized formalism can be applied. This is illust rated in Fig. 3.9.

au»(0) « 1.08 and oj,. « 0.25 . (3.71)
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FlC. 3.?). A .schematic diagram for the production of final state particles <• and
(I in a hard collision of hadrons IM and h->

The basic cross sect ion formula for the collision of hadrons ii j and h_> to produce
particles c and il is given by

d<r(li, li•> - al) = f d x , d x 2 V /„/,„ (XI. //"iOA/i,,(.'••>. /40d<T(''6~c , / ) (Q2. /</••) . 

(3.72)
Here the /„/i , , and fi,/\,., are the same p.d.l'.s as arose in DIS. where the indices
refer t.o partons a. I> <~ {<|, q, g} in the interacting hadrons hi and ho. Here there is
a technical proviso that we are careful to use tin1 same factorization scheme iu the
description of both processes. They are evaluated at the factorization scale /i/.-.
which is typically 0(Q) a hard scale characteristic of tin" scat tering process.
The use of i he same p.d.l'.s is possible because the presence of an incoming liadron
does not cause the target liadron to modify its internal structure. This is the real
significance of the factorization theorem and helps to make pQC'f) a predictive
theory. Iu the matrix element, for the hard subproccss the part on momenta are
given by />,'' .ri/'ii, and //{' = .i't/>{[,. In general, we do not expect ./'i - x-> so t hat
the hard subproccss will be boosted with J — (./-| — x->)/(xi I- x>) with respect
to the h|h-j laboratory frame, resulting iu the outgoing particles being thrown to
one side or the other. The sum is over all partonic subprocesscs which contribute
lo the production of c and il. For example, the production of a pair of heavy
quarks receives contributions from qq —> QQ and gg — QQ. whilst prompt
photon production receives contributions from qg —• q~, and qq • g7. These
two-to-two scatterings give the leading. 0 ( < \ i ) and C?(oso,.ln). contributions lo
the hard subproccss cross sin-tion. Beyond the leading order it is necessary to
consider two-to-three, etc. processes, which gives rise to a perturbative expan-
sion a — Ci ,oo" + C'M.()O" + I + CNNI,(>O"+2 + • • •• A complication arises with
the higher order corrections as they contain singularities when two incoming or
outgoing partons become collinear. It is the factorization of these singularities,
order by order, into the p.d.f.s and fragmentation functions which gives them
their calculable /ij. dependencies. This, logarithmically enhanced, near collinear
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raeliation is manifested as t lie appearance of init ial and linal stale jets associated
with eaeli of the incoming and outgoing partons.

'Flic mix of hard subproeesses which contribute* to eepi (3.72) depends non-
t t'iviallv on I lie relative* sizes of hot h the cross sections and the p.el.f.s. The latter
are iulluenceel by both the type and energy of the colliding be-ams and any re-
i|iure>ments placeel on the kinematics e>f the final state. For example. requiring
the outgoing particles to be produced in a given rapidity range, perhaps e-or-
t'espoudillg to the geometry of a detector element , directly affects the .r-ranges
being sampled in the integral: see Ex. (3-13). To go further. we consider heavy
quark production at the TEVATIION, a y/s = l.<STeV (now 2 T e V ) pp collider
at. FKRMILAH. In the case of cent rally (y = 0) produced bottom qua rks one
has x\ w x> ~ 2vi\Jy/s 2 x 5 / 1 8 0 0 = U.005G. whilst for top quarks it is
n « r> ~ 2 x 175/1800 = 0.19. At small x gluoiis dominate the p.el.f.s, whilst
at large x only valence (anti)quarks are present: this is particularly true at the
higher scale appropriate for top production. Q ~ 2/«Q . Thus, bottom ejuark
production is dominated bv gg —> bb scattering, whilst top quark production
is dominated by the annihilation proc:css e|e| —» tt. Here, we* see- that in a high
mass 'annihilation process' it pays to have au antihadron in the initial state. In
this result the larger cross section for gg —» QQ is overwhelmeel by the p.d.f.
contribution. As a seconel example we consider eli-jet production. In the» ab-
seiie-e of any flavour eleterinillation the outgoing jets may be- seede»d by either a 
primary (auti)quark e>r gltion so that there» are» many cont ributing hard subpro-
eesses: gg —» gg, ge| —» gq, eje|' —» <jej'. etc. Loosely speaking, the relative hard
subprocess cross sections are in the ratio : C,\CF '• Cf.- ('tc.. reflecting the
colour charges of the collieling partenis. This allows us to e-xpress the integrand
in eqn (3.72) in terms of an effect,ive p.el.f. (Ce)inbrielge and Maxwell. 1984). see
Ex. (3-14).

/ . f - m ) with /",r(:r) - <j(x) Y , ^ ' (:l7:i>
J=<i,q

Here C'i- /C,\ = 4 / 9 ~ 1/2. 'Finis at moderate transven'se- jet e»nergies, ec|tiivale»nt
to moderate x values, gg scattering will be eloniiuant.

In addition to a hard suhproccss such hadronic scatterings alse> involve an
underlying event arising from the» collision of the two beam remnants. In broad
out line the underlying event is like a soft., inelast ic e-ollision bet ween two haehnns
of reduced C.o.M. energy squared (1 X[X-i)s. Fortunately, the soft particles
produe-cel have limited transverse» moment um and so elei not unduly obscure the
high transverse energy partie les produced in the hard subprocess. Observation-
ally there is an increased level of hadronic activity in hard events, even away
from any jets, as compared to minimum bias events which are effectively equiva-
lent to normal soft inelast ic collisions. This is the so-calleel pedestal e-ffect.. Thus,
more refined models builel in an interplay between the hard suhproccss and the
underlying event (Sjostrand auel van Zijl. 19X7). OIK> possibility, which Iwcomcs
more likely wit h increasing C.o.M. energy, is that a second hard scattering ex-curs
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between I In  par tons in I lie Iii iiiii remnants. y t rent ing I In- two si at I n s as inde-
i ii li iit the rate of double scattering can be estimated as y , nrif 2 i. i  The

assumption of independence is plausible provided all the momentum fractions
remain small.

In an experiment, it is necessary to supply a criterion to decide when to initi-
ate the read-out of the detector. Typically, t his trigger condition is based upon

nown supposed features of the events which are of interest. This introduces in-
evitably a bias towards ust such events. Therefore, it is also common to collect
an unbiased  data sample based upon a minimal trigger condition such as the
occurrence of a bunch crossing or the presence of an energy deposit somewhere in
the detector. Given the relative cross sections for the hadron hadron scatterings
these miuimiun bias events coincide essentially with the soft, inelastic collision
events. ince hadron hadron colliders are often viewed as discovery machines
searching for very rare events, there is a need to use high luminosities. Given
large hadron number densities in the colliding bunches it becomes li ely that
more than one pair of hadrons from the colliding bunches may interact, most
li ely in soft, inelastic collisions. Thus, even when a hard trigger is satisfied it
is uite possible that the detector is seeing an event of interest together with
several soft, inelastic events. For example, at nominal luminosity at the planned
I.I IC at  T . . each hard event is. on average, accompanied by 0( 1(1) simultane-
ous iinniinmn bias events. Fortunately, t hese extra pile-tip events produce mainly
low transverse momentum particles, spread throughout longitudinal phase space,
whilst the hard event must have high transverse momentum particles, typically
restricted kincmatically to the central (y = 0) region.

3 . 3 B o r n leve l c a l c u l a t i o n s o f Q C D c r o s s s e c t i o n s

lu this section, we shall review the calculational techniques required to evaluate
basic tree-level processes. We shall concentrate on the process e + e ~ — qq. which
is a paradigm for several important processes, together with its lowest. C?(os).
tree-level. QCD correction. e + e ~ —> qqg. which we will use in our discussion of
the Q C D improved parton model. We will also look at the pure Q C D process
qq —» gg which will give us an insight into the nature of gauge invariance. We do
assume some previous familiarity wit h Dime spinors and working with Feyinnan
diagrams. The interested reader can refresh t heir memory and find more details
in any good text book, such as the one bv Ait.chison and l lev (1989) or by IVskiu
and Schroeder (l!)!).r>).

3.3.1 e + e ~ annihilation to quarks at 0 ( o " )

The basic Feyuman diagram for e + e _ —» qq is given in Fig. .'{.10(a). Strictly
speaking, this lowest C?(o") process is more an electroweak than a QCD interac-
tion. However, it remains of great importance in the description of e + e ~ annihil-
ation to hadrons. and using crossing symmetry, also to deep inelastic scattering.
Fig. .'{. 10(b) and the Drell Van process. Fig. 3.10(c). Furthermore, by replacing
t he leptou pair by a new quark pair (q q'). we can learn about di-jet production
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a) c + e ~ to hadrons l>) Neutral current DIS

    

<1 e+ q' q'

c) Droll Yan process d) Di-jet. production

FlC. 3.1(1. Examples of the basic processes contributing to hard lopton lepton.
lcpton hadron and hadron liadron scattering. Our convention is such that
tIH* Feynman diagrams should be read front incoming s tates on the left to
outgoing s tates on the right.

in hadron hadron collisions. Fig. 3 .10(d) . It should also be noted that since the
elcotroweak couplings are relatively small . o, . l n ~ 10 2 . diagrams involving sin-
gle photon exchange should be sullieiont for an accurate description of processes
(a), (b) and (c). On the other hand, since the strong coupling is relat ively large
one might wonder about the size of the corrections to the single gluon exchange
diagram (d). Asymptot ic freedom will have something to say here.

T h e matrix e lement for o + o — qq is easily written down using the Feynnian
rules in Appendix B.

—i »)""
M = ( +) • - i 7(  (I ) 2  u(q)  - i  v(q) 

= cv((+)~fflu(r) x 0 Q-'2) x r.Whjri(q)rv(q) . (3.7-1)

Here, we use the particle names to also represent their four-momenta and in-
troduce Q>' = ( f + |- £")'' , the four-momentum transfer. For simplicity, only
photon exchange is included, which is appropriate for Q~ My. and we have
chosen to work in the covariant, Feynnian gauge, ^ = 1. T h e <|tiark colours are
specified by the colour indices and j which run from 1 to N c . Note that we
have explicitly included a colour conserving Kronecker i5-function at the (juark
photon vertex which ensures that the qq-pair forms a colour singlet. T h e order
of the terms carrying spinor indices has been determined by working backwards
along each fermion line. Next , we need to evaluate the mat rix element squared:

| - ^Vt^Vi'. Now. whilst M is a complex number it is formed from a product.
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ol nialrices, so that it is more convenient to use M * - ./V|* and rather evaluate
\M\2 = MM1. namely.

\M\' = c-- D(f+)7,I«(r)[f-(i+)7,«(r-)]t x Q-x

x ( « g 3 • ' V V • «K^-y"wiv)[w(far)-»"wC7)]f

= c 2 • H e + h „ * ( t - ) & ( t - h M i - ) x Q - > 

X (re,,)2 • Nc • &(</b" t>(<l)H<lh"n(<l) • (3.75)

Here, care has been taken to keep the leptonic and hadronic terms separate
and also to stun over the repeated indices. The llermitian conjugated terms in
eqn (3.75) have been dealt with as a s|)eeial case of the following result.

[«r,r2---r„<;it = r t r j ,-- .r .Ut r f - v f
i " f o "

= '"'(Tori,70) • • • (7or^7o)(7orl 70)"

with 7n{l.7S,7/.0>«T,5-<T/«'} 7o = { + 1,-7,r>-+7/i-+7/x75.+<*;,/>}

Here F, represents any one of the five basic 1 x I matrices.
At this point we pause to comment on the colour factor in eqn (3.75). Strictly

speaking, the quark and ant ¡quark come with colour polarization vectors, so that
M "x <i' (q)j ri/j "(q)j in eqn (3.74). Then, when we sum \M\~ over t hese colour
polarizations we must use t he result

"('l)*."*((')i = 4 | "(g)c«'(&)<, = <>c<. . (3.77)
rol.pols col, pots

appropriate for unpolarized quarks. For completeness we have included the equiv-
alent result for a gluon. where now the indices {ft.c} = 1 . . . Ar2 — 1. Thus.

•j a(<l)j x ["* (q)A- ^ki «(q)/]

= T faifiijtijrflk = / , fijjfiji = Av (3.78)

Rather reassuringly, the reaction rate is found to be proportional to the number
of quark colours. .V,.. If a quark or gluon appears in the initial state then the
corresponding colours should be averaged, as described in Appendix B. In prac-
tice, it is standard not to write out the colour polarization vectors and instead
simply keep the same indices on the external particles in both M and M1.

A similar result, originally due to van der Wacrdcn, can be used to eliminate
the spinor basis states still appearing in eqn (3.75). Denoting t he spinor indices
by {/'../,/.-./} = 1 . . . I. the following relations hold

"(l>)Ml>)j = ^ [(/> + » 0 ( 1 + 75/%; |M « 7, [( / + » 0 ( 1 T lr.)\,j
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"(/')/•"(/')/ 7, \(/> "')(1 I" 7r./)|, , | 8 | p « |(/> -I-»")(1 F 7r,)],, (3-79)

The spin polarization state is specified by the space-like four-vector s which
is orthogonal to />. s • /> = (I and which for a pure state is normalized such
that I. The approximate form is appropriate to the high energy limit,
HI <SC E. when the spin vector is parallel/ant ¡parallel to the particle's direction of
travel: the so-called helicity basis. Often the incoming particles in a collision are
unpolarizcd. that is. they are an equal admixture of all possible polarizations. It
is t herefore conventional to include an average over the incoming particle spins:
again see Appendix 13. Concentrating on the hadronic part o feqn (."i.7-r>). making
t he spinor indices explicit and assuming no spin sensitive measurements are made
on the outgoing quarks this result allows us to write:

E "( ' / ) . '>:, " ( < / h ' ' ( ' / h y ' u « ( ' / ) / = ( X " ( ' / )" ' ( ' / ) • K ( X • > ( f ~ i h H < l h ) i H
spiiis spins spins

= (fi + '".,)/. • 7'j • (ff - '"<i)jk • 7ki 

= Tr{{^ + m l l ) 7 " ( f ? - ' " . , ) 7 ' / } - (3-80)

In reaching this point we have been careful to make explicit the individual steps
involved. Consequently, t he derivation seems quite lengthy. However, with prac-
tice oik* can. in principle, go straight from A/f to the traces over propagators and
vertices appearing in \M\ 2 . One simply writes down a "»-matrix string from M 
followed by a second --matrix string from M 1 but with the order of the individual
I'-terins reversed, including minus signs for any 75 and 7;,7r, terms present, see
eqn (;i.7(>). and with spin-sums ( / i ± 111), as appropriate for the external spinors,
inserted bet ween t hese st rings.

To deal with such traces of 7-niatriccs we adopt the following strategy which
is always guaranteed to work. First, expand out the brackets so that you have
a sitin of terms of the form Tr {-¡I' lyi ' i . . . y . . J Second, set all terms where 11 is
odd equal to zero: here remember t hat. 7r, is the product of an even number (four)
of -matrices. Third, for trace's of an even number of 7-matrices repeatedly use
the following algorithm based on using the Clifford algebra. 7''"•/' 2i/'"' - ' 
to permute the first 7-matrix through the rest. We illustrate this for the case
11 = I. where we need to iterate three times,

Tr {7"7"7"7 r } = Tr {(2,,"" - 7 V ) 7 < V }

= 2 , , " " T r { 7 ' T 7 r } - T r { 7 " 7 " 7 ' T 7 r }

= 2//""Tr { 7 " 7 r } - 2//""Tr {7"7 r } + 2i/"rTr b ' V }

- T r { 7 " 7 " 7 r 7 " }

= > = //""Tr {7"- , r } - //""Tr { 7 V } + i/"rTr {7"7"} . (:i.81)

The last line follows because t he final trace equals the original one bv the cyelieity
of t races. The algorit hm reduces t he number of --mat rices in a t race by t wo each
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time it is applied. For n 2 it gives 'IV "} //'""IV {I | //'"' • I. Tims the
final result becomes

Tr {~,"Y~r"iT} = -i \'rv"T - >r>r + ' r > r \ • 

Of course, in practical situations a number of tricks (short cuts) can often be
used to speed up evaluations, for example.

•" • 7/i<ty'7i> •1 • = +«" x • •' 7|i7i» 7,. # 7 " •••= 1« bx ••• 1 • • • 
• • • 7//^7'' • • • = - 2 x • • • (I = , 

( 3 . 8 3 )

where tlx* dots are to remind us that the strings of consecutive --mat rices may
lie embedded in a larger expression. Unfortunately, familiarity with these tricks
only comes with practice. Given these trace results it is now straightforward to
evaluate the liadron trace, eqn ( 3 . S O ) , t o yield

Tr {(rf + /„„) 7 "W - m„)7"} = Tr - '""Tr { - „ ' , . }

= 4 [,,'•<-,''-<,<-,,,'•" + < / v - » v r ]

= 4 [(¡"q" +,r<r ~(Q2/2)>r) . ( 3 . 8 4 )

The leptonic trace, coming from eqn ( 3 . 7 5 ) , can be evaluated in the same way
and gives essentially the same result, though with an extra factor 1/4 reflecting
the spin average in case of unpolarized beams. If we collect our results so far. we
liud

X > w i 2 = ¿ r e 2 • T i<(/+ - >»th,(r + »</)>}

x(cc q ) - .V r . Tr {(,? + « i„b"(j f - '"<1)7"}

= • ( C C + - {Q2n)'hA
Ql

x(rrti)'2Nc • 4 [q"Q" 4- <]"<," - (Q2/2)q"

1

Q'
= — L , „ , . / / " " . (3.85)

Here is int roduced to denote a sum over final state and average over initial
state spins and colours. Also, for future reference we have introduced the lcpt.on
and liadron tensors /.(,„ and //'"'. The Lorent.z contractions are easily carried
out to yield

= (^c^fNc2 ( 2 - H'2 + p'2 C O S 2 <r ) . ( 3 . 8 0 )

In the second line the result is written in terms of the G'.o.M. variables 0 ' . the
scattering angle between the incouiiug lepton and outgoing quark, and ¡1'. the
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velocity i»t' the final state quarks. In this C.o.M. frame, with massless loptons
I ravelling along the ¿¡-direction and the scattering in the x-z plane, the four-
lilomenta are given l>y

= ( ) . ( ) , ± 1 ) (:{.<S7)

( - > / ' Jo2 I 
and '/ = (1, ±fl'x sin 6>', 0, cosfl*) with ii* = J 1 - . 

Note that as a Lorentz invariant quantity |A4|- could only depend on the parti-
i |es" four-momenta via their invariants, for example, their scalar products, ]>,-¡ij.
In a two-to-two scattering. <ib — cd. it is common to introduce the Mandelstam
Variables

= {}>» + PI,)2 I = (/>« ~ Pr f II = (P„ - Pdf 88x

= (Pc T P,l)~ = (pi, - P<l)'2 = (Pb - Pc)2 • 

Of those variables only two are independent since they are constrained to sat isfy
n I I I ii iii2 -I- mf, 4- in2 I '»";• Since s > m a x { m 2 4- mft.mf. I infi} is always
positive, one of I and ii. typically both, must he negative. Of course there is
some freedom on which particle is label led c or d. The motivation for a specific
choice is to try and ensure that the Mandelstam variables naturally arise in
the propagators: .s in annihilation processes. for example. e + e ~ — qq. and I 
in scattering processes, for example. <?q —> /q DIS. One refers to s-. I- or u-
channol contributions. In terms of the Mandelstam variables, with I -= (<i — l '~)2 .
e(111 (.'{.<S(i) can be written

According to cqn (B. I), to obtain a (differential) cross section we need to
include a Mux factor for the incoming particles and a (differential) phase space
factor for the outgoing particles. In the uiassless-lepton limit the llttx factor,
cqn (B.5), is given by I / ( 2 s ) . The evaluation of two-body. Lorentz invariant
phase space, II 2 in cqn (B.(>). is relatively straightforward and gives

d-M,., = ± % ! d cos 0 ' « *
8~ y/.S 2 77 

1 (1/ (\<t> 
(:j.9(l)

M 5 ? | p f „ l \ / 5 2 - ' 

The first expression for the two-body phase space element is appropriate for a 
description of the collision in the C.o.M. frame. In the second expression it is
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given in ternis of the Mnudclstam variable I. After integration over I lie a/hnulhnl
angle <l> and introducing the frequently occuring line structure eiuistaiit n 

Iff

the final result becomes

(3.91)

d<7 f >rn/- 'q~Ar

dcosfl* 2s
(2 - / < 2 + cos 2 « ' ) /* •

d/ .s .s-2
(3.92)

If both Icpton beams had a transverse polarization, then the matrix element
cqn (3.8(i) would ac<|uire a non-trivial 0 dependence.

Equation (3.92) is easily integrated to give the lowest, order expression for
the total cross section for e + e ~ —• qq,

"o
2tto 2 ( \ Itto-',, .. 80 .8nbGeV 2 „ 
— " - f J Vt * * - <»r . (3.93)

The approximation holds well above threshold. \ / s 2> 2///,,. equivalent to —• 1.
It should be noted that the fact that the total cross section depends only on .s
and //!,, is a result of the quarks (and leptons) having no sub-structure, that
is. they are point like. Furthermore, t he polar angle dependence in cqn (3.86)
is a direct consequence of the quarks (and leptons) having spin 1/2. Given
(pseudo-) vector boson exchange the lepton and quark spins like to align at the
two vertices: a positive (negative) helicity particle with a negative (positive)
In-licit,y antiparticle. Thus, we have an initial sp'ui-1 state annihilating into a 
linal spin-1 state aligned at an angle 0 ' to the initial state. This 0 ' dependence
in cqn (3.80) is usefully rewritten as

i .2
C ° — IX (1 + c o s 0 ' ) 2 + ( l - e o s f l * ) 2 + 8 ^ - 2 sill2 0' . (3.94)

(I cos ft* .s

The first term corresponds to the contributions with a positive (negative) he-
licity Icpton going to a positive (negative) helicity quark; angular momentum
conservation then favours 0' — » 0 over 0* —> TT. Likewise*, the second term cor-
responds to a positive (negative) helicity Icpton going to a negative (positive)
helicity quark, which is favoured when the quark and lepton are antiparallel. The
last term corresponds t.o a spin zero final state involving a spin-flip, which can
only occur for massive quarks. That the first two terms contribute with equal
weight is a consequence of Q E D (and QCD) being parity conserving. The pho-
ton couples with equal strength to the left- and right-handed ferinions. The weak
interaction violates parity conservation and the Z couples differently to left- and
right-handed ferinions. This changes the balance between the first, two terms in
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i <|ii (3.9-1) mid leads in a term linear ¡11 c o s 0 ' which induces a forward backward
iiHvnunetry. A similar o i led can be obtained bv polarizing one or more of the
Ici'inions.

I'o obtain similar results for the processes / <| -» C~q and qq —> . shown
In Fig. 3.10. one approach is to calculate the matrix elonieni in exactly the
inline manner as above. An elegant alternative is to take the previous result for
Al</ f + —> qq) and use crossing symmetry. T h e basic idea is to swap particles
between the initial and linal s tates . An example is given by

M"h-Cd(p<,.ph.1>r.p,i) ^ M""~bC(pn.-p,l. -p,„p<:)

=> \Mub~'c',{s, I. w) | 2 = \M'"'-'" (I. 'I. .s-)|2 . (3.95)

When ferinions are involved the equality of the ampl i tudes is modulo an unob-
rtervable phase. Since the physical regions for the Mandelstain variables in the
crossed and uncrossed process do not overlap, the arguments of the second am-
plitude have to be analytical ly continued. T h a t this is possible places powerful
const raints on t he allowed form of the amplitude. T h e only real, though minor,
complication is to remember that the spin and colour averages for the initial
state may need to be changed as appropriate. Using these results and neglecting
masses we quickly obtain

J | > f ( r - q ^ r q ) | 2 = ( o % ) 2 ^

and J>W(qq - r*+)|* = (,;
2<iq)2i-LJ_iL . (:$.<J(i)

Observe that the result for qq • f.~f+ is essentially the same as for f ~ f + • <|<|. 
except for the extra factor 1/JV2 due to the average over the colours of the
incoming quarks. In s i tuat ions where a number of processes are related to one
anot her be crossing symmetries it is common practice to only quote one matrix
element (squared) and expect the reader to derive the others using eqn (3.90) .

Finally, before finishing our discussion of these processes, we return to a 
very important property of the lepton and liadron tensors defined by eqn (3.85).
Suppose that we introduce a polarization vector for the exchanged (off mass-
shell) photon and take f(Q)'1 oc then it. is easily verified that.

Q>'L,IV = 0 = LIIVQ" and Q"H„t. = 0 = H„„Q" . (3.97)

which is t he einbodiinent of e lectromagnet ic gauge invariance. As a conse(|iience
of t his result , had we chosen a gauge in which £ / 1, then t he extra terms in
the numerator of the photon propagator, which are proportional to Q1', would
have given zero cont ribution. It was sullicient to use only —//,,„. This is a trivial
example of a more general result which states t hat the sum of a gauge invariant
set of ampli tudes cannot depend on the arbit rary gauge parameter £. To see why
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a sum of amplit udes must vanish when a photon's polarization vector is replaced
by it s four-ninmcntmu consider the Fourier transform of a Range transformation,

A" >-. A" + c~x'0"0 => e(ky f(k)" + e~xk"0 . (3.98)

Since 0 is arbitrary, the scalar product ( ' 'M,, is only guaranteed to be gauge in-
variant, if we require k"M,, = 0. A similar, though more delicate argument holds
in the uon-abeliau QCD. For more explanations see eqn (3.118) and the discus-
sion in Section 3.3.3.1. Constraints such as this significantly limit the possible
tensor structures of amplitudes and provide very useful checks on the interme-
diate stages of a calculation.

3.3.2 e + e _ annihilation lo i/uarks at O(al) 

We now consider the leading, tree-level QCD correction lo the processe + e~ — qq
in which a glnon is radiated from either the quark or the antiquark. e + e ~ — qqg.
Tin; two Feyninan diagrams are shown in Fig. 3.11.

e + (l e + q-./

FlC. 3 .11 . The leading, tree level QCD corrections to c + e ~ —» qq. The moiuen-
t inn shown at. the internal (|tiark flows in t he direction of t he fcrmion number,
as indicated by the arrow.

Concentrating on the hadrouic part of the amplitude, and again assuming
only photon exchange, t he matrix element is

M„ = i (•<•„<),Tl'j ft(q) W + // + »'<.) , A -(ti + fi) + »'.,_
; 7/1 + 7/1 , - , V, •) la »(<iy(n)° • 

(3.99)
The minus sign in the antiquark propagator arises because the moiueiitiun is
Mowing in the opposite direction to the fcrmion number. Before proceeding to
evaluate \ M \ 2 it is instructive to verify electromagnetic gauge invariance. Using
Qi' = qi' ¿ji' -(- yi' and neglecting the constant overall factors we have

M„Q" OC a(q) 

= »(</)

1

id + it - IIIq 

1

(fi + 4-»«.,)

(ii + t + i ) + (4 + i + 4) 
l

W + 4 - »'<.) -('».. + it i 4) 

( - W + if) - » ' « , )

i

(4 + Si + '»<.) 
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"(<!){/'I ~ 1 / ' ] =<»• (3.100)

HI-IT we wrote the propagators as inverses, using (/> - iii)(/> + m) = (¡r nr) 1.
mill exploited I lie Dirae equation

(li " »'.,)"(</) = (» (f? + '»<,)«(</) = 0 m n

fifo)« - '»<,) = 0 v { < m + m„) = 0 . 

I'liiis. we eonfirm that our expression for the amplitude is gauge invariant , pro-
vided we include the contributions from both diagrams.

At this point, we set t he (¡nark masses to zero, as t hey serve only to complicate
our calculations. This is a good approximation for the light quarks. Since we
already know t he Icpton tensor we only need to evaluate the hadroii tensor.

MtiaMlTt-(c,r({(j)T = M„„Ml° . (3.102)
spins spins

l ine . we have expressed j\4„ from eqn (.'i.i)i)) as M/lo
f(ff)t{7 and used

pol

for the gluon's polarization tensor. We shall return to a consideration of this
expression later. We start by considering the first diagram in Fig. 3.11. in which
I lie glnon is emitted by the quark, which yields

(-'i •.'/)- X ] M<\M\ * Tr MT» if} + rfh»fo«(f} + Oh"} 
spins

= +2Ti-m+iihMfi i -m 

= + 2 T r { # 7

= + 2 • 2(<i • <)) • 1 [<],,</„ -f (/„<]„ - (<i • »)//,,„] . (3.104)

Mere, we used some tricks from oqn (3.83) to speed up the evaluation:

2(f. M — <T = 0 '""I )'lii = 2</ • fi — together with <r = 0. Note that scalars
appearing in an expression which is a product of some -^-matrices have to be
multiplied by a 4 x I unit matrix which is usually not written explicitly.

In eqn (3.104) we see that the factor ('/•;/) partly cancels the singularity from
the propagator so that the contribution behaves as ('/•.'/)"' and not (q • f/)~2 as
might have been anticipated naively. This cancellat ion is typical of such calcula-
tions. In retrospect, this is not so surprising if we consider the q —> qg branching
iu isolation. This can be achieved by expressing the numerator of the quark
propagator. /». as a sum over bispinors. ! / ( /> .s)v(p . s). c.f. eqn (3.20). and pick-
inn <»ut t he term ii(rj)/'(jf)u(p). This expression has mass dimension one, and
since t he only relevant quantity carrying mass dimensions is the virtuality of the
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propagator. wo have that ii must he proportional to \J2<t • </. The properties of
such branchings will be studied later. They are important, when the propagator
becomes singular and they start to give the dominant contributions to a ma-
trix element. These propagator singularities can be identilied with two physical
regions. Looking at the denominator

[(</ + a)2 - m 2 ] = 2,i • fl = 2EuEr(\ - cos0< l g ) . (3.105)

it, is clear that this inverse propogator tends to zero for vanishing gluon energy,
EK — 0. known as a soft singularity, and for a masslcss quark. 1. when the
opening angle vanishes, —» 0. known as a collinear or mass singularity.

The evaluation of $3fi | l i l lg proceeds in t he same manner. The result can
he obtained from oqn (3.101) by exchanging (/'' and <]''. T h e more cnmbersoine
(•valuation of the cross-term yields

(2<,-!,)(2f, <i) Y , { m . M , }

— l(i [(</ • <l)(Q~'ln» - 2Q„<i„ 2('i,lQ„ + 2q,,q„) 

S p i l l *

+ 2(<1 • Q)q„q„ i 2(q • Q)q„q„ - Q2q„q„ . (3.106)

Combining these results, restoring the constant factor and evaluating the sum
over the final s tate (¡nark colours, which is conveniently done using oqn (A.17) .
Yv{T"T") = C¡. fl,, = Ci-Nc• gives the hadroiuo tensor

_ Hcc^u'jCrN,.

(<l • <))(<! • ! / )

* { -Q"('/,-'/, + q,,<l„) -\(q- Q)2 + ('7 • Qf\>)„•' (»•107)

+ (q • Q) \q,iQ» + Q„q„] + (<1 • Q)[<l,Q,> + Q„<1>\ 

+ (q • 'D [Q,'('/ - <!)>' (<i ~ <1 )nQ»\ + ('/ •'/ + Q2/2)[q„<i,> - <i,//..)} • 

This can be contracted wit h the loptonic tensor, oqn (3.85). to yield t he following
expression for the matrix element, squared:

I',.i' = »('' <%,) qsC /- 'A, - — — 
Q- ( ' /". ' /)( ' / • U) 

(3.108)
Observe that only the first two terms in eqn (3.107) give non-zero contributions
as the others are either proportional to ' and vanish by gauge invariance or
are antisymmetric under // »-> (/.

To obtain the differential cross section eqn (13.-1) we need to include the lln.x
factor, which is the same as for e ' e —• qq, and the three-body phase space.
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ii .  in - ii 1 . i . I lic evaluation of the phase space is best carried out in the
.ii. . frame and yields

I , I 1 , r l r 1 12 1 1
I  o   

2tt
1

 1 1 ii oi
1 2 ; r - 1  2

.  I  i f t d; i

I lere particles I and 2 can be any of the three filial state part icles; for the problem
 hand 1= . 2  and g is the natural choice. The second expression follows

alter integrating over the decay plane s orientation and the third because, for
example. ; 2  Q~ -I- i i2 - 2\/Q- h o . Combining t hese results gives t he fully
dilferent ial cross section

t f c -  i - - qf + r  q)2 + ( +  qf + (C+ f7)2]
I    o s C .

Q'2 s Q2 {'luWi-o) 

x d t , d E d f  . . .11

ften, in practice, we are not interested in the orientation of the decay plane.
That the three particles lie in a plane, in the .o. . system, follows trivially from
>1 I </ I (J  . The integrations over ,,,, ,, and 0U may he done explicitly in
e ti . .11  or done e uivalent ly by replacing I  with the orientation-averaged
lepton tensor

(L I' ) = ^ ( - , r + r  (<?' ' + 2 m i ) . .111

Here m  may be safely ignored. This tensor manifestly satisfies e n .  and
may be thought of as t he spin-averaged polari ation tensor for the exchanged, off
mass-shell, vector boson. Re-evaluating ,,,,  t hen gives for the spin-averaged
cross section for masslcss uar s

.2 «  - -  g 1 1 1 . . .7 = <T() — C,. —— 17  <I V' <| 
2- (q  l)(q  o) Q-

/l-'/r  .V? + 2

n  . .112
dr . dx , , 2 - 1 - . - , , 1 - . ;,,   

In the second form we have introduced the variables . ,. e ual to the energy
fraction of t he t h particle in the C.o. . frame, defined bv

and such that .i ,  .r,, I .rR  2. ro ected onto the  plane Fig. .12 .
a alit  plot, the allowed phase space lies in the upper-right triangle of the
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Fit!. 3 .12 . A Dalit/, plot showing the allowed region of t he ./ ,, - r,, plane for a 
7 —> <l<|g event with niassless partons. The thick lines indicate the collincar
singnlaritics, 0<K —» 0 = > ./•,, = 1 and 0<K —> 0 = > j:,, = 1. their intersection
marks the position of t he soft singularity. .rK —< 0 = > x(, = 1 = .»:,,. Also
shown is the boundary line separating t he two- and three-jet regions based
on the criterion mnxf.i:,,../-,,.jrR} < 7".

./•,, = ;(). 1] j , , = ¡0. l! s(|ttare. with lines of constant xR running parallel to the
diagonal edge, where a:R = 1 . In eqn (3.112) we see very clearly the singularity
structure for gluon radiation. If 0,m —» 0 then 2</ - <y = (1 .'<,)<7" — that is.
,r(| — 1. whilst if En — 0 (.ig — 0) then both and .r,, 1.

3.3.3 (|(j —» gg and the niiut/c. invariant QCD Lai/mui/ian 

We will now consider a pure QCD process, qq —> gg. at leading order with, for
convenience, niassless <|ilarks. Our approach will be to try to generalize the well
understood theory ofabe l ian (¿ED to describe the non-abelian theory of (¿CD.

Fit:. 3 .13 . The three leading order Feynman diagrams for qq — gg.
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By direct analogy to 111 » - process c |< | • 77 we arc quickly led to the first, two
fcynumn diagrams shown in Fig. 3.13. Their matrix elements arc given by

(M, -I• M„){c-(,„).(• (,,2))

-Ì(JÌHQ) "('I) • 

(3.111)

()liserve I hat we have included two non-commnt ing colour matrices at t lie «¡nark
gluon vertices. This has significant consequences for gauge invariance. Replacing
'(lli) hv <l> = <1 + <] — n 1. c.f. eqn (3.100), we easily find

(M, +M„)[E'{(,X).<,2) = -I!,L(TBT"-T«T%MR(FHM<L)

= - a i f a h c n m f U n ) " ( ' / ) - (3.115)

',ip I hat. unlike the ease of abelian C^FD. gauge invariance appears to be violated!
Ilii" result is unaffected by including non-zero quark masses. Indeed this would

lie the case if there were no other diagrams contributing. However, since gluons
carry colour charge, we might anticipate t he existence of a t riple-glnon vertex
giving t he third diagram in Fig. 3.13. In fact. looking at eqn (3.115). we see that
the remainder has the form of a quark gluon vertex proportional to — i f/sTj] times
a new factor proportional to +<7«/"'" . that is. proportional to the appropriate
colour matrix for an adjoint representation gluon. That the gluon should be
placed in the adjoint representation makes sense from the group theoretical point
11I view, because when coupled to a particle in the representation / i only the
adjoint representation, which for SU(3) is an octet. is guaranteed to be contained
within the tensor product [{<%]{. Thus, only octet gluons can directly couple to
particles from any other representation.

The properties of this new triple-glnon vertex +{lsf",'r^l„.a(.!/i.i/2-!):i)- with
<h +.'/.» H .7:1 = 0. are easily established. Looking at eqn (3.115), and bearing in
mind the .s-channol propagator present in Fig. 3.13. it must have mass dimension
one, be a Loreiitz tensor and. since gluons are bosons, be totally symmetric
under Interchange of the labels on any pair of gluons. That is, since /"'"' is
completely antisymmetric in its indices, the same must hold for V. Thus, il
must, be constructed from terms of the form >h„,<i\n. ihwU'io- 'hu'fr.ia etc. and be
antisymmetric under /< <-> \> and <i\ <-* <j2 etc. A little experimentation shows
that the only non-trivial possibility is

(fh 102153) = [vi„'(<l\ - <Jl)o + V»a(<)2 -//:<)/, + I In,, {(In - <h )„] , (3.110)

as also given by the Fcynman rules iu Appendix B. Taking over t he form of the
(Feyninan gauge) photon propagator for the gluon we have

M ,(c'(f/i).c' (f,2))
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».(«/) • -\<i,T']lo • «(</) x x +gj"br («• H7) 
(.'/i + <h) 

X ['/„.,(//1 - iJ2)r + '/cr(.'Vl + 2<!•>),, - i?„,,(2(/1 -f (/,,)„! • e * (i/1)"('{<!•>)" . 

and again replacing <'(<u)" by g'i in iliis new contribution gives

Ms (<•( / / ! )..'/*) I i / ; /" '" 7];,-,(,;)

(¡¡veil the choice of unit, numerical coefficient in cqn (3.1 l(i) this exactly restores
gauge iuvariance. provided the first gluon is physical, that is. g\ • f(g\) (I. 

scattering

Having heen led to introduce a t.riple-gluon coupling we ought to consider
also the process gg —> gg, which now can proceed via the first three diagrams in
Fig. 3.I I. If we test gauge iuvariance and replace f'(gi)'1 by //,'. the sum of the
first, three diagrams in Fig. 3.11 gives the following contribution:

(M, + Mu+Ms){e(ai).f(!l2).f'iO:i),H\)

= -\<£[ + /"'" rl'{u • r:j • 94 - ft • HI f2 • <$) 

+ r"f<"»(fl •cj, c a - ^ - f , -c-if^-.j,) 

+ f"'l, f'"r(e, • 62 4 • <71 - ft • <5 ea • ill)] (3.119)

Here, we assume on mass-shell (g'f = (1). physical (g, • r(g,) = 0) external gluons
and employ the .lacobi identity. c(|n (A.12). Once more, we find problems with
gauge iuvariance for this subset of diagrams which can be remedied by int roduc-
ing a dimensionless. fully symmetric quart.ic-gluon vertex. The exact form can be
read off directly from cqn (3.119) and can be found in Appendix B. This vertex
has exactly the same structure as that derived from the gauge-kinetic term in
the Yang Mills ((¿CO) Lagrangian. What is more, these triple- and quartie-gluou
vert ices are sufficient to guarantee the gauge iuvariance of all QOD processes to
all orders no other gluon self-vertices are needed.

3.3.3.1 Physical states and ghosts In cqn (3.11 <S) we demonstrated effectively
the gauge iuvariance of the qq —> gg amplitude provided that both gluons have

•Vt ' ' ( i l l )
2gi • g> 

n( , , ) . (3.1 IS)
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physical polarizat ions. Thin raises I lie issue of how to treat, the polarization
tensor for the gluon: is the (¿I'll) form, eqn (3.1(1:5). really adequate for QCDY
for a vector particle of moment um /.•'' its polarization vectors must satisfy

f(A- s) • f'(/.:: s') = and A- • r(A-) = 0 . (3.120)

I'he lirst equation imposes ortho-normality on the basis states whilst the second
equation requires that, they are orthogonal to the particle's direction of motion.
Now, because the glnon (or photon) is niassless it only has two physical polariza-
tion states whereas the second equation only imposes one constraint on the four
components of a polarization vector. Thus, we require an addit ional constraint,
which can be taken to be n-c = 0. where n is any four-vector subject, to n• A- 0.
As the physical polarization sum. I c a n be constructed only from i]/n/. kf[ and
II„. is required to satisfy k"T,„, = K"T,„, = II''Tl,„ = v"Tl„, — 0 and have trace
'/"'' = —2, it. is straightforward to show that it must have the form

C ( A V (* )>' = 4 ^ " („ . /,)-• ' (3.121)
pliys

see Ex. (3-15). This is precisely the form of the numerator of the gluon propagator
in a physical gauge. There is quite some freedom in the choice of ?»'' which we
can use to our advantage. In particular, having i r 0 simplifies things.

Given the correct polarization tensor, eqn (3.121), you might, ask why this
expression is not. used in QED calculations, since the arguments leading to its
construction apply equally well to photons and gluons. The difference lies in the
realizat ion of gauge invariance. In QED we have

(3.122)

which for a physical photon is independent of the polarization of all ot her pho-
tons. In QCD all other gltions also had to be physical. Thus, the 'extra* terms
in eqn (3.121) which subtract out the imphysical longitudinal and scalar polar-
izations and are proportional to A- give vanishing contributions and can be safely
dropped. In QED. we can use i)lt„ for the polarization sum. Likewise we can use

i/i,,, in QCD. provided only a single external gluon is present. If two or more
external gluons are present using - , will leave unwanted extra contributions.
For example, using the full expression for the qq —> gg amplitude the additional
contribution is given by:

M . r M l T . ^ \ - n " 0 ' } x ( - # * ) - - i f + » - » 
(<¡"«1 I "1<f\ ) n2 <f\<f\

" l ' i / 1 ' ( » l - f f l ) 2 .

_ r r ' + ( » 2 " 2 + " W i ) _ ;;;.> U l ' f ' 1 1 

1I > U2 2 (l>2 ' H2)2 \ J 
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i.'/.:/"'" Tji «"'('/)}>,«(</)
2Hi • !U 

(3.123)

Here, svc see that any dependence 011 the arbitrary four-vectors n\ and n > \an-
ishcs. whicli is in fact required l»y gauge iuvarianee. Tlie final result also appears
lo he asymmetric. However, this is illusory: if we replace </i by (</ + ij) — <j>. then
the bracketed term vanishes and we are left with the same expression except
thai now {¡., appears, and /"'"' becomes /'""'. that is. the result really is 1 2 
symmetric.

The obvious way in which to avoid the contribution due to unphysical glnon
polarizations, such as in eqn (3.123). is to always use eqn (3.121) for external
gluons. However, this is cumbersome and an alternative is available. We r e a m
eqn (3.103) for tin- polarization sum and add yet another diagram to thos- in
Kig. 3.13 whose contribution is designed to cancel exact ly t he unwanted contri-
bution. Looking at eqn (3.123) the structure is t hat of a qqg vertex, followed by
a glnon propagator and finally a term proportional to ~<lsf"'"!/['• This suggests
the form of a new i/jjg vertex. We choose // to be a Lorentz scalar Held, for sim-
plicity. make it complex to give the vertex a 'directionality*, so as to distinguish

<j\ from <¡2. and put it into a colour octet representat ion to justify t he /"'"' colour
factor. Finally, we have this ghost field obey Fermi Dirac statistics so that closed
loops acquire an extra minus sign as do (¡narks. However, ghosts are scalarsand
this choice violates the spin-statistics theorem. As a consequence ghosts violate
imitarity and give negat ive cross sections which cancel precisely t he unwa trod
term eqn (3.123).

FlC. 3 .15 . Two of the diagrams contributing to the glnon self-energv

At this point the rôle of the unphysical ghost fields appears to be only to
facilitate a trick intended to simplify t he calculat ion of tree-level amplitudes. The
situation is more subtle when loop diagrams occur, such as in Fig. 3.15. These
diagrams can be viewed as either higher order cont ributions to the amplittice for
qq scattering or. if the diagrams are 'cut' through the loop, as contribuì io is to
the amplitude squared. M (left-hand side) x A41 (right-hand side), for qq — gg.
This dual interpretation can be made more formal. In the first, interpret it ion
there exists a region of the loop momentum integral (see Section 3.1 for an
elaboration) in which both internal particles are real, that is. on their positive
mass-shells, and generate an imaginary part in the complex amplitude. 11 t he
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,c<(ni(| interpretation this same integral corresponds to the phase-space integral
appearing in the total cross section for the production of a pair of real gltions.
i I his non-linear relationship between S-niatrix elements is in essence the optical
theorem.) The significance of this equivalence is that we must restrict the internal
•luons in any loop to only physical polarization states or violate mutarity. This

can be achieved in two ways. Eit her, use a physical gauge, so called because only
physical polarizations propagate for an on mass-shell gluon. Or use a covariant
gauge and whenever a gluon loop occurs add the contribution from a ghost loop,
remembering to include the extra minus sign, thereby ensuring the removal of
any non-physical contributions.

3.3. I The evaluation of colour factors 

I'he evaluation of the colour factors which occur in the expressions we will en-
counter for matrix elements can always be found using essentially two results,
for any particular sub-amplitude the colour factor consists of an ordered prod-
uct of T" and f"llr terms. The lat ter can be eliminated by applying the following
Identity, derived in Appendix A.

to the fundamental representation. After applying eqn (3.121) we are left with
a string of T" matrices. Now all internal indices are already summed over and
once the amplitude is squared and colour averaged so are all external indices.
Thus, t lie mat rices can be paired as T" T£t T*Tb

x • • •. allowing the completeness
relation to be substituted,

finally, by carefully contract ing the colour ¿-functions, a pure number, the colour
factor, will remain.

We illustrate this approach using the process qq • gg. Schematically, the
amplitude may be written

The first two terms are associated with the two orderings of the double breins-
st rahhmg contribuì ion. The third term, which has been eliminated eit her directly
using eqn (A.10) or less directly using eqn (3.124) and eqn (A.7). is associated
with splitting of a radiated gluon via the triple-ghion vertex. The T"T'' and

fabc = ~—Ti{T"TbTc - TcTbT"} , 
7 >

(3.124)

(3.125)

M = TaTbMt -I- T'T"M„ + i f"'"TMs

= T"Th(M, + A4 , ) + ThT"(M„ - A t , ) . (3.120)

ab tjkl
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ijkl " b 

= - X T Y ( S J R F K K - - ^ - ¿ J K ' H I ^

= NrCfi . (3.127)

After rather more work the cross-term can lie evaluated similarly to obtain the
colour factor

Tv{TT'T"T'1} = NcCr ( c r " ^ r ) = - (3-128)

From these two results we can deduce that the colour factor associated with the
|.M;j|2 term is given by NECYC,\. Thus, we learn that \ M i s proportional to
the number of qnark colours. JVC; the radiation of a gluon olf a(n anti)(|iiark is
proportional to C¡-: whilst radiation olf a gluon is proportional to C . Also, we
see a generic behaviour, the interference between two colour Hows, here T"T 
and ThT". is suppressed by a typical factor N~2 compared to the direct contri-
butions.

Again, in practice, a number of tricks may be applicable in special cases
to speed up colour factor calculations. In the case of eqn (3.127) we could
use eqn (A.17). ^2ajT"jT"k. = C/.<>,;.. to immediately obtain the result. For
eqn (3.128) one can substitute T"Tb = (ThTa -I- \ f',bcTr). The first term has
just been evaluated. For the second term one can write

i j-"'" Xr {J"''/''"/'"} = i /"'""Tr { r f< 'fhT" - TCT"T1'} /2 

= T,,f"'"f"hr/2 (3.121))

= T F C A ( N ' t - l ) / 2 , 

where we used the antisymmetry o f / " ' " , eqn (3.121), and eqn (A.17). These two
terms when combined give the quoted result. However, the approach discussed
first is guaranteed to work in all cases and is ideally suited to being done by
computer algebra techniques, thereby reducing the risk of error and the tedium.

3 .4 U l t r a v i o l e t d i v e r g e n c e s a n d r e n o r i n a l i z a t i o n

When a Feynman diagram involves a closed loop, the momentum conserving 6-
functions at the vertices prove insufficient to specify fully the momentum of the
part icles in t he loop an integral over a loop moment um remains. For example,
in a self-energy diagram an integral of the following form may be encountered:
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h uncaring lie integral by mi ultraviolet eut-olf, . we sec that the integral is
logarithmically divergent. Renormali atiou is the t reatment of such divergences
which are associated wit h the high fre uency short distance components of
the liclds. In essence. the procedure first involves using a regulator to artificially
lender all integrals finite, so that they can lie safely manipulated. econd, new
t ci nis are introduced into the theory in such a way that all the divergences cancel
between the contributions from the bare agrangian and the new countertenns
when the regulator is removed. ignificantly, these additional terms must have
exactly t he same structure as the original agrangian. Finally, the finite matrix
elements can be compared to experimentally measured numbers and. after iixing
any free parameters, higher order predictions can be made. e will demonstrate
this procedure at one-loop. ore details can be found in many of the standard
held theory texts, such as Ilatnond. 1  or es in and chroeder, lil -ri .

nfortunately, the crude cut-off used to ma e e n . .1  finite is not com-
patible with either orent  or gauge invariance. Technically spea ing, the ard
Identities are violated. However, it is easy to see that if the -integral involves
fewer dimensions, then the integral again becomes finite but importantly now
no longer violates the two symmetries. imensional regulari ation is the pre-
ferred choice in p C  calculations. The method of dimensional regulari ation
and the standard procedures for dealing with one  loop integrals are described
in ppendix C.

.1.1 Sclf-v.nc.rfjH and vertex cone.ctions 

rmed with the nowledge of how to use dimensional regulari ation to calcu-
late one-loop amplitudes, we now s etch the results for the uar  and gliion
self-energies and uar  glnon and triplc-ghion vertices. These are the core cor-
rections to the propagators and couplings in which all the external propagators
are amputated . e shall wor  iu a covariant gauge wit h arbit rary gauge param-
eter  I. This will be followed by a discussion of how reuormali atiou handles
I lie divergences which we isolate.

F ie . .1 i. The t hree tadpole-type diagrams and the uar  glnon loop diagram
which contribute to the uar  self-energy at leading non-trivial order. o s



2 I III . I II  F CI

i a H  folic diagrams, shown in Fig. . Hi. appear to contribute to the iiar
self-energy. However, tin  three tadpole  diagrams give ero contributions. This
is seen most easily by considering the diagram s colour factors. Tr     and

, , . for the iiar  and both the gluoii and ghost tadpoles. respectively. This
leaves only the fourth diagram, which apart from a group theoretical factor, is
the same as in the abelian theory F . The one-loop integral yields

i\nk

+ (1-0- }
= -i sfi') CFSi f -J (27, 

<\nk '< (? +/>+ m

. 1 1

k k '

k-(2  -  pY - ]k2

This expression should be familiar from the discussion in ppendix C and indeed
coincides with e n C .l  for   1. The full result, is

- i E   i C V r f , ,   t f    

-i>

in

1 2 1 -
, o 2 l -

2 e r , d .

, l o

.1 2

with (i\) = \in2  o l  o r .
The calculation of the gluon self-energy proceeds iu a similar manner. t

i s  the relevant Feynman diagrams are shown in Fig. .1 . gain the four
tadpole diagrams do not contribute. The first three diagrams are the same as for
t he uar  propagator and vanish for the same reasons, the fourth diagram is more
interesting as its colour factor is non-vanishing. In dimensional regulari ation it
is proportional to a momentum integral which possesses no intrinsic scale.

/ (2n)D --

s a result there is no value of  for which we can evaluate the integral. If
D  2 then it contains an ultraviolet divergence, whilst if D  2 it contains
an infrared divergence. In this circumstance we define such an integral to be
identically ero Collins. l ) i . To help motivate this choice, if the integral were
not ero then it would contribute a mass to the gluon. thereby violat ing gauge
invariance. In fact, we could have also applied this argument to the loop integrals
arising from the gluon and ghost tadpoles. The uar  loop contribution, for a 
single uar  flavour, is given by

- i n  = - ( sll'fTv{T Th  f 
 Tr  v , l

  I 2  w2 ,a -
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l ie . 3 .17 . The four tadpole-type diagrams and I lie quark, gluon and (in a 
invariant gauge) its associated ghost loop diagrams, which contribute to the
glitoti self-energy at leading non-trivial order. C?(ns)

( 3 . K M )

I'lic only subtlety in this contribution to the gluon self-energv is the overall
11 ti in is sign for the closed quark loop, otherwise the evaluation follows the earlier
pattern and. if anything, is more st raiglit forward. Modulo the coupling and colour
factor the result is the familiar one from (¿ED. In the uon-abeliau QCD, the new
coiitrihutions come from the gluon and ghost loops. The gluon loop is given by

d"A-
'kk ' -"""-""" o I ro*r\t) ¡11 ( / > ) { £ = ( i l s l ' f f . a h r , ^ I 

X ['/"„(A- + 2 p ) a - '/„/J('-/.• •»- !>)" -I- » / / ( A : - / > ) „ ]

F ( ' r - ( 1 - o
(A"+ vT ik+vV

(A" + p)2 V (A- + p)2

x ['/"„(A" " p)i - 'M-r(2A" + ,,)" + ,h"(k + 2!/>)*] 

y f — ( I — 0 A:2 V'' ' ' A--

1 3 4

A , In

, I " » 2 „,/ —- - „ 
+—p v' - —p'P 

6 ( 1 - 0 ( A , - In ( J p ) - 2 ^ - / ," />")
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i »(I - o - o > - > r (3 .135)

The overall factor of one half is to account for the diagram's symmetry factor.
Despite its appearance the calculation is tedious rather than dillicult and. given
their relative simplicity, we have carried out the Feymnan parameter integrals.
T h e ghost contribution is rather less involved and is given by

•n/ V" / f f (A~ + 1 > ) n "
- ' " K , ' = -('J*'' > SnrdSu.i j { 2 n ) l ) { k + ] ) ) H . - 2

(3.13(5)

Note that there is an overall minus sign due to the ferinionic nature of the ghost
fields.

Referring back to the quark loop contribution to the gluon self-energy. given
by e<|n (3.134), we see that it has a transverse tensor structure. /';,11,'J,',(/') = 0 = 
1>>Ali,'.','(p). equivalent to 11,'^ oc ( p f y ' " ~ !>"}>")• Th i s structure is not shown by
either t he pure gluon. eqn (3.135). or ghost , eqn (3.130), contributions separately.
However, t hey naturally form a set which when added together gives

- ¡ n ( « , „ = - i ( n s i + n!;;;,) <3.137)

-1 h - *Y)
 • 

As we shall see. this is an important consequence of gauge invariance. A result
all the more surprising since our Lagrangian contains an explicit gauge breaking
term and the "tree-lever propagator is not, in general, transverse.

'I-J

F i d . 3 . 1 8 . T h e two diagrams contributing to the quark gluon vertex at C' (o s )

T h e calculat ion of one- loop vertex corrections is more involved and results in
rather complicated expressions which we choose not to give in full: details can
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2, T .

n f r   

I li;. . .1 . The four basic diagrams contributing to the triple-gluon vertex at
o . ote that two further permutations of the first, diagram exist..

he found in the literature. Instead we only show, the relatively straightforward,
divergent parts of the vertex corrections. Figure .f  shows the two diagrams
which contribute to the uar  gluon vertex at C n . T h e first, is essentially the

ime as in E . whilst the second only arises in a non-abelian theory such as
CI . T h e result, for t he ultraviolet, divergent part of the vertex correction is

IT .  - w r g i o - C f
1 1

-l
CA , t 

u.v.
finite

.1
The first, term comes from the E -li e  graph, proportional to T l , r a T b , whilst
the second comes from the non-ahelian graph, proportional to Tl'f(li)CTc. Fig-
ure .1  shows the four basic diagrams which contribute to the triplc-gluon
vertex at o s . T h e result for the ultraviolet divergent part of the vertex is
given by

, ( . , T
 = (   )  + T (   2. 2)   ( 2 ,  , , )

 ITr

I 1 -   
,

. V
linit . .1

I I it  first, term is given by the  fermions which contribute to the uar  loop,
lit E . this term would vanish according to Furry s theorem Furry. 1 .
which states that any uar  loop oined to an odd number of photons vanishes.
This is essentially because E s charge con ugation symmetry guarantees t hat
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the contributions from a <|uark and an antiquark going round the loop in the
opposite direction exactly cancel. Furry's theorem does not ensure the vanishing
of this diagram because in QC'D the order of the colour factors is important:
Tr{T°TlTc} ^ Tr { T c T b T " } so that the <|iiark and antic|nark contributions
do not cancel. The second term in eqn (.'{.13!)) arises from the pure gauge field
(glnon and ghost) diagrams.

As ¡1 result of these and other somewhat involved calculations we are able to
write the one-loop corrections in terms of a divergent (in the t —> 0 limit) and a 
finite piece. Significantly, the coefficients of the divergent pieces follow the pat-
tern established by the tree-level terms already present in the Lagrangian density

no new divergent interactions occur. This will prove to be of crucial impor-
tance in our approach to renorinali/.ation. It is also a very non-trivial statement.
For example, a term of the form I n ( p 2 / f i ' ) / f appearing in a correction would
certainly invalidate this statement. Fortunately, a theorem due to S. Weinberg
states that the divergences may only be proportional to a polynomial in the
extern).I momenta and particle masses, of the order of the diagram's degree of
divergence (Weinberg, 1900: 'tHooft., 1973: Weinberg. 19736).

Before proceeding to consider the renorinali/ation of the theory it is useful
to collect our results so far. Beginning with the quark propagator, the sum of
t he tie:- and one-loop contributions may be written heuristicallv as

SV + 6V(-i£)S„ + O(n'i) 

= 5V + 6 V ( - i E ) S > + S > ( - i S ) 6 > ( - i E ) 6 > + • • • 

= (Sp1 + IE)"~' . (3. MO)

lit •re B/.-1 = — i (/i — III) is t he inverse ol the quark propagator and X is the quark
self-energy. This should be calculated front one-particle irreducible diagrams,
that i;- diagrams which cannot be split in two by cutting a single propagator,
so as to avoid double counting in the series. Now the interpretation of the first
expression is somewhat confused since its second term contains a double pole.
1 /(l>~ ~ in')'• due to the two quark propagators. In order to obtain an expression
containing only a simple pole we follow Dyson and sum the infinite set of terms
given in the second line. The expression in the third line gives the sum of this
geometric series. Even though .S'/.- is a 1 x I spinor matrix (and S n . below, is
a two-index Lorent./. tensor), the usual trick of considering the difference of the
geometric series and .S'/.-( i E ) times the series allows the sum to be calculated.
The only proviso being that a little care is taken over the order of the non-
commuting terms. Using the result eqn (3.132), the explicit expression for the
summed (inverse) propagator is

,{,(,+ A.+ «;£])-,„(. + l c , [p OA. + Si;£])+ C,,;,}-'
(3.1-11)

Similar considerations apply to the glnon propagator which can be summed in
the same fashion to give
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S„ I S„( i ll).S'„ I Sn( i ll).S'/(( i I 1 ) 6 ' / J I 

= ( ( ^ ' + ¡ 1 1 ) - ' ] " "

- i [(1 -f I I 0 ) ( i r > r - i > ' , i > " ) + r , i > , , i > " } ~ ]

V2 (1 + 
— ( V -I- ^F-) 
Ho) V ' P J 

.P"P"
(3.142)

Hero .s'„ is the inverse of the gluon propagator, as found in eqn (3.17). and
II llii(/r//"" — I>''I>") is the gluon self-energy. We do not show the diagonal
colour matrix. Observe that the 'gauge fixing", longitudinal, term is unaffected
l»y tin- corrections which remain orthogonal to it to all orders. Using the results
ni cqiis (3.131) and (3.137) we have the explicit expression

I 1 I M / O = I + ZTfu< — 1 c *
A< + fh ihe) + ) • (3.143)

Mere, we allow for n / flavours of quarks in the loop. The vertex corrections are
iilinpler to treat. The sum of the tree- and one-loop level contributions to the
(|liark gluon vertex is

\<UPlT°,Y {l + ^ ( t c F + £ ± * > c A + fi'tihe) + O ( oÎ ) } - (3.(3.1-14)

Whilst the similar stun for the triple-gluon vertex is

i .'/,/<* fabc Wr(<h - <JlT + >i"(u\ + 2!,-.)" - v"T(2<h + g2y\ (3.145)

In the next section we discuss how to obtain physically meaningful results from
these divergent expressions.

3.-I.2 Rc.normuUzatiov 

The basic analysis that, led to eqn (3.132) can he applied to all the loop integrals
encountered in pQCD. The loop integrals are first calculated in I) dimensions,
using analytic continuation, and then expanded in < = (4 — D)/2. The ult raviolet
divergences manifest, themselves as poles in 1/7 (Speer. l!)7-l: Breitenlohnerand
Maisou. 1!)77). An AMoop amplitude has the Laurent expansion

m=0

(3.1 If.)

I he eoeflieients {C„ } depend on combinat ions of the external moment a, typically
arising via integrals over Keynman parameters, and an arbitrary mass //. Clearly,
t he physical limit of an expression such as eqn (3.14(5) is not well defined. To
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make progress we must find a method of removing t.lie I¡, poles, tlius allowing
the D — I (< —• 0) limit to be taken: this is renorinalizat on.

The procedure we adopt is a pragmatic one. Using the original Lagraugian's
Fcvnmnn rules, the divergent diagrams are identified and •waluated. Then know-
ing which interactions contain divergences, supplementary Feynman rules are
added to the theory, one for each divergent interaction. These have coefficients
that are carefully chosen so that they completely cancel the divergent 1/f poles
generated by the original terms. In essence, tin' Lagrangian is supplemented by
a counterterm Lagrangian which, treated as a perturbation, generates the new
interactions necessary to render the theory finite. Schematically, this can lie
written as

C =£+£(1) +£,2) +CW +••• » - I T nor IN — *- • " - ronnl i - r ' *-«!omili-r ~ " - C O M M I T 1

= £ + ¿counter • (3.147)

The (9(o J term. £,(.,',I,IlU.r. is constructed to cancel the one-loop divergences gen-

erated by the original Lagrangian. C. The <3(n2) term. i,1.",!,,,,,,,.. is constructed

t.o cancel the 'two-loop' divergences generated by C + £,V,Jinl<.r etc.
Referring back to eqn (3.132) we see that two divergences occur in the quark

propagator. One is associated with the quark's kinetic term, -x f> — r i< f h \ and
one with its mass term, -x in <—• met.". E(]uations (3.13-1) and (3.137) show that
another divergence is associated with the transverse part of the gluon's kinetic
term, x (//-//"" - p''i>") — {i)"A"" - i)"A"',)i)llA';/. the longitudinal part of the
gluon's kinetic energy term remains finite. Equation (3.138) contains a divergence
of the same form as the quark gluon vertex, oc T"k")•'' 7 ' " , . / . ^ i . ' ; , . whilst
eqn (3.13!)) contains a divergence of the same structure as the triple-gluon vertex.
« /,./«-[»/"7(</t -<a)" \-VT"(<li + 2 f l 2 ) " - 1 ] " T ( 2 ! I } +<n)a\ «-. UAH„A':,)A>'".4'". Pro-
ceeding in this way we find that the form for the C'?(os) counterterm Lagrangian.
in a general covariant. gauge, is given by

C = - s z Z c -

+ s z < " (¿y'n^KO,,!,") (3.148)

-lV6Z\1\ uslt' f„,A»„A';,)A'"'slc" - <)Z\l! stir' '/„,„•/„„, A1'" A' "A]', A], . 

Here, we have also added terms to cancel divergences which arise in the cor-
rections to the ghost propagator, the quart.ic-gluon vertex and the ghost gluon
vertex. We have chosen not to include a term proportional to ( iV A"t)-', as the
longit udinal part of t he gluon propagator receives no corrections.

As indicated earlier, in eqn (3.148) each term should be regarded as a pertur-
bation to which new Fevmnan rules can be associated. The coefficients

are
chosen so that the sum of their individual contributions plus those of the corre-
sponding one-loop contributions from the original Lagrangian are finite. Using
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UH ICHIIIIS frinii olir enrlier calculations, Sed io l i 3.'1.1, and reforring to the rela-
i ioii111111) bot.wecn the (|iiantnin Lagrangian. cqn (3.21). and the Feynman rulos
d e l l v d Ironi il. Appendix 15. we ean infer the values of six of the as

K = KCVA, + F0\

4rr

rf - ^
A

 ~ 47T

ÓZ{!] , = ^
IT

sz% = ^
•ITT

( z*>«/ - —- CA 1 A, + Fa

- (tCr + ) A ' FAi"f

(3.149)

lite linil.e functions, Fv„ F,\. lr
Al..,;.. FA> are arbitrary. Only the coelli-

i iritis of the l / r poles arc prescribed. We shall return to the issue of how to
11 loose the /•", s later when we discuss renorinalixation schemes.

In eqn (3.148) we have the beginnings of a remarkable result which saves our
approach from being merely ml hoc. Comparing cqn (3.21) and eqn (3.1 IS) one is
Immediately struck by their similarity: a fact which has been proven to hold true
lo all orders in perturbation theory. We can make this similarity more manifest
by rcscaling, or if you will reuormali/ ing, the fields, masses and couplings. To do
t his, introduce

Z = I + 6Z where SZ ¿Z{ 1 ' + ¿Z(2) + òZw + ••• (3.ir,o)

mid
„1/2

V'o - Z J </> "'(i = ZmH'Zv '" 
s Z m m (3.151)

io = ZAi (Zi=ZA).

I his allows us to write the sum of cqns (3.148) and (3.21), with <js • //,//' as
appropriate for D = 4 2e dimensions, as

X = z\/2A><
« 1 / 2

Vn = Z,, »i 

Ctcnorm = >l>o(ty ~ 0)</'0 ~ ^ 
I

( 3 . 1 5 2 )

-</,/<< A ^ ^ j - ' K W O , + ¡uh1 ^ ^ L u A ' ^ i n U r
ZA Z$ zA z„ 

+!UI>' ^ M d M A t i ' A ? iiitr' ^ -J„LJ.,,1, A[[„A;», . 
z z i 4-

In a renornializable theory all the ultraviolet divergences arising in loop dia-
grams can be cancelled by countortonns corresponding to the linite nuiiiber of



1«! i HI- i i n <>IN O K Q O U

interact inns of mass (linionsioii lour or less. By contrast, in a nnn-rcnormaliKahlc
theory oount.ortcims corresponding to new interactions must lie added at each
new order in perturbation theory.

Unfort unatelv, looking at eqn (3.152). we appear to have lost gauge invariance
which, ¡is we learnt in Section 3.3.3 for tree-level calculations, requires very par-
ticular relationships to hold between the various terms in the Lagrangian. This
is potentially a calamitous situation because the formal proof of renorinnlizabil-
ity relies on the gauge symmetry to guarantee certain relationships amongst the
theory's Green's functions. Now. this apparent loss of gauge invariauce already
appeared at t he classical level because of the necessity to int roduce a gauge lixing
(and ghost) term. Fortunately. Beeehi. Rouet and Stora (BRS) (1974) have found
a rather unusual, but nonetheless exact, symmetry of the "broken Lagrangian'.
Thus, a form of gauge invariauce can be restored with the proviso that all the
gauge couplings are equal. This symmet ry t hen allows a number of relationships,
known as Slavnov Taylor (Taylor. 1971; Slavuov, 1972) ident ities (or Ward iden-
tities in the abelian Q E D case), to be established between the Green's functions
of the Yang Mills t heory. A consequence of t hose relat ionships is the requirement,
for the following equations to hold:

= = % = = (3.153)
z l f z v z \ z , , z f V 

This allows us to introduce a single renorinalization factor Z,, and a unique gauge
coupling (¡no in the quark gluon. triple-gluon. quartie-gluon and ghost gluon
terms. Thus, the apparent proliferation of couplings in eqn (3.152) is illusory
provided that we choose the finite parts of the counterterins in eqn (3.149) so as
to respect eqn (3.153).

The renormali/ation prescription results in a finite Lagrangian. eqn (3.152).
whose form is exactly t he same as that of t he original Lagrangian. eqn (3.21).
written in terms of rescaled fields Co. .4<» and //a and parameters iy.,n. ntn and £o-
These are often referred to as the bare Lagrangian and bare fields and parameters,
in essence what we have are a remarkable series of cancellations, for example.

i!> = tl'o - (ZlJ - l)ij> 

in = m0 - [Z,„ - l ) m etc. (3.154)

Ilere both the bare (|uantities and the corresponding counter terms are divergent
but their difference is finite.

We now return to the question of how to choose the finite terms. /•",. in
eqn (3.149). First, we should not he alarmed by their arbitrariness. This rellect.s
nothing more than the need to experimentally measure the actual masses and
couplings, something which would lie t rue of any t heory, irrespective of the need
for renormali/ation. Actually this cannot lix the wavefunction renonnali/at ions.
Z,.. Z..\ and Z,f. as they do not appear iu physical quantities, though this also
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means that we could live williout tlieni. T h e dilferent. clioiccs for the /•', fiinc-
I Inn - const i tute dill'eront renoriiiali/ation schemes. The most important point
lo remember with choosing a reiiormali/ation scheme is to use it consistently
throughout the calculation so as not to spoil the critical relationships between
(¡icon's functions.

I'crimps the simplest scheme is the minimal subtraction, or MS. scheme
(t l l i io f t , 1973) in which the couiiLcrtcrms only cancel the \./( polos. A vari-
iiiil ol this is the modified minimal subtraction, or MS. scheme (Bardeen r.t. ill.. 
11(78) in which the countcrterms cancel the full A , = l / ( + In(lff) — 7u pieces.
In eqn (.11 1!)) this amounts to sett ing F, = 0 in all the expressions. T h e diifor-
ence between the two schenies is a difference in the finite parts proportional to
hit Iff) 7k = 1.954. equivalent to replacing the arbitrary //" by ft2 = •l-//-/e"" . 
I bus. in I he MS scheme a potentially large contribution to radiat ive correct ions
i also removed, thereby aiding the convergence of the pert.ui'bative expansion.
Despite iis somewhat abstract nature the MS scheme's simplicity makes it the
must popular one for p QC D calculations. A less manifest advantage of t he scheme
r. I lie fact, that the dimensionless Z, do not. depend on the combination m / j i . As
we shall see. this mass independence simplifies tin- discussion of the ronormal-
l/ation group equations (I lGEs) . That t his holds to all orders can bo seen by the
following heuristic argument. The counterterins are constructed to have just, t he
bare bones necessary to remove the divergences which occur at high momentum.
However, ill this limit,, we might expect any masses to bo negligible so that they
iln not appear in the residues of the poles, and since /•', = (I. nor in the Z,. 

Ot her 'more physical* renorinalization schenies may also be used. For exam-
ple. when focusing on heavy quark properties the on mass-shell scheme tnav be
used. Here and F,„ are adjusted so that the (real part) of the pole in the
quark propagator occurs at. the quark mass, / r - u r , and has unit residue.
In a similar fashion F,.\ and F,\.< may be adjusted so that, the triple-gluon ver-
tex, eqn (3.145). plus oountorterm equals <js at a particular external momentum
configurat ion, typically chosen to be miphysical so as to avoid introducing extra-
neous singularities. In these schemes, it is common for a mass ( / » / / ' ) dependence
In be introduced via the finite parts of t he counterterins.

lo finish this section we give the results of calculating the renoriuali/ation
factors Z, to t wo-loop approximation in pQCD. To be more specific, in a covari-
ant gauge the MS proscription gives

Z „ =
Iff f (2)'K

1

r , 3 (25 + + ^ 2 )
Tin f + -Cy C,t'1 o 

TCf- + — — C a } c ,

ZA = 
I - f 

4 ( 1 3 - 3 0
- / /.-/i, C 
3 <i
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c,}1 (3 I 2 0 ( 1 3 - 3 Q , - .
+ 7* 3 ' 7 ~ C a

y , 4. 1 ( ; < - 0 r 4 . ( a « V f 1 f 5 r n i ^ L i i l l r
' " i r 7 4 A vTir/ \ 7 [V2 1 ~ ~ m ~ C A

1

= i - ^ - 3 C V + 
iff f 

or'"f
( 3 5 - 3 ^ .

3 2 CA }c.
f , r :ir• 9 7 r- 1 - / ;. /i i- ( /.- ( i 3 1 4 ' 12 J 

9 11
2T,,UF - -C,, - - C A I }CR 

Z„ = 1 1 i i i
Iff f 

2 „, II
- / /. /(r C 
3 (i

(3.i-,r,)

Here, wo have done some work to dorivo tho expression for Z,,. which cannot ho
obtained directly hilt is obtained indirectly using eqn (3.1.r)3). Typically. duo to
its relative simplicity, the correction to the ghost gluon vertex is <pu>t<*<l to which
one applies Z,, = ZAIII,./Z\'2Z,,: though any of the remaining three expressions
in eqn (3.153) must lead to the same expression for Z,R Also, you are reminded
that the non-renormalization of the longitudinal part of the gluon propagator
implies that ZC — ZA.

Before using those results we make a few observations. The choice of the
(modified) minimal subtraction scheme leads to several simplifications which
need not hold in other schemes. First, the leading terms in all t he expressions
are unity, Z — 1 + C?(os). Second, since all F, = t). there is no dependence
on any external momentum scales. All the coefficients of o'J are made up of
pure numbers, the gauge fixing parameter and group factors. Third, there is also
no dependence on the quark mass scale. // / / / / . The MS prescriptions are lie
archetypical examples of mass independent renormalization schemes f t l l o o f t .
1973; Weinberg. 19736). Fourth, both Z,„ and Z,, are independent of lie
gauge lixing parameter (Caswell and Wilezek. 1974: Cross. 197(f). A more general
observation is that both 6Z,., and SZ„, are proportional to the quark colour
charge C'Y. whilst SZ,, is proportional to CA. All the above observations hold
to all orders in We also see that certain choices of £ give simplifications. In
particular, in the Landau gauge. £ 0, the (9(n s ) term in ZV vanishes and lie
0 { ( i ) term simplifies greatly.
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•I I I I'lii rciiornitiliziit ¡01> ¡/roup equations 

Ii hould not have gone unnoticed that there appears to be a disturbingly large
(leedotn in Ihc application of the rcuorinalization procedure. First is the free-
dom lo select the linit.e parts of the counterterins. subject, to respecting the
Hliivuov lavlor identities. We have already exploited this freedom to absorb a 
numerically large coefficient in the change from the MS to MS schemes. Sec-
ond is the freedom in the choice of the unit mass. p. which sets a scale for
t Ik problem. However, physical quantities can not depend on any of these ar-
hlliary choices. All prescriptions are ultimately equivalent. For example, in two
if hemes the quark masses are related as Z„,(Ii)mn = ino = Zm(Il')in n> so that

\Z,„(Il')/Zm(n')]mn-, where the ratio is linit.e. because so is each !///,•.
i veil though neither Z,„ is individually Unite. In this way the invariance can be
encapsulated in the group structure of t he transformat ions connecting quantities
(i/., in, if .etc .) in different, schemes.

I lie seemingly simple invariance of physical quantities under changes in p 
leads to a very powerful differential equation collecting <js. in. r .etc. . defined at
nlie scale p to t hose at a second scale. To see how this arises, suppose we calculate
the amplitude, that is amputated Green's function, for an operator describing
i lie 'scat tering' of n,;, (anti)quarks and 7/^ gluons (we need not consider external
pilosis). This ainplit tide can be written in terms of either t he bare or renoruialized
i|iiantit.ies. Here, we have assumed that the countert.erm for the interaction is
proportional to it sell so that, the ronormalizatjon is mul t ip l i ca t ive . tha t is.

F 0 ( T T S 0 . M ( , , 6 > . Q ) = . ( 3 . 1 5 6 )

I lore, we use t he single scale (} to characterize any external four-momenta present
in the problem. For simplicity we only consider one quark mass. m. The left-hand
Mile of cqn (3.156) is clearly independent of p. as must be the right-hand side.
Differentiating with respect to p. using the chain rule, we obtain the following
icnnruializat ion group equation

(I = ^ V F ( / / , a s , m , i , C ? )

r o i) i) . o )
0 - { ' % + + +

 ~ * * * " , M 7 ' 7 1 • 

(3.157)

I'lie first term accounts for any explicit p dependence, whilst the remainder takes
care of any implicit, dependences via //.,(//), m(p) and £(/')• Equation (3.157)
serves to define the dimensionless coefficient functions

1 la genera l t lie count e r t e m i may involve o the r o p e r a t o r s of I lie s a m e m a s s d imens ion . A n
e x a m p l e is provided by I lie pQC'D cor rec t ions t o a weak decay. In t he case of such o p e r a t o r
inixiiiK it is neixissary lo consider l inear c o m b i n a t i o n s of t h e o p e r a t o r s which a r e d iagonal .
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which an» all finite as r —> 0. You arc warned t hat variants of these definitions,
dill'.

•ring slightly in signs and normalizations, occur in the literature. Observe
that ¡i a id -,„,. like Zg and Zm. are both independent of

A linear partial differential equation such as eqn (3.157) can be solved using
the method of characteristics. To do this we introduce the functions J7(l). o s ( / ) ,
TFl(t) and i ( / ) which satisfy the differential equations

d / = ? = = g = S ! =- (3.159)
li /?(os ,?/j / / / ) m 7r . . («s . '"/ / ' ) £ (^(tt,,,777/71.0

and pass through the point /!(()) = /', <>s(()) = °s- "*(0) : and £(0) = 
These functions connect t he parameters defined at the scale // to t hose defined
at a second scale Ji — //e'. The 'bar-notation' serves to highlight that we are
now thinking of o s , etc. as running parameters. Later on. except for 777. we will
drop the special notation. The functions in eqn (3.159) define a characteristic
parameterized by t. Since d£ x for ^ 0. then £ will remain identically
zero if £(()) = II and we can ignore any ^-dependence in eqn (3.157): £ = 0 is the
Landau gauge which we adopt. The solution of t hese equations is straightforward
if ¡1. "fm (and i)c) do not depend on 7T7//7. In a minimal subtraction scheme, or
more generally a mass independent scheme, all the functions in eqn (3.158) are
independent of m/ i i . Adopting this further restriction we have

m - C " ^ - — 

Explicit solutions for o s and 777 require the actual expressions for ii and y,„. We
shall derive these shortly but for t he moment we assume that the solutions have
been found. This allows us to rewrite eqn (3.157) as

" »,.7.,•("*(/)) - ii,,7/t(as(0)} r (77( / ) ,o s (0 ,777( / ) ,g ) = 0 . (3.101)

This ordinary differential equation is easily solved using an integrating factor:

r ( „ a s . , „ Q ) = exp d x ^ - , , . 

(3.102)
The solution is a constant along our characteristic which we evaluate at / = 
0. What it says is that the theory defined at ( / i . o s . m ) is equivalent to the
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I li< Hi v ili'lined at //. provided I lull I In- coupling and mass are changed to lake I,he
elicitivc values os( /7) and m(Ji) and the fields present are scaled appropriately.

It is useful to make explicit the dimensionality of the Green's function. The
lliiihs dimension of I' is given by il.y = D — n,\<l..\. where again D is the
dimensionality of space time, and <1^. = ( D l ) / 2 and d.\ (D 2 ) / 2 are the
niii dimensions of the quark and gluon fields. The significance of this dimension
in that if {//. m , Q } are all scaled by the same factor .s. then 1' scales as ,s''r. that
|n, l ' ( . s 7 / .o s . . sm.s^) = s',rr(//.os,j».Q). This allows us to write.

I'(//,os.m.-sQ) = s'1''T ^.os.

= s'ly exp ( / da:

lii I lie second form we have employed eqn (.'5.102). If we now choose JI s/i
I lien we can deterinine how the Green's function changes under a scaling of I he
i eternal four-momenta.

I (/i,<.is,»;i..sQ) = s 1 exp / d.r — 
fi(x)

( 3 . 1 G 4 )

lu the second form we make the simplifying assumption that the 7, are con-
itant. Thus, the de|)endence on t he scaling factor .s can be taken into account
by evaluating the Green's function at au effective coupling, os(.s7i). and a scaled
I'lleetive mass, m(s//.)/.s. togel her with an overall scaling of the Green's function.
However, the overall scaling dimension differs from the canonical dimension, ily.
by the presence of the 7, term. Reflecting this discrepancy with the naive ex-
pectation. the 7, are known as anomalous dimensions. As we shall see short ly,
in practice one often uses // ~ Q. Note that even if in = (I. so that the classical
theory were scale invariant, the anomalous dimensions and non-zero ^-function
would still imply a breaking of this classical scale invariance in the quantum
theory. This is possible because the renonnalization procedure necessarily intro-
duces a mass/momentum scale, here //.

As the next section will show, in QCD both fi and 7„, are negative. This
means that the effective, or running, coupling, decreases logarithmically
as the scale Q increases, eqn (.'{.22). This weakening of the strong force is the
essence of asymptotic freedom (Gross and Wilczek. l!)7:5: I'olit.zer. 1974) and lies
behind the success of perturbative QOD. The solution for Tn((J) shows that it
is also logarithmically suppressed: this is in addition to the factor l / Q which
appears in eqn (.'{.164). At this point, it might be tempting to neglect quark
masses, in = 0 in eqn (3.164). at high energies. Q > Tn(Q). so that, all Q 
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dependence occurs via However, this can lead to problems with low-

energy or near colli near gluons so that for this approximation to make sense we
must restrict ourselves to infrared safe quantit ies as discussed in Section 3.5.

Before moving 011, we mention that a number of similar renormalization
group equat ions have been derived in the literature. Foremost, is the C'allan
Svinanzik equation (Syuianzik, L971: Callan. 1972) which is obtained by study-
ing the Green's function's dependence on the physical mass in. T h e equation
takes the form of eqn (3.157) with coefficient, functions that only depend on //,
("/,„ = 1) and with the /i()/t)/i term replaced by an inhomogeneous term which
may be neglected in tin- i n / Q — 0 limit.

3.-1.4 Calculating the 'RGB coefficient functions 

The values of the coefficient functions ii. ->,„. ~,A. etc. defined in eqn (3.158) can
be calculated as power series in o s using our previous results. Here, we illustrate
the method for the /¿-function. Consider the relationship, eqn (3.153). between
the bare and renormalizcd couplings. gs0 = / / ' g s Z g . Since the bare coupling g„0

can know nothing of the arbitrary scale/», which was introduced only to facilitate
renormalization. we must have

, = 0 () = //' tgsZy + ,% i^ZtJ + nJ-r^^j 'I/Aso
<1//

(3.165)

From this we can obtain .1 = (<7.s/2TT)/?9. In applying the chain rule we have
made the simplifying assumption that we use a mass independent renormaliza-
tion scheme such as MS. T hu s Zg only depends on the renormalizcd coupling
!l„ and not on 777(//)/// (nor on 0 - Equation (3.165) determines how much <ys(/t)
must change bv when // changes in order that gM s tays constant. Referring to
eqn (3.155) we can write Zg as a Laurent series in inverse powers of <.

+ ( 3 . 1 « G )

»>1

On the other hand, we want both //, and [ig to be well defined in the limit
< 0. that is to contain no poles in 1 / ( . Thus, we write [lg = .-1 - Be. it is
easily confirmed that all higher powers o f f must, vanish. Substituting this into
eqn (3.165) and collecting powers o f f gives

[A«„_i +(B + g.t)a„ 4- g„Aa'n_l + g,Ba'u]
0 = (B+g,)e+A-\-g,Ba\ +----S + •••, 

( 3 . 1 ( 5 7 )

where the prime indicates differentiation with respect to gs. Sett ing the coeffi-

cients of c"\ in < I. to zero gives

!i,(g3) = liin {f/g«! - ega} and «'„ = « , ( « „ _ i I- - i ) , n> 2 
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2 I 
(3.168)

At lust sight, it may seem odd that we can calculate the /¿-function from just
t i c residue of the 1/r pole. However, the condit ions on the «„>•» ( ' tHooft . 1973).
which ensure the absence of pole terms in ii. together with the boundary condi-
tions </„((>) 0 allow all the '/„>_> to be calculated in terms of 0\. 

deferring to c<in (3.155) the coellicient «i is easily read off. al lowing us to
Inter the first two terms in t he expansion of the .¿-function.

2 / — 
1 477

4 r Ur--Tmf - - C A

( 4 - r

o r - i 205 1 4 1 5 r ,
2C /• u ' A ~ ~2T~ A ) h f

K-r + 'fcA)r,nf-'fc:x

(3.109)

2857

~54

rite third t( Tin is given in (1 arasov i t ul.. 1980) for the MS scheme and the 0{<i
(four loop) term is available in (Latin <:t uI.. 1997). again for the MS scheme.
Similar analyses to the above can be applied to //to "iZ,„(gs) to obtain -),„. to
obtain from ZA(gs.£) and likewise and 7,,: see Ex. (3-20). Here we simply
quote t he results:

20 _ 97 , 
—Tnif - 3C'r - —C-a 

3
2Tpnf I -Cr

Cr + • 

(25 I- 8£ + Q')

4

7/t = + 
1 IT 

+ CH) 

4 7 , ( 1 3 - 3 0 . .

Cr H 

(3.170)

" s ( I z i l r -

( 4 C F + 5C/i )Tfii / -

(5)

( 5 9 - l l i - 2 i 2 ) 21 A 8
•r>T (95 + 3 0 r .

h • • 

CA + • 

Observe t hat, both ii and 7„, are independent, of the gauge parameter a fact
which can be t raced to the ( - independence of Zg and Z,„ in a mass independent
renormalization scheme. This is not so for the wavefitnotion anomalous dimen-
sions 7^,. 7..1 and y , r This raises t he issue of the scheme ( in)dopendence of our
results. If we restrict ourselves to mass independent schemes (and neglect possi-
ble 11011-perturbat.ive effects) then the first two terms in ii and the first terms in
7m. " <;• a l l ( ' 1A are independent of t he specific choices of countertornis. Beyond
these leading terms the results are scheme dependent and. for example , the third
and higher order terms in eqn (3.169) can be set equal to arbitrary values.

In eqn (3.165) we assumed a mass independent renorinalizatiou scheme had
been used. If this is not the case, then the presence of / / / / / / dependences in the Z, 
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significantly complicates the RGEs. First, the ('valuation of H and the is made
harder by, for example, the extra term, — l)OZg/<)('•—), in e(|ii (3.105).
Second, the solution of t he eoupled. linear, differential equations for the effective
coupling and mass, cqn (3.159), is made harder. Here, a possible a|>proach to
avoiding these problems is to go to a regime where the mass(es) are negligible
compared to p and all other scales (Q). 

3.-1.5 The running coupling anil (¡nark musses 

A key lesson from our study of the RGEs is the need to express our results in
terms of the running, or effective, coupling and mass. If we use as argument. C f ,
the evolution equations in a mass independent scheme arc

= = -<»s(A> + th «„ + /fco2 + • • •) and (3.171)

M&j ^^Tfp^ = = ~"s ( 7°+ 7,ft* + 7 2 °* + • ' • ( : u 7 2 )

e.f. c(|n (3.159). Here, we have in mind that #o-7n > 0 so that ii, y,,, < (I.
Taking into account t hat Q2 d/dQ2 ( 1 / 2 ) Q d / d Q . the coefficients in the series
expansions for the MS scheme can be read off from eqns (3.169) and (3.170).

= llC,. t - -17V,»/ = (33 - 2»./)

' 0 12ff 1 2 ^

j I7C 2 - (tiC,- -1- 1 0 C A ) T r n ; = (153 - 19»; )

2 4 ^ 2 2 - l f f 2
( 3 1 7 3 )

3 C r 1 
7 0 = 1 7 " = * 

C,. (U7Ca + 9C/.- - 20T,. n/) (303 - 10»./)
7 1 " {JOff2 ~ 72tt2

Here /%, ii and 70 are common to any mass independent renonnalizal ion scheme,
whilst 71 is specilic to the MS scheme. The terms quoted above are given as
function of the colour factors C/.-. C.\ and 7 > and thus are valid for any gauge
theory with an unbroken gauge symmetry. Note that TV always appears ¡11 a 
product wit h » / . the number of active quark flavours. The coefficients on the
light-hand side apply for the case of colour SU(3). that is. t hey are specific to
QCD.

Referring to cqn (3.160) and working to next-to-leading order the solution
for c*s(Q2) is given implicitly by

r"AQ2)

W o ) ~ ' - W ) &(* 

- h i!J0 •/(»

AQD "yj)
O AQ*) 

djr
"AQ?,)

M 00 _ & ii j 
x2(/j„ + xfii) x2 x !% + xih 
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, . 1 L & ! ( A 
W J = + * l ^ T T w ^ ) )

( 3 . 1 7 4 )

9?,

I Ini . given tlic valili1 of o s (Qj i ) at one scale Qn. ¡1 is possible to solve for o S ( Q " )
III n Nrcniiil scale (J: the one proviso being that we remain in the perturbat.ivo
11>iiiiiiin where eqn (3.171) is valiti. An alternative and slightly simpler form of
n|i i (3.174) can be obtained using the boundary condition Os (AQ ( . | ) ) = oc.

• in In
Q-

^QCI) n s m

( ">(Q~) ) 

•'a ' + ^oAQ2))
(3 .175)

I h i I• I lie parameter AQCIJ is equivalent to giving the coupling OS ((/"*) at a specific
in nli • Q. At the (|iiani uni-level. Q C D is specilied by a dimension I'll I parameier.
I In . is even t rue in the absence of any quark masses to set. a classical-level scale.
I lie appearance of such a scale at. the quantum-level is known as dimensional
I lansmiilatiou. In eqn (3.17-r>) o s ( ( , ) 2 ) is given implicitly. By expanding in inverse
powers of l n ( Q ' / A f j C I , ) an approximate explicit form can be derived.

(Q~) = 
ihHQV^m) } 

f i j

' ^ h . ^ Q ' - V A ^ , , )

ft l n [ l n ( g - 7 A 2
c „ ) ]

t% HQV^ru) 
( 3 . 1 7 « )

In practice the last ( - 5 / 4 ) term iu this expression is often neglected. This is
equivalent to a redefinition of AQCI> by 0( I l(l'X) (Buras el <il.. I!I77).

II we had worked at leading order. = 0. then e<|ii (3 .174) can lie solved to
give

cys((r) = (3.177)

and the inverse of e<]n (3.175) is given exact ly by eqn (3.22) with A Q ( U = 
Q~ expl l/,'V0os(Qo)]. As this expression for AQCD suggests , changing the value
o f o s ( g - ' ) for a fixed Q does not. really alter the theory but. gives the same theory
with its unit, of momentum rescaled. In this sense (inassless) Q C D is parameter
tree (Coleman and Weinberg, 1973). Equation (3.17G) makes the asymptot ic
behaviour of o s ( Q " ) manifest the Q C D coupling decreases as 1 / 1II(Q/AQ<:D)
lor (J - > oc. It is important to realize that this decrease iu o s justif ies the use
of pQCD. in particular the solution based on the first, few terms in eqn (3.171).
As (} decreases the converse is expected and indeed a strong growth of is
continued experimentally. However, the singularity at. Q = AQCD should not lie
taken too seriously as large values o f o s invalidate eqn (3.171) and any solutions
based upon it. In this low-Q regime Q C D is non-perturbative and no one knows
yet how o s ( C / 2 ) behaves iu reality, nor can it be claimed that this is a proof of
confinement in Q C D . though it does make it more plausible. It is safer to regard
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Agci) ~ 20(1 MeV. roughly an inverse had roil size, as the scale at. which non-
perturbative physics becomes important . Finally. returning to eqn (3.17G). if we
subst i tute Aqpu Qo c *Pl — 1/A>°s(Qo)] w<> < - a" <lt*riv«• an explicit expression
relating the strong coupling at two scales,

= (3.178)
U) \ I f f ) IjJ ) 

with ^ = 1 + ffo<ys(Qo) (S)
which is accurate to next-to-leading order.

The crucial fact for asymptotic freedom is that, ¡1 is negative, tha t is ;i(t > 0.
Referring to eqn (3.173) we see that quarks, and fermions in general, give a pos-
itive contribution, whilst non-abelian interactions amongst gluons. proportional
to Cji , lead to an overall negative ti. provided n j < 17. In QED with abelian
photons the /¿-function is positive and consequently electric charges grow as
the scale of a measurement grows. How various particles contribute to the fi-
function has been extensively studied and it is now known that only theories
containing non-abelian gauge bosons give negative contributions (Coleman and
Gross. 1973). Since many extensions to the Standard Model have been proposed,
it. is interesting to see how a new particle would contribute to the .¿-function: see
Ex. (3-22). At leading order only coloured particles can contribute to the QCD
..'¿-function, t hough in higher orders all particles cont ribute. The contributions to
fio consist of two components related to the particles' colour and Poincaré group
representations. The general expression is

^ = E D ' r > < - ( : U 7 9 >
colon m l
parliclcs

Here I), equals —11 for a vector boson. + 1 for a Dirac fennion, +2 for a Weyl
fermion. -1-1 for a complex scalar and + 1 / 2 for a real scalar field, whilst Tr 
is a colour charge determined by the particle's SU(Av) representation. For ex-
ample. 7/.- = 1/2 (by convention) for the fundamental (triplet) representation,
Ta = 2.V,JV for the adjoint (octet) representation. (2Ar

r — 1 )'!).• for the sextet
representation etc. For QCD with a colour SU(3) octet of vector bosons and n /
triplets of Dirac fermions this gives eqn (3.1(>!)).

The next-to-leading order solution for Tn(Q-) follows similar lines to that for
o^(Q-) . One finds

- Ja,

= 1/
>% Jo 

<>JQ')
tlx

+ (i\x) x fio + Pix 
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„ . , , . . ("AQ-) \ $ ( t - {Q*) \ 
- f W ) = f M ( j - H i i n M ) )

«•ti-»!

or m ( Q 2 ) - m 0 («„(G 2 ) ) » + § - " s ( Q 2 )
/»il

t^oi 'i-'»)

(:u80)

Ar.iin. Riveli Jit ono scalo Qo wo can calculate iii((}-) at. a second scalo (J.
pinvided that, p Q C D , and in part icular c<|ii (.'5.172), remains valid. This oilers a 
11 iix isc way of specifying a miming quark mass as t he mass when t he scale equals
II mass: m m ( m 2 ) . In t he second form of the solut ion 777(| plays a similar ròle
to A g r o . Specializing to the loading order result., = 0 = . 1 w o have

I - , , l W ' H l n ( g / A Q C D ) j • ( , U M )

I hits, we see t h a t t he quark mass falls as an inverse power of a logarit hm as Q -
llHTonses. This (|ii;int inn scaling violation, in addit ion to the classical iTi(Q~)/Q 
Mitppression. adds justilication to dropping light quark masses from our calcula-
tions.

Up to this point we have left unresolved the issue of how many quarks , n j .
lo include in our calculations. T he critical issue is the relative magni tude of
.1 quark ' s mass to the overall scale Q. If the quark has 7n(Q2) Q then it
i >III only make its presence felt via internal loops and it is possible to remove
these contr ibut ions by suitable choices of the count,orterms. This decoupling the-
orem (Symanzik. 1!I7.'5: Appelquist and Carazzoue. I!)7.r>) moans that we can
Ignore a quark if v7(Q2) » Q. On the ot her hand, if the quark has 7Ff(Q~) -C (J. 
then we should include its contr ibut ions and infrared safe (plant it ios can be eval-
uated using the approximat ion ///,, = (I. T he so-called light, quarks , d, u and s,
have ///,, < A Q O D S O that, in a p Q C D calculation, characterized by Q 3 > A Q O D .

we always have iif > .'{. T h e issue is more delicate for the so-called heavy quarks ,
i Ii and t.. in sit uations where TTiqi^"') ~ Q- Hero wo expect, significant., process
dependent contr ibut ions from the quark mass which we must therefore include
In our calculat ions. Fur thermore , we have to decide how to cope with t he change
In the rf-fnnction above and below the quark mass threshold.

Well above 777Q we can use the 'full ' theory containing » / + 1 quarks and
o,' (Q2)- whilst well below m q we can use an 'effective' theory with i i j light
quarks and o ~ {Q~). At intern led iate scales. (J ~ Tn(j(QJ), wo must match the
two versions of the theory so as to ensure that they give consistent, results. This
matching has been carried out to next,-to-next-to-leading order for SU(H) in the

MS
scheme (Bernronther . 1983) and results in a relationship between the two

running couplings given by

" i t « 2 ) <'."(Q2) tiff ( ¿Tl~ 
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If we evaluate this expression at the point at which the scale equals the running
quark mass, IMQ — 1v(iiIq). that, is x = 0, then eqn (3.182) almost reduces to
requiring o s to he continuous at the scale ihq (Marciano. 1984).

" S " ( ' " Q ) = "S~( '"q) ~ y ^ i J ( « ¡ " ( ' » Q ) ) ' • (3.183)

This explains why it is common to require o s to be continuous a t (J = inQ rather
than at t he product ion threshold (J = 2?HQ. Of course, imposing continuity on
o s implies a discontinuity in A q c d - which subsequently becomes dependent on
the number of active flavours, n j . For example, a t leading order it. is easy to
verify that, the continuity of (v,(hiq) as 11 / ri/ + 1 requires

A q c d - A Q < ^ — j - V D ) • ( - * 1 8 4 )

Similar expressions can be derived at next-to-leading order given a specific equa-
tion for a s , equivalent to a definition for A q c d -

This raises the issue of how to quote a measurement, of the running coupling.
o s . T w o conventions in popular usage a re to quo te a \ . [My) or AQ(.|J. In both
cases, this will typically involve having either to evolve o s or to match A q c d
at flavour thresholds. I11 the case of A Q C D

11 ¡-s important, to be specilic as to
which next-to-leading order equat ion is being used, for example, eqn (3.175) or
(3.17(>) with or without the last te rm. T h e value of A Q C D also depends 011 the
rcnormalizatinn scheme, for example, A ^ | S = -1/Te-7'- A J [ L S . Since there are more
t raps involved in specifying A Q C D . the preferred option has become to quote N S

at the scale of the Z mass.

An interesting aspect of convert ing a measurement at Q'2 to an oN value at
My is the effect on the measurement ' s error. By differentiat ing eqn (3.160) we
find

So t ha t . if Q2 < My . t hen the error will shrink as we evolve from (J to My.. A 
second consequence of eqn (3.185) is that, a change in <\^(My ) only causes an
O(njf) change in o s ( i / 2 ) . Thus , an experimental ly determine«! <|uantit.y. a :t: A<r.
at. Q~ must he compared to at least a next'-to-leading order theoretical prediction
in order to be able to meaningfully measure <\s(My ). 

CR J . A R R - / L O
ŝ /in ± ACo'i ± — » Q" (3. ISO)



111, i It A\ K>ll I I HVKI« :i:n< r s \NI> KKNOKMAU'/AI ION KI: I

I 'lint is. in addition to the leading 0 ( term we re<|iiire the t ) ( o ^ V | 1 ) term
tu measure <\S(MY). In e(|u (Ti. 1.S6) we also included an est imate of the next-to-
Hex! -to-leading order perturliative correction and a non-pertnrbative contribu-
lion that is parameterized as a power law correction. The measurement error 011
i\„(My) can lie estimated as

A a s ( M g ) _ n J i U } ) 1 
(3.187)

Looking at the first term, the "error telescoping effect' suggests using a small value
of Q z together with an intrinsically higher order process, large N . However, the
error associated with missing the second two terms favours nsiu^ larger values of
Q:. wliere their contributions are smaller. It is also possible tha t AC. AD \ N 
»11 that there is no advantage to larger ,Y.

:i l.(i An cxplic.il example 

lu the previous sections we learnt, that physical quantities are independent of
I lie arbi trary renornializat ion scale // if they are made functions of the running
coupling and mass. We now repeat this rather formal analysis in a particular
case. We focus on QC'D corrections to the diinensionless I p a r a m e t e r defined ¡11
e ' e annihilation, eqn (2.30). Suppose we have calculated a pert tubal ive series
for H.

rt ( ^ « „ O ' 2 ) ) = 1 E ' ' m ( Q 7 / ' 2 K ( / ' 2 ) • (3-1SS)

We have removed an inessential factor Ncc'~ from e<in (3.188) with respect to the
usual definition and assumed t hat all quark masses are zero. We comment shortly
on the case of only a finite number of terms. Demanding that IF. a physically
measurable quant it y, is independent, of // leads to a series of differential equations

C M
H 1 »1=0 ^ ' ' 

The first few terms are given explicitly by

•1 d»"t ( •• d»"2 \ •> ( •> d/'3 \ -i
0 = / / " + I ~ i ' ' tAi I <>s + ~ - 1;) ~ 1J ^ — ' 

(3. I'M)
Since each coefficient must vanish individually we obtain a series of differential
equations which are solved easily to give

>;( ') = c,

., 0 , () 
H
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r-,(t) = <••, + c, l%t 

/.((/) = c3 + (2c2A) + c\!ix)i -I- c\;i~t~ 

rn(t)=cn + — + c , ( / f c i ) "~ l • (3.191)

lien- the / /-dependence is via / In( i '~ /Q~) i l l l < ' {<"'} a n - i»>merical constants .
In genera l . / -„ (0 x t" ' . s o t l i a t the series contains te rms of the form ( o s i ) " . This
raises a potentially embarrassing problem, for when o s ( / / 2 ) I n ( f r / Q ' 2 ) > I. which
is inevitable for sufficiently large (J. the series appears not to be convergent. This
problem is easily finessed if we rearrange eqn (3.191) to take account of these
so-called leading logarithmic terms.

R(t,as) = I + c,[L + fiQast + (tfoos/)
2 + •" 'K 

+ [c:i + (2c-,,% + c, :i\ )t\n* + - • • 

1 + ' ' ? s ( M ? r o ' / M + ' ' ' * l i ) 2 )
1 + , % o s ( / / - ) l n ( Q - / / / - )

It is t hen apparent tha t t he leading logari thms can be summed by the use of the
one-loop running coupling « S ( Q " ) . Yon may wonder if this jus t means that the
convergence problem has been shifted to the next-to-leading logarithmic te rms
oc ( n s / ) " n s . However, using t he two-loop running coupling sums hot h the leading
and next-to-leading logari thms and shows that the NLL te rms are genuinely
suppressed by o s . In fact we already know the result of carrying this program to
completion. Ii is given by eqn (3.162).

R(l.as(Q
2)) = I + c , « „ ( Q a ) + <'>oUQ2) + 4 « s ( Q 2 ) •" • • (31! '3)

a series whose convergence actually improves as (} —» oc. T h e coellicients in
eqn (3.193) have been calculated to C(nj!) (Chetyrkin <1 al.. 1996«), T h e coef-
ficient c\ is reuonnalizat ion scheme independent , whereas r ' , for // > 2 depends
on t he scheme. We calculate the one-loop correction in Sect ion 3..r>.

It is useful to review t he above calculation from a d'liferent perspective which
gives an insight into how the RGEs work. Earlier, we encountered Weinberg's
theorem when discussing the form of the countert.ernis needed to remove ultra-
violet divergences (Weinberg. I960). Once a d iagram is rendered linite he went
oil to investigate its asymptot ic behaviour as the scale of the external momenta
becomes large. A typical behaviour is a dimensionful factor, Q'1. t imes a poly-
nomial in l n ( ( / - / / r ) (Mueller. 19X1). Thus , we expect a typical cross section to
have the form

rr = Q'1 (WQ2/l'2)) with S„(:r) = a„<> + «„\x + ••• + <»,,„, *•"* . 

(3.194)

c.f. eqns (3.188) and (3.191). Now. because the terms in the R G E eqn (3.157)
are of different orders in oN. it interrelates $„ of different ii and t heir coellicients
(/„,„. Indeed these constraints allow the S„ to be partially reconstructed. T h e
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ii lilting s t ruc tu re contains series ol leading ami next-to-leading logari thms etc.,
which correspond to expansions of the running coupling. Thus, the RGE enforces
relationships between the coellicients such that, all the large logari thms can be
iimnied by using an effect ive coupling with a scale appropr ia te to the problem.

Before leaving eqn (:i.l<S8) we comment <>n two features of eqn (3.191). First
I', i he seemingly trivial observation that /• i (Q2/ii2) is a constant , c\. Since any //
dependc nee in r u arises Irom the t r ea tment of ult raviolet, divergences, this means
I hat at one-loop t he Q C D correction to the 7*qq vertex is finite; a result which
must in fact hold at all orders if Q C D is not to spoil electric charge conservat ion.

Second is the effect of t runca t ing the series eqn (3.188). As we have noted t he
coefficient, of the 0 « + l ) term is related to coellicients of the O(o-'J), 0 ( a " ~ ' ) .
.., 0 (< \ l ) te rms in such a way as to remove the / /-dependence to (9 (o" ) . For

example, to two-loops one has

" { 2 i = 1 + < W / < 2 ) + <-'•-> - C i f o I n t * 2 ( , r ) , (3.195)

which is //-independent, to 0(cvs) but / / -dependent at 0(<\ 2 ) . Thus , a t runca ted
neiies is //-dependent and in practice we mus t decide what value(s) to use for
//. This is the scale set t ing problem. A conservative approach is to vary // in
II range centred on the character is t ic scale [Q/X.QX]. This should cover more
specific prescriptions whilst,, if A is kept, modest , avoid making the logari thm
llirge and spoiling the validity of eqn (3.195). In this sense the measurement can
he said to be of o s at t he scale Q~. A word of caut ion: it is sometimes claimed
that by varying // one can es t imate the size of the next (uncalciilated) term in
a series. For example, the a 2 term from the n s term in eqn (3.195), but since
<••„. is a rb i t ra ry (until calculated) this procedure is not without risk. Othe r more
ambitious proposals for scale set t ing are available. T h e principle of minimum
ensitivity (PMS) (P.M. Stevenson 1981) chooses // so as to make the t runcated

series locally independent o f / / . Applied to eqn (3.195) this yields

•,d /?'"> , 

d//~ = <> = > /''Ì.Ms = tfi<wpf-Tr~ ~ È l ) • (3.196)
/'f.Ms V A,c, M i 2 )

The application is to eqn (3.195). Fastest, appa ren t convergence (FAC) chooses //
so t hat the first non-trivial term gives the same result as t he sum of the known
terms. Applying this prescription to eqn (3.195) gives

" u ) ( / 4 A C ) = / ? ( " V f a c ) = > = • (3.197)

Again the applicat ion is to eqn (3.195). A third proposal by Brodskv, Lepage
and Mackenzie (BLM) (1983) determines // from the requirement, that the /in-
dependence of the coellicients r , vanishes. In all cases, by going to higher orders
in <ts. the dependence on // is red need and the scale set t ing problem diminished.
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3.5 Infrared safety

Ultraviolet divergences are not the only complication which arises in QCD. di-
vergences also occur when real glnons are emitted with either very low energy
or nearly col linear to the emitter. We already noticed this problem at tree level
with the e + o ~ • qqg calculation in Section 3.3.2. Throughout this section we
will illustrate t he basic methods and ideas used to deal with these infrared diver-
gences using the important example of the 0 ( o s ) correction to electron positron
annihilation to hadrons. The underlying process is e + e ~ —• ~'(Q) —» qq which,
as we have seen, is also closely related to both deep inelastic scattering and the
Droll Yan process. The 0 ( n s ) correction is given by gluon emission olT the final
s tate quark or auti«|uark. though the following discussion applies with minimal
modification for omission off a gluon. Recall the behaviour of t he quark propa-
gator prior to emission, eqn (3.1(1")),

i = i h ,f M = / i _ !!ia

- .i„cos«<IK) W * 1 V n ' 
(3.198)

Mere wo see that there are basically two singular regions, which may overlap:

(P ropaga to r ) - 1

The collinear singularity is also known as a mass singularity since the propagator
is st rift ly only divergent for gluon omission ofT a massloss partou. C|iiark or gluon.
In both limits the virtuality of the emitter tends to zero, so that it travels a 
large space time distance prior to the gluon emission. These divergences are
therefore associated with the long distance, infrared behaviour of the theory.
Similar infrared divergences occur also in virtual processes. This is because the
integrals over loop momenta include phase space regions corresponding to the
emission of both collinear and low-energy, real gluons for which t he propagators
are singular. This leads to very long-lived virtual fluctuations. It must now be
admitted that we glossed over this issue in our earlier discussions of ult raviolet
divergc!iices. Since our calculations are pert urbativo. based on quarks and gluons.
they will break down in these limits where non-pert urbativo contributions enter.
In this section we shall consider how to cope with these divergences and under
what oireunistaneos they cancel.

3.5. L Infrared cancellations and dimensional rc.gularizat.ion 

The key to treating infrared divergences lies in two observations. First, whilst
real diagrams squared always give positive contributions to a cross section, in-
terference involving virtual diagrams can give negative contributions. This opens
up the possibility of arranging a cancellation between the singularities in t he two
sets of diagrams at t he level of the amplitudes squared. Second, there is a striking
similarity bet ween the two singular configurations, soft and near-oollinoar gluon

0 0 soft
„ .„ -o (3.199)

2E8£< 1(1 - ß„) »II Ö,|(, — (I collinear.



INKHAUKDSAII-.n mv

emission, and I lit- sit uat ion where no emission at. all occurs. In practical situa-
tions a detector 's energy resolution and granularity will not allow a sufficiently
"ill m collinear emission to lie distinguished from no emission. If this is to be
H'llected in the corresponding theoretical calculation then the two contributions
in id in be added to give a useful result. In the case of electron positron annihil-
ation In hadrons t he lowest order terms in the matrix element squared are given

by

M<m = M™ + «MX + •••• M , « = v / î v ^ C + ' • • 

\ M \ 2 = | > < f + n s ( | > C f + } ) + • • • • (3-200)

There is no V/Fv7 cross-term in the squared result as there is no common final
Mate: |qq) ^ |qqg). At next-to-leading order we should take into account both
the real process e + e ~ —» qqg and the interference between the tree-level and one-
loop. virtual corrections to the process e + e ~ —» qq. In eqn (3.200) we anticipate
that the first and second terms at <9(os) will contain "+oc' and ' —oc' infrared
divergences and that these will cancel when added to leave a finite result.

As with the treatment of ultraviolet divergences, before we can manipulate
any matrix elements we need to regulate any infrared divergences and make
I hem finite. It is rat her pleasing tha t dimensional regularizat ion again provides
it suitable method. To see how this works we shall consider the tree-level process
V • qq&- for inassless quarks. In the soft gluon limit the dominant contribution
to the matrix element, squared comes from the cross-term, eqn (3.106).

\M[* X , M ~ ' 1 . (3.201)

which behaves as E"1. This expression, describing radiation off a colour anti-
colour dipole. also contains collinear singularities for (j - ' | | </. where it behaves
as and for g —>|| 7j. where it behaves as 0~~. As we shall learn in Sections 3.7
and 3.6.7. this simplification of a matrix element squared in the soft and collinear
limits is generic. Thus the contribution to the cross section from a soft, gluon
emitted nearly parallel to the quark is given by tin1 following /^-dimensional
phase space integral

<»"•* Q ' + V ) , , (3.202)/
= ./ (2*)» J„ 2/^ E„ - ,(/||] f ( î ï )

(2n)'> w '(<l-!l)(<l-i/) 

" 3 f l f dfl||dflxflx ' 

/' ... r-n 1 r , s i n ' 5 - 3 0 ( .„ ic\D~:Hl
KM)
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In I lie first line we isolate t lie component of I lie gluon's momenlum parallel to the
quark: / (Si) describes the (non-singular) angular dependence of the dimensionless
combinat ion (<i • <j/<j • //) x (¿'R/i.*,,). In the second line we have introduced polar
coordinates oriented along the direction </. As the third line makes clear, it is
apparent that the soft.. ZvK — (I. singularity is integrable provided D > 4. as is
the collinear, ()<w - (I. singularity. Thus to tame infrared divergences we work in
I) I - If dimensions, but now with ( < 0 so t ha t D > I.

Readers may be aware t h a t another method for regulating infrared diver-
gences is to add a small mass to the gluon in intermediate calculations which
can be removed iu the final result. However, this is a 'short-sighted' solution as
a gluon mass term violates gauge invariance at. C')(os). As soon as two gluoiis
are involved in a si tuation, a gluon mass cannot be used without destroying the
basis for the theory. You may wonder if it is possible to extend the BRS sym-
metry even fur ther to accommodate a gluon (or ghost.) mass term as well as the
gauge fixing term. Unfortunately, this is only known to be possible for an abelian
t heory such as (JED.

3.5.2 e + e " annihilation to liadmns at NLO 

We can now start to calculate the cross section for electron positron annihilation
to hadrons including our infrared regulator. This is given schematically as the
product of a lepton tensor and a hadron tensor which is integrated over t he final
s ta te phase space, c.f. eqn (3.85).

J _

2 Q 2 '

Observe that in the photon propagator any terms proportional to (1 £)Q''Q" 
do not contr ibute t hanks to electromagnetic gauge invariance which requires that
both Q"L,IU = 0 = Q"L„„ and Q , , / / ' " ' = 0 = Q„H"". Now. the only available
objects that can carry the integrated hadron tensor 's Loreutz indices a re //'"'
and Q,lQ". Add to this the gauge invariance requirement, and we can restrict,
t he integrated hadron tensor to the form

fd<]HI ' " ' (Q) = 7 r + H ( Q - ) (3.204)

with H(Q') = -Vlil, jd<I>H'"'(Q2) . 

You may recognize the pre-factor as the appropr ia te form of the spin averaged
polarization sum for an olf mass-shell photon iu D dimensions, c.f. eqn (3.111).
Subst i tut ing eqn (3.204) into eqn (3.203) and using the s tandard form of the
(inassless) lepton tensor, eqn (3.85), then gives

e 2 (D — 2)

y< l« I ' / / " " . (3.203)
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In Ins way we have reduced the problem to the simpler one of o d e , . l a t h « the
m l , " f U i .'1,<! ,"",1<>"i«- with -rh4l, and integrating it over ,se
— l o confirm eqn (3 205) we apply it to the underlying low J o « t r S X
piocess for a single, massless quark flavour.

r ( 0 = 2 ( 1 - 0 ^ < / , 2

4 c y (3 - 2e)

m (3 - 2e)

(rr.y )2A',. x d ' I ' jTr

r ( l - e )

' o •v >'(i - 0 a r ( i - c )

m -
(3.20(i)Q2 """ ' ( 3 - 2 f ) f ( 2 - 2 f )

The evaluation of the hadron tensor essentially follows the earlier t rea tment .
Section 3.3.1, however, we now work in D dimensions. This means adding a 
factor //' to the quark ' s coupling and remembering tha t = D = 4 — 2t when
doing the -y-matrix algebra: see Ex. (3-19). We used eqn (C.22) for the phase
space. T h e result coincides with eqn (3.93) in t he limit D • 4.

3.5.2.1 Tin- mil 0(<\s) contribution At. C ) ( n J the most straight forward contri-
butions to evaluate come from the real emission process 7 ' —+ q<|g: see Fig. 3.11
and the earlier discussion of Section 3.3.2. Working with massless quarks in I)
dimensions t he project ion of the qqg matr ix element squared is

->hu.f!l't"

(<'<^hii2')2C,,Nc

2(1 - f ) T r { l }

= 2 ( l - r ) T r { l }

- 2( I r )Tr {1}

- e ) F t l + M )
\!)-<I f / q j

Hd -x.t) (I -x„)J +

(7 • <1)Q- _ ' 

(n •'/)(// • 7)

2 ( 1 - * « )

(»-• ' . ' . , )( 1 -x„) 
-2c

(3.207)

Men- we employ the usual energy fractions, ./•,. defined ¡11 eqn (3.113). In the first
two lines it is easy to identify the individual contr ibut ions from the d iagrams
corresponding to gluon emission off t he quark, emission oil' the ant iquark and
their interference. Iu this expression the collinear singularities appear as single
poles in the limits <j • <j — 0 (./:,, • 1) or <j • <j — 0 (./•,, — 1). T h e soft singularity
appears as poles in the limit r / i / —» 0 and 7• tj 0 (.?:,, —> 1 and ./„ —» 1). Observe
that in this limit the interference term has a double pole. T h e appropr ia te D-
dimensional. three-body phase space integral is given by eqn (C.23), so that
Hh(Q~) is given by

Hu(Q2)-') = <\W»(Q'2) = o^^CVAWQ2 ( ^ V

1(2 — 2f)



I in I iiKnitv o r - ge l»

* I , b : < i / - , ; , l V i i ( i - *<,)(i - j v i ) ( J < I + - Di'

x f ( 1 _ f ) f l l ^ f l l ) + + - 2 f ] . (3.208)
\ ( 1 — JV,) (1 - •«'<,)/ (1 - ,:<i)(l - a'<i)

This phase space integral looks very daunting, but can in fact be rendered quite
simple by means of a change of variables. r ( | = 1 - r.r,,. and ,r(| r .

I ' ' " | i 2 ( l - x)o(l - »)]'

, i n t r ( 2 - o r ( i - e ) r ( - o r ( 2 - o r a ( - f ) r : ' ( i - r ) )
- \ ( 1 ~ f ) r ( : j - 3 f )

+ r ( 2 - :ie) T ( 3 - 3 e ) J

r 3 ( i - 0 L _ ( 1 _ 5 " 4 f ) N l
r ( l - 3 e ) ( l - 3 f ) W f (2 - 3e) / 

The :r and r integrals are of the standard F.uler tf-fnnction form, eqn (C.27). and
the resulting I'-functions have been manipulated using eqn (0.25). Mere we see
a double, 1/f". pole which comes from the interference term and is associated
with the soft gluon singularity. There is also a single, l / f . pole associated with
the collinear/soft divergences. Combining eqns (3.20!)), (3.208) and (3.205) gives
the real gluon emission cross section at C?(os),

,<o - „ • » i k c y (*E!*X ( - + - + - + 0(e)) . (3.210)
" " 2tt V Q2 ) r ( l - 3 e ) \c2 f 2 v 'J 

3.5.2.2 The virtual C?(as) contribution We now turn our attention to the
contribution coining from the interference of the virtual, one-loop cor-

Flt;. 3.20. The virtual, one-loop, QCf) corrections to the 7* -«• (|q vertex at

0(aH)
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Recalling our earlier discussion of rcnormalization, Section 3.1.1. we antici-
pa l.e that these virtual corrections contain both infrared and ultraviolet diver-
gences. We begin by investigating the ultraviolet behaviour of the corrections.
I'he divergence in the quark self-energy can be read olf from eqn (3.132). To

obtain the divergent part of the vertex correction we note its similarity to the
Hist. "QED-like" graph in Fig. 3.18 which is identical upon making the replace-
ment <is(T

bT"Th)ij — C( ,l{T''Th)ij = ccHCi.u),r Thus, t he divergence can be read
olf from the first term iu eqn (3.138). Temporarily abandoning our restriction to
inassless. on mass-shell (auti)quarks, the one-loop contribution to the 7qq vertex
In given by

1 " . , / '
. 1 

y-('i) ^ y ' + y ' i ^ E M
<l~ — III- q- — lll~ + ViAQ.'i)" 

+1

i <'<ld'ij-~-Cjr X (U.V. finite) . 
•J 77 

£7" A, + U.V. finite

(3.211)

Note t hat we only absorb half of I lie self-energy corrections int o 1 he renormali/.ed
coupling appearing in t he third line. The other half goes into the wavefunction
reuormahzatiou. We also use the Dirac equation acting on quark. "('/)• find
antiquark. /'('/)• basis states to eliminate the two remaining divergent terms.
I'he sum is then free of ultraviolet divergences. This result, for the "yqq vertex

should be compared to that for the gqq vertex. Fx. (3-23).

The absence of ultraviolet divergent QCI) correct ions to t he "/qq vertex is not
an accident but an important requirement, for the acceptability of QCD. Its sig-
nificancc lies iu the fact that QCD does not alfect the renormalization of electric
charges or. if you wish, does not spoil electromagnetic gauge invariance. More
formally, the electric charge operator commutes with the (¿CD Mamiltoniau. II
it did not, then electric charges would not be conserved. For example;, consider
an ant ¡neutrino interacting with an electron to give hadrons. u0c~ —< IT — elu.
The initial s tate has charge —e and is unaffected by strong corrections, whereas
the final state is potentially affected by them and so might have a rcnorinalizcd
charge <' /- - < which is unacceptable. The -,qq. Zqe) and Wqq' vertices are free
of strong interact ion divergences to all orders. This is the reason why we can cal-
culate the charge' on a haelron from t he sum eif charges on its const.it uent quarks
without regard to any complex, non-perturbative. stroiig interaction dynamics.

Since we are focusing on the case of inassless, on mass-shell (anti)e)iiarks a 
number of the virtual eliagrams do not contribute', Recall e'i|n (3.131) for the
quark self-energy, which in the case of ¡ r m~ = 0 reduces to

(2

I "A- 7 , M + />Y 
{•!-)» \k- + 2k • p]k2 (I 0 

k"k"
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-(ya,,< S Cp6tJ/> I - = 0 • (3.212)

In I lie second line, we have made explicit the fact t hat the resulting loop integral
is independent of any scale ( ¡ r = 0). This is the same situation that we encoun-
tered previously with the tadpole diagrams where the integral cannot he defined
for any dimension D. In dimensional regularization these integrals are defined
to be zero. Thus, the only one-loop diagram which can contribute is the vertex
correct ion where the scale is set by (J2 — 2q • (]. 

The contraction of the had ron tensor describing the interference between the
vertex correction and tree-level diagrams is given by the real part of t he following
expression.

r (|/>/. i

- * " " " v ' = )-"lV {7*7*} A, ( A . + ^ _ „ ) 2

x |TT + ihAt ~ Í ) V í t " } - WW + -1i)«V'}} • 
(3.213)

Evaluating the two traces is a straightforward if tedious exercise.

Tr + ¿ h , M - á h 0 1 h " }

= + 8 ( 1 - e) [0a - 4(* • <l)(k •,,) - 2k • (,, - C,)Q2 + fk2Q2)

Tr { 6 m + Ú h A t - i W ]

= - 4 ( 1 - c)(fc + <i)-(k - <1)2Q2 . (3.214)

The second result implies t hat t he gauge dependent contribution is of the same
type as t he integral in eqn (3.212) and therefore vanishes. There is no £-depend-
ence. In order to treat the remaining loop momentum integral we first combine
the propagators using Feyinnan parameters,

1 _ /•' / - 1 - 0 1 

k~(k + <i)2(k - r,)2 = i <in I d/ [tt(k + q)2 + ;Hk-q)2 + (l - o - ;l)k2)*
,1 ,1 -0 J 

= / do / d / ? — . 3.215
Jo Jo [(A: + oq - Pq)2 + apQ*]* 

This suggests the change of variables A " — k1' —ctq'' + 0q'' in the integral. Making
this substitution in the integral's numerator the first trace, eqn (3.214). gives

Tr {} = 8( 1 - e) {i / 1 - 4 [(A- • q)(k • q) - ap(q • q)2]

- 2 [0q • q + nq • q] Q2 + ( [A'2 - 2o(1q • q] Q2 } (3.216)

= 8(1 - e ) Q 2 { [ l - a - 0+ (1 - e)«0]Q2 - (1 - e)2(2 - f)~lk2} . 

In the first line we have discarded any terms that are linear in k and so give
vanishing contributions in an isotropic integral. Whilst in the second line we
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H i - 2 0

[<Tn + O ( 0 ] {1 + + ° ( 0 ) ( 

[1 + P ( f ' ) ] (

= ^ o { l + -C,.-^ + 0 ( c £ ) } (3.220)

In the second line we made use of the expansion '&<{( I ) ' } = ' / ^ '{e""} = 
I (n¿/2)f- I 0(r') and eqn (C.26). As a result, it hecomes clear that, both the
I //- ' and I /< poles cancel to leave a finite result. As a consequence we can safely
take < — It and obtain the D = -I limit. Thus, for a suitably inclusive definition of
the hadrouic cross section we avoid the potential infrared catastrophe associated
with soft gluons.

Before going on to identify the general characteristics of infrared safe ob-
servables we mention a succinct way of organizing t he above cancellation using
cut-diagrams. The 0 ( i \ s ) cross section is represented by the diagrams shown in
Fig. 3.21. The two basic diagrams have each been 'cut ' in two ways. On the
left-hand side of the cut we view it as the usual Feyninan diagram corresponding
to M . On the right-hand side of the cut we view it as a "reversed" Feyninan
diagram corresponding to M ' . Thus, the top-left diagram represents the inter-
ference between the two tree-level Feyninan diagrams, whilst the bottom-left di-
agram represents the interference between the tree-level and one-loop correction
to the basic ~,qq vertex. You should notice that these are the same diagram cut
in two different places. This one diagram encapsulates the contributions which
must be taken into account, to ensure the cancellation of infrared divergences.

3.5.3 Infrared safe observables

Our calculation of the cross section for electron positron annihilation to hadrons
demonstrates that it is free of infrared divergences to at least 0(e i s ) . In fact, the
KLN-t heorein (Kinoshita. 1SKÍ2; Lee and Nauenberg. 1964), and its generalizat ion
to QOI) (Poggio and Quinn, 1976: St.crman. 1976). guarantees that such a fully
inclusive observable is infrared finite to all orders. This theorem can be extended
so as to apply to other observables (Sterman and Weinberg, 1977: Dokshitzer
rl al.. 1980). The key requirement for t he cancellation is t hat a quark and a quark
accompanied by any number of soft gluons a n d / o r colli near gluons and qq-pairs
are treated the same. Likewise. |g) and |g + " igs + "2g|| + ":j((l(~l)||) must give
t he same contribution to an observable. Now. in practice cross sections are often
weighted by functions corresponding to physical measurements on the parton
final states. In general a measurement is described by an expression of the form
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Fie. 3.21. The cut-diagrams which describe the comrihutions to the ampli tude
squared for 7 ' —» hadrons at 0 ( o s )

' = Ì E Ì / ' ( I < I , " E (3.221)
a ' •' 

{ />„ — 1 I = i 7 (total cross section)

/>„ = <5(.V — X„(/>,)) I = -j"Y (differential cross section) . 

I'he sum includes the contributions from all n-parton final s ta tes and. on the
assumption t hat quarks, ant ¡quarks and gluons are not distinguished, we include
I lie syuunetrization factor I/;/!. The weight functions of t he ii linai s tate partons.
/»„(/'i / '„). define the measurement. For example, to obtain the total cross
section. / = a . we simply use (>H(]>i) = 1- Often, we arc interested in the distri-
bution of some variable A* which is given by t he function A',,(/*,•) for n partons.
Typical observables discussed later include the event's Thrus t , see eqn ((i.2). or
a jet resolution parameter, see eqn ((5.3) or ((>.-1). To obtain / = drr/d.Y we have
to use />„ - <S(.Y — A'i,(/>,))• However, in view of the cancellations required l'or
infrared safety, the functions A'„+| and A'„ must become equal in the soft and
collinear limits.

'V,1 + I(/>i A/»„.(l - A);

X»+i(l'i I>n A)) 
' n ) J = A-„ (/'• !>,.)• (3.222)

Whilst, this is a requirement imposed on theoretical grounds, you are reminded
that it also has a basis in experimental reality. The results of a measurement
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s111• 11111 be insensitive t<> changes in a detector 's energy resolution or granularity.
As a result of this requirement any observable which is not a linear function of
the parton four-momenta will not lie infrared safe and should not be used in
experiment or theory. If you do not heed this restriction then you will be sensi-
tive to long-distauce physics. This means either introducing a non-perturbative
model, upon which your results will depend, or accepting that, using pQOD will
give infinity at NLO. Despite this established wisdom it is still too common to
see variables such as Sphericity (not to be confused with spherocity) or (some)
cone based jet finders which are infrared unsafe!

A special situation arises for observables such as s t ructure functions and
fragmentation functions. By their nature the inclusive summation over initial or
final s tates is restricted by the requirement to contain a specific particle. This
results in residual collinear singularities which can be treated in a maimer which
is reminiscent of renormali/.atiou: see Section 3.6.

The first example of an observable specifically designed to satisfy the in-
frared liniteness requirement is the Sterman Weinberg jet definition (Sterinan
and Weinberg. 1977). Other examples of early variables are given in (Basham
et <il., 1978«) and (Fox and Wolfram. 1978). A hadronic e + e event is defined
to be a two-jet event if a fraction (1 — c) of the total C.o.M. energy is con-
tained within two back-to-back cones of half angle i). Whilst this clearly satisfies
eqn (3.222). in practice it. is rarely used at e + e ~ colliders, though such "cone
based definitions are still used at hadron colliders. A more popular jet defini-
tion is based on the minimum invariant mass of particle pairs. At leading order
all (¡vents are two-jet. events. At O(o s ) . an event is only classified as two-jet if one
of the t hree possible pairs of part.ons has {l>i+l>,)2/Q2 < y for a given value of the
resolution parameter ; / . By construction we l iavey < 1/3. A two-jet event occurs
for two basic phase space configurations. Either, the gluon is radiated sufficiently
close in direction to the quark or with sufficiently low energy that (</+y)2 /Q- < y 
and the qg-pair forms a jet recoiling against, t he q (or wit h q and q interchanged).
Or. much less likely, the gluon has high energy and the qq-pair forms a jet recoil-
ing against, the gluon. Using (/i, + Pj)2 /Q2 = 1 •'•/.• > ij we see that the three-jet
region of phase space is confined to a triangular region. 2// < .r, < 1 (/. in
the centre of the r ( l — plane away from the collinear and soft singularities,
see Fig. 3.12 where y 1 - T. This means that calculating the 0 ( n s ) . three-jet.
cross section is relatively straightforward as. unlike the two-jet cross section, it
does not involve any infrared cancellations and therefore it does not. require a 
regulator. One can then use the known result a-> + <73 = rr,,[ 1 f (3C;.-as/(4jr)],
eqn (3.220). to infer the two-jet. cross section. Rather than do this in one step
we first use eqn (3.221) with A"„=.i = min{ I — .r\. 1 — .r >. 1 — ,/*;t}. A' - y and the
matrix element squared given by eqn (3.112),

0 *'J -t-1--
" (1 -x-)(l - i ) jr=l—y [1-X)(l-X) 

+
t»t+(-I
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?/(i - //) V ?/ / //
(3.223)

This expression shows n characterist ic logari thmic divergence as >/ —» 0. thai is. as
tin' singular regions are approaclied. In passing, we mention t h a t this expression
l1,Ives the Thrust dis tr ibution with T = I — y. Integrat ing this expression from
II to the phase space limit 1/3, we can calculate rr:\ and hence the »- je t ra tes
delined by f „ = n,JnM a s

A W = g c , { 1 4 - % - + (3 - % ) lu

mid hiv) = 1 - h(y) • (3.224)

Here, the dilogarit lnn or Spence function is delined by

Li2(x) = - f < h ' " ( 1 ~ . (3.22r))

It arises frequently in Q C D calculations. Equat ion (3.224) shows that in the limit
'/ • f:i{u) diverges as ( n s C y / ~ ) In"//. Th i s can give the counter- intui t ive rc-
<iilt h i l l ) < /:t(.'/) and worse /o(_i/) < 0. Whilst this is unsett l ing, it. is possible
because /_>(//) receives contr ibut ions from an interference term. In calculating
l.i(u) we restrict ourselves to a subregion of the real phase space so that the full
cancellation of divergences which occurred in eqn (3.220) is now only partially
complete and residual logari thms remain. At higher orders we may ant ic ipa te
terms of t he form ¡«•sC/p/(2/r) ln J / / ]" ' . Such large enhancements have obvious
Implicat ions for the convergence of cross sections. Consequently a significant ef-
fort is dedicated to identifying and "rcsumming' such cont r ibutions. For reference
we also give the 0 ( ( \ s ) . three-jet rate for the Sternum Weinberg je t definition.

M , 6 ) = g o v s { in ( i ) [in ( 1 - l ) - | ] + £ - 1 + I n ^ I n « , } . 

(3.226)
Here, it is <lear that the most singular term is associated with overlapping
collinear. ii —» 0, and soft , c —» 0. singularit ies.

3.6 T h e Q C D i m p r o v e d p a r t o n m o d e l

The naive (quark) par ton model is independent of Q C D as such and indeed was
invented before Q C D existed (Bjorken and Pasehos. 196!): Feynnian. 1972). It
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began as a (|uasi-classical model lor DIS. based upon the idea that a badron
can be described as a collection of independent partons. with little transverse
momentum, oil which a lepton can scatter via the exchange of a vector boson.
I'lii- constituent quark model supplies quantum numbers to these partons and

thereby suggests relationships between the various s t ructure functions (Close,
l!)7!l). At this tree level all that pQCD supplies is support for treating the par-
tons as independent, via asymptotic freedom, and candidates, the gluons. for
the eleetrowoak neutral partons inferred from the apparent violation of the mo-
mentum sun rule (Llewellyn-Smit h, 1!)7'2). This parton model picture of DIS is
easily generalized to hadron hadron collisions.

The parton model comes to life when we add pQCD corrections (Altarelli.
1982). This brings to the fore quant um effects and changes our picture of the par-
tons wit hin a hadron. An essential feature of the parton model is the separation
of a cross section into hadron independent «»efficient functions, which describe
t he parton scatterings, and scattering independent p.d.f.s, which characterize the
hadrons: see. for example. <'(111 (3.227). In order to maintain this separation ¡11 t he
presence of QC'D corrections, we are obliged to make t he p.d.f.s scale dependent.,
that is. functions of both x and Q2. This introduces the idea that a parton con-
tains within it fur ther 'daughter ' partons and that these are revealed when the
Q~ of the probing vector boson is increased. This scale dependence is governed
by the famous DGLAP equations and whilst it remains true that , in the absence
of suitable iion-pert.urbat.ive techniques for QC'D. we cannot calculate the p.d.f.s
from first, principles, we can deduce the p.d.f.s at one scale from a given set at.
another scale. Introducing pQCD also forces us to give a precise meaning to
the idea of factorization, which has now been proved to hold in pQCD (Collins
and Soper. 1987). In doing so we give greater legitimacy to the QC'D improved
parton model: so much so that, the QC'D improved parton model provides the
conventional framework for carrying out. pQCD calculations.

Inevitably, when we add pQC'D corrections to the naive parton model, the
necessary mathematics becomes more involved. However, we believe that the un-
derlying ideas are not that complicated. Therefore, alter repeating the tree-level
treatment of DIS we give a heuristic development of the NLO pQCD corrections
to DIS and factorization. This is followed by the complete 0 ( ( \ s ) calculation.
After this we switch at tention to the DGLAP evolution equations and their gen-
eralizations. This is followed by a discussion of how t hese equations take account
of large logarithmic enhancements to a cross section. Finally, we show how the
factorization formalism is applied to the Drell Yan process in hadron hadron
collisions.

3.6. 1 DIS at tlic parton level 

The formal description of lepton parton scattering follows that for lepton hadron
scattering. The partonic cross section. i \n f f . is given by eqn (3.32) with two
modifications: the hadron momentum p1' is replaced by the parton momentum
yp1' and in the hadron tensor the s tate |h) is replaced by | / ) . / {q .q .g} . to
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give //,',), Again gauge hivnriance ensures that, this partonic tensor retains the
form given in eqn (3.30) but with partonic s t ructure functions. These partonic
.11 net lire functions are functions of yp1' and which, thanks to Bjorken scaling
(Bjorkcn. 1909), occur in the combination -<iyl(y2p-qv) = x/y. Since we use1

the name of a particle to represent its four-momentum, we use (¡[', for the four-
inoincntum of the exchanged boson to avoid any confusion with the momentum
of a quark, q1'. The lepton tensor is, as before, given by eqn (3.33). This par ton
cross section is related to the hadron cross sect ion bv weighting it bv the hadron 's
p.d.f.s.

da""> = £ f d y M v W { t / ) ( j ) . (3-227)

I I1 is implies

/ C " V ' A ' ) = £ f ( V P ' < l v ) • (3.228)
, Jo .'/ 

where the factor l / y can be traced to the1 scaling p1' —> yp'' used to obtain the
lepton parton flux factor.

Rather than work with the full hadronic tensor, it is helpful to project, out
two combinations of struct ure functions,

n{y],) = -v""tCh)

/ / j n " = p " p " f i ^ U )

Q > , 

(2 ,•)-' ^ I 1 
+ + (3.229)

I his will simplify the expressions with which we have to work. Here, with a 
view to future use. we have chosen to work in D = 4 — 2< dimensions. Similar
projections can be delined a t the parton level. In the case of //>• t his is straight-
forward but for Hi, we have t.o use the parton momentum, yp. in the equivalent
of eqn (3.229). Referring to eqn (3.228) we t hen have

= E / ' ^ A f o ) " ^ ' W ) = E f ~ f u ( f ) W H z )

« r = E E 4 / - / ' • ( - ) • 

(3.230)

Remember tha t scaling implies that the i i \ 1 ^ are functions of (¿2/(y2]> • <7-, ) = 

r /y . The advantage of the ' to tal ' s t ructure function, fly ^. is that, it is es-
sentially the matrix element squared for the vector boson parton subproccss.
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I'lic 'longitudinal' structure function. 11'̂ 11. i.s particularly nicc because many
diagrams give vanishing contributions and those that do not vanish at 0 (n„ )
are free of infrared singularities. In e<|n (.'5.22!)) we recognise the combination in
square brackets as the longitudinal structure function: see Ex. (3-5). Once we
have calculated / / v and ///. we can invert oqn (3.229) to give us the structure
functions !•'•> and F \ .

r ^ ' W

(3.231)

Here we have made the simplifying assumption that the 2xM\JQ terms are
negligible. In what follows we shall also neglect all quark masses. This makes t he
algebra simpler and will cast into sharper relief any eollinear singularit ies.

3.(¡.2 I)IS ill leading order 
We now calculate the leading order cont ributions to DIS in t he part.on model. We
will focus on electromagnetic exchange in which a photon couples to the electri-
cally charged part.ons: quarks and antiquarks. The charge conjugation symmetry
of (JED and QC'D ensures that quarks and antiquarks give the same com ribntion.
Thus a t C (o" ) we need only consider the one tree-level subprocess -/ ' ( | — q'.
The treatment of Z and \ \ r ± exchange involves only minor modifications.

To calculate fly ''1 we first require the matrix element squared. This is easily

evaluated in D dimensions,

Y , \ M ( l ' < l - <l')|2 = eV, jV c ( 1 - 01V {1 }Q2 . (3.232)

Here Q2 = — (//' — c/)2 = 2q • </' > I). Next, we average over t he spin and colour
polarizations of the incoming quark. 2Ar

c< and include the one-body phase space
integral, oqn (C.19), to obtain

I d < l » , ^ |,Vi(7'q - q ' ) | - = 2e 2 e 2 ( l - e)Q2 x 2*6(q'2) . (3.233)

Here we have used T r { l } 1 I. Since the struck (¡nark carries a fraction // of
the parent hadron's momentum. </'' = gi>''. the ¿-function. which const rains the
scattered quark to be on mass-shell, can be rewritten as

F,(-r) 1 „ (V I . ) , (3 - 2Q 4:r2 (y ip

( 1 - 0 • 
-l

( 1 - 0 Q 2

r / ^ 4j"> M , l ' h )

1

< 1 - 0
Illvf)(z) I 

(3 - 2r) - I"

(1-0 Q-

, 'r 

1 d : . / x \ U- i , i v f ) , .

q'2 = (,/p + (h)
2 = g2p • q' - Q- = 2P • q'(g - .»•) 
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= > - < $ ( . ' / - * ) . (3-234)2p • q-< 

Here x is the usual Bjorken-.r. eqn (3.39). At this point we pause to observe
t hat the origin of this 6(g - x) factor is purely kinematical and therefore we may
anticipate that all the one-loop corrections to the 7*q —> q' vertex will also be
proportional to i)(y x). Finally, following convention, we divide out a factor
•Irrc~ to obtain

H[?'l) = d . l » , 2 |,W(7'c, q ' ) | - = <>2(l - f ) " -0

- c2(l - c)x6(y - x) . (3.235)

The elfect of the ¿-function in e<|ii (3.235) is to select only those (anti)quarks
with momentum fraction x. The presence of a ("¡-function also means that the
partonic structure functions are formally distribution functions (in the math-
ematical sense) and so only have meaning when integrated with a suiliciently
smooth ordinary function. The calculation of //} " l ) . oqn (3.229), is even easier
as it vanishes. This follows because, assuming mnssloss quarks so t hat q) = 0.
we have

<1„M»(7*"<I - <l') « u(q')fi„(q) = 0 . (3.23(5)

Given fl{y<|). together with /"/J""1' = 0. we use oqn (3.231) to obtain the lowest
oi'dor electromagnetic structure functions

2 x F ^ ' \ x ) = F?U\x) = x £ c}fu(x) . (3.237)

/-q.'l

I his confirms the Callau Gross relationship bet ween F\ and F> which holds
at lowest, order for scattering off a spin-1/2 parton. As wo will see at 0(os)
and beyond F>(x) ^ 2xF\ (x) and the two structure functions can no longer
be regarded <us equivalent. In Ex. (3-24) the same result is obtained using the
explicit hadron tensor. This also demonstrates, as one might expect of t he parity
conserving QED. that F-]t~

,U) = 0.

This calculation has familiarized us with our notation and proved the Callan
Gross relationship bet ween the structure functions appearing in the parton model
at tree-level. We now wish to investigate how this picture changes with the
inclusion of pQCD corrections.

3.(1.3 A heuristic treatment of factorization 

A number of processes contribute to the structure functions at 0 ( n s ) . If the
struck parton is a(n anti)quark we have the tree-level scattering 7*q —* q'g. the
so-called QCD Compton process, shown in Fig. 3.22. To this must, be added
the interference between the' tree-level and the one-loop corrections to the basic
scattering 7 ' q —> q'. The situation hero is similar to that encountered in the
treatment of the pQCD corrections to the process 7* —• qq; see Section 3.5.
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'Piloro, both I lie ultraviolet and infrared singularit ies in the t wo sets <.l contribu-
1 ions cancelled to leave a finite result. Flectroweak vector bosons do not. directly
couple to gluons. In order for gluons t o cont r ibu te to the s t ruc ture functions they
must first split into a charged qq-pair. Thus their contr ibut ion is at least O ( o s ) .
T h e lowest order contr ibut ion comes from the tree-level process 7*g — <|(|. the
so-called boson gluon fusion process, shown in 1'ig. 3.23.

F i g . 3.22. T h e two d iagrams cont r ibut ing to the Q C D Compton process.

7 « q _ ( ) 'g, a t leading 0 { o j and . reading right to left, gq ' — 7*<ì

FIG. 3 .23 . T h e two d iagrams cont r ibut ing t o the boson gluon fusion process,
y j , _ q q . a t l leading 0 ( a j and . reading right to left. qq — 7 ' g

We shall concentra te on the tree-level. C>(ns). process 7*q — q 'g an<l in

part icular the par tonic s t ruc ture function l i £ < ] ) . since this contains examples

of all t he singularities with which we shall have t o deal. As noted. H>: is
proport ional to the matr ix element squared for the hard subprocess. This can
be obtained from that for the process 7* - <Klg- <"<1" (3-207). using crossing,
eqn (3.»r,). T h a t is. making the subs t i tu t ions </'' — 7'' '- <7 — - ' / " a l l t l Q~ — 
- Q - . reflecting the space-like na ture of the photon 's virtuality, one finds

Y , |M(V<I - M's)!3 = »¿'Wrv {T"T" ) 
g-g' + Q%q')

!) • <1 <1 • ' / '
(3.238)

T h e three terms correspond to emission of the gluon off the outgoing quark ,
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oil tin' iucoiniug <|iiark and the interference between the two contr ibut ions. To
obtain I I I " 0 we need to average over t he incoming quark spins and colours. 2.V,..
divide by the conventional factor Attc'2 and integrate over the two-body phase
»pace of the final s t a t e particles.

= / d < I ' , J > W ( 7 * q - c,'g)|2

= /d<I>, i f f I « + • (3-230)
1 ./ 1.9 <7 fl 'l (<l -<l)(fl •'/'). 

Here we used Tr{Y'"7'"} = C/?Nc. Looking at the propagators , rx [/?K(1 — 
cosfl)]" ' . we see that, t his expn'ssion has a number of singular regions; c.f. Sec-
tion 3.3.2. The re are col linear singularities when the gluon is emit ted parallel to
the incoming quark . </ • <1 — 0. or the outgoing quark, <1 • q' —> 0. There is also a 
oft singularity when the energy of t he gluon vanishes. T he collinear singularit ies

are associated with the vanishing of the quark propagators just, prior to or just
after the interaction with the photon. Such a low-virtuality in termediate quark
will travel a large distance. ./" = A " / k 2 . so t h a t the gluon is emit ted eit her well
before or well a f ter t he hard subprocess. We may t herefore ant ic ipate tha t the
Init ial s ta te collinear singularity can be natural ly associated with the incoming
liadron and into which it might be absorbed. T h e final s t a t e collinear and soft
gluon singularit ies both imply a zero mass particle in the final s ta te .

A' = (<l + q ' f = 2.7 • ( 3 . 2 1 0 )

= fa + <h? = ' f t p • <h -Q2 = Q2 ( 7 - 1) = Q 4 ^ • 

In the second form we let the incoming quark carry a momentum fraction 1/.
that is. 7'' = up'1 and we introduced z = x/y where x has its usual meaning,
eqn (3.39). Thus , s = 2 y • 7' —«• 0 is equivalent, to Q2(y/x - 1) —> 0 so tha t these
singularities involve the kinematics of the lowest order hard scat ter ing to which
they must consequently be associated. They also raise the spec t re of infrared
singulai cross sections.

Fort unately, for t he analogous process 7" —> qqg we learnt that, including t he
contribution from t he interference between the t ree-level and ouc-loop corrections
In I lie process 7 ' — qq ensured that all the singularities cancelled in the infrared
safe total cross section, eqn (3.220): see Section 3..r>. Hence we might expect
that the singularities present, in eqn (3.239) will cancel when we include the
contribution coining from the interference I »'tween the tree-level and one-loop
corrections to the process 7 ' q —» q' . Unfortunately, in DIS the probing photon
can tell the difference between the charged quark in a collinear qg-pair and a 
quark <| with equal momentum. Thus , the equivalent cancellation for DIS is
incomplete. In part icular the final s t a t e collinear and soft, gluon singularit ies
cancel but the col linear singulari ty associated with the incoming quark remains.
This removes I lie danger of a singular DIS cross section, provided we have a 
means of dealing with the remaining init ial s t a t e singularity.
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In view of the above discussion we will analyse the initial state, collinear
singularity present in eqn (3.239). E(|iiation (II.210) gives us one of the Loronlz
invariants. To evaluate y • </ and i/ • </' it is helpful to specialize to the C.o.M.
frame. Here t he momenta of the massless C|. q ' and g can he written as

<1"=PU,( 1 .0 .0 ,1) A b = l±±p 

<i" = p , m l ( l , - s h i 0 \ O . - c o s 0 * ) 2v/s (3.241)

!l" = Pout(1. + sin 0'. 0. + cos0-) , \ m t = . 

These allow us to infer that

2it • <1 = 2— 1 (1 - cost? ) ></ • (/ = 2 ^ — (1 + cos0 ) 

O 2
 ~ Q 2 "

= ^ - . ( l - e o s r ) = £ ( 1 + c o s 0 * ) .

(3.242)
The two-body phase space integral is given by eqn (C.21) wit h, for the moment,
< I). In terms of these C.o.M. variables eqn (3239) becomes

//<;"'» = 4 c 2 « , ( 7 f — % / ' d cos 0' 
Mtt V/S J-1

[ 2 ( 1 — z) ( l - c o s » • ) 2 ; ( 1 ( COS*-)

[(1 — cos0*) 2(1 - c) (I - c)(l - cosf*)J ' 

Referring to eqn (.'{.211) we see that the cos0 ' — 1 singularity in eqn (3.24:1)
arises when the gtuon direction approaches that of the incoming quark. The soft
gluon and final s ta te collinear singularities manifest themselves as the c —< 1 
singularity, see eqn (3.240). Now, rather than work with cos if*, we choose to use
the transverse momentum of the gluon measured with respect to the incoming
quark direction.

= (3.244)

Q 2 ( l - z ) .... _ 2cos0' d cos» '

4 2 COS ' k2
v (1 + c o s 0 ' ) ( 1 - c o s 0 ' ) '

The limit cos0* —» 1 now becomes k2
r —• 0. Making t his change of variables in

eqn (3.243) gives

= (3.245)

rQ ^dA-f 2 cos fl* 

J / f (1 I cos«*)

(1 - z)2 + (1 + cos f)')z ( I - cos ft" 

(1 - z ) 4(1 — z) 

where cos0 ' is now implicitly given in terms of A-/-. Notice that we have in-
troduced a cut-off. s2. on the transverse momentmn in order to regulate the
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loHincar singularity. At small opening angles, cos0 ' —• 1. the virtuality ol" the
Intel media te quark. 2 //•// in eqn (.'t.21'2). and the gluou's transverse momentum,
eqn (3.2'l<l), are related l>y 2(f/ • ¡¡) = 1 — z). Thus. is also a lower bound
on the minimum virtuality of the intermediate quark, equivalent to an upper
liound >in the distance it travels. This ml hoc prescription will he replaced by
ilimensional regularization iu Section 3.().-l. Focussing on the col linear region we
obtain

Ili?'0 R"(z) + O ^ / C f ) . (3.2-lfi)

I'lie linal state, z —* 1. singularity is still present iu this result. Invoking the
l ' ) (oJ corrections to the 7 ' q —+ q' vertex, which are proportional to ¿(1 - ; ) .
this singularity is removed. A more proper t reatment would show 1 is that the
coellicient is actually a distribution,

4

1

(1 - zh 
CtmS( 1 - s) 

Here, we introduced 1/(1 z)+ as a short hand for (1/(1 z)). 
prescription is defined by

F(s)+ = F(z) - ¿(1 - z) I d y F ( , j )
Jo

+ "'(z) I 

(3.2-17)

where the plus-

(3.2-18)

Distributions only make sense when integrated with a suitable smooth function.
We typically encounter the plus-prescription in a situation such as

9(<
f ( z )

which is free of divergences provided u(z). and / ( ; ) . arc non-singular.
The full calculation would also have given us the form of the unspecified

coellicients C',,,, and /»'(c). Later we shall use a physical argument to extract
3/2 . Given C,| ( | . then eqn (3.217) fully specifies the regularized, lowest

order. Altarelli Parisi split t ing function /^"'(-i)- e<pi (3.50). Finally, given a sim-
ilar result for IIj""'1. which is non-singular, we can use eqn (3.231) to derive F> 
and /•'|. Including t he lowest order contribution, <><jn (3.237). and. for simplicity
omitting the sum over quark Havours, gives

/•,(. r. (/- ':/,)
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« • / M i
(H.250)

In lliis expression we do not show explicitly any dependence on the renorinaliza-
tion scale /in which anyway does not enter at C?(mJ. Now, having identified and
isolated the initial state singularity in F>. we must decide how to deal with it.

Equation (3.25(1) exhibits a large logarithm coming from the collinear singu-
larity which we have identified with long-distance physics. What, we would like
to do is to faetorize eqn (3.250) in such a way that, all long-distance physics is
contained within the hadrou specific p.d.f.. whilst all short-distance physics is
contained within a hard-subprocess specific coefficient function. In order to facil-
itate t he separation of the long- and short-distance contributions we int roduce a 
new factorization scale, ///.•, into eqn (3.250). Our aim is to move the logarithmic
singularity into <i(.r). but we are also free to move none, part or all of tin1 finite 
term. R m , into q(x). Reflecting this freedom we also introduce a finite, a rbi t rary
function. /?,' ( ; ) . int.«» eqn (3.250). The prescription for choosing /?,'' constitutes
a factorization scheme. Introducing ///.- and /?(' we rewrite eqn (3.250) as

F-A-i'-Q '•K)
= </(•<•) + 

¿ T • © £ [ « < • > - ( £ )

(3.251)

i- n u z ) - R!AZ) 

This form suggests deliniug a factorization scale and scheme dependent p.d.f.
which absorbs fully the collinear singularity

< : k ) = ,<*) 4- f * ( i ) g [/>;:;>(,) In ( g ) 4- < ( • : )

(3.252)
The second term on the right-hand side of eqn (3.252) is logarithmically divergent
as h~ —> 0. but we expect the p.d.f. on the left-hand side to be finite. In an
argument that is very reminiscent of renonualization we claim that the 'bare '
p.d.f.. </(.r). contains a compensating logarithmic divergence in k 2 in just such a 
way that their sum is finite and independent o f f , " in the k —> 0 limit.

/ ( a : , < ) = </(*;«) + / ' y ' / » ) g [ 0 * > ( 4 ) 4 < ( *

(3.253)
This 'physical' p.d.f. is now finite and so we may drop any reference to the k 
regulator. In terms of eqn (3.253) we can rewrite eqn (3.250) to 0 ( o s ) as

Fijx.Q1) r , a r>/.'\
~2 = <1 (r.lly.R^) 

<1
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llii- right-hand side of these equations appears to depend on ///.• and /?,''. How-
ever. all depeiideuee on ///.• and />',' cancels to the calculated order. O ( o s ) . and
any dependence at 0(t\2) would also cancel if we included the neglected 0(n'~) 
terms in eqn (.'i.25'1). As the original expression, eqn (3.250), makes clear, the
physical F>(:v,CJ~) is independent of both the arbitrary factorization scale and
scheme. What we have gained, as (lie second form in eqn (3.251) makes clear,
is that all the long-distance behaviour is contained within the finite p.d.f. whilst
tin' process dependent coefficient, function only contains short-distance physics.
The significance of ///.- is that it delimits t he boundary between short . Q > ///.-.
and long. (J < ///.-. distance physics.

In eqn (3.25-1) both the choice of/// .- and ¡{¡' are arbitrary. For the scale,
choosing ///.• = Q is clearly advantageous, as it yields the simple expression

iM.i-.Q-)

(3.255)
The choice of which finite terms from /?,,,, in eqn (3.25(1) to absorb into /?,'" defines
the factorization scheine. Two schemes are in popular usage. In the (modified)
minimal subtraction scheme only the singular term is absorbed into the parton
density function, tha t is. = 0. In the DIS scheme all of the finite term,

together wit h the singular term, are absorbed into t he p.d.f.. that is. /?,.
This scheme results in a particularly simple form for the s t ructure function.

(.'<•. Q-) = .<c:y[S(T.Q2). (3.256)

I lie above reasoning which leads to factorization applies equally well to lr\ ( r .
()ne might t herefore be tempted to define DIS p.d.f.s according to the e(]iiivalent
of e(|ii (3.256) for F\. However, yon should be aware tha t at C ( o s ) F> /- 2rF\ 
and the two schemes will not be equivalent.. Equation (3.256) is the conven-
tional definition. It is significant that /•'/, F>/('2.r) — F\ is infrared finite and in
particular contains no collinear. initial s tate singularities. This means that the
same redefinition of the p.d.f.s used to render F> finite will also render F\ finite.
Although we will not. demonstrate it. this is also true for /•'•(.

As the discussion of factorization schemes makes clear, the p.d.f.s should
not be regarded as physical quantities, since they depend on the scheme used to
define them. However, when convoluted with the appropriate coefficient, function,
eqn (3.251), they give rise to physical, measurable s t ructure functions.

The crucial point to remember with regard to factorization schemes is that
the same scheme must be used for both the p.d.f.s and the coefficient functions.
II this is not the case then the cancellation implicit in eqn (3.25-1) will not
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occur and ¡1 will hoi be rciiiivjilciit to <<<|ii (3.250). Since the p.d.f.s in the MS
scheme carry no information that is specific to lepton hadron scattering, tliey
are easier to use ii applications to hadron hadron scattering and thus often are
the preferred choice. If DIS p.d.f.s were used to describe another process, then
the new coefficient functions, describing that process's short-distance physics,
would have to include a compensating factor of take •n from the unrelate'd
DIS process.

3.(5.4 DIS at next-to-leading outer 

The above discussion of factorization avoidexl technical eletails so as te> concen-
trate on the e-ore ideas. We now explicitly carry out this process fe>r the case
of DIS. \Ye> will use dimensional regularization throughout to deal with all the
singularities.

3.(5.4.1 The pmcess -j*<| —> q' at C?(us) There are two contribut ions to the
process -y'e| — <1* which ne-e'el to be> considered at 0 ( « s ) . The real, tree-level
scattering 7*q —• q'g. Fig. 3.22, and the virtual. e>ne-loe>p correlations te» 7*e| — q'.
These» are both very similar to the- pQCD corrections to the process 7* —» (|(j
which we have already calculated: se'e Section 3.5. In fact , to obtain ' / ,„/// '" ' we
can use; crossing, e-epi (.'i.i>r>). for the reepiire'd matrix elements without any further
calculation. The D-ehmensienial amplitude! squared for the' process 7" —> ejeig is
given by e'ejn (3.207). To obtain the> amplitude squared for the process 7 'ej —• e|'g
we- ne-e-d to make the substitutions <j'' —» —</'', relabel the original (| as q \ replace
Q 2 by —Q- and aelel an ove-rall minus sign since we now have a closed quark
loop. This give's

X ] |A4(7*q - q 'g) | 2 = e'e2^,,* )2C,,Nr2 Tr {1}(1 - 0 (3.257)

* i - O — 7 + + 7 — w — r : + 2 < f -
I [.'/ •'/ g-<n (ft • <i){(j • <r) J 

Here we have replaced Tr {T"T"} by Ci--Nc. As before we chose to use- the C.o.M.
variables

2g • (/ = ^ - ( 1 _ z) , 2g q=^-v anel 2q • q = 1 - v) . (3.258)
z z 

which diller from e-epi (3.240) anel eepi (3.242) only in the replacement of cos« '
by r (1 +cos6* ) /2 . In terms of these variables e-ejn (3.257) bee-omes

Y . <l'g)|2 = c2^(g,f' )2CpNc2Tr {1 }(I - e) (3.25!))

f v ( 1 - 0 1 2r (1 - 0 n \

To this expression we should aelel an average over the spin anel colour of the
ineoining quark, 2Nr. divide by the conventional fae tor Inc2 and include tlie*
two-body phase space integral, e-epi (C.21). This gives
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Mv,)
" > : . n

. 7 — f Z l ^ ( 7 * q - q ' g ) r

' 4 m V i \ M j F(1 — e 

(3.2(50)

0

* J 1 - , . ) - | ( l - 0 « + ( 1 - 0
( 1 - 0 (i

2z (1 - 0) ) 

The r-integral is of the standard Euler 0-funeaiem type, eqn (C.27), and is éval-
uai eel to yield

f deiT'(l-t,)-{...} 
•1 a 

- { a -
( 1 - 0 r ( 3 - 2 e ) F(1 - 2c) 

2er2{1~(n
r ( 2 - 2 0 / 

2z r ( - o r ( 2 - f ) ( r2 
( 1 - 0 r ( 2 - 2c) 

_ r 8 ( l - e ) r ( j - e)
r { l - 2 c ) \ ( 1 - 0 + 

( 1 - 2 0 ( 1 - 0 .

+ - 1 (1 — < 

2 ( 1 - 0 ( 1 - 2 0 ( 1 - 2 0 /

1 ^ ( 1 - 0 / 1 i + z2 3 1 / 7 \ 1 

t " n ^ ô ~ * - f - 2 ( r r r y J ' t P W } • 

(3.2« 1)

r ( i - 2 0

The simplilicat ions in the second line have been achieved using e;epi (C 25) whilst

" ' , l l i n l l i n o w o liave expanded out xpression in curlv braces. Substitut-
ing e-epi (3.2(il ) into eqn (3.2(50) gives

,,(><!) 2 « s - {4 n/r z V F(1 - f)

/ 1 1 + z2 3 1 / 7 \ -,
X i r w ^ ~ m — ) + - ; ( G - I F T I J ^ * • 

(3.2(52)

Identifying the- f () limit in eqn (3.2(52) is a little tricky but using the identity

IA / I - ) , _ ! _ / 1» (1 ~z)\ I.12
( i - o - • 2 ) 4 1 ^ p m
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sec Fx. (ll-2(>). wo finally obtain

/•/l->-l)

( (1 - C)Hf

(3.264)

The double pole. 1 / f 2 . is duo to tlio soft gluon singularity.
A second eontribution to tlie total s t ructure function at 0{oj comes from

the interference between the process "y'q —• q' at one-loop and at tree-level. The
structures of the one-loop vertex and tree-level diagram are the same, so that
we can combine them into an effective vertex

n / iïïii1N ' 
1iF" = - i c c t f "

- i c . , , 7 "

« / Y r ( i + p r 2 ( i - o ( 2 3 \1

Os / ^ W 1(1 — ( 2 3 0 7T" \ 1

(3.265)

Here, the one-loop contribution has been inferred from eqn (3.21!)). the only
difference being the absence of the ( — 1)' factor, reflecting the space-like nature
of <7 in DIS. In the second line we used F(1 + r )P ( l - f ) = 1 + ( f f 2 / 6 ) f 2 + 
0(e'>). Equation (3.265) has infrared singularities but is ultraviolet finite. The
calculation of this additional contribution to ¡ l y '

<|) is straightforward, giving

H™ = e*(l - f)rf(l - z) (3.266)

Adding eqn (3.264) and (3.266) together we see that, the 1 / f ' terms, the soft
gluon pole, cancel.

+ 3 - r - Q + (3.267)

The remaining 1/c pole is associated wit h the colli near singularity for gluon emis-
sion off the incoming quark, its coefficient, is the regularized, one-loop. Altarelli
I'arisi splitting function
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1 ^ ( 4 = Cr 
~2 I 

Z T v T + P 1 ^(1 z) - • • m r ,
(3.26S)

I'his calculat ion supplies us wit h the value of C m 3 / 2 in e<jn (3.247).
We also need to calculate the longitudinal part of the hadronic tensor. Th i s is

part ieularly easy to 0 ( « s ) since many of t he potential cont r ibutions vanish in the
inassless quark limit. We have already seen, in eqn (3.236). t h a t the tree-level
diagram, and by virt ue of eqn (3.265) its one-loop virtual correction, give no
contribution. This implies t h a t the longitudinal s t ruc tu re funct ion. /**/, oc / / / . . is
at least 0 ( n s ) . Turning to the 0 ( a s ) tree-level contr ibution and again assuming
inassless quarks , so t hat ^/"('l) = w<> have

(¡,,M(7*"q -» q'g) oc u(</)
(ft' + J) , , A i - i )

w + <,)lil + A<i-<>) 2
In u(<i)c"(!,y

"(f//)o—"('i)f0(uY • (3.269)

Thus, the diagram describing glnon radiat ion off the scat tered quark gives no
contribution, leaving only the diagram describing glnon radiat ion oil t lie incom-
ing quark. Squaring this d iagram and summing over spins, where we can use

if" for the lone gluon's polarization tensor, gives

£ \<l,.M(y'"n - q 'g ) | 2 = 

= (.'/,/'' I c)Tr { H u m }

= - e)TV {¿M} 

= c ^ ( / / , / / ' ) - C > A ' c 2 ( l - € ) T t { ^ }

= ' - ' ; ,( . ' / , / ' ' ) ^ 7 , A v ( 1 - e)2q' • q Tr {1} (3.270)

Here, we have used the t rick in Ex. (3-19) and repeatedly used jfjf = 2(j • <i fjfj
toget her wit h <T f he result is non-zero and free of singularit ies and so
we need not have used a regulator. Next., we average over the incoming quark ' s
spin and colour polarizations. 2Nr, use T r { l ) 4. adopt the choice of variables
in eqn (3.242) and include the integral over two-body phase space, eqn (C.20).
to obtain

ll\Tl) = l ' / , . X ( 7 ' " < l q ' g ) | 2

1 2/ ts2r< Q2 n \ 1 I'""' f " X 1 f 

i 9 1 i 4 " ' ' 2 z V r ( 2 - 0 
4 « 2 x * z V Q2 1 - z ) f ( 2 - 2 f )

di; v~f (1 - e) 
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k ^ ^ + c x o .•I 1 Iti Z
(3.271)

Given eqns (3.2(i7) and (3.271) we can convolute tlicm with the p.d.f. to
reconstruct / / v and ///. and hence obtain the O ( o s ) (ant i)quark 's contribution
to F> and F\. e.f. eqn (3.231). as

f ± „ m l / 4 £ ^ Y

xcl 2 n.L : " i J i £ ' « (~> e T(1 - 2e) \ Q~ J 

^ / l n ( l - ; ) \ 1 + 

- 1 - s J + ( 1 - 0

+ c. (I In

2 ( 1 - 0 +
+ 3 -I- 2s

• è / ' T ' ( i ) { - W W

+ c y

' ' = 2x 1 2TT ./, 7 " l - z ) C r Z -
(3.272)

In the second expression for I]> we have expanded out the coefficient of the
splitting function and introduced a more compact form for the remainder term.
The l/f pole naturally arises in the combination A , . e q n (C.Hi). If we add in the
leading ordier result . eqn (3.237). then eqn (3.272) takes the form of eqn (3.2-r)0)
with i actiiug as regulator. If the factorization procedure removes just the \/<
term we have the minimal subtract ion scheme, if it removes the addit ional terms.
A , , we ha vie the modified minimal subtraction scheme. MS. In tin- DIS scheme
bot h t he A , and finite terms are removed.

3.(¡.1.2 The 0(a„) process - *g— qq The calculation of the terms
and <i„!II,H"1" for the process ~ ' g —> qq follows the same lines as that for
7*<l —' (l 'g but is a lit tle simpler in practice due to the lack of soft gluon sin-
gularities. IHere. we just quote the results and leave their computat ion to the
adventurous/dil igent reader: see Ex. (3-27).

r"/l7K) _ 

/ /}«» s ; i l l ! h , 11"1' = 

,H>>>' = 2c^Tr[z* + ( l - z f ]

• . ( 1 - 0 I- O ( c ) (3.273)

Using e<|ii (3.231) applied to the above results, which contain both the quark
and antiquiark terms, we obtain the 0 ( n s ) glnon's contribution to F% and . 
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f )

+ T, \{z2 + (1 - z)21 In " J + M l ~ 0 

T » ( f ) ' = ( . - 2 ) . CUT-,,

I ' l l - 0 , , 

r i T ^ ) + ' "

\ /l2

}

:t.(i.1.3 The combined results for Ihr C?(os) DIS structure functions Tin* above

results. eqns (.'5.272) and (3.271), can be eonibiued to give the NIX) formula for

/'! 111 and F.[l'1'. In the modified minimal subtraction, MS, scheme we have

' I •>
-r^-(r.Q-) = 

T, X 

/ ' f E ( f . # * ) k - 0 1 £ ( c < * > • » ? • c ^ ( z ) )

(3.275)

where we have also included the MS expression for F.J1 '". In eqn (3.275) i/\y
gives the normalized strength of the exchanged gauge boson's coupling to the
(anti)<|iiark, for example = < , r whilst t he coeflicient functions are given by

r.d'<i) _ 1
r.(Vi\) r . 

c , - - o 2 — C ¡.-Z o -

2 - ( / ' o I T O ' C ) ; ) • •* r 

c f <" = d / ' 0 - c , ( i i- z) (3.27(i)



11 ,  .  01 )

Cf ' = T,z , 2 . ( )   + = 0

 = 0  

.. =
0 .   s  

   . s  , , ( )

( . . .  . . .s .   s s    
( ) ( , , .   ss  . . . .s   1

}

( )   s
( .277)

, , (  s  s, . . s   s  

T     s. A  ( s) ,       ( .27 ) 

  s.

( 0 = 

d v , , ) ( z ) = , . (  +  
( .27 )

  ,,     s .   

      . . .s ,s  

)1 (.  .
 2  ( {

( ) . ( .280)

    . .s s    .
,.,,. , . ss      A  . .



   )  A  .

  ( .27(1)   ( .27 )   ( .277)  ( .280)  s  
   s  s       s s.  

 s    s    s   . . .s 
 s     s    s ss.   s , 

   s s     s  .  . . .s
     s   s     F> s

  .    s   s     s
 s  . s    s   s    . . .s s

  ss s.

    s ss  s     . . .s  s  
  s s   s  .     

s    s s q. g > A . T  s  s  
   s s       ( . 17). T s 

  . Ft (. . ),    . . .. ( , if-). 
  . .  s s    s s    

  s   s    X s s s   ( .17)   
 . . .s.     s      s s

s s     ss           
. ,    s   , ( , ), . s s

s       . . .s f\,(x. ij.-) s   s
s s,     s    s    ss s.

,( ..  Tlic evolution of the jiurton densit  functions 

T  . . .  s   ( .2 1) s   .    
   s  s         

   s   s      s    ( .2 1)
s      s . . , i '(x. ij. ) s

s    ( .2 2)  s     s  s .
 ( s ) .      ( .2 1),  ( .2 2),  s   .   
    s  , s   ,   . . ..

2 ) i(x. r) '  > , ,   ,-> \

( ) ( )

s s  s      A   s   ( . 1 )   s ss
  .2.2.

T   s   s s  s  ,   
  . . . s s    ( )  s    ( )

s  s. s ,     s   s
   ( )     ( ) s  s. A   0 ( s )

. . . s    s    s    ( ).
 (( )  ( ) s  s.      s

ii  li(cil)    s. T s s   ss     (A )
   ( ) s  s .  s s    s



     )

=   ( 2 ) + ' U . ' ' h (-.'i'2)

2 0 ( 2 ) =   ( 2 ) + ( , , 2 )

+ )

= , .  ( . ) +  ( , , )  ( , )  . 

( .282)

T   s , ( . s ( ) )  ss     s  (. )
    s  s s  s .

b{z, ) = . ( ) + 7 ( 0 +   ( . 2 8 )
 7

   .  ( . 2 8 2 ) ,       
s   s    s  s  . T  

 s    ( )  s   .   ss
s,   s s

=   , .       
 .   , .  1 (     .   .     , . 

T         s  s  s  s   
s  ( )  s  ( ) s   ss     

   s  s , s . T  s  s, 

 s   0 ( ) .   = , . T s ,     ( . 2 8 2 )

s   s   ( . 1 ) ) .   s   s 
s    , s    s  s   s.

T     s   s s  s
 s    s .  s  s   

  s  s     ( . 2 8 2 ) .

 .      s ( s. 1 )7  s .
78 ) . T    s    s    

 s 

2 0 ( . 2  =   ( 2 ) + . 1  ( )



 . (     11 A T  .

f=U l

( .28 )

  s     s   s  s  
 ( .1 )). T  s     s   s 

ss   s  s   s  s   ( .) s   
.  s. ,   s    s   

 s  s . A   s  s    ( 2 )
(  s   . 1 82), s  s  (    , 1 2).

s   s s   
. 0 ( { ) . T  ( ( ) , 

.  s     A  .
. . .  ethod of moments s     s     s

   A  s s  , s  s
 s  . T    s   A  s 

 s  s    s   , s

( .)= f \ \ x x ~ l f x ) => f ( x ) = -^r r ' i \ n x - ' f ( n ) . ( .28 )
. )  r-i -x 

T   s    s  s  s     ,   s
s      ( ) . T   s  s

.  s    ,  s  A     .  -. s s s

A . 2 ) = 7 ( 7 1 . s ) ( . ) . ( .287)

 .    s    s    , 7( . s ) = (n. s ) . s 
s  s s .  ( .287) s  s  s .  

 s    

(   (

( )    

T  s  s  ss s  s   s  ss s  s   
 ,  ( .22). As  s   s   s 

s  s s   s   s  (   s s
  s  . A        s s 

   s s s,      
A  s  s.    s   ( .288).   s  

s   s ,  ( .28( ),         . s



UK I NK THEORY OK QCI)

sec examples Ex. (3-33) and (3-34). In the more general ease the Mellin trans-
form of t he DGLAP equations leads to mat rix equations. These can he solved in
essentially t he same way after they are first, diagonalizcd.

We shall now use this moment space equation to determine the coefficient
in eqn (.'5.217) whilst avoiding the need to evaluate any virtual corrections.

Consider the leading order evolution equation for the difference of two quark
p.d.f.s, such as (u — <l) or (u — u).

= [ . (3.289)

All dependence on the gluon p.d.f. has cancelled. This is the evolution equation
for t he non-singlet, in terms of its flavour SU(3) transformation propert ies, st ruc-
ture function. Exercise (3-8) investigates other useful combinations of p.d.f.s.
Now. ./¡,d.r<yNS(.f) is a constant by virtue of the conservation of llavour quantum
numbers within QCD. Referring to eqn (3.287) with n = 1. this implies that
7<i i | ( l . '0 " for the q > qg splitting function. That is.

M L

rt (,
d ; — 

)+
~2) ~~ 2 

CV,<,<5(1

1 - z 
(3.290)

which supplies us with the value of and coinplct.es the expression for P,\"\z). 
The same result viewed from an alternative perspective is discussed in Ex. (3-30)
and a similar approach based on using momentum conservation can be applied

to find Fx. (3-29).
Of course these arguments rely on the physical interpretation of the p.d.f.s.

In Section 3.6.-1 we proceeded by direct calculation to fully evaluate the splitting
functions. Given the full expressions for the splitting functions, eqn (3.50), we
can evaluate the anomalous dimensions appearing in eqn (3.287). At the lowest
order we find:

T i » = 2 C

«>(») = Cy '<I<I

- r « ' ) = Tr

row \ 

1
-I- i

1

n(n + I) •> ^ — ' ¡a 
»1=1

2 4- ii -I- » '

//(// + 1 )(«• + 2)

[ 2 + n + ir "I

1

( » - l } n (« + ! ) ( « + 2) 12 ^ m
- w / , 7 > (3.291)

(3.292)

(3.293)

(3.294)
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These show that 7<,?|)( I) 0. thereby proving conservation of llavour. A number
of other conservation laws are also implied by «-(pis (3.291) (3.29-1).

0 = J'«*{&(*) !«•(,) + »/ [ f f n ( z ) - P^(z)} } (3.295)

0 = f <\zz{PVJ.(z) + 2vfP(U.(z)} (3.296)

0 = j ^ \ z z { p ^ z ) -I- P™(z) + P$?(z) -I ,,f [P*,{z) + P,*,(;)] } (3.297)

See Tlx. (3-31) for further elaboration of how the momentum is shared within a 
hadron.

3.6.6 Leading logarithms 

Our derivation of the DGLAP equation focused on treating a region of phase
«pace which has a logarithmically enhanced cross section. Recall that introduc-
ing / i j t o isolate the collinear singularity left behind a residual, large logarithm.
There are two singular regions: the collinear region which gives logarithmic en-
hancements of the form o s In(Q"VQo) mid t he soft region which gives logarithmic
enhancements of the form o s ln(l / .r) . These regions can overlap and give double
logarithmic enhancements of t he form o s \ii(Q2/Qo) h i ( l /x ) . Processes which in-
voke mult iple parton final states can have up to one h ^ Q 2 / ^ ) and one lu(l / . r )
factor for each power of o s . The phase space regions which contribute these
leading logarithmic enhancements are associated with configurations in which
'successive* partons have strongly ordered transverse. /.•/•. and /o r longitudinal.
A/.( ;»:). momenta:

LLyA: » - » ! • ? , • » « 5 (3.298)

DLLA: J " ! { Q * J * J " ' J J « (3.299)
I , . 1 a . - x „ xj x„ ( o s L t « 1 k

LLj A: ( l \ L x Z ! « J " ' i «•>•<> (3 300)
L ° s '-Q ^ 1

The solution of t he DGLAP equation sums over all orders in ov t he contributions
from the leading, single, collinear logarit hms. [os ln((/2/Qii)]" and the leading,
double logarithms [os In((¿~/Qq) 1h( 1 /-'-)]"- This is t he region of st rongly ordered
/. / and ordered x. It does not include the leading, single, soft singularities which
me treated instead bv the BFKL equation (Kuraev it «/., I!I77: Balitsky and
l.ipatov. 1978) which describes the ./•-evolution of p.d.f.s at. fixed Q1. Figure 3.24
.hows the ln(Q") ln(l/3:) plane and the regions which are described by the var-
ious hndinn Intiiii'ilhmir il.1,1 «¡mnmsit'.miiw 1i<>l-.ivim> >>II<> .>1" it«. .......
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F i e . :j.2-l. T h e In(Q2) ln( l / . r ) plane showing the regions in which the LLy,
Lb,.. and DLL approximations hold. Also shown are the regions in which
Reggc phenomenology applies and where saturat ion/recombinat ion effects
hive to be taken into account.

constraints in eqn (.'5.298) or e<|n (.'{..'500) gives rise to a m xt-to-leading logarith-
mic 'NLL) enhancement to the cross section. These are suppressed by a factor
'>., with respect to the LL-cnhanccmcnt. Including summed NLL-terms modi-
fies t|ic DGLAP or BFKL equations whilst maintaining their general s tructure.
We i|ow discuss the double leading logarithmic (DLL) approximation, the BFKL
equation, the combined evolution equations which incorporate both DGLAP
and BFKL evolution and the generalizations to include parton recombination.
We shall make more explicit the relationship between these equations and the
lead ng logarithms in the following Section 3.<>.7.

3.(>.(;. i The double hading logarithmic approximation At. small x and large Q~ 
we liiust sum the leading o s U i iQ ' /Q^) ln ( l / . r ) terms. Th i s can be done directly
froiii the DGLAP equations by keeping only the most singular 1 / ; terms in the
splitting functions. At. C9(os) only P ^ and P m have soft gluon singularities, but
at O(njf) all split t ing functions are singular as z — 0. In this limit the lowest
ord(«r parton distributions are given by (Rujnla el id., 1971)

f-2(x, Q2) ~ xg(x. Q2) ~ //(n0. Q5) cxp J ~ In In (¡5.301)
V \a»\Q )J \ X J

. „ / C , h . K K ^ / o ^ / - ' ) )
w , t h " 0 = V ^ R I A O • 

See Ex. (3-33), which also gives sub-leading terms. This solution shows a strong
groivth in the sinall-.c par tons and hence the s t ructure functions, iu particular

,Q2) (Gliiek et id.. 199r>). T h e dependence on t he initial distribution is only
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via its i)|,-t.li moment. If this initial distribuì ion has too s t rong a small-.e growth,
t hen the above solut ion will not hold: for example. xg(x, Q^) x A > 0 leads
to x;i(x,Q'2) -x ./• independent of Q2.

In what is known as "double asymptot ic scaling", in the limit \/x. (J2 —* oc
eqn (3.301) implies that for "soli" /(.'".Q,",) then I n Q 2 ) depends linearly on
^ hi(os(Q,"i)/os(Q2)) x ln( l / . r ) and is independent of t he complementary combi-
nation \ / h i ( a s ( Q 2 ) / n s ( Q - ) ) -:- ln( l / . r ) (Ball and Forte, 1991). Sub-leading terms
only slightly complicate this s ta tement .

5.(>.(>.2 The liFKlj equation At small x and moderate ( ) 2 > AQC;u. where
Uluoiis are dominant , we must sum the leading o s l n ( l / x ) terms whilst keeping
the full (^"-dependence. This means that we do not. have strongly ordered /.•/•
hut instead integrate over the full range of A"/-. This leads us to work with the
nnintegrated gluon p.d.f.. G(x.k2-). which is related to the usual p.d.f. via

X!,(X.Q2) = J -jfQi.r.l-2). (3.302)

In phenomenological applications it is conuuou to assume a narrow. Gaussian
I;i distribution for the par tons in a hadron. which is connnensurat.e with con-
finement. Predictions for s t ructure functions are then made using the so-called

factorization (Catani et al. 1990«: 1991«).

Ft(x.C?) = j T f / . (3.303)

Here Fj'"x is derived from the quark box diagrams tha t describe virtual-photon
virtual-gluon scattering. 7*g* —> "qq" —» ";'g*. The nnintegrated gluon p.d.f.
satisfies the BFKL equation (Kuraev et id.. 1977: Bali t sky and Lipatov. 1978):
see also (Mueller. 1991) for au alternative derivation in terms of colour di poles.
At leading order the BFKL equation is given by

i)Q(x. A"2) _ C > " r<WÌ- ¡G(x.g2
r)-Q(r.k2) Q(x, A"2) \ 

i) l , . ( l / : r) " IT ' ' . / , , - ; 4 \ / IT/}" ! " / , [ ] ' 

(3.301)
Given the nnintegrated gluon p.d.f. at one value of . ru. this equation allows you
to calculate its value at. smaller values of x. that is. larger values of ln( l / . r ) . If
o„ is fixed, then the equation can be solved analytically. In the sinall-.r limit this
basically gives a power law behaviour in x. 

(3.30.r.)
Pile solution follows by first, applying a Mellin transform and then using the

saddle point method to evaluate the inverse. Here
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" L ' = i / d ^ \ 2 / (.; \ ' 2 J 

A = 4 In 2 
C',\<\s +0.5 and A" = 28C(3)

C i o s

(3.30G)

(3.307)
<>.=(1.2

The numerical value of the Niemann zet a-function is (,'(3) % 1.202OGG9032. Due
to e<|n (3.303) the behaviour Q oc x A feeds through to give F-> y. x~x. The /.••/
behaviour is typical of diffusion and reflects the lack of any Ay-ordering in I3FKL
dynamics; in essence there is a random walk in A-/- as x decreases (Balitsky and
Lipatov, 1978: Bartcls and Lotter. 1993).

Actually, this observation highlights a problem. Given that the width of the
Gaussian in \n(kj./k2-) is given by yj[A" ln(.ro/.r) .-1 j. then for sufficiently small
x t here will be support for (/(./•. A'}' ) from the non-perturbative region in A- } . Thus,
if we use a running coupling. i \^(kf) . then it is necessary to introduce infrared
cut-offs, for example k'ft > 0 in eqn (3.304). and other possible refinements such
as including momentum conservation (Collins and Laudshoff. 1992: Bat tels cl. nl..
I99G). Whilst numerical evaluations show that similar [lower law behaviour in
x and diffusion in ln(A-'f/A%y.) occurs (Askew cl <il., 1993), these are essentially
misguided due to the inherent instablity of the BFKL e<|uation with running
coupling. The situation is made worse by the NLLX corrections to the BFKL
kernel (Fadin and Lipatov. 1998). which gives

- 0 . 1 . (3.308)
=0.2

Such a large, negative correction basically invalidates perturbation theory and. if
taken seriously, leads to negative cross sections. The source of these large eorrec-
tions has been traced to large In{Q~/Qu) terms coming from phase space restric-
tions (Salam. 1998). There are a number of putative solutions to this situation,
which include resnnunation (C'iafaloni cl <il. 1999«; 19996), imposing momentum
conservation (Altarelli cl nl.. 2000) and imposing perturbative stability (Ball and
Forte, 1999). A succinct review is provided by Ball and Landshoff (2000).

3.(¡.(>.3 Combined evolution equations The DGLAP and BFKL e(|iiations de-
scribe evolution in two complementary regions. A number of a t t empts have
been made to give a combined description of bot h regions in a single equation.
Amongst these are ail a t tempt to include l n ( l / x ) terms into the usual coilincar
factorization bv adding summed corrections into the Pjy, kernel appearing in the
DGLAP equations (Ellis c.t nl.. 1995; Ball and Forte. 1995). A second approach
is given by the CC'FM equation which uses angular ordering to describe both
the ./• and the Q 2 evolution and has the DGLAP and the BFKL equations as
limiting cases (Ciafaloni. I9SX: C-atani et nl.. 1990ft). see also (Andersson ct id.. 
1990«).



I III-: Q C I ) I M I ' I I ( ) \ 1:1» I 'A I I I ' O N M O H K I .

((>.(». I Sim/lowing, i/Iiioii rccoiiibhiiilion tmil hot spots If left, unchecked, the
rapid rise in the small-.r gluon p.d.f. predicted by both the DGLAP and BFKL
equations would violate unitarit.y. It also leads to a breakdown in the parton
model picture of.scat.tering oirindependent parlous. At sullicient.lv high densities
it becomes possible for a second parton to overlap in space with the first, so-called
'ihndowing. The probability of this happening can be estimated as

where the parlous, prcdominently gluons. are taken to have an effective area,
given bv a typical QCD cross section, n ~ o*(Q'2) /Q~ i l l l ( ' number N(x,Q)-
I he denominator is taken to be of order t he area of t he hadrou, wit h the radius
It ~ /("(, = l / i l / | , . In general, Ps:vt is small but especially for small .r it may
become large. When it becomes 0 ( 1 ) the hadrou is said to sat urate and the usual
I X.JLAP equation may need to be modified to account for parton recombination.

A similar modification can be applied to the BFKL equation. In this GI.R equa-
tion (Gribov ci ill.. 1983) the familiar first two terms lead to a growth ¡11 //(a:.//")
due to emission whilst the third involves a suppression due to recombination,
gg - • g. The competition between these two terms ensures t hat the gluon p.d.f.
equilibrates below the unitarit.y bound.

The validity of eqn (."i.."51(1) is not assured, but it. appears reasonable to use it
to estimate the onset of shadowing (Askew ct ill.. 1993). It has been derived at
DM. accuracy (Mueller and (Jin. 1986): however, this neglects l/Ar, suppressed
terms associated with pre-recombination interactions bet ween the gluons (Bar-
tels. 199:5: Laenen and Levin. 1994). Its equivalent has also been derived for
the I3FKL equation in the colour dipole approach (Kovchegov, 1999). More sig-
nificantly. it must be admitted that at saturat ion the high densities and lield
strengths occuring. F'"' ~ \/<js, imply that the pert urbation theory is no longer
valid. This has led to the development of a t reatment in terms of a semi-classical,
effective lield theory (McLerran and Venugopalan, 1999). which also leads to par-
Ion recombination (lancu ct id.. '2000).

The choice Ft = It 1, in eqn (:5..'51(l) corresponds to a uniform distribution of
the QCD fields across the hadrou. However, it has been conjectured that this
may not be the case and that parlous inside the hadrou may concentrate in
dense hot spots centred on the valence quarks (Mueller. 1991). In this case one
should use an It < Iti,. Such a behaviour is predicted by the BFKL equation but
not t he DGLAP equation. It predicts t he number of gluon jets per unit rapidity
localized to a transverse region of size A.i j- ~ 1 //,-•}• as

N(x.Q) . (:5.:509)

T [ — ( ! K l ) 2 - (3.310)
" J.r .'/ 

(hi CAas (3.311)
dln(l/.r) v / i - A ' V ^ l n i l / . r ) ' 
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3.(i.7 The iiikiIi/sis of ladder diagrams 

In our discussion of DIS. Sect ion (¡.3. wo encountered t he Altarolli Parisi split-
ting function / ' , , , ( ; ) . oqn (3.24(>). when investigating the limit of near collinear
emission. A point which may not yet have been appreciated is the universality of
i his result. That is. whenever we have a process which contains a q — qg vertex,
then in the collinear limit its (a/iinuthally-avcraged) contribution to the cross
section will l>e described by the same factor

Similar expressions describe the collinear limits of g —• qq and g —» gg vertices
with I',,,, replaced by P,ti. and respectively. This factorization of the matrix
element squared then leads to much simpler expressions for a cross section in
i lie collinear limit. Furthermore, the collinear emission regions of phase space
are very important because t liev are responsible for one of the dominant. leading
logarithmic, contributions to the cross section. In the other dominant region
of phase space, the limit of soft gluon emission, we also have that the cross
section simplifies significant ly: see Section 3.7. In this way we can use simplified
expressions to describe the bulk of a cross section. Of course, if our analysis
focuses attention on a region of phase space which involves hard, non-colliuear
einission(s). t hen t he approximate matrix elements may only be of limited use.

FlC. 3.25. The emission of a near collinear gluon oil an incoming quark in an
// 4- 1 part on scattering

To see how this simplification occurs, consider the situation sketched in
Fig. 3.25 where a quark entering an //-particle scattering emits a real gluon.
which we shortly will take to be near collinear with the quark. The matrix ele-
ment for this process is given by

- < ' + 1 ) = u J I M T ^ ^ - u M P V - { < ! ) > ' . (3.313)

Introducing a gauge vector //'' with, for convenience. //"' = 0 (and </ • // =/- 0).
we can use oqn (3.121) to sum over the gluon's physical, that is. transverse,
polarizations in t he matrix element squared to obtain
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( 2 „ I ( „ ' „ ) { • • 0» - i ) [to • l M * ( » • M ] tf - 1 ) •• • )

(2 , , ' • , ) ( n 2 . / ) ' " ' ( • • • « " ' < ' ' - " 0 + ( / ' ' + (n •/>)/*]•-•} • (3 31-1)

I'll.- clli|)sis iii these expressions represent the eont.rihut.inus from A^J."1 and

. In line
two we used nil identity based upon commuting 7-matr ices to

obtain line three and then again commuted 7-matr ices in lines three and four,
plus using f)fj " <J2 = 0 = p 2 to obtain an exact result. Now we wish to
specialize to the near col I ¡near limit. To do this we use a Sudakov decomposition
of the <|uark and gluon inoinentuin four-vectors (Sudakov. l!l.r)(i).

q"

q" = Zp" + fill" + F 

.</" = (1 - z)p" - ¡ilt'' - k'l . (3.3 ir,)

Here 111' could have been any four-vector, subject, to n • p /- 0. but it proves most
useful to make this the gauge vector whilst k ' ' is transverse to both />'' and
p- k_ — 0 = v • /.*j_, and k- = — kj < (). The gluoirs on mass-shell constraint.,
</-' = t). determines (1 k2/(2{l z)i 1 • p). The (negative) virtualit.y of the
intermediate quark is given by

<r = (;< - .'/)* = - 2 P • a = 2Uv • p = 

Adopting these variables eqn (3.31-1) becomes

( 1 - 2 )

zMi
I - ; 

u'A'i-àw
4 (1 h r {

(i + + 4
2(71 • p) 

(3.3 Hi)

(3317)

Now if we only wish to keep t he leading term ¡11 t he colliucnr limit , k-j 0. t hen
we can drop the second two terms iu the square brackets to obta in

+ 1 ) 1 + 2 = k2 J ' ~ r ( \ - z )

ZS 2- : H i' 

u t C r rfu- Tr { • • • / - • • } + 0 ( 1 )

(3.318)

Thus, in the collinear limit the matr ix element factoriz.es into the product of the
iinregularized. lowest, order Altarelli Parisi splitt ing function. / ',,,,(;). and th<-
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in identify those diagrams and the associated regions of phase space which give
rise In the leading logarithms and then sum them. The treatment of the single
collinear and double logarithms is a situation where the use of a physical gauge
proves invaluable (Frenkel and Taylor. li)7(i: Dokshitzer r.l til.. 1980). It can then
lie shown that the dominant contribut ions come from the so-called ladder graphs,
such as Fig. 3.2(5. with strongly ordered branchings eqn (3.298) and (3.300).
These ladders correspond to individual, tree-level Fcynman diagrams squared.
Diagrams involving the quart ie gluon coupling give sub-leading contributions.
Likewise. quantum interference between tree-level diagrams, which would give
ladders with crossed rungs, only give sub-leading contributions. The strong or-
dering in A2. which effectively implies ordering of the virt.nalities eqn (3.31(i).
allows eqn (3.319) to be ¡relatively applied. In the case of an »-rung gluon ladder
the cross section. trn(j\ Q~), is given bv:

(3.320)

Associated with each rung are a /.••/ and an .r integral, both of which may
contribute a large logarithm in the collinear or soft limits, respectively. Equa-
tion (3.320) embodies an almost classical picture of a parton shower in terms
of successive branchings. It is this which lies behind our interpretation of the
Altarclli I'arisi equations and which will be further exploited in the develop-
ment of all-orders Monte Carlo event generators.

The usual collinear leading logarithmic approximation is characterized by
strongly ordered transverse momenta. Q- A-flT 3> ••• 2> A'ir A-f-r Qjj.
I'sing the one-loop expression for os(A••"}•) the nested transverse momentum inte-
grals become:

„ ( r m V 1 \ fi' MftT * I
• * > JQ, k*r 2 J r ,* , ln ( fe 2

r /A 2 ) JQf> fcfr 2jt ¿in hi(k'fr/A
2)

= _ L - / Q 3
( l l „ [ h ' f e / A 2 ) l . . . fr rin(fc2

r/A
2)1

i [ _ J _ . (HQ2/^)\}"
»! [2tt,% \WQl/\*)J 

In the second line, we have used a change of variables which makes the integrals
simpler to evaluate. To do the moinentuiu fraction integrals it. is useful to work
with the Mellin transform.

I

id
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(•{.322)

l'In- result follows by repeatedly applying the fact that tin- Melliti transform
of a convolili ion is the product of the Mellin transforms of the components.
Combining e(|iis (3.321) and (3.322) gives

£ <7,,(/»,</-) = {,(m. Q$) E ~ f w , /"s(<St))

V"s m )

= . ' ) ( ' » • Q, 
,2> ( <>„(/'»
ni I /,,•> 

V"s (Q-

g J Y T O

m )
(3.323)

which coincides with eqn (3.2SS). This demonstrates that the DGLAP ec|naiion
sums t he leading o s \n(Q-/Q'f)) terms.

In the double leading logarithmic approximation we approximate by
2('..\/z and impose st rong ordering on the longitudinal integrals. ./• ./„ ••• < 
j'2 .i'| 1. This is in addition to the strongly ordered transverse momentum
integrals which we evaluated in eqn (3.321). The longitudinal integral becomes

son(.r) ot X 2( i / 2CA— / 2Cj\— g(.rt. Q{)
J , x„ Jr-i x2 JXi *t -''J 

^ r f ' ^ - f - Ì - ^Jx •''" Jr., .ItJ l'i

-7 | 2 C , log ( - 1 1 G,(Qj{) . (3.324)

lu thesecond line we bave taken .n/(.i\ Qft) ( 'u(Qu). Again t he nested integrals
are straightlbrward t.o evaluate and lead to a second I /n i factor. Couibining
e<|ns (3.324) and (3.321) gives

f i r * firSt

» ' • / i H i l H i ) - * * »

Here, we have recognised the sum ^]„(.'//2/i!)"" as the power series for the mod-
ified Hessel function /n(.'/) which li.us the asymptotic form e! '/v/2~i/ (Arfken and
Weber. 1!H)5). This result, coincides with eqn (3.3111).

Strictly speaking, the ladder diagrams, such as Fig. 3.2(>. are only schematic.
For example, at one-loop they should be understood t.o also represent diagrams
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f = C4r = — — and r = , (3.328)
S J*I J ' j s 

willi .s (j'l/M t-•>'•>i)>)' .I'I.r-j.s'. Note that in <*«|it (3.327) wo arc careful to
include bot h cont ribut ions coining from t he quark (ant iquark) being in hadrou I 
(2) and nice versa. We have also temporari ly suppressed the p.d.f.s' dependence
mi the scale Q - . T h e differential cross section for the hard subproeoss is given
by:

i - « 2 1°)
- e + n = - f ) 5 - f ) • ( 3 3 2 9 )

This has been obtained from f<jn (3.93) using crossing, allowing for the changed
average over initial s t a t e colours and multiplying by unity in the form I = 
/df^*ii(i/ ' ! s). The factor r r , s e t s the scale for the cross section and contains
its dimensions. Combining eqns (3.327) and (3.329) gives

w - f T - T • <«°» 

If the p.d.f.s are scale independent, tha t is, they do not depend on as in
the iiiii've par ton model, then the differential cross section i\n/(\C)~ -x 1} 1 x a 
function of r . This result follows on dimensional grounds and is t lie same scaling
as we saw ill DIS.

3.(¡.S.l The 0(i\s) correct tons to the Div.ll Van pwe.ess T h e calculation of the
0 ( n „ ) corrections to the Droll Van process follows very much the same proce-
dures as those used for DIS (Altarolli et til., 1979«: Kubar-Andre and Paige.
1979). Hero we only outline the results using j' — f+l~ production for illus-
trat ion: W and Z product ion follow the same linos whilst including the decay
orientation of the lepton pair adds no new insights. A useful guide to the calcu-
lations is given by Willonbroek (1989).

There are basically t wo new contributions a t (9(os ) : charge conjugation sym-
metry relates quark and ant ¡quark initiated processes. There is the gluon bronis-
s t rahlung correction to the lowest order process, qq — > 7*. We expect, this to
show colli near singularities when the gluon becomes parallel to either the in-
coming quark or ant ¡quark, but to be free of filial s t a te singularities af ter we
include the1 one-loop, virtual corrections to qq —> 7 ' . It is also free of ultraviolet
singularities. There is also the gluon initiated process gq — 7*q' . We expect this
to contain a eollinear singularity when the scattered quark lies antiparallel to
the incoming quark in the C'.o.M. frame. This is equivalent to the gluon under-
going a near eollinear g —* qq branching in a fast moving frame. The appropr ia te
generalizat ion of cqn (3.327) is given bv

j £ r O « i h 2 - 7 ' ( Q ) - ( + t ~ ) = / ' d r , [ <l.,-2("<r" J11 J11
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£ [.'/.I, (•'•! ) / ,» (*2) + /.„(x,)</,,... (:i;2)] ^ ( g q - 7 ' q ' ) J . 
(3.331)

I. r e y , m a n d.agra.ns for the two new. hard subprocesses have been given in
.gs 3.23 and 3.22 but now are read from right to left. Crossing also aÌlows n

take over * T ™ d 0 1 , U " , t S W Ì t h " , Ì " Ì ' " i l 1 w e « dire iv
I k ove, the phase space mtegrals as they involve different regions. The result
of these calculations are

(I<7(,) ( r 

+ " q r , ( f )

+ / / K , ( f )

where for convenience we have introduced the coefficient functions

n I = C,, 

' W O = 7 >

'1(1 + 
1 - 2

II I 2 + 

+ (1 - 2)2] 111 i I 2z- 322

(3.332)

W - t ) ]

(3.333)

The s t ruc ture of eqns (3.331) and (3.332) is very similar to the corresponding
expressions which arose in the NLO descript ion of DIS. eqns (3.272) and (3.271).
It is the power of factorization tha t essentially the same separat ion of the cross
section into factorization scale dependent long-distance p.d.f.s and short-dis tance
coefficient functions will t r ea t the eollinear singularities in the NLO description
of the Droll Yan process. Indeed, introducing the MS p.d.f.s. oqn (3.277). into
cqn (3.331) gives

d<7 a " " /•' /•'
d<7-'

- ( h , i i 2 - 7 * ( Q ) - e+(~) I.e.,

X ( S ( l - t ) + g [2P<»>(f) In + / / „ „ ( * ) ] )

f
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x ^ + } • i* "'"'1)

which is independent, of t he factorizat ion scale to (9(os) . The MS coellicient func-
tions in this expression depend on the factorization scheme, that is. which Imito
terms are absorbed into the p.d.f.s and are therefore different in the IMS scheme;
see Ex. (.'{-US). The 0 ( n ~ ) corrections to Droll Yan have also been calculated
(Zijlstra and van Neerven. 1!)!)'2).

.'{.(¡.8.2 Transverse momentum in Drell Yan processes The measurement of
the W boson mass to high accuracy is very desirable as it facilitates tests of the
Standard Model of electroweak interactions at the quantum (loop) level: see. for
example, the report by Altarelli et al. (1989). Since the \V decays to a charged
lepton and a neutrino its mass reconstruction at hadron hadron colliders must
necessarily be indirect. The preferred method is based upon measuring the boost-
invariant transverse momentum distribution of tl«' charged lepton. Assuming
that the \V is produced with no transverse momentum and neglecting its width,
one expects

^ ^ i M ' - ^ W 1 - " ^ - ^aúprn A/<V V M\\ ) V AIW

This strongly peaked distribution is very sensitive to M\y. but to be useful we
must be confident that we understand the underlying transverse momentum
distribution of the \V boson.

At 0 ( o " ) the massive vector bosons produced in the Drell Yan process have
zero transverse momentum. At G(o^) the f|ij — V'g and g<| —» Vi\' (gq • Vq')
processes provide a good description of high-yi-/ vector boson prodiK-tion. Now.
at order O ( o " ) the cross sect ion behaves as

1 dg 1 

a d p f pr,. 
</ l„ .2„ - i hi2"-1 ( ) -I(f)

so that care must be exercised in the low-/>-/ region. M\ ~3> pr '>> A Q C I > . The
need to sum these large logarithms was first recognized bv Dokshitzor et al. 
(1980) and an impact parameter space formalism for summing them developed
(Collins and Sopor 1981: 1982: Collins et al. 1985). Impact parameters are the
Fourier conjugate variables to pr- In computing t he effect of multiple gluon ra-
diation it is important to impose momentum conservation. k„r = pr. on
the (soft) gluon bremstrahlung (Parisi and Pctron/.io. 1979); this greatly reduces
the possibility of obtaining p r = 0. A numerical implementation of this for-
malism (Ladinskv and Yuan. 1994) prove«I the necessity to include a Gaussian
smearing of t he initial partons ' impact parameter dist ribution in order to counter
convergence and infrared problems. Analytic expressions for the coefficients in
«•<|n (.'{.:{.'{(>) are available up to N ' L L accuracy (Kulesza and Stirling. 1999). In
an alternat ive form of oqn (3.336) the right-hand side can be resuuuned by 'ex-
ponentiating' the leading logarithmic terms n " In"'4 ](My//>'/')• which have been
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1 (7 I A)- - in- 1

-(rf m ) 7 " -I- 2//" -I- 7 " f ]
- n W M M 1 W' ' ' ' M > | ( / V > (< / + A-)

2(i k 

I I • A 

Here we have exploited, af ter a suitable re-ar rangement . the Dirae equation sat-
isfied by the basis spinor and neglected te rms proport ional to A* compare<l to
those proport ional to 7. This neglect of recoil effects is known as the eikonal a|>-
proxiuiatiou. T h e s t ruc ture obtained is universal, that is, the same form would
hold for emission olf an an t iquark . anot her gluon or even a coloured scalar: see
Fx. (3-39). T h e reason is that the soft gluon has a correspondingly long wave-
length and is unable to resolve t he spin s t ruc tu re of the emi t t ing particle. Adding
up t he contr ibut ions from all the hard par tons we obtain

M ( A ' + , ) = fhf'(A:),, ( ¿ T T - ^ t ) >< M l N ) • 
\ ¿=1 V, • A-

Here t he colour charge operators . 7 " . generate the appropr i a t e colour factors for
a gluon. colour n. emi t ted by par ton /. They act as follows:

^il-••;</•'•;•••} = •••,<!, ]:•••) 

• • •) = —T",\- • •: C/.j: • • •) (3.339)

t £ I" <1- /»:•••) = - ' ' /«6c | - •••!)• <::•••)•

To obtain the mat rix element squared we need to use an expression for the gluon
polarization sum. eqn (3.121), which allows us to write

| jW l A ' + , > | 2 = - 7 . ^ - . / ' | A I ( J V > | 2 with J " » ( k : p i ) = Y t " ( - ¡ T k " T T l ) •

(3.3-10)
Here ./ ' ' is known as the insertion current . For a colour neutral system, such as
in an e ' e event, we have 7', = 0. so tha t the second term, proport ional to
the gauge vector ii1'. can be safely dropped. It is also absent, in the Feynman
gauge. Henceforth we d rop it.. Including the phase space then gives the following
form for the soft gluon emission cross section (Marchesini and Webber. 1990).

(h(N+l)

¿n ¿ttuu' 

'¿J

P , • l b 1 l>~, 1 p .j
(,,, • A-X/i, • A ) 2 (/>, • A-)2 2 ( P ) • A-)2

2JT
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orde r ing of any eolotn mat rices.
For comp le t enes s we a lso inc lude s o m e re levan t Feyn inan rules f rom t h e s t a n -

d a r d elect rowcak theory . Here t he p r o p a g a t o r s for t he vec tor bosons . V = 7. W
HI ,. a r e given by

, 71 ( - ' ' 1 0 ., - . )  (B.2)l>- - My + I e  >- - My + I f J 

whilst the i r coup l ings t o f e rmious t ake t h e form

- i e«7 i (v  + r,)  (B.:i)

The indiv idual coeff ic ients a p p e a r i n g in th i s express ion a r e col lected in the fol-
lowing t ab le :

Boson  Vf J

7 0

. 1 ( 2 s i n 0W cos 0,,.) l{ - 2 c  s in  0W

W Vjr/(2y/2slu0 ) 1 - 1

Here for t h e lermiou . 1  is i ts e lect r ic cha rge m e a s u r e d in un i t s of the
pos i t ron c h a r g e c > ():  is i ts t hird component , of weak isospin. = T ^ for up-
type q u a r k s or neu t r inos , a n d .( =   for d o w n - t y p e q u a r k s or cha rged lep tons .
For t h e c o r r e s p o n d i n g a n t i p a r t icles t he s igns a r e reversed . For cha rged cur ren t
in te rac t ions involving q u a r k s , the coeff ic ients V f a r e t h e respec t ive e l e m e n t s of
the C a b b i b o obayash i Maskawa m a t r i x , t h e d o m i n a n t e l emen t s of which a r e
I „,1 s ; (I.!t7.ri x: l7,. . F u s s : 0 .222  —Vct  a n d V', , s ; I. For l ep tons one effect ively
has V„,c — i ) f f . T h e p a r a m e t e r 0W is t h e weak mix ing ang le wi th s in  0W  0.22.5.

B . 2 h a s e s p a c e a n d c r o s s s e c t i o n f o r m u l a e

n c e the a m p l i t u d e s q u a r e d for a p rocess has been eva lua t ed , it is necessary lo
include t h e Mux fac to r a n d t h e (d i f ferent ia l ) phase space in o r d e r to o b t a i n the
(dif ferent ia l ) c ross sec t ion . We cons ider t h e genera l p rocess p„ -{-pi, — p     
for which t h e cross sec t ion is given schemat i ca l ly by

( l f T = finx X l ' V , '  X (l<1>  ' ( - 0

I lere it shou ld be u n d e r s t o o d tha t t he c ross sect ion a n d p h a s e space a r e typical ly

mul t i -d i f fe ren t ia l quan t i t i e s . For head-on collisions t h e Mux fac to r is given In-

flux = I /(p, 1  I ,)'2 ~ {tiiuiiii,)-

= 4 p;, vA = ilplr'lm,, s = (p„ + P )2 (B.5)
 2s . 

In the second line t h e flux is given in t e r m s of t h e C .o .M. m o m e n t a , p  >, .
and t h e l a b o r a t o r y var iab les p 1, a n d p 1' ( ,. 0) . T h e th i rd line is a p p r o p r i a t e
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in Mie l'unit (il negligiblo p a l l i d o masses. In the case of a p a l l i d o deeay the llux

faetor is given hy twieo the docaying par l ic le 's mass, llux = 2 M .

A différential element of the Lorcntz invariant u -hody phase space for ilio

oulgoing parl icles is given hy

d<I>„(/>„ + l'I, • Pl, l'n)

= (2TT) ' ¿ ' " L + , > „ ¿ / ' , ) n

f d V -

(2?r)3

i / 1=1
À , < B 8

(2ir)32£l ,

In the second version the on mass-shell ¿ - func t ion has boon explicitly integrated
out and the posit ive energy solution E, = + \ / p j + nr selected. Using oqn (B.ti)
and c(|u (B.-l) it is easy to verify that the dimensional i ty of the phase space is
given by 3» . whilst the mass dimension of \M\~ must be -l - 2n. 

In many pract ical s i tua t ions the incoming par t ic les are unpolar ized and the
spins of t h e final s t a t e par t ic les are not measured. T h e same appl ies for their
colours. To take this into account one has to sum the amp l i t ude squared over
t he spins and colours of t he outgoing part icles and average over the sp ins and
colours of the incoming part icles. Thus , in oqn (B.-l) we use

\M\2

I > > 2 - n à;t
x s ^ • 

K <>.!> 

(B.7)

spin.colour

where the colour degeneracy is Nu X, for a (|itark or an ant i ( |uark and N2 - I 

for a gluon and where we allow two spin polar izat ions for the externa l fonnions

and inassless external g luons or photons .
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DI lM E XSIO N A L R EG U L A RIZ AT 10 N 

( ' . I I n t e g r a t i o n in 11011-integer d i m e n s i o n s

Dimensional regularizat ion is the preferred me thod in QC'D for render ing ultra-
violet divergent loop integrals finite. Tito basic idea is t o work in D I 2f 
space t ime dimensions. Then , given sui table definit ions, we eva lua te the loop
m o m e n t u m integrals with any divergences appea r ing as poles in l / e . Th i s ren-
ders the theory finite, for D < l. so that we can car ry o u t the rononnal iza t ion
procedure and a f t e rwa rds lake the l imit f —> 0.

In D d imensions the si met tire of t he Q C D Lagrangian is unal tered: it conta ins
tin- same kinetic and interact ion t e rms and . therefore, has the s a m e Feymnan
rules. The re is only one change, the replacement yH -> where // is an
a rb i t r a ry unit mass ( ' t f l o o f t . I!l?:i). Th is is needed to ensure that each t e rm in
the Lagrangian densi ty has the correct, mass dimension: see Ex. (3-17).

Before expla in ing the me thod , it is useful to in t roduce a few s t a n d a r d ma-
nipulat ions which makes the final integrals easier to carry ou t . We i l lustrate this
approach using the following typical integral which arises in the calculat ion of
I lie fcrmion self-cnergv.

I 7 " ( M - / ' + m ) 7 „, * A-o f d f c
l(h- + p)2 - + if] [A:-' I- if] ( C . I )

l or the moment , we have not set D -I but. left it. free. We have also in t roduced
an a rb i t r a ry mass // which serves to preserve the canonical dimension of the
integral for D ^ I. Th i s integral has a superficial degree of divergence D 
3. ob ta ined by count ing the number of powers of the loop m o m e n t u m in the
integrand, suggest ing a potent ia l linear divergence in D = 4 dimensions. At the
expense of in t roducing ex t ra integrals, oqn ( C . l ) is simplified by combining the
t wo t e rms in the denomina to r using the ident i ty

1

/I'/M."2 • • • A\ 

[
k) .A,r(»,)i (»a)---r(nfc) ./„ (oiAi -i -

(C.2)

Here the exponen t s j / i ,} need not be integer. T h e {o ,} a r e known as Feymnan
paramete r s . Apply ing this result, to oqn ( C . l ) . and at the s a m e t ime in tegra t ing
out t he ¿ - funct ion , gives
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(«¡(A- + j>)~ - ///"-' + U\ + (I - a ) [A-2 + it])*

= q y - n f ^ L / ' d o ^ + - . (CM) 

./ ( W ./<» ((A- + o p ) 2 - am3 + o.(l - a)p2 + i f ) '

In t h e second line we have ' comple t ed t h e s q u a r e ' , which a f t e r sh i f t i ng t h e mo-

m e n t u m var iable . A-'' — » A'' — op ' 1 , y ie lds

. / (27T) y(1 (A-2 - A + i f ) 2

= rf,I d« y |d - ^ + ,„]7, J ^ (A, ,„t ,,k), • (c-D

Here, we in t roduced / l = o n e ' — o ( l — o ) p 2 . T h i s c h a n g e of var iab le a n d the

re-order ing of t h e in tegra ls is l eg i t imate because we will choose D t o m a k e the

integral convergen t . T h e A-'1 t e r m vanished because t h e in t eg rand is isot ropic

and no longer h a s a p re fe r red d i rec t ion . T h e p1' d e p e n d e n c e is now via p~ in A. 

T h i s m e a n s tha t t h e a p p a r e n t l inear d ive rgence of eqn (C' . l ) is in rea l i ty only a 

loga r i thmic d ivergence .

At t h i s point you a r e r e m i n d e d t hat in Minkowski s p a c e A--' = E~ — k". so that

t h e t e m p o r a l a n d spa t i a l c o m p o n e n t s a r e not on a n equa l foo t ing . To r e m e d y this

sit uat ion we t r a n s f o r m to Euc l idean space , E •-> iA'o, so t h a t k~ — - k f - = \ k~. 

For the case at h a n d th i s gives

r <1/J~ ' A- 1 

i -00 2jr J (E2 - k 2 - A + U)2

_ . r + 0 Q dAp r d " - ' A : 1 

. / ( 2 * ) » - ' (-A-2 - Ar - /I + i f ) 2

A s u b t l e t y in t h i s m a n i p u l a t i o n is t h e role played by t h e in l in i tes ima] if in the

d e n o m i n a t o r . Essent ia l ly , we have used a closed c o n t o u r iu t h e complex E - p l a n e

tha t goes a long t h e real axis , down the complex ax i s a n d closes iu the first and

th i rd q u a d r a n t s . Now t h e i n t eg rand h a s poles at A-n = ± ( \ f k 2 — /I — i f ) which,

t h a n k s t o t h e if t e r m (f > 0) , lie jus t o u t s i d e t h e c o n t o u r a n d the reby ensu re

t h e equa l i ty of the two in tegra l s in eqn (C.f>). Following these m a n i p u l a t i o n s the

e x a m p l e in tegra l eqn (C' . l ) becomes

/ = rfS-»/'da v [(1 - a ) > + H T > / ¡ B ^ ( A ^ r W ' ( C ' 6 )
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Vc now expla in ihe m e t h o d of d imens iona l r egu l a r i za t on a s app l ied to
e( M (C'.(i). F i r s t , we i n t r o d u c e po la r c o o r d i n a t e s whilst, still keeping  f ree, which

yields

/ m - 7 " i d - < 0 / + , „ ] * / g j » . 

C.
Since by design t he rc( |nired in tegra l e<jn (C'.(i) is isotropic , t he a n g u l a r in tegra ls

can be t r ea ted separa te ly . T h e /^ -d imens iona l express ion for t he a n g u l a r in tegra l s

is given in t e r m s of the E lde r r - func t . ion . e<|ii (C.2-1),

/ * - = m m - C

This result coincides wit h t he st a n d a r d express ions . 2TT, -ITT. 2~"\ . . . for pos i t ive

integers II 2 .3,-1 However, t h a n k s t o the use of t h e F-fu i ic t ion . t h e result

is a n a l y t i c in D so t h a t we can use a n a l y t i c c o n t i n u a t i o n to def ine t h e resu l t for

non- in teger a n d even complex values of D. T h e der iva t ion of th is result c an be

found in E x . (3-18). Finally, t h e r e is t h e /.' in tegra l which we t rea t as a regular

integral . It is of t he s t a n d a r d Fil ler . i - lunct ioi i form:

f , u . - n a 2 ) l > - Dm .n 2-n (C ,n

C o m b i n i n g e i |ns (C .8) a n d (C.f)). wi th II 2. a l lows eqn (C.(>) t o be w r i t t e n as

[ < l ° V I d - « ) / ' - I ' » ] 7 , / l ( o ) " / 2 - 2

2 r 1 / w \ x 0 / 2 - 2
= i ^ F ( 2 - D / 2 ) l dn V |(1 + .(C.10)

For f u t u r e reference t h e basic D - d i m e n s i o n a l integral is given by (Bollini

R.L. I I I . 1973)

d"/,- (A-2)» = M r ( n + Df2)F(m - n - D 2) 

/ ' ( 2 j t ) " ( / . ' - ' - / ! ) ' " M (<1TT)'j/2 F ( D / 2 ) F ( m )

( C . l l )

T h e p r o c e d u r e l ead ing to th i s resu l t was i l lus t ra ted for t h e case of a s ca l a r

in t eg rand . If t h e in t eg rand d e p e n d s on one of t h e c o m p o n e n t s of A-/.;, say A'j.

then we wr i t e t h e in tegral a s

(/"/,/(/,-i./.-2) = jd/;~ '/.-(IA-1/(A'I.A2) = jt\,i- u\ssa-ii\ if{ x. ^ 4- *-') . 

(CM 2)

In th is way. t h e in tegra l over \ is t r e a t e d a s a n o r m a l in tegra l and t h e D-

d imens iona l t r e a t me n t is reserved for t he r em a in ing ' i so t rop ic ' c o m p o n e n t s of

.
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Before invest ¡gat ing t h e D —> I limit of eqn ( (MO) we m u s t hist. dea l with the

7 - ina t r icos . T h i s is d iscussed ¡11 Sect ion C .2 . Using t h e D - d u u c n s i o n a l a lgeb ra ot

-mat,r ices it is easy to show that,

7 " Id " « )/' + " '1 7,i = ~(D - 2)(1 - a)/> -I Dm . (C.13)

S u b s t i t u t i n g th is result in eqn (C.10) a n d a t t h e s a m e t i m e wr i t ing D I 2»

gives

7 = 1 ( M ^ r ( f ) f < l n H 2 " 2 0 ( 1 " n ) / ' + " 2 f ) m l ' 

= i j i ' a « | _ 2 ( 1 _ o ) / + 4 m + , ( 2 ( 1 - a ) f , - 2m)] ( « ) .

(C.14)

I11 the second line we used e(|ii (C.25) t o m a k e explicit t h e pole assoc ia ted wi th

t h e D —> 4. ( -< 0 l imit . U s i n g eqn (C.26) t o g e t h e r wi th ./•' = e ' '"• r . we can now

inves t iga te t h e ( —> 0 limit of eqn (C.14) . which b e c o m e s

/ = i g j i rfrt|(-2(l - a ) j + 4m] [ J - 71c + M * * ) ~ I" ( ^ r )

+ 2(1 - o ) / - 2 m | + 0 ( f )

= 1 ^ { ( - / + 4m) - 7I-: + ln(4 ir ) ) + f> [ l + 2 jf rfn(l - a) h. ( ^ r )

In this express ion it may b e no t ed t h a t t h e inclusion of t h e mass // t ake s ca r e ol

t h e d i m e n s i o n s in t h e l o g a r i t h m . W h a t we find is tha t t h e ul t raviolet d ivergence

in eqn ( C . I ) is now isolated as a s imp le \/< pole. Expe r i ence will conf i rm tha t

1 / r a lways o c c u r s in t h e c o m b i n a t i o n

A , = - + ln(47r) - 7K . ( € . 1 6 )
(

T h e r e r e m a i n s a finite pa r t given in t e r m s of t ed ious but ca lcu lab le o - in t eg ra l s .

It m u s t be a d m i t t e d t ha t ou r a p p r o a c h t o d imens iona l r egn la r i za t ion has been

a lit tle caval ier . T h a t o u r resul t s hold is t h a n k s t o t h e work of o t h e r s ("t.Hoofl

a n d Ve l t man . 1!)72). I11 essence, what we have d o n e is to first ident i fy those

d imens ions . D < I in t he e x a m p l e above , for which t h e des i red in tegra l is finite; 

th i s m e a n s free of b o t h u l t rav io le t , k — oc. a n d . if niassless pa r t i c les a p p e a r ¡11

t h e loop, i n f r a red , k. k • // — 0. d ivergences . T h e in tegra l is c o m p u t e d a n d then

expressed a s a n ana ly t i c f unc t i on of D which can be used t o con t inue t h e integral

in to t h e vicini ty of D = 4.
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( ' . 2 / J - d i i n c n s i o i m l , - m a t r i x a l g e b r a

In accord wi th t h e discuss ion of Sect ion 3.3. I. a lso in t h e genera l case of D 

ns ions we requi re 7,', = +7» a n d 7 = - 7 , for i = 1 . 2 , 3 : tlie s a m e

d i l l ' o rd a lgebra { 7 ' ' . 7 " ) 2 ; / ' " ' l ; a n d the l inear i ty a n d cyclici ty of t r aces . As

these rules essent ia l ly coincide wi th t hose a s s u m e d ear l ier , we can use t h e s a m e

m a n i p u l a t i o n s on t h e t r aces of 7 - m a t n c c s in D a s in I d imens ions . O n e word of

warn ing is t o r e m e m b e r t h a t if1' = D. which leads t o e x t r a t e r m s p r o p o r t i o n a l

in D I a p p e a r i n g in s o m e resul ts ; c o m p a r e eqn (3.83) a n d Ex. (3-19). Final ly ,

r e m e m b e r i n g t h a t each t r a c e is p r o p o r t i o n a l to the t r a c e of t h e D - d i m e n s i o n a l

unit m a t r i x , we def ine T r { l } f ( D ) w h e re / is a n y well behaved func t ion of

D sub jec t t o t h e b o u n d a r y cond i t ion / ( 4 ) 4. T h e s imples t choice is f ( D ) 4.

Since ill p rac t i ca l app l i c a t i ons we will a lways t ake the limit r —> 0. an y d i f fe rence

f ( D ) - I O ( f ) can only c o n t r i b u t e t o divergent, g r a p h s , oc \/e". a n d . as we

shall learn, t h e add i t i ona l t e r m s a r e equivalent t o a c h a n g e iu t h e finite p a r t of

I he count e r t e r i n s a n d so i inobservable bv roi ior inal iza t ion g r o u p invar iance .

Whilst it does not a r i se in p u r e unpo la r i zed Q C D ca lcu la t ions , for t h e s a k e

ol r ad ia t ive cor rec t ions t o chira i weak processes , we men t ion t h e t r e a t m e n t of

7v T h e usual p rope r t i e s of 75 a r e : 75 = fr>. (7.1)" = 1 a n d {7r , ,7 ; ,} = 0. Un-

for tuna te ly . if we r equ i r e r e su l t s t h a t a r e a n a l y t i c f unc t i ons of D then t h e an t i -

co i imiu ta t iv i ty p r o p e r t y obl iges TV{757,,, •••-) , ,„} = 0 for an y /». However, in

i ) 1 d imens ions we can realize 75 as 75 i 7o7 i7273 and ob t a in the result

IV {*:T.7/I7«/7«T7T i i <•/««"•• ' f h i s conflict h ighl ights the fact t h a t 75 is in t r ins ic to

four d imens ions . O n e resolu t ion is to use t h e D I def ini t ion of 7-, and mod i fy

t he ant ¡ c o m m u t a t o r s ( t l loolt and Ve l tman . 1972) to obey

7 * = ¡ 7 0 7 , 7 * 7 * = > | 7 5 7 " = T 7 " 7 ' ' ' R " 1 - 2 - 1 ( C . 1 7 )
( 757/I = + 7 / ( 7 5 o t h e r w i s e .

The price of th is so lu t ion is t h e loss of Loren tz invar iance . T h u s , when 7r, is

present we must treat, s epa r a t e ly t he sots of c o m p o n e n t s // < I a n d // > 1.

C . 3 /7 -d i i n c i s i o n a l p h a s e s p a c e

T h e genera l iza t ion of t h e / / -body phase space to D d imens ions is s t r a i g h t f o r w a r d .

' = l ( ( 2 S r ) ( » - ' ) 2 E , * 

Again t h e rf( + )(./:) <r)(.r")i)(.r) ensu res t h a t wo only include c o n t r i b u t i o n s f rom
posi t ive-energy par t ic les . T h e case of // 1 is pa r t i cu l a r l y s imple .

<1<I>, = 2 ^ , + )(p'f - m | ) |
I/'1 /'..+/».

(C .19)



I:t I I U M K N S I O N A I . K K O U I . A H I Z A T I O N

We will i l lustrate ilio uso <>!' «-<111 (C.18) for Ilio caso n 2. suoli as migli!
occur in ¡1 t.wo-to-t.wo sca t te r ing , wliicli givcs

I'J-1., R ,II>--\. 

- / - • < - / I ( ^ k ( - " > ' v m < < J ~ - »> 

l lcro. wo have E, = \/pf + w'f and , a f t e r in tegra t ing out the spat ia l m o m e n t u m
componen t s of the second filial s t a t e part icle, p-> Q Pi - We shall now special-
ize to the C.o.M. f rame . Q1' - 0) . which is general ly the most convenient ,
and assume tha t there is an explicit, dependence on the longitudinal componen t ,
pi. p e o s f * . of the outgoing m o m e n t u m in the in tegrand . T h e phase-space
integral becomes

/ ^ - S W « / 4 ^ * - » - «

= J HhEl ' {"r ~ V' ~ "< ) ^ 7 1

9_(/J2)/2 r + l> | 

4 ( 2 j t ) 0 - 3 r ( i D - 2 ) / 2 )

1 p (\TTY 1 
m L 7 f ( / '

/ <1 cos 0 sin
i

i

-2<

J H i - « )

- ¿ ^ ( p ) ' n i b ) j f ^ ' - r - < c * )

111 the final line we have changed variables to t> = (1 + cos0}./2. which proves
useful for some appl icat ions . If t he integrand is a scalar , that is. does not depend
explicitly on /J/., then we can reduce eqn (C.21) to

/ (i,i,., = - L A (JLV Z i i n i l ( c o 2 )

- 4 * V i K P J r ( 2 - 2e) 1 - J

We will also need eqn (C.18) for the case n — li. which can be wri t ten as

1

* ! ' 2 [ ( l - a * ) ( l -afc)( l
(C.23)

At this point we also ment ion the n u m b e r of spin-polar izat ion s t a t e s which
should be nsixl when averaging the ma t r ix clement squared in 1) dimensions.
Given I he s t a n d a r d choice Tr (1} = 1 . the ( an t i )qua rks as usual should be taken
to have two spin-polar izat ion s ta tes . On the o ther hand , it is conventional to
give inassless gliions D 2 2(1 f ) spin-polar izat ion s ta tes .
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C . l U s e f u l m a l l f o r m u l a e

Here we collect some useful ma themat i ca l results. Fur the r discussion can be
lound in the s t a n d a r d ma themat i ca l physics texts , such as the book by Arfkou
and Weber (l!)!).r>).

We make f requent use of the Eider F-funct ion, which can lie defined by the
convergent integral

r ( z ) = / , 1 / t * - 1 o ' ~R.('.{z} > 0 . (C.2'l)
./ii

Integrat ion by pa r t s will confirm the important , ident i ty

r ( i + s ) = z r ( z ) . ( c . 2 5 )

Thus , for positive, integer values of z. F(c) = (c I)!, which explains the alter-
native name ' factorial funct ion ' . Equa t ion (C.25) can also be used to shift the
a rgument and define the F-funct,ion when 7vr{c} < I). Th i s also shows t h a t there
are s imple polos at ; 0. - 1. — 2 . . . . We also need the expansion

1 ( 1 + f ) = 1 ~ 7 K - + ( S + h*) ' 2 + °{(i) • ( c - 2 , i )

where 7|.; 0 .57721 .r)(ìfì l filli • • • is the Filler Mascheroni Constant.. We will also
often use ilio relaled Euler J- l i inoiion integrai.

L n . > - • • M
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/>' , . /?, A N D l i T F O R A R B I T R A R Y C O L O U R F A C T O R S

This chap te r conta ins a compi la t ion of the ingredients that go into the theo-
retical predict ion for Iifj a n d R y • A " expressions are given for a rb i t r a ry colour
factors, which allows to evaluate not only the QC'D-SU(3) predictions, bu t also
t he predict ions for a l ternat ive theories wit h an unbroken gauge s y m m e t r y based
on a s imple Lie g roup . Th is is needed, for example , by any analys is which a ims
at a measurement of t he colour factors from R, and R r • Keeping the colour fac-
tors. it is convenient, to redefine the coupling cons tan t such that the ampl i tude
for gluon emission f rom a qua rk is independent, of t he gauge g r o u p of t he t heory.
Absorbing a fac tor 2n as well yields t he redefined coupling

<4
T h e predict ions of the theory for /»/ quark degrees of f reedom then can be ex-
pressed as funct ion of the free p a r a m e t e r <is and the variables

IA = ~ , f r = ~ and f „ = . (D.2)
(./.- w-- C/.

All ex]>ressions apply for t he MS renoriiialization scheme and cover at least the
dominant contr ibut ions . In some cases, the higher o rder expressions a re known
but are not quoted here, since the main objec t ive of this section is to provide
simple expressions that allow a fast evaluat ion of the respect ive effects.

D . l The running coupling constant and masses

The variation of the strong coupling constant <is and renormalizcd masses 777
with t he rcnoruiahzat ion scale of the t heory is described by a coupled system of
differential equations.

- = - / > i < - & 2 « ( D . ; i )d In ¡ r

( l 7 7 7 - i ri iv
- n = - .VI "s • • • • (L).4)d In ¡i

T h e pa rame te r s b, and <y, depend on the specific theory. T h e leading coeffi-
c ients (Jones. 1974; Caswell . 1974: Tarasov <:t «/.. 198(1: Ta r r aeh . 1981: Naeht-
mami and Wetzel. 1 i)S 1) a re . c.f. Section .{.4.5.

/',) = y / . - l \ j „ (D.5)
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/'i T R / ' I IT/.L / I I / . .
() .1

28.r,7 :t 1415 , 3

(D.r.)

7! I 205 11...,
^ - 2 1 6 ^ + 1 0 8 ^ + + (D.7)

anil

f/n = 3 

3 97 5 . 
u\ = 7 + "p j / . i ~ • 

(D.8)

(D.9)

Equation (D.3) determines how the strong coupling constant evolves lor a 
lixed number of act ive flavours, whereas in practical applications one often has
to relate a value of o„ from a scale m with iif = I active quark flavours to
the measurement at a scale /¿r, with " / = 5 flavours. The treatment of flavour 
thresholds is described in Bernreuther and Wetzel (1982). Bernreuther (1983).
Marciano (1981). and Rodrigo and Santamaria (1993), e.f. Section 3.-1.5. With
".. "s("/•/')• the coupling constant a s (±) = " s ( ' i /± I. /') for a different, number
of flavours, but at the same energy scale //. can he expressed as a power series
in the original coupling. To O(a^) the expansion is given by

n K ( ±) = « s =F " i ^ f r L

«2 \ f T ' 1 ) T ( f / / l / ' ' + 2 / r ) T { P A h ~ V2h)
(D.10)

where L = ln(777(77i)//j) is the logarit hm of the ratio between the fixed point of
the MS running mass of the extra quark flavour 777(777) and the matching scale
//. Note that the matching condition eqn (D.IO) implies that two measurements
at the same energy scale with different, numbers of active flavours, in general,
will see a different, coupling strength. Only for a point // close to 7n(7fi) is the
coupling continuous, as one would naively expect.. The numerical value of the
point of continuity depends on the order of the pert urhativc expansion. Up to
NLO. it. coincides with 777(777).

In the context, of arbitrary colour factors it, would be preferable to express
eqn (D.10) as a function of the pole masses M of the quarks rather than the MS
running masses 777. since the latter already absorb part, of the radiative corrections
of t he specific theory. To leading order the pole mass M is related to the running
mass according to

m { M ) = ' ( D U )

From the leading order term, eqn (I).-l). one obtains

r n \ - " s f l n
m ( p ) = m ( M ) ( i - ) ' , (D.12)


