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Introduction

Hadronic light-by-light contribution to muon ��� �
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Introduction

Need

. /01 24365 798 5 :8 5 ; <>= ? ; @ ACB @ ACD @ ACE FG H I JLKMN O PK �N Q PKR N S T�U

U VW XY Z[ /3 W < [ 0 3 B < [ 1 3 D < [ 23 E <\ X W ]

with [^ 3 B <>= Z _ `badc^ _ \ 3 B <

and

` a= 7 ; @egf h3i 8 j k8 j k <
full four-point function with � ' l mn
Using gauge invariance

. /01 o3 5 7 8 5 :8 5 ; <>= j5 ; 2 p . /0 1 2365 7 8 5 :8 5 ; <p5 ; o

one just needs derivatives at � ' 	 m n
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Introduction

Many scales involved: Impose low energy and several OPE
limits ë Not full first principle calculation at presentn
Large

qsr and CHPT counting:
Organizes different degrees of freedom contributionsn

E. de Rafael

Goldstone boson exchange:
t3 uwv <

and

t3 5 x <y

Quark Loop and non-Goldstone boson exchange:

t3 u v <

and

t3 5 z <y

Goldstone bosons Loop:
t3 k <

in

k { u|v and

t3 5 A <y
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Introduction

Based on this counting:

Two full calculations
J. Bijnens, E. Pallante, J.P. (BPP)
M. Hayakawa, T. Kinoshita, A. Sanda (HKS)

Dominant pseudo-scalar exchange: Extensive
analytic analysisn

M. Knecht, A. Nyffeler (KN)

Found sign mistake
M. Knecht, A. Nyffeler, M. Perrottet, E. de Rafael
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Introduction

New four-point form factor short-distance constraint:
K. Melnikov, A. Vainshtein
(see also M. Knecht, S. Peris, M. Perrottet, E. de Rafael)

Model: Full light-by-light saturated by pseudo-scalar and
pseudo-vector pole exchangesn
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“Old” Calculations: Pseudo-Scalar Exchange

Dominant contribution ë pseudo-scalar exchangen

}
~ �� �� � �

Here, I discuss work in J. Bijnens, E. Pallante, J.P.y
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“Old” Calculations: Pseudo-Scalar Exchange

We used a variety of � �+ �+ �

form factors

�^ 0 3 5 7 8 5 : <>= uv��� ���� ?L�^ 01 25 71 5 : 2 �365 :78 5 :�: <
fulfilling as many as possible QCD constraintsn
(Short-distance, data, U �(1) normalization and slope at the
origin). In particular,

�3 a :8 a : < � �a :

�3 a :8 W < � �a :

for

��

Euclidean and very large
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“Old” Calculations: Pseudo-Scalar Exchange

All form factors we used converge for �� �� � � �

GeV and the

numerical difference between them is small

Somewhat different � �+ �+ �

form factors used in
M. Hayakawa, T. Kinoshita, A. Sanda and M. Knecht, A. Nyffelery

Results agree very well (after correcting a mistake in the sign of
the phase space)n

Adding � �

, � and � * contributions

k W 7� U �^

BPP (8.5

�

1.3)

HKS (8.3

�

0.6)

KN (8.3

�

1.2)
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“Old” Calculations: Pseudo-Vector Exchange

Need � �� + + �

and � �� + �+ �

form factorsn
ë related to � �+ + �

and � �+ �+ �

by anomalous Ward identities

Pseudo-vector exchange

k W 7� U �^
BPP (0.25

�
0.10)

HKS (0.17

�

0.10)
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“Old” Calculations: Scalar Exchange

Need

� �+ + �

and

� �+ �+ �

form factorsn

They are constrained by CHPT at

� �� � �

:

� � ’s reproduced

Within ENJL: Ward identities impose relations between
Quark loop and Scalar exchangen

�¢¡ �£6¤¥ ¦¥ § � 	 � �m©¨ ª« m©¨ � �­¬ � m® � �

Not included by M. Hayakawa, T. Kinoshita and A. Sanda
nor by K. Melnikov and A. Vainshteinn
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“Old” Calculations: Non-Meson Exchange “Quark-Loop”

←
p2

α

←
qρ

↑ p3
β

↓ p1
ν

(a)

←
p2

α

←
qρ

↑ p3
β

↓ p1
ν

←
r

(b)

¯

[GeV]

k W 7� U �^
0.7 2.2

1.0 2.0

2.0 1.9

4.0 2.0

Low Energy (0 to

¯

): ENJL modely
High Energy (

¯

to ° < : Bare heavy quark loop with ±² = ¯y

Numerical matching
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“Old” Calculations: Pion- and Kaon-Loop

Leading contribution in chiral counting, suppressed by
� ³ q r

OK: + � Problem:
+ �

+ �

No + �+ � l � � data available: Models needed !
Model for � � c 3 c < k W 7� U �^

BPP (Full VMD) j1.8

HKS (HGS) j0.4

Kaon loop is much smaller: � m©¨ m´ ! � m ® � � n
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New Short Distance Constraints

K. Melnikov and A. Vainshtein

New short-distance constraint on four-point function form factor

VW XY Z[ 0 3 5 7 < [ 1 3 5 : < [ /3 j365 7 µ5 : µ5 ; < <\ X c 3 5 ; � W < ]

using OPE with � �� � ¶ � ��� · · � �� � - �� ��
Euclidean and large,

Y Z [ 0 3 5 7 < [ 1 3 5 : < \ ¸ k ¹5 : � 01 ^ 2 ¹5 ^ Z_ `ºa : c 2 c¼» _ \ 3 5 7 µ5 : <

with

½� 	 ��¾� � �¾� � ³ � ¶ � � ¶ � �¾�
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New OPE Constraint: Pseudo-scalar exchange

New OPE constraint saturated by pseudo-scalar exchange
ë Model uses a point-like vertex when �¾' l m¿n
Not all OPE constraints satisfied: Negligible numericallyn

À
Á Â�Ã ÄÃ Ä Å

POINTLIKE
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New OPE Constraint: Axial-Vector exchange

Axial-Vector exchange depends very much on the
resonance mass mixingn

K. Melnikov and A. Vainsthein:
Ideal mixing for

Æ� �� �Ç ´ �

and
Æ� �� � � m � n

Mass mixing

� m� � ! ��¡

No New OPE (Nonet symmetry) 0.3

«

0.1

M=1.3 GeV (Nonet symmetry) 0.7

M=M# (Nonet symmetry) 2.8

Ideal mixing 2.2

«

0.5
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Comparison: Leading order in È

Leading order in

uv contributions:

Quark Loop + Pseudo-Scalar + Pseudo-Vector + Scalar Exchangesy
Total at

t3 uv < k W 7� U �^
BPP (Nonet symmetry) (10.9

�

1.9) + -(0.7

�
0.1) = (10.2

�
1.9)

HKS (Nonet symmetry) (9.4

�

1.6 ) + ??Scalar??

MV: Hadronic model saturated by pole exchanges:
Cannot compare individual contributionsy

Total at

t3 uv < k W 7� U �^

MV (Nonet symmetry) (12.1

�
1.0) + ??Scalar??

MV (Ideal mass mixing) (13.6

�
1.5) + ??Scalar??

Masses produce main difference in pseudo-vector exchangey
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Comparison: Momenta Regions for É Ê
Study of momenta regions contribution for � �

exchange

� ËÌ Ë¡ 	 �Í � �Í � � Î Î¡ �Í � & Í � �

	 �Ï� �Ï� � Ð Ð¡ �Ï� & Ï� �

	 �Ï� �Ï� � � � Î Î Ñ¡ �Ï� & Ï� & � �
with

Ï� Ò ¦ÔÓ �Í � ³Õ Ö × �
,

Ï� Ò ¦ÔÓ �Í � ³Õ Ö × �

and � Ò ¦Ó � � ³Õ Ö × �

Í �� 	 � �� � ,

Í �� 	 � ��� ,

�� 	 � ���� - ��� ��
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Comparison: Momenta Regions for É Ê
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Comparison: Momenta Regions for É Ê
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Comparison: Momenta Regions for É Ê
Conclusions of this comparison

Cut-off in

� 	 ë 58 % of numerical difference come from
MV OPE violating regionsn

Fixing

Í � 	 Í �

ë Numerical difference come from
low values of

�

and moderate values of
Í � 	 Í � n

Important to control energy regions below 2 GeVn

Main ENJL quark-loop contribution is from that regionn
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Comparison: NLO in Ø È

Next to leading order in

� ³ q r contributions:

Charged Pion and Kaon Loopn

Model for � � c 3 c < k W 7� U �^
BPP (Full VMD) j1.9

�
0.5

HKS (HGS) j0.45

�
0.8

K. Melnikov and A. Vainshtein:

Full NLO in

� ³ qÙr estimate
�¢¡ 	 �m « � �­¬ � m ® � �
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Comparison

BPP vs HKS:
Full

k W 7� U �^

BPP 8.3

�

3.2

HKS 8.9

�

1.7

No scalar exchange, different quark loop and
different pion and kaon loops almost compensaten
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Comparison
BPP vs MV:

Full

k W 7� U �^

BPP 8.3

�

3.2

MV 13.6

�

2.5

Several order

� ¨ ´ ¬ � m ® � �

differences,
in addition to new OPE effectsn

� � ¨ ´ ¬ � mÚ® � �

(Different pseudo-vector mass mixing)� m©¨ ª¬ � mÚ® � �

(No scalar exchange)� � ¨ Û¬ � mÚ® � �

(No pion+kaon loop)
= � �¨ �¬ � mÚ® � � n
Final [BPP-MV] difference: � ´ ¨ Ü¬ � mÚ® � � n
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Conclusions and Prospects
Unsatisfactory situation: Needs new evaluation(s) of the
full hadronic light-by-light contributionn

At

� � qr �

: Study full four-point function with large

q r

techniquesn Granada-Lund-València

* Implement as many short-distance and low energy constraints
as possiblen

(possible problems J. Bijnens, E. Gámiz, E. Lipartia, J.P.)

At NLO in

� ³ qr ë Non-Goldstone bosons at one loopn

Little is known (see recent work by A. Pich, I. Rosell, J.
Sanz-Cillero)n
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Conclusions and Prospects

At present,
Large Ý agree within 1 Þ ë

ß àá àâ ã ä¼å åæ Ê çæ Ê è é å Ê j k W

More work needed to have a definite answer of
hadronic light-by-light contribution to muon ê ë ì

with
reduced uncertainty í
Goal: Control present model dependences í
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