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Abstract

Complete one-loop results for the decay widths of neutral Higgs

bosons (ha) into lighter neutral Higgs bosons (hb, hc) are presented for

the MSSM with complex parameters. The results are obtained in the

Feynman-diagrammatic approach, taking into account the full depen-

dence on the spectrum of supersymmetric particles and all complex

phases of the supersymmetric parameters. The genuine triple-Higgs

vertex contributions are supplemented with two-loop propagator-type

corrections, yielding the currently most precise prediction for this class

of processes. The genuine vertex corrections turn out to be very im-

portant, yielding a large increase of the decay width compared to a

prediction based on the tree-level vertex. One-loop propagator-type

mixing between neutral Higgs bosons and Goldstone and Z bosons is

also consistently taken into account. Complete one-loop results for the

decay of a neutral Higgs boson into fermions are also presented, which

include the full dependence on complex phases. The new results are

used to analyse the impact of the experimental limits from the LEP

Higgs searches on the parameter space with a very light MSSM Higgs

boson. It is found that a significant part of the parameter space of

the CPX benchmark scenario exists where channels involving the decay

h2 → h1h1 have the highest search sensitivity, and the existence of an

unexcluded region with Mh1 ≈ 45 GeV is confirmed. The public code

HiggsBounds is also presented, which can be used in conjunction with

models with an arbitrary number of neutral Higgs bosons to determine

whether parameter points have been excluded at the 95% CL by the

LEP and Tevatron Higgs searches.
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Preface

Today marked the beginning of a new era in particle physics. At 09.28 BST, amid a

veritable media frenzy1, the first proton beam was fired the entire way round the 27km

underground tunnel at CERN, Geneva. This milestone was celebrated across the world

as the ‘switching on’ of the next great particle physics experiment, the Large Hadron

Collider.

The LHC will allow the exploration of a very high energy regime, which humans

have so far been unable to investigate in controlled conditions. Most scientists believe

this regime to be populated with particles holding the clues to crucial questions about

the nature of the universe at a fundamental level. One of the key tasks of the LHC

experiment will be to attempt to track down the ‘Higgs boson’, a hypothetical particle

which forms a cornerstone of almost all our current theories. If its existence is confirmed,

the Higgs boson will provide the answer to one of the biggest questions in particle physics:

how elementary particles get their mass.

Against such a backdrop, it may seem strange to be submitting a thesis that focusses

particularly on the unsuccessful Higgs searches carried out by the previous occupier of

the tunnel at CERN, the Large Electron-Postiron collider (LEP). However, the very

fact that a Higgs boson was not discovered by LEP plays a vital role in narrowing down

its possible characteristics. In particular, the LEP results give us a lower limit on the

mass of the Higgs boson, which varies depending on which of the many particle physics

models you believe in. This lower limit was particularly low for the Complex Minimal

Supersymmetric Standard Model, since Higgs bosons described by this theory can be

trickier to produce in colliders. In this thesis, we focus on the behaviour of these types

of Higgs bosons and, in particular, how they would interact with eachother, and we

investigate how our predictions affect the interpretation of the results from LEP. We

hope to shed further light on which types of Higgs bosons have already been ruled out

by past experiments - thus contributing to the effort to provide a clear path forward for

the Higgs searches at the LHC and its successors.

K.W., 10th September 2008, Durham, UK.

1Depending on who you listen to, the LHC is either ”the greatest scientific endeavour since the Apollo
moon landings” or a ”Doomsday machine” capable of producing Earth-destroying black holes.
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Chapter 1

Introduction

1.1 The Standard Model and Electroweak

Symmetry Breaking

The Standard Model (SM) of particle physics has been hugely successful at describing

experimental results collected at particle colliders during the last thirty years.

The model is a combination of some of the greatest achievements in theoretical

physics in the last half century. Firstly, it uses Glashow-Weinberg-Salam electroweak

theory, which was developed in the 1960s to describe electromagnetic and weak interac-

tions between quarks and leptons [1–3]. Secondly, it includes Quantum Chromodynamics

(QCD), which emerged in the 1970s to describe strong interactions between quarks [4–9].

Spontaneous electroweak symmetry breaking is required to preserve local gauge invari-

ance and generate particle masses. This is achieved by including a scalar doublet field

with non-zero vacuum expectation value [10–14]. As a result, the theory predicts the

existence of an additional scalar particle, called the Higgs boson.

Almost all facets of the Standard Model have been thoroughly investigated at collider

experiments [15,16]. However, we are yet to find any direct evidence of the existence of

a Higgs particle. The LEP experiment was able to put a lower limit on the mass of a

Standard Model-like Higgs boson of 114.4 GeV at the 95% confidence level [17]. Higgs

searches are currently being carried out at the Tevatron [18]. If a Standard Model-like

Higgs boson exist, it will be seen at the Large Hadron Collider [19], which is about to

commence operation.

2
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1.2 Supersymmetry

Although the Standard Model has been very successful at explaining phenomena at

current collider experiments, there is a prevalent belief throughout the particle physics

community that the SM is a low energy effective theory. There is huge speculation about

the prospect of a more fundamental theory. In particular, it is hoped that we will one

day have a ‘Theory of Everything’ (TOE) which will describe all four forces of nature –

electromagnetic, weak, strong and gravity.

In addition, Cosmologists have amassed a lot of evidence (such as the shape of galaxy

rotation curves and results from weak lensing) which could indicate that most of the

mass in the universe is composed of non-relativistic, weakly interacting particles (see [20]

for a review). The Standard Model does not contain a candidate for this particle.

The Standard Model also suffers from what is known as the hierarchy problem. When

the 1-loop fermion corrections to the Higgs particle are calculated in the Standard Model,

the result contains a quadratic divergence. This can be renormalised away, but it is still

necessary to do a great deal of fine-tuning to get the 1-loop contributions to the mass to

approximately cancel, leaving a Higgs mass at the weak scale, rather than the unification

scale (GUT scale).

Supersymmetry (SUSY) is a very popular and widely researched extension to the

Standard Model (for a general introduction, see [21, 22]). Although it is only one step

along the road to a TOE, supersymmetry emerges naturally in superstring theory, which

is an attempt to incorporate gravity in to a quantum field theory. It is the only non-

trivial extension of the Poincaré group [23].

Supersymmetry is a symmetry between fermions and bosons. It provides a neat

solution to the problem of quadratic divergences because it predicts that every known

particle has a partner which we have not yet observed. Loops involving these particles

cancel the quadratic divergences from the Standard Model particles.

However, if supersymmetry was an exact symmetry of Nature, particles and their

‘superpartners’ would have the same mass, and therefore the superpartners should have

been observed in collider experiments. Therefore, if SUSY applies to Nature, it must

exist as a broken symmetry. Fortunately, it is possible to break SUSY such that the

quadratic divergences still cancel (SUSY is broken ‘softly’).
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Realistic softly broken supersymmetric theories (such as the Minimal Supersymmetric

Standard Model (MSSM), which will be used in this thesis) have the desirable effect of

unifying the gauge couplings at high energies, which is required for unified theories. This

does not occur in the Standard Model.

Most realistic theories also impose R-parity, in order to prevent rapid decay of the

proton. As a result, sparticles are prevented from decaying into purely Standard Model

particles. Therefore the lightest supersymmetric particle is stable, providing an excellent

dark matter candidate.

Of course, a fundamentally important prediction of supersymmetric theories is the

existence of superpartners for each known Standard Model particle. One of the main

aims of the Large Hadron Collider will be to search for these superparticles. In addition,

supersymmetric theories also require the existence of more than one Higgs boson, which

leads to a wide range of interesting phenomenological consequences.

One example is the ability of the MSSM to evade the LEP restrictions on a Standard

Model-like Higgs mass in scenarios containing significant CP violation. In particular,

LEP was unable to exclude the possibility that a neutral Higgs boson exists with a mass

of ∼ 40 GeV [24].

The CP transformation is a combination of charge conjugation C and parity P. In

the Standard Model, C and P are conserved separately in strong and electroweak inter-

actions, whereas weak interactions violate C and P separately. Apart from in rare cases,

the combination CP is conserved in weak interactions. CP violation was first observed

in the neutral kaon system in 1964 [25]. It has also been observed in neutral B meson

decays with the BABAR [26] and Belle [27] detectors and can occur in the neutrino mass

matrix.

The existence of CP violation is one of the three Sakharov conditions for baryosyn-

thesis, and is therefore required to explain the fact that the observable universe appears

to be composed of vastly more matter than antimatter (as discussed in [28]). However,

the Standard Model on its own does not contain enough CP violation to explain the

matter-antimatter asymmetry we observe, making extensions to the Standard Model

which incorporate new sources of CP violation very attractive.

This thesis will cover a range of topics which are useful for carrying out a more

detailed investigation into the region of the CP-violating MSSM parameter space that

can not be excluded by current Higgs search results. Although this is the unifying theme
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of the thesis, many of the topics will have much wider applications. In particular, we will

calculate full 1-loop vertex corrections to the Higgs cascade decay in the CP-violating

MSSM and combine these with propagator corrections, to obtain the currently most

precise prediction for this class of processes. Investigating this decay at future colliders

will give us access to the triple Higgs vertex, which is an important line of enquiry if we

are to confirm our description of electroweak symmetry breaking. We will then examine

the LEP Higgs exclusion regions in the CP-violating MSSM in the context of the new

Higgs sector results.

1.3 Thesis Outline

We will begin by a detailed description of the various elements of the MSSM with

complex parameters (which can cause CP violation) which will be most relevant to this

thesis and thereby fix the notation.

Chapter 3 will discuss the renormalisation of the complex MSSM and derive any

counter-terms we require which are not available in the literature. We will also discuss

differences between parameters as defined in different renormalisation schemes.

In the following chapter, we will outline the method used in this thesis to calculate

the neutral Higgs masses. We will also introduce a pictorial representation of the Higgs

sector mixing and discuss the way that propagator corrections can be incorporated in

calculations involving an external Higgs boson.

In Chapter 5, we provide a brief introduction to some of the features of Standard

Model and SUSY QCD which we will require when calculating the Higgs to b-quark

decay width, which we have extended to apply to the complex MSSM.

Chapter 6 will discuss the Higgs cascade decay width. We calculate full 1-loop gen-

uine vertex corrections with full phase dependence and combine these with propagator

corrections.

We calculate the full electroweak 1-loop genuine vertex corrections to Higgs to b-

quark decay in Chapter 7, again with full phase dependence. These are combined with

propagator, QED, SM and SUSY QCD corrections. Similarly, we calculate the genuine

vertex corrections to the Higgs to tau-lepton decay width and combine this with QED

and propagator corrections.
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The numerical effect of these new decay widths on the neutral Higgs branching ratio

will be investigated in Chapter 8.

In Chapter 9, we review the results of the LEP Higgs searches for the CP-violating

MSSM benchmark scenario, the CPX scenario. We investigate the effect of our new

Higgs branching ratios on the LEP exclusions in the CPX scenario. In addition, we

examine the effect of new advances in the calculation of the Higgs self-energies which

have been made since the original LEP Higgs Working Group analysis.

In order to facilitate the use of LEP results in conjunction with new Higgs sector

results, we have created a new fortran program, HiggsBounds [29], which we discuss in

Chapter 10. In particular, we outline the new features which were added in order to

extend this program to use results from the Tevatron Higgs searches.

In Chapter 11 we conclude.



Chapter 2

The Complex MSSM

2.1 Introduction

The Minimal Supersymmetric Standard Model (MSSM) is the simplest realistic super-

symmetric extension of the Standard Model. It makes no assumption about the soft

SUSY breaking mechanism and introduces the minimum number of new particles. It

requires two Higgs doublets, with opposite hypercharge. R-parity is imposed, which

means that the Lightest Supersymmetric Particle (LSP) is stable and a viable Dark

Matter candidate. Since the model was first proposed, it has been discovered that it

features the unification of coupling constants at high energies [30].

Table 2.1 shows the superfields and the particle content of the MSSM. Many of

these particles are not physical eigenstates in themselves, but will mix to form physical

eigenstates, as given in Table 2.1.

The general structure of the MSSM Lagrangian is

LMSSM = Lsuperpot. + Lkin. + Lsoft + Lgauge fix + Lghost. (2.1)

The term Lsuperpot. involves the superpotential. It contains mass terms and interaction

terms, including the Yukawa couplings. Lkin. contain kinetic terms. Lsoft contains the

SUSY breaking terms, including scalar mass terms, trilinear scalar interactions and

gaugino mass terms, with a total of over 100 free parameters. Lgauge fix contains the

gauge fixing terms and Lghost involves the Fadeev-Popov ghosts. Unless otherwise stated,

all calculations will be done in the Feynman gauge (ξA = ξW = ξZ = ξG = 1).

7
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superfield (SU(3), SU(2), U(1)) 2HDM particle SUSY partner

Q̂ (3, 2, 1
3
)

(
uL

dL

)
quarks

(
ũL

d̃L

)
squarks

Û (3∗, 1, −4
3
) uC

R ũ†
R

D̂ (3∗, 1, 2
3
) dC

R d̃†
R

L̂ (1, 2, −1)

(
νL

eL

)
leptons

(
ν̃L

ẽL

)
sleptons

Ê (1, 1, 2) eC
R ẽ†R

Ĥ1 (1, 2, −1)

(
H11

H12

)
Higgs bosons

(
H̃11

H̃12

)
Higgsinos

Ĥ2 (1, 2, 1)

(
H21

H22

) (
H̃21

H̃22

)

Ŵ (1, 3, 0) W i
µ W i

µ-boson W̃ i winos

B̂ (1, 1, 0) Bµ Bµ-boson B̃0 binos

Ĝa (8, 1, 0) ga gluons g̃a gluinos

Table 2.1: MSSM superfields and particle content

Physical Particles arising from

SM-like fermions fL, fC
R -

gluons ga -

gluinos g̃a -

neutral gauge bosons Zµ, Aµ W 3
µ , Bµ, H11, H22

charged gauge bosons W±
µ W 1

µ , W 2
µ , H12, H21

neutral Higgs bosons h, H, A H11, H22

charged Higgs bosons H± H12, H21

sfermions f̃1, f̃2 f̃L, f̃ †
R

neutralinos χ0
1, χ

0
2, χ

0
3, χ

0
4 W̃ 3, B̃0, H̃11, H̃22

charginos χ±
1 , χ±

2 W̃ 1, W̃ 2, H̃12, H̃21

Table 2.2: Physical particles in the MSSM, some of which are created from mixes of particles
shown in Table 2.1

In the following sections, we will look at parts of the Lagrangian in more detail, in

order to fix the notation and derive the tree level masses and couplings which will be
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particularly important in the later chapters. The notation will closely follow that used

in [31]. We also discuss some of the important phenomenological aspects of the theory

and introduce a commonly used scenario in the complex MSSM – the CPX scenario.

2.2 The Neutral Higgs Sector

In the MSSM, the Higgs potential is

LVH = −VH (2.2)

= LVH

F + LVH

D + LVH

soft. (2.3)

LVH

F and LVH

D are found by substituting for the auxiliary F and D fields in Lsuperpot. and

Lkin.. LVH

soft contains the soft SUSY-breaking terms

LVH

soft = −m̃2
1H

∗
1iH1i − m̃2

2H
∗
2iH2i + εij

(
m2

12H1iH2j + m2∗
12H

∗
1iH

∗
2j

)
. (2.4)

Therefore,

VH = m2
1H

∗
1iH1i + m2

2H
∗
2iH2i − εij(m2

12H1iH2j + m2
12

∗
H∗

1iH
∗
2j)

+ 1
8
(g2

1 + g2
2)(H

∗
1iH1i − H∗

2iH2i)
2 + 1

2
g2
2|H∗

1iH2i|2, (2.5)

where m2
1 = m̃2

1+|µ|2,m2
2 = m̃2

2+|µ|2, thus depending on soft SUSY breaking parameters

and the higgsino mass parameter µ. m2
12 is also a soft SUSY breaking parameter, g1 =

e/cW and g2 = e/sW are the U(1) and SU(2) coupling constants and ε12 = 1. cw = cosθW

and sw = sinθW , where θW is the weak mixing angle. The Higgs doublets are of the form

H1 =


H11

H12


 =


v1 + 1√

2
(φ1 − iχ1)

−φ−
1


 ,

H2 =


H21

H22


 =


 φ+

2

v2 + 1√
2
(φ2 + iχ2)


 , (2.6)

where v1 and v2 are the vacuum expectation values. We define tanβ = v2/v1.

There is no CP violation in the Higgs sector at lowest order since any phase depen-

dence can be rotated away, as discussed in [31]. In addition, the doublet H2 may also
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have a complex phase dependence, which can also be rotated away and thus we do not

include it explicitly in equation (2.6). The tree level neutral mass eigenstates h, H, A, G

are related to the tree level neutral fields φ1, φ2, χ1, χ2 through a unitary matrix,




h

H

A

G




=




− sin α cos α 0 0

cos α sin α 0 0

0 0 − sin βn cos βn

0 0 cos βn sin βn




·




φ1

φ2

χ1

χ2




, (2.7)

where we can see that the CP-even eigenstates φ1, φ2 do not mix with the CP-odd

eigenstates χ1, χ2. Unless otherwise stated, h, H, A, G will always represent tree level

neutral fields throughout this thesis.

Expanding equation (2.5) gives the mass terms explicitly, as given in [31]. At tree

level, the off-diagonal mass terms must vanish, leading to the condition βn = β. (How-

ever, note that, in the scheme we are using, β = arctan(v2/v1) is renormalised but βn

is not. Therefore, it is necessary to distinguish between β and βn when performing the

renormalisation). This leads to the expressions for the tree level neutral Higgs masses,

m2
h,H =

1

2

(
m2

A + M2
Z ∓

√
(m2

A + M2
Z)2 − 4m2

AM2
Z cos2 2β

)
, (2.8)

m2
A = m2

H± − M2
W , (2.9)

or, equivalently,

m2
h = −M2

Z cos 2β
sin(α + β)

sin(β − α)
, (2.10)

m2
H = M2

Z cos 2β
cos(α + β)

cos(β − α)
, (2.11)

m2
A = −M2

Z

sin 2 (α + β)

sin 2 (β − α)
. (2.12)

This also leads to an expression for the tree level mixing angle α,

tan 2α = tan 2β
m2

A + M2
Z

m2
A − M2

Z

, (2.13)

with −π
2

< α < 0.
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To specify the Higgs sector, it is necessary to give the values of two parameters –

often tanβ and one of the Higgs masses. In the real MSSM, CP is conserved and it is

usual to take mA as one of the input parameters. However, in the complex MSSM, A

mixes with the states h, H at 1-loop and above. Therefore, it is usual to take mH± as

the input parameter in the complex MSSM.

Expanding equation (2.5) also leads to the triple neutral Higgs couplings hihjhk

(where hihjhk is some combination of h, H, A). These are given in Table 3.2.

2.3 Quark Sector

We require expressions for the quark masses and quark-Higgs interactions. In this sec-

tion, we are following the procedure and conventions used in [32]. These are obtained

from a term in the superpotential

Lsuperpot. ∈
[
εij
(
−λuĤ2iQ̂jÛ + λdĤ1iQ̂jD̂

)]
θθ

+ h.c., (2.14)

where ε12 = 1 and θα are Grassmann variables with θθ = θαθα. Discarding the parts of

the superfields which do not contribute to the quark masses and quark-Higgs interactions

leaves

Lqq,hiqq = −
[(

θβθβ

) (
λdH11 (dL)α (dC

R

)
α

+ λuH22 (uL)α (uC
R

)
α

)]
θθ

+ h.c.

= −λdH11 (dL)α (dC
R

)
α
− λuH22 (uL)α (uC

R

)
α

+ h.c., (2.15)

where (uL)α , (dL)α ,
(
uC

R

)
α
,
(
dC

R

)
α

are Weyl spinors. These are related to the Dirac

spinors u, d by

u =


(uL)α

(uC
R)

α̇


 , d =


(dL)α

(dC
R)

α̇


 ,

u =
((

uC
R

)α
(uL)α̇

)
, d =

((
dC

R

)α
(dL)α̇

)
. (2.16)

Therefore, we can rewrite Lqq,hiqq as

Lqq,hiqq = −λdH11d̄d − λuH22ūu. (2.17)
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Substituting for H11, H22 gives the quark masses mu = λuv2 and md = λdv1 and the

couplings of the Higgs to the quarks as given in Table 3.3 and Table 3.4. Recall that,

at tree level, β = βn. However, we kept the βn dependence in these couplings since this

information is needed during the renormalisation procedure.

We can also define left-handed and right-handed Dirac spinors, using the projection

operators ω± = 1
2
(1 ± γ5),

qL = w−q, qR = w+q, (2.18)

q̄L = q̄w+, q̄R = q̄w−. (2.19)

We can therefore rewrite Lqq,hiqq as

Lqq,hiqq = −λdH11(d̄RdL + d̄LdR) − λuH22(ūRuL + ūLuR). (2.20)

2.4 Squark Sector

Again, in this section, we are following the procedure and conventions used by [32].

Eliminating the auxiliary fields from Lsuperpot., Lkin., collecting the squark mass terms

and adding the soft-breaking terms

Lq̃mass
soft = −M2

L

(
ũ†

LũL + d̃†
Ld̃L

)
− M2

ũR
ũ†

LũL − M2
d̃R

d̃†
Ld̃L (2.21)

−
(
λuAuv2ũLũ†

L + λdAdv1d̃Ld̃†
L + h.c.

)
(2.22)

leads to the squark mass matrix

Mq̃ =


M2

L + m2
q + M2

Z cos 2β(Iq
3 − Qqs

2
w) mq X∗

q

mq Xq M2
q̃R

+ m2
q + M2

Z cos 2βQqs
2
w


 , (2.23)

where

Lq̃mass = −
(
q̃†L q̃†R

)
.Mq̃.


q̃L

q̃R


 , (2.24)

Xq = Aq − µ∗{cot β, tanβ}. (2.25)
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and cot β or tanβ applies to u-type or d-type quarks respectively. The eigenvalues of

equation (2.25) are

m2
q̃1,2

= m2
q +

1

2

[
M2

L + M2
q̃R

+ Iq
3M

2
Z cos 2β (2.26)

∓
√

[M2
L − M2

q̃R
+ M2

Z cos 2β(Iq
3 − 2Qqs2

w)]2 + 4m2
q|Xq|2

]
. (2.27)

In the complex MSSM, the trilinear coupling Aq and the higgsino mass parameter

µ can have non-zero complex phases. The mass matrix Mq̃ can be diagonalised by the

matrix Uq̃, where


 q̃1

q̃2


 = Uq̃


 q̃L

q̃R


 , where Uq̃ =


 cq̃ sq̃

−s∗q̃ cq̃


 , (2.28)

and cq̃ is real, sq̃ is complex and c2
q̃ + |sq̃|2 = 1. They are given by

cq̃ =

√
M2

L + m2
q + M2

Z cos 2β(Iq
3 − Qqs2

w) − m2
q̃2√

m2
q̃1
− m2

q̃2

, (2.29)

sq̃ =
mqX

∗
q√

M2
L + M2

Z cos 2β(Iq
3 − Qqs2

w) + m2
q − m2

q̃2

√
m2

q̃1
− m2

q̃2

. (2.30)

The relation
(
m2

q̃1
− m2

q̃2

)
cq̃sq̃ = mqX

∗
q is often useful when simplifying amplitudes.

2.5 Higgs kinetic terms in the Lagrangian

Expanding Lkin gives a term

Lkin ∈ (DµH1)
† (DµH1) + (DµH2)

† (DµH2) , (2.31)
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where

Dµ = ∂µ1 + i
e

2sW


 W µ

3 W µ
+,

W µ
− −W µ

3


+ i

e

2cW
Y Bµ1, (2.32)

W µ
± =

1√
2

(W µ
1 ∓ iW µ

2 ) , (2.33)

W µ
3 = cWZµ + sWAµ, (2.34)

Bµ = −sW Zµ + cW Aµ, (2.35)

and the hypercharge Y is -1 for the Higgs doublet H1 and 1 for the Higgs doublet H2

as in Table 2.1. (Note that in the Standard Model, often the sine of the weak mixing

angle, sW , by convention, has the opposite sign).

This leads to the expressions for the Z and W boson masses as used in [31],

M2
Z =

e2

2

(
1

c2
W

+
1

s2
W

)(
v2
1 + v2

2

)
, (2.36)

M2
W =

1

2

e2

s2
W

(
v2
1 + v2

2

)
. (2.37)

2.6 Gluino sector

In this section we follow the method and conventions given in [32]. The coefficient of

the gluino mass term in the Lagrangian M3, is, in general, complex with

M3 = |M3|eiφM3 . (2.38)

However, the phase φM3 can be absorbed into the gluino fields, such that mass of the

gluino becomes mg̃ = |M3| [33]. This has implications for the gluino couplings. We will

particularly be interested in the quark-squark-gluino coupling, which is found from

Lqq̃q̃ = ¯̃ga

(
−
√

2gsT
a
jk (Uq̃)n1 e−i

φM3
2 ω− +

√
2gsT

a
jk (Uq̃)n2 ei

φM3
2 ω+

)
qkq̃j∗

n (2.39)

+ q̄k

(√
2gsT

a
kj

(
U∗

q̃

)
n2

e−i
φM3

2 ω− −
√

2gsT
a
kj

(
U∗

q̃

)
n1

ei
φM3

2 ω+

)
g̃aq̃j

n, (2.40)

where n = 1, 2 are sfermion indices, gs is the strong coupling constant and T a are

generators of SU(3).
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2.7 Chargino and Neutralino sectors

We mention these sectors very briefly in order to fix the notation and we follow the

conventions used in [31]. We will use the chargino mass matrix

Mchargino =


 M2

√
2 sin β MW

√
2 cos β MW µ


 , (2.41)

which includes the soft SUSY-breaking term M2, which can be complex in the CP-

violating MSSM.

We will use the neutralino mass matrix

Mneutralino =




M1 0 −MZ sw cos β MZ sw sin β

0 M2 MZ cw cos β MZ cw sin β

−MZ sw cos β MZ cw cos β 0 −µ

MZ sw sin β MZ cw sin β −µ 0




, (2.42)

which includes the soft SUSY-breaking term M1, which can be complex in the CP-

violating MSSM.

2.8 Phenomenology and the CPX scenario

CP violation in the MSSM has a number of important phenomenological consequences.

As we will see, CP phases in the loop corrections to the Higgs particles will have a large

effect on their masses [31, 34, 35] and cause them to have a mixed CP state. This will

also affect the coupling of the Higgs particles to fermions, Z bosons and W bosons [36].

One important consequence is a reduction in the coupling of the lightest neutral Higgs

to two Z bosons, which makes this scenario more difficult to detect at LEP [37].

Throughout this thesis, we will frequently perform calculations in the CPX scenario,

which, for our purposes, we define as

The CPX scenario

• mt = 172.6 GeV
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• MSUSY = 500 GeV(= ML = Mq̃R
)

• µ = 2000 GeV

• |M3| = 1000 GeV

• M2 = 200 GeV

• |Aon−shell
t,b | = 900 GeV

• φAt,b
= φM3 = π

2

• MH+ ≤ 1000 GeV

We also use the GUT relation M1 = 5
3

s2
W

c2W
M2, as described in [38].

Using this particular scenario as an example has some significant advantages. Firstly,

the trilinear couplings and M3 are entirely complex, thus inducing a large amount of

CP violation. This scenario is therefore useful as a generic example of a CP-violating

scenario.

The second advantage is that this scenario is phenomenologically extremely inter-

esting. It was originally proposed by [39] (although their definition differs slightly from

that described above) in order to provide a framework for discussing the significant effect

that CP violation has on the interpretation of direct searches for Higgs bosons, such as

those at LEP.

Although a Higgs boson was not discovered at LEP, it did produce significant re-

strictions on the allowed MSSM parameter space. The results from the four LEP collab-

orations – ALEPH, DELPHI L3 and OPAL – were combined and applied to a number

of MSSM benchmark scenarios [24] by the LEP Higgs Working Group. In the CPX

scenario, their results show an unexcluded region at 30 GeV <∼ Mh1
<∼ 50 GeV and

3 <∼ tan β <∼ 10. We will be examining this unexcluded region in more detail in future

chapters and therefore it is convenient to use the CPX scenario as an example in earlier

chapters in order to get an idea of its characteristics.

It should be noted that our scenario differs from that used in [24] in two main ways.

Firstly, we use the top mass as reported in [40], whereas the original analysis mainly

used the then current value of 174.3 GeV. Secondly, we use an on-shell definition of the

trilinear coupling A, which is the natural choice for a Feynman-diagrammatic calculation.

The original analysis defined the trilinear coupling according to the DR renormalisation

scheme and used a value of |ADR
t,b | = 1000 GeV. We will describe these schemes in
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Chapter 3.3.1 and discuss a way to convert between the different parameter definitions

in Chapter 3.4.

We note that there are constraints on the CP phases in the complex MSSM from

experimental measured upper limits, such as those on the electron and neutron electric

dipole moments (EDMs). These provide particularly significant constraints on the CP

phases in the first two generations. However, these can be avoided if the masses of the

first two generation of squarks are above the TeV scale or if cancellations are arranged

between various EDM loop corrections. The EDM limits also constrain the third genera-

tion, although, once again, cancellation between different contributions can be arranged

(see [37] and references therein for a more detailed discussion).

2.9 Summary

In its general form, the Minimal Supersymmetric Model allows some parameters to be

complex. As we have discussed, this includes the trilinear couplings Af , the Higgsino

mass parameter µ, the gluino mass parameter M3 and the soft SUSY breaking parame-

ters M1 and M2 from the neutralino/chargino sector and we note that some phases can

be rotated away and thus are not physical. All the tree level couplings of the MSSM

are implemented in model files distributed with the program FeynArts [41–43], which

we have used frequently when producing the results described in this thesis. However,

we use a different definition for the quark-squark-gluino coupling, and thus alter the

FeynArts model file accordingly. We have discussed some of the phenomenological im-

plications of the CP violation and defined the CPX scenario, which we will use frequently

in later chapters.



Chapter 3

Renormalisation of the MSSM

3.1 Scalar Integrals

The tensor integrals which appear in loop calculations can be decomposed into scalar

integrals, as discussed fully in [44]. These scalar integrals contain pieces which are lin-

early, logarithmically and quadratically divergent. It is possible to analytically continue

the integrals to D = 4 − ε dimensions in order to perform the integration (‘dimensional

regularisation’), and then afterwards regain expressions with the original divergence in

the limit D → 4. Thus we do the substitution

∫
d4q

(2π)4
→ µ4−D

ren

∫
dDq

(2π)D
(3.1)

in the scalar integrals, where µren is an arbitrary reference mass, which has been intro-

duced to keep the couplings dimensionless.

In general, we will use the program LoopTools [45] to evaluate these scalar loop

integrals. However, in order to calculate leading loop contributions, we will need scalar

integrals in the limit of zero external momentum. These can all be decomposed into

combinations of 1-point scalar integrals A0, which are given by

A0(m
2) =

(2πµren)
4−D

iπ2

∫
dDq

1

q2 − m2 + iε

= m2

(
∆ − log

(
m2

µ2
ren

)
+ 1

)
+ O(D − 4), (3.2)

∆ =
2

4 − D
− γE + log(4π), (3.3)

18
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where ∆ contains the divergence at D = 4 and γE = 0.57721... is the Euler-Mascheroni

constant. The solution to A0 has been arrived at using the procedure outlined in detail

in [46]. Note the dependence on the mass scale µren.

3.2 Dimensional Regularisation and Dimensional

Reduction

Dimensional regularisation involves extending the momenta and the Dirac algebra into

D = 4−ε dimensions. This is valuable for the Standard Model as it respects Lorentz and

gauge invariance. However, dimensional regularisation breaks supersymmetry. There-

fore, we will use dimensional reduction, in which the momentum integrals are evaluated

in D = 4− ε dimensions but the Dirac algebra is performed in four dimensions (see [22]

and references therein). This is the common choice for supersymmetric calculations.

3.3 Renormalisation

3.3.1 Introduction

The divergences in the loop integrals are cancelled during the procedure of renormalisa-

tion. We denote the parameters appearing in the Lagrangian as ‘bare’ parameters. These

bare parameters are divergent and unphysical. We replace them with a finite physical

‘renormalised’ parameter plus a divergent ‘counter-term’, denoted by δp, where,

pbare = pren + δp. (3.4)

Similarly, the bare fields in the Lagrangian are also replaced with renormalised fields

plus counter-terms, where,

φbare = φren(1 + δZφ) (3.5)

The renormalised parameters and fields are fixed by the renormalisation scheme.

In the Minimal Subtraction Scheme (MS), dimensional regularisation is used and the

counter-terms simply cancel out the divergences in the loop integrals, whilst leaving the
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finite pieces alone. As we saw, the divergent pieces appear in the combination ∆ =
2

4−D
− γE + log(4π). The Modified Minimal Subtraction Scheme (MS) uses dimensional

regularisation and involves counter-terms which simply cancel each occurrence of ∆.

The Modified Dimensional Reduction scheme (DR) is similar to the MS scheme

in that the counter-terms cancel each term proportional to ∆. However, dimensional

reduction is used instead of dimensional regularisation.

A fourth renormalisation scheme is known as the on-shell scheme. In this scheme,

the renormalised masses correspond directly to physical masses (by ‘physical’ mass, we

mean that obtained from the real part of the pole of the propagator). The electric

charge equals that measured in the limit of low energy Compton scattering of on-shell

particles. The on-shell scheme also requires that the residues of the propagator are 1, so

that, close to its pole, each propagator has its tree level form except with the bare mass

replaced by the renormalised quantity (see [47] and references therein). Therefore, in the

on-shell scheme, renormalised parameters correspond directly to actual experimentally

measurable quantities.

Unless explicitly stated, this section discusses renormalisation at 1-loop level only.

As discussed previously, we frequently use the program FeynArts [41–43] to perform

Feynman-diagrammatic calculations. This program includes a full list of counter-terms

for couplings in the Standard Model. However, in the MSSM, it provides the couplings

at tree level. Therefore, in this section, we derive all the counter-terms we will require

and edit the FeynArts model files to include them.

3.3.2 Renormalisation of Gauge and Higgs boson sectors

Renormalisation transformations

For the W-boson and Z-boson masses, we use the renormalisation transformations

M2
Z → M2

Z + δM2
Z , (3.6)

M2
W → M2

W + δM2
W , (3.7)

which lead to (recalling that cW = MW /MZ)

δsW

sW

=
c2
W

2sW

(
δM2

Z

M2
Z

− δM2
W

M2
W

)
. (3.8)
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For the fields, we use the transformations

W± → (1 +
1

2
δZWW )W±, (3.9)


Z

γ


 →


1 + 1

2
δZZZ

1
2
δZZγ,

1
2
δZγZ 1 + 1

2
δZγγ


 .


Z

γ


 . (3.10)

In the Higgs sector, we choose to use one renormalisation constant for each Higgs

doublet, such that

H1 → (1 +
1

2
δZH1)H1, (3.11)

H2 → (1 +
1

2
δZH2)H2. (3.12)

This leads to the renormalisation transformation for tan β ,

tanβ → tanβ (1 + δtanβ ) = tanβ (1 +
1

2
(H2 −H1)). (3.13)

Note that, at this point in the calculation, we still distinguish between β = arctan(v2/v1)

and the angle of rotation βn (and also the angle of rotation in the charged Higgs sector).

The renormalisation only applies to β.

It will later be convenient to introduce a renormalisation condition for the Higgs

tadpoles Th, TH and TA, so we make the transformation

Thi
→ Thi

+ δThi
. (3.14)

We define a set of counter-terms δZhihj
, δZhiG, δZGG by




h

H

A

G




→




1 + 1
2
δZhh

1
2
δZhH

1
2
δZhA

1
2
δZhG

1
2
δZhH 1 + 1

2
δZHH

1
2
δZHA

1
2
δZHG

1
2
δZhA

1
2
δZHA 1 + 1

2
δZAA

1
2
δZAG

1
2
δZhG

1
2
δZHG

1
2
δZAG 1 + 1

2
δZGG




.




h

H

A

G




, (3.15)

which leads to expressions for δZhihj
, δZhiG, δZGG in terms of δZH1 , δZH2. The explicit

expressions are given in [31]. In particular, note that ZhA = ZHA = ZhG = ZHG = 0,

due to the fact that the Higgs sector is CP-conserving at tree level. Making the above
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substitutions in the Lagrangian and defining a set of neutral and charged mass counter-

terms

Mh,H,A,G → Mh,H,A,G + δMh,H,A,G,

where δMh,H,A,G =




δmhh δmhH δmhA δmhG

δmhH δmHH δmHA δmHG

δmhA δmHA δmAA δmAG

δmhG δmHG δmAG δmGG




(3.16)

and

MH±,G± → MH±,G± + δMH±,G±, where MH±,G± =


δmH−H+ δmH−G+

δmG−H+ δmG−G+


 ,(3.17)

leads to the mass counter-terms given in Table 3.1. The counter-terms δmhihj
, δmhiG,

δmGG, δmH−G+, δmG−H+, δmG−G+ are also given by [31].

Renormalised Self Energies

We use the relations

Σµν
V V ′(p) = ΣT (p2)

(
−gµν +

pµpν

p2

)
− pµpν

p2
ΣL(p2), (3.18)

Σµ
SV (p) = pµΣSV (p2) (3.19)

to express the gauge boson self-energies in terms of the transverse and longitudinal

components (where p is the momentum of the incoming scalar or vector particle) and

to isolate the pµ dependence in the Higgs to gauge boson mixing self-energies. The
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renormalised self-energies are given by

Σ̂hihj
(p2) = Σhihj

(p2) + δZhihj
(p2 − 1

2
(m2

hi
+ m2

hj
)) − δm2

hihj
, (3.20a)

Σ̂hiG(p2) = ΣhiG(p2) + δZhiG(p2 − 1

2
m2

hi
) − δm2

hiG
, (3.20b)

Σ̂hiZ(p2) = ΣhiZ(p2) − δm2
hiZ

, (3.20c)

Σ̂GG(p2) = ΣGG(p2) + δZGGp2 − δm2
GG, (3.20d)

Σ̂GZ(p2) = ΣGZ(p2) − δm2
GZ , (3.20e)

Σ̂H−H+(p2) = ΣH−H+(p2) + δZH−H+(p2 − m2
H±) − δm2

H± , (3.20f)

Σ̂H−G+(p2) = ΣH−G+(p2) + δZH−G+(p2 − 1
2
m2

H±) − δm2
H−G+, (3.20g)

Σ̂H−W+(p2) = ΣH−W+(p2) − δm2
H−W+, (3.20h)

Σ̂G−H+(p2) = Σ̂∗
H−G+(p2), (3.20i)

Σ̂G−G+(p2) = ΣG−G+(p2) + δZG−G+p2 − δm2
G± , (3.20j)

Σ̂G−W+(p2) = ΣG−W+(p2) − δm2
G−W+, (3.20k)

Σ̂γhi
(p2) = 0, (3.20l)

Σ̂γG(p2) = ΣγG(p2) − δm2
γG, (3.20m)

Σ̂T
γZ(p2) = ΣT

γZ(p2) + p2 δZγZ

2
+ (p2 − M2

Z)
δZZγ

2
, (3.20n)

Σ̂L
γZ(p2) = ΣL

γZ(p2) − M2
ZδZZγ

2
, (3.20o)

Σ̂T
ZZ(p2) = ΣT

ZZ(p2) + (p2 − M2
Z)δZZZ − δM2

Z , (3.20p)

Σ̂L
ZZ(p2) = ΣL

ZZ(p2) − M2
ZδZZZ − δM2

Z , (3.20q)

Σ̂T
W−W+(p2) = ΣT

W−W+(p2) + (p2 − M2
W )δZWW − δM2

W , (3.20r)

Σ̂L
W−W+(p2) = ΣL

W−W+(p2) − M2
W δZWW − δM2

W . (3.20s)

Renormalisation Conditions

We now fix the counter-terms by setting the renormalisation conditions. We renor-

malise the Z-boson, W-boson and charged Higgs masses on-shell. We would like the

renormalised mass parameters to be equivalent to the physical masses, which is equiva-

lent to setting the renormalised mass parameter squared to be the pole of the propagator.

Thus, the Z-boson, W-boson and charged Higgs renormalised transverse self-energies in
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equation (3.20) must vanish at q2 = m2
ren, leading to the mass counter-terms

δM2
Z = R̃eΣT

ZZ(M2
Z), (3.21)

δM2
W = R̃eΣT

WW (M2
W ), (3.22)

δM2
H± = R̃eΣH±(M2

H±), (3.23)

where the prefix R̃e means that the imaginary parts of the loop integrals are discarded.

We fix the tadpole counter-term by requiring that the renormalised tadpoles vanish,

such that

δThi
= −Thi

, (3.24)

This is convenient as it means that diagrams involving renormalised tadpoles will not

need to be considered in calculations.

We renormalise the gauge boson fields on-shell, such that the renormalised self-energy

and renormalised self-energy differentiated with respect to p2 (which we denote Σ′)

vanish. This leads to the conditions

δZV V = −R̃eΣ′
V V , (3.25)

δZγZ = −2
R̃eΣT

γZ(M2
Z)

M2
Z

, (3.26)

δZZγ = 2
ΣT

γZ(0)

M2
Z

. (3.27)

However, for the renormalisation of the Higgs fields, we choose to follow [31] and use

the DR scheme, such that

δZH1 = −
[
R̃eΣ′

φ1φ1

]div

, (3.28)

δZH2 = −
[
R̃eΣ′

φ2φ2

]div

, (3.29)

where ‘div’ indicates that we have just kept the terms proportional to ∆, as defined in

equation (3.3). This choice has been shown to yield numerically stable results in [48–50].

We also need to fix the renormalisation scale for δZH1 , δZH2, which we choose to be

µren = mt, as in [31].
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XY δm2
XY

AA δm2
H± − δM2

W

hh δm2
H±c2

α−β − δM2
W c2

α−β + δM2
Zs2

α+β

+δtanβ sβcβ(m2
A2sα−βcα−β + 2M2

Zsα+βcα+β)

+ e
2MZswcw

(δTHcα−βs2
α−β + δThsα−β(1 + c2

α−β))

hH δm2
H±sα−βcα−β − δM2

W sα−βcα−β − δM2
Zsα+βcα+β

+ e
2MZswcw

(δTHs3
α−β − δThc

3
α−β)

−δtanβ sβcβ(m2
A(c2

α−β − s2
α−β) + M2

Z(c2
α+β − s2

α+β))

HH δm2
H±s2

α−β − δM2
W s2

α−β + δM2
Zc2

α+β

−δtanβ sβcβ(m2
A2sα−βcα−β + 2M2

Zsα+βcα+β)

− e
2MZswcw

(δTHcα−β(1 + s2
α−β) + δThsα−βc2

α−β)

hA + e
2MZswcw

δTAsα−β

HA − e
2MZswcw

δTAcα−β

hG −δm2
HA

HG +δm2
hA

AG e
2MZswcw

(−δTHsα−β − δThcα−β) − m2
Asβcβδtanβ

hZ 0

HZ 0

AZ −2iMZcβsβδtanβ

GG e
2MZswcw

(−δTHcα−β + δThsα−β)

GZ − iMZ

2

(
δM2

Z

M2
Z

+ δZZZ + δZGG

)

H−G+ e
2MZswcw

(−δTHsα−β − δThcα−β − iδtA) − δm2
H±sβcβδtanβ

H−W+ −2MW sβcβδtanβ

G−H+
(
δm2

H−G+

)∗

G−G+ e
2MZswcw

(−δTHcα−β + δThsα−β)

G−W+ −MW

2

(
δM2

W

M2
W

+ δZWW + δZG−G+

)

γG
iMZδZZγ

2

Table 3.1: Mass counter-terms for Higgs bosons and mixing between Higgs bosons and gauge
bosons in the complex MSSM
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3.3.3 Charge Renormalisation

Charge Renormalisation in the full MSSM

We obtain a renormalisation condition for the electric charge by requiring the electric

charge to be equal to the full eeγ vertex for on-shell external particles in the Thompson

limit (i.e. vanishing photon momentum), using the transformation

ebare → e(0)
(
1 + δZ(0)

e

)
. (3.30)

The renormalisation constant is adjusted such that the loop corrections to the eeγ vertex

vanish in this limit. By considering the component free from γ5 and proportional to γ5

separately and using a Ward identity to relate the renormalised vertex with the electron

and Zγ wave function renormalisation constants (as described in [51]), we arrive at the

condition

δZ(0)
e = −1

2
δZγγ +

sW

2cW
δZZγ (3.31)

=
1

2

∂

∂q2
Σγγ(q

2)
∣∣
q2=0

+
sw

cw

ΣT
γZ(0)

M2
Z

, (3.32)

where we have used the expressions for the gauge boson field renormalisation constant

from equation (3.27). We can thus identify the renormalised charge with the physical

charge e(0) =
√

4πα(0) where α(0) is the fine structure constant, as defined in the

Thompson limit.

However, calculating δZγγ directly poses problems because it involves large contri-

butions proportional to α log
(

m2
light f

s

)
, arising from the running of α from q2 = 0 to a

higher energy scale, which is a problem because the masses of the light quarks are not

well defined.

Instead, we can use the relation

∂

∂q2
Σlight f in loops

γγ (q2)
∣∣
q2=0

= ∆α +
1

M2
Z

ReΣlight f in loops
γγ (M2

Z), (3.33)

where ∆α is a finite quantity. It can be split in to the contribution from the e, µ, τ leptons

and the contribution from the light quarks (i.e. all quarks except t), ∆α = ∆αlept+∆α
(5)
had.



Renormalisation of the MSSM 27

∆αlept has been calculated to 3-loop order [52] as

∆αlept = 0.031497687, (3.34)

while ∆α
(5)
had has been measured experimentally via a dispersion relation [53] as

∆α
(5)
had = 0.02755 ± 0.0023. (3.35)

Therefore, the charge counter-term can be calculated using

δZ(0)
e =

1

2

∂

∂q2
Σnolight f in loops

γγ (q2)
∣∣
q2=0

+
1

2
∆α +

1

2M2
Z

ReΣlight f in loops
γγ (M2

Z) +
sw

cw

ΣT
γZ(0)

M2
Z

, (3.36)

where every self-energy involved in this expression has been calculated individually be-

fore being combined in this equation.

Alternatively, we could have calculated δZγγ = ∂
∂q2 Σγγ(q

2)|q2=0 directly, but using

‘effective’ values for the light quark masses which have been specially adjusted to ensure

that the explicitly calculated value of ∂
∂q2 Σlight f in loops

γγ (q2)
∣∣
q2=0

− 1
M2

Z

ReΣlight f in loops
γγ (M2

Z)

is similar to the current experimental value of ∆α. The disadvantage of this choice is

that whenever the value for ∆α or mb changes, the values used for the other light fermion

masses would need to be adjusted accordingly.

A third way to perform the calculation is to use

δZ(0)
e =

1

2

∂

∂q2
Σall loops

γγ (q2)
∣∣
q2=0

− 1

2

∂

∂q2
Σlight f in loops

γγ (q2)
∣∣
q2=0

+
1

2
∆α +

1

2M2
Z

ReΣlight f in loops
γγ (M2

Z) +
sw

cw

ΣT
γZ(0)

M2
Z

, (3.37)

where, again, every self-energy involved in this expression has been calculated individu-

ally before being inserted in to this equation. This should give exactly the same result

as equation (3.36), as we have only included some extra diagrams to the first term,

which we then cancel by including the second term. However, equation (3.37) is eas-

ier to implement, since ∂
∂q2 Σlight f in loops

γγ (q2)
∣∣∣
q2=0

+ 1
M2

Z

ReΣlight f in loops
γγ (M2

Z) is given by a

fairly compact expression. We edit one of the model files provided with the program

FeynArts [41–43] to include this correction.
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The above discussion refers to results which are parametrised in terms of α(0) (i.e.

we use equation (3.30), which means that the coupling used in tree level vertices is

α(0)). However, in our calculations, we choose to parametrise the result in terms of

α(M2
Z) where α(M2

Z) = α(0)/ (1 − ∆α). Thus we are absorbing the ∆α correction into

the coupling used in tree level vertices and the renormalisation becomes

ebare → e(0)
(
1 + δZ(0)

e

)
= e(0)(1 +

1

2
∆α − 1

2
∆α)

(
1 + δZ(0)

e

)

= e(M2
Z)
(
1 + δZ

e(M2
Z)

e

)
+ h.o.t., (3.38)

where ‘h.o.t.’ denotes ‘higher order terms’, and the charge counter-term becomes

δZ
e(M2

Z)
e = δZ(0)

e − ∆α

2
(3.39)

=
1

2

∂

∂q2
Σall loops

γγ (q2)
∣∣
q2=0

− 1

2

∂

∂q2
Σlight f in loops

γγ (q2)
∣∣
q2=0

+
1

2M2
Z

ReΣlight f in loops
γγ (M2

Z) +
sw

cw

ΣT
γZ(0)

M2
Z

, (3.40)

where, again, every self-energy written here is calculated explicitly before being combined

to give an expression for the charge counter-term.

Charge Renormalisation for diagrams involving Standard Model fermions

and their superpartners only

For calculations which only involve Standard Model fermions and their superpartners in

loops, we choose to parametrise the electric charge in terms of the Fermi constant GF

(as used, for example, in [54]). The Fermi constant is defined as being proportional to

the coupling constant in the muon decay µ → νµ +e−+ ν̄e, where the process is modelled

as just having one vertex (µνµe−ν̄e), such that, at lowest order,

GF = e2(0)

4
√

2M2
W

s2
W

. (3.41)

Higher orders are incorporated through the correction ∆r such that

GF = α(0)π√
2M2

W s2
W

(1 + ∆r) . (3.42)
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For calculations involving SM fermions and their superpartners only, vertex and box

corrections do not contribute and the loop corrections are due to the W-boson self-energy

on the internal W-boson propagator. Including counter-terms leads to

GF =
α(0)π√
2M2

W s2
W

(
1 + ∆rff̃

)

=
α(0)π√
2M2

W s2
W

(
1 + 2

δe

e
− δs2

W

s2
W

− δM2
W

M2
W

+
ΣT

WW (0)

M2
W

)
. (3.43)

We parametrise our result, in this case, in terms of αGF
, which we define as αGF

=
1
π

√
2GFM2

W s2
W and use the experimental result of GF as the input.

αGF
is related to α(0) through

αGF
= α(0)(1 + ∆rff̃ ). (3.44)

Inserting this into the charge renormalisation transformation gives

ebare → e(0)(1 + δZ0
e ) = e(0)(1 +

1

2
∆rff̃ − 1

2
∆rff̃)(1 + δZ0

e ) = eGF
(1 + δZGF

e ),

(3.45)

yielding the charge renormalisation counter-term

δZGF
e = δZ(0)

e − 1

2
∆rff̃

=
δsW

sW
− 1

2M2
W

(
ΣT

WW (0) − δM2
W

)
, (3.46)

where δsW is given by equation (3.8).

3.3.4 Renormalisation of the quark sector

In this section, we extend the process of applying renormalisation in the Standard Model

to the case of the complex MSSM, although we neglect quark mixing. We will closely

follow the notation of [47], in which the quark 2-point function and self-energy are

described as

Γ(p) = p/ω−ΓL(p2) + p/ω+ΓR(p2) + ω−Γl(p2) + ω+Γr(p2), (3.47)

Σ(p) = p/ω−ΣL(p2) + p/ω+ΣR(p2) + ω−Σl(p2) + ω+Σr(p2), (3.48)
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with Γ(p)tree = i(p/ − m).

Inserting the renormalisation transformations

qL → (1 +
1

2
δZL)qL, (3.49)

qR → (1 +
1

2
δZR)qR, (3.50)

m → m + δm (3.51)

into the quark sector of the Lagrangian leads to

−iΓL(p2) = 1 + ΣL(p2) +
1

2

(
δZL + δZL∗) , (3.52)

−iΓR(p2) = 1 + ΣR(p2) +
1

2

(
δZR + δZR∗) , (3.53)

−iΓl(p2) = −m + Σl(p2) − m

2

(
δZL + δZR∗)− δm, (3.54)

−iΓr(p2) = −m + Σr(p2) − m

2

(
δZR + δZL∗)− δm. (3.55)

We note that the hermiticity of the Lagrangian implies (neglecting absorptive parts,

which are not involved in the renormalisation) that

ΣL(p2) = ΣL(p2)∗, (3.56)

ΣR(p2) = ΣR(p2)∗, (3.57)

Σl(p2) = Σr(p2)∗. (3.58)

We renormalise the quarks on-shell. The renormalisation conditions for quarks are

therefore

R̃e Γ(p)u(p)|p2=m2 = 0, (3.59)

lim
p2→m2

p/ + m

p2 − m2
R̃eΓ(p)u(p) = iu(p). (3.60)
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Inserting the 2-point function into these equations leads to

δm =
1

2
R̃e
[
m
(
ΣL(m2) + ΣR(m2)

)
+ Σl(m2) + Σr(m2)

]
,

Re δZL = R̃e
[
−ΣL(m2) − m2

(
ΣL′

(m2) + ΣR′

(m2)
)
− m

(
Σl′(m2) + Σr′(m2)

)]
,

Re δZR = R̃e
[
−ΣR(m2) − m2

(
ΣL′

(m2) + ΣR′

(m2)
)
− m

(
Σl′(m2) + Σr′(m2)

)]
,

(3.61)

in direct analogy to the Standard Model. However, whereas in the Standard Model, δZL

and δZR are both real, in the complex MSSM, we make use of the fourth condition,

m
(
ImδZL − ImδZR

)
= 2ImΣl(p2), (3.62)

and choose ImδZL = −ImδZR, since it leads to a particularly compact form of the

counter-terms. Therefore our quark field renormalisation constants are given by

δZL = R̃e

[
−ΣL(m2) +

1

2m

(
Σl(m2) − Σr(m2)

)

−m2
(
ΣL′

(m2) + ΣR′

(m2)
)
− m

(
Σl′(m2) + Σr′(m2)

)]
, (3.63)

δZR = R̃e

[
−ΣR(m2) +

1

2m

(
Σr(m2) − Σl(m2)

)

−m2
(
ΣL′

(m2) + ΣR′

(m2)
)
− m

(
Σl′(m2) + Σr′(m2)

)]
. (3.64)

3.3.5 Renormalisation of the stop sector

Although we will not perform any calculations which explicitly require the renormalisa-

tion of the stop sector, we will use the 2-loop corrections to the Higgs self-energies [55],

which have been incorporated into the program FeynHiggs [31, 56–58]. Therefore, it is

useful to know the renormalisation conditions which were used in this calculation.

The stop masses were put on-shell, such that

(
Ut̃δMt̃U

†
t̃

)
11

= δm2
t̃1

= R̃eΣt̃11(m
2
t̃1

), (3.65)
(
Ut̃δMt̃U

†
t̃

)
22

= δm2
t̃2

= R̃eΣt̃22(m
2
t̃2

), (3.66)
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and additional constraints were imposed on the diagonal elements of the stop mass

matrix, such that

(
Ut̃δMt̃U

†
t̃

)
12

= δYt̃ =
1

2

(
R̃eΣt̃12(m

2
t̃1
) + R̃eΣt̃12(m

2
t̃2

)
)

, (3.67)
(
Ut̃δMt̃U

†
t̃

)
21

= δY ∗
t̃

=
1

2

(
R̃eΣt̃21(m

2
t̃1
) + R̃eΣt̃21(m

2
t̃2

)
)

. (3.68)

The soft SUSY breaking terms ML, Mq̃R
, the absolute value and phase of the trilinear

coupling At were chosen as the input parameters. Therefore the counter-terms used were

δM2
L = −2mtδmt + U∗

11U11δm
2
t̃1

+ U∗
21U21δm

2
t̃2

+ U∗
11U21δYt̃ + U∗

21U11δY
∗
t̃ , (3.69)

δM2
q̃R

= −2mtδmt + U∗
12U12δm

2
t̃1

+ U∗
22U22δm

2
t̃2

+ U∗
12U22δYt̃ + U∗

22U12δY
∗
t̃ (3.70)

and

δA∗
t = e−iφAt (δ |At| − i |At| δφAt) , (3.71)

δ |At| =
1

mt
Re
[
eiφAtδKt

]
, (3.72)

δφAt = − 1

mt |At|
Im
[
eiφAt δKt

]
, (3.73)

δKt = − (A∗
t − µ cotβ) δmt + U∗

11U12δm
2
t̃1

+ U∗
21U22δm

2
t̃2

+U∗
11U22δYt̃ + U∗

21U12δY
∗
t̃ . (3.74)

3.4 Comparing calculations which have used

different renormalisation schemes

Calculations in different renormalisation schemes use different definitions for parameters.

Therefore, to compare between these results it is necessary to perform a parameter

conversion. This is needed if one wishes, for example, to compare between the two main

public codes for calculating the complex MSSM Higgs sector, FeynHiggs [31,56–58] and

CPsuperH [59]. FeynHiggs is based on the Feynman-diagrammatic approach and on-shell

mass renormalisation while CPsuperH is based on a renormalisation group improved

effective potential calculation and DR renormalisation (we will discuss the status of

Higgs mass calculations in the complex MSSM in more detail in Section 4.1). Both

codes contain corrections at O(αtαs). Therefore, since the top/stop sector enters the
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Figure 3.1: Diagrams used to calculate the shifts shown in equation (3.77) – (3.82), which

convert between DR and on-shell parameters. (i = 1, 2, j = 1, 2)

Higgs mass calculation at the 1-loop level, we need to consider differences in the top/stop

sector parameter definitions at O(αs). We consider loops involving gluons, gluinos, stops

and tops as shown in Figure 3.1.

We label the difference between the parameters p in the different renormalisation

schemes by ∆p, where

pDR = pon−shell + ∆p. (3.75)

This is related to the counter-terms by

∆p = δpon−shell − δpDR. (3.76)

Recall that δpDR =
[
δpon−shell

]div
, where the ‘div’ denotes that only terms proportional

to 2
4−D

−γE +log(4π) are kept. Therefore this means that ∆p =
[
δpon−shell

]fin
, where the

‘fin’ denotes the finite pieces remaining once terms proportional to 2
4−D

− γE + log(4π)

have been subtracted out.

For a comparison of the Feynman-diagrammatic result with the effective potential

result for the particular case where all the MSSM parameters are real, see [60].
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For the stop sector, we can directly adapt equation (3.69) – (3.74) to get the shifts

∆M2
L = −2mt∆mt

+ U∗
11U11∆m2

t̃1
+ U∗

21U21∆m2
t̃2

+ U∗
11U21∆Yt̃ + U∗

21U11∆Y ∗
t̃ , (3.77)

∆M2
t̃R

= −2mt∆mt

+ U∗
12U12∆m2

t̃1
+ U∗

22U22∆m2
t̃2

+ U∗
12U22∆Yt̃ + U∗

22U12∆Y ∗
t̃ , (3.78)

∆A∗
t = e−iφAt (∆ |At| − i |At|∆φAt) , (3.79)

∆Kt = − (A∗
t − µ cotβ)∆mt

+ U∗
11U12∆m2

t̃1
+ U∗

21U22∆m2
t̃2

+ U∗
11U22∆Yt̃ + U∗

21U12∆Y ∗
t̃ , (3.80)

∆ |At| =
1

mt
Re
[
eiφAt∆Kt

]
, (3.81)

∆φAt = − 1

mt |At|
Im
[
eiφAt∆Kt

]
. (3.82)

The DR parameters are defined at a certain scale µren. We use this scale in the loop

integrals in the parameter shifts. We will use µ2
ren = M2

SUSY + m2
t =: M2

S, in analogy

to [60]. We calculate the strong coupling constant at the scale of the top mass, αs(m
2
t ).

We neglect the D-terms in the stop mass matrix given in equation (2.23) (the terms

proportional to M 2
Z) and we only keep those term in the shifts of O(αs), again, in

analogy to the calculation in [60].

We will convert the parameters used as input to CPsuperH to parameters which we

can use as input to FeynHiggs. Therefore, we will need to convert ADR
t (M2

S), MDR
L (M2

S)

and MDR
t̃R

(M2
S) to Aon−shell

t , Mon−shell
L and Mon−shell

t̃R
. CPsuperH requires the on-shell top

mass as input, which is then converted internally in the program. Therefore, although

the shifts in At, ML and Mt̃R will depend on ∆mt, we will be able to use the same value

of mt as input in both programs.

We will calculate the shifts as functions of parameters of type pDR i.e. as a function

of mDR
t (M2

S), ADR
t (M2

S), MDR
L (M2

S) and MDR
t̃R

(M2
S). This means that we must first use

the shift ∆mt to calculate mDR
t (M2

S) 1. The difference between using pDR and pon−shell

in the shifts is formally a higher order effect.

In order to give an example of the size of these shifts, we use mon−shell
t = 172.6 GeV,

ADR
t (M2

S) = 1000i GeV, MDR
SUSY(M2

S) = MDR
L (M2

S) = MDR
t̃R

(M2
S) = 500 GeV, µ =

1Therefore, ∆mt, in this case, is a function of mon−shell

t , ADR
t (M2

S), MDR

L (M2

S) and MDR

t̃R

(M2

S)
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2000 GeV, M3 = 1000i GeV and M2 = 200 GeV. (This is a variation of the CPX

scenario, which we defined in Section 2.8.)

The resulting on-shell parameters ReAon−shell
t , ImAon−shell

t , Mon−shell
L and Mon−shell

t̃R
,

are shown in Figure 3.2 (labelled ‘pDR in shifts’). In this example, the shift in ReAt is

less than 2.1% of |ADR
t (M2

S)| and the shift in ImAt is ∼ 4.2 % of |ADR
t (M2

S)|. Although

these shifts appear small, they can have a big impact on the Higgs sector, which, as we

will see in Chapter 6, is extremely sensitive to variations in At. The shifts in ML and

Mt̃R are less than 0.64% of MDR
SUSY(M2

S), which is numerically insignificant in comparison.

Figure 3.2 shows the effect of using pon−shell in all the parameter shifts (labelled

‘pon−shell in shifts’). We achieve this by first calculating the shift as functions of mDR
t (M2

S),

ADR
t (M2

S), MDR
L (M2

S) and MDR
t̃R

(M2
S), as previously. We then use these shifts to obtain

the ReAon−shell
t , ImAon−shell

t , Mon−shell
L and Mon−shell

t̃R
shown in Figure 3.2 (labelled ‘pDR

in shifts’). These values (together with the original mon−shell
t ) are then used to calculate

a new set of shifts, which are displayed in Figure 3.2 (labelled ‘pon−shell in shifts’). This

rather convoluted approach is useful for obtaining an idea of the uncertainty in the

parameter conversion. In particular, we can see that the value of ImAon−shell
t changes by

∼ 9%. Although this is less than 1% of |ADR
t (M2

S)|, this does have a noticeable effect in

Higgs mass calculations.

In order to understand the effect of these parameter shifts, it is useful to find a simple

approximation which includes the significant features. As we have discussed, the shifts

in ML and Mt̃R are less numerically significant than the shifts in At and therefore, for the

purposes of this approximation, can be neglected. Since we have neglected the D-terms

in the stop mass matrix and use MDR
SUSY(M2

S) = MDR
L (M2

S) = MDR
t̃R

(M2
S), the stop mixing

matrix has the simple form

Uq̃ =
1√
2


 1 −e−iφXt

eiφXt 1


 . (3.83)

Therefore, the relation between |Xon−shell
t | and |XDR

t (M2
S)| simplifies to

|Xon−shell
t | = |XDR

t |
(

1 +
∆mt

mt

)
− 1

2mt

(
∆m2

t̃2
− ∆m2

t̃1

)
, (3.84)
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where

∆mt =
αs

6πmt

[
gt
1 + gt

2 + m2
t

(
6 log

m2
t

µ2
ren

− 10

)

+ 2m2
g̃

(
log

m2
g̃

µ2
ren

− 1

)]
, (3.85)

∆m2
t̃1
− ∆m2

t̃2
=

2αs

3π

(
g t̃
1 − g t̃

2

)
, (3.86)

gt
i = −m2

t̃i

(
log

m2
t̃i

µ2
ren

− 1

)
+ fiRe

[
B0[m

2
t , m

2
g̃, m

2
t̃i
]
]
, (3.87)

g t̃
i = 2m2

t̃i

(
log

m2
t̃i

µ2
ren

− 2

)
− fiRe

[
B0[m

2
t̃i
, m2

g̃, m
2
t ]
]
, (3.88)

fi = m2
g̃ + m2

t − m2
t̃i
− (−1)i2mg̃mt cos(φM3 − φXt), (3.89)

and B0 = [B0]
fin, where the scalar integral B0 is defined in Appendix A. We have been

following a procedure similar to that used in [60] to find an approximation in the real

MSSM2.

Numerical results for ReAon−shell
t and ImAon−shell

t in this approximation are shown

in Figure 3.2 (labelled ‘approximation’). We can see that the shifts in ReAt and ImAt

in this approximation vary by less that 1.6 GeV i.e. less than 0.16% of |ADR
t |, so this

approximation is very effective in this scenario. Therefore, examining the structure of

equation (3.85)–(3.89) will allow us to understand characteristics of the full result. In

particular, we can see that the shifts depend on the phase (φM3 − φXt) and that the

gluino mass mg̃ features prominently in the shifts.

2However, in [60], the comparison is performed for mg̃ = MSUSY. It is then further simplified by
assuming mt/MS << 1 and mtXt/M

2

S << 1.
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Figure 3.2: The on-shell parameters ReAon−shell
t , ImAon−shell

t , Mon−shell
L and Mon−shell

t̃R
which

are calculated by applying shifts to the DR parameters mDR
t (M2

S), ADR
t (M2

S), MDR
L (M2

S) and

MDR
t̃R

(M2
S), as in equation (3.75). A variation of the CPX scenario is used (see text). ‘pDR

in shifts’ indicates that the shifts are calculated using equation (3.77) to equation (3.82) as

functions of mDR
t (M2

S), ADR
t (M2

S), MDR
L (M2

S) and MDR
t̃R

(M2
S) (default method). ‘pon−shell

in shifts’ indicates that the shifts are calculated using equation (3.77) to equation (3.82) as
functions of ReAon−shell

t , ImAon−shell
t , Mon−shell

L and Mon−shell
t̃R

(see text for further explanation).

‘approximation’ indicates that the expressions given in equation (3.85)–(3.89) have been used.
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ijk Γtree
ijk δ1−loopΓijk

hhh −3c2αsα+β
ieMW

2c2W sW
Γtree

hhh(
3
2
δZhh + 3

2
δZhH

Γtree
hhH

Γtree
hhh

+δsW
s2
W −c2W
sW c2W

+
δM2

Z

2M2
Z

+ δe
e

+ sβcβ
Γtree

HHH

Γtree
hhh

δtβ)

HHH −3c2αcα+β
ieMW

2c2
W

sW
Γtree

HHH(3
2
δZHH + 3

2
δZhH

Γtree
hHH

Γtree
HHH

+δsW
s2
W −c2W
sW c2W

+
δM2

Z

2M2
Z

+ δe
e

− sβcβ
Γtree

hhh

Γtree
HHH

δtβ)

AAA 0 0

hhH (c2αcα+β − 2s2αsα+β) ieMW

2c2W sW
Γtree

hhH(δZhh + 1
2
δZHH + 1

2
δZhH

Γtree
hhh

Γtree
hhH

+ δZhH
Γtree

hHH

Γtree
hhH

+δsW
s2
W −c2W
sW c2

W

+
δM2

Z

2M2
Z

+ δe
e

− sβcβ
Γtree

hHH

Γtree
hhH

δtβ)

hhA 0 0

HHA 0 0

hHH (c2αsα+β + 2s2αcα+β) ieMW

2c2W sW
Γtree

hHH(δZHH + 1
2
δZhh + 1

2
δZhH

Γtree
HHH

Γtree
hHH

+ δZhH
Γtree

hhH

Γtree
hHH

+δsW
s2
W −c2W
sW c2W

+
δM2

Z

2M2
Z

+ δe
e

+ sβcβ
Γtree

hhH

Γtree
hHH

δtβ)

hAA −c2βsα+β
ieMW

2c2W sW
Γtree

hAA(δZAA + 1
2
δZhh + 1

2
δZhH

Γtree
HAA

Γtree
hAA

+ δZAG
Γtree

hAG

Γtree
hAA

)

+δsW
s2
W −c2W
sW c2W

+
δM2

Z

2M2
Z

+ δe
e

− sβcβ
Γtree

HAA

Γtree
hAA

δtβ)

HAA c2βcα+β
ieMW

2c2
W

sW
Γtree

HAA(1
2
δZHH + δZAA + 1

2
δZhH

Γtree
hAA

Γtree
HAA

+ δZAG
Γtree

HAG

Γtree
HAA

+δsW
s2
W −c2W
sW c2W

+
δM2

Z

2M2
Z

+ δe
e

+ sβcβ
Γtree

hAA

Γtree
HAA

δtβ)

HHA 0 0

Table 3.2: Triple Higgs tree level coupling (h,H,A basis) and counter terms in the complex MSSM.
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hi gtree
hifdf̄d

δ1−loopΓhifdf̄d

h e
2MW sW

mfd

cβ
(isα) C− = gtree

hfdf̄d

(
δe
e

+ 1
2
δZhh + 1

2
δZhH

gtree
Hfdf̄d

gtree
hfdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZL

fd
+ δZR†

fd

])

C+ = gtree
hfdf̄d

(
δe
e

+ 1
2
δZhh + 1

2
δZhH

gtree
Hfdf̄d

gtree
hfdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZR

fd
+ δZL†

fd

])

H e
2MW sW

mfd

cβ
(−icα) C− = gtree

Hfdf̄d

(
δe
e

+ 1
2
δZHH + 1

2
δZhH

gtree
hfdf̄d

gtree
Hfdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZL

fd
+ δZR†

fd

])

C+ = gtree
Hfdf̄d

(
δe
e

+ 1
2
δZHH + 1

2
δZhH

gtree
hfdf̄d

gtree
Hfdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZR

fd
+ δZL†

fd

])

A e
2MW sW

mfd

cβ
(sβn) C− = gtree

Afdf̄d

(
δe
e

+ 1
2
δZAA + 1

2
δZAG

gtree
Gfdf̄d

gtree
Afdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZL

fd
+ δZR†

fd

])

C+ = −gtree
Afdf̄d

(
δe
e

+ 1
2
δZAA + 1

2
δZAG

gtree
Gfdf̄d

gtree
Afdf̄d

− δM2
W

2M2
W

− δsW

sW
+ s2

βδtanβ

+
δmfd

mfd

+ 1
2

[
δZR

fd
+ δZL†

fd

])

Table 3.3: Higgs to d-type fermions tree level couplings and counter-terms in the h,H,A basis. C− and C+ are the coefficients of ω−
and ω+ respectively. For h or H, the tree coupling is gtree

hff̄,Hff̄
(ω− + ω+), whilst for A, the tree coupling is gtree

Aff̄
(ω− −ω+) (d can also be

replaced with e, µ, τ to get the Higgs couplings to leptons).
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hi gtree
hifuf̄u

δ1−loopghifuf̄u

h e
2MW sW

mfu

sβ
(−icα) C− = gtree

hfuf̄u

(
δe
e

+ 1
2
δZhh + 1

2
δZhH

gtree
Hfuf̄u

gtree
hfuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZL

fu
+ δZR†

fu

)]

C+ = gtree
hfuf̄u

(
δe
e

+ 1
2
δZhh + 1

2
δZhH

gtree
Hfuf̄u

gtree
hfuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZR

fu
+ δZL†

fu

)]

H e
2MW sW

mfu

sβ
(−isα) C− = gtree

Hfuf̄u

(
δe
e

+ 1
2
δZHH + 1

2
δZhH

gtree
hfuf̄u

gtree
Hfuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZL

fu
+ δZR†

fu

)]

C+ = gtree
Hfuf̄u

(
δe
e

+ 1
2
δZHH + 1

2
δZhH

gtree
hfuf̄u

gtree
Hfuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZR

fu
+ δZL†

fu

)]

A e
2MW sW

mfu

sβ
(cβn) C− = gtree

Afuf̄u

(
δe
e

+ 1
2
δZAA + 1

2
δZAG

gtree
Gfuf̄u

gtree
Afuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZL

fu
+ δZR†

fu

)]

C+ = −gtree
Afuf̄u

(
δe
e

+ 1
2
δZAA + 1

2
δZAG

gtree
Gfuf̄u

gtree
Afuf̄u

− δM2
W

2M2
W

− δsW

sW
+ c2

βδtanβ

+
δmfu

mfu
+ 1

2

[
δZR

fu
+ δZL†

fu

)]

Table 3.4: Higgs to u-type fermions tree level couplings and counter-terms in the h,H,A basis. C− and C+ are the coefficients of ω−
and ω+ respectively. For h or H, the tree coupling is gtree

hff̄,Hff̄
(ω− + ω+), whilst for A, the tree coupling is gtree

Aff̄
(ω− − ω+).



Chapter 4

Loop corrections to Higgs masses

and mixing

4.1 Introduction

Knowing the Higgs masses and mixing properties of the Higgs particles accurately is

vital for an investigation of the phenomenology of the Higgs sector of the MSSM. These

calculations have been the subject of much work over the last decade. We will briefly

summarise the results here (for a review, see [61]).

In the real MSSM, the full 1-loop result is known. At 2-loop level, the O(αsαt), the

O(α2
t ), O(αsαb), O(αtαb) and O(α2

b) have been calculated. Resummation of the term

O(αb(αs tanβ)n) has been performed. As a result of these corrections, it is estimated

that the remaining theoretical error on the lightest CP-even Higgs mass is <∼ 3 GeV.

A full 2-loop effective potential calculation has also been published. (For details on the

real MSSM corrections, see [31] and references therein)

In the complex MSSM, 1-loop corrections from the fermion/sfermion sector and some

leading logarithmic corrections from the gaugino sector and the dominant 2-loop re-

sults have been calculated in the effective potential approach and renormalisation group

improved effective potential method [34, 36, 37, 62–67]. In the Feynman-diagrammatic

approach, the full 1-loop result has been calculated [31, 35, 68]. At 2-loop, the O(αsαt)

corrections are available [55].

41
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Most of these results have been incorporated either into the public code FeynHiggs

[31, 56–58], [49, 69, 70]1, which uses the Feynman-diagrammatic approach or the public

code CPsuperH [59]2, which uses the renormalisation group improved effective potential

approach.

In this chapter, we will outline the method used in this thesis to calculate the neu-

tral Higgs masses, which will use self-energies obtained with the program FeynHiggs,

and discuss the behaviour of the main corrections with the aid of numerical examples.

We will also introduce a pictorial representation of the Higgs sector mixing. We will

discuss the way that loop-corrected propagator corrections can be incorporated in cal-

culations involving an external Higgs boson. We will conclude with a description of a

method which allows the inclusion of Higgs mixing with Goldstone bosons and Z bosons

into processes involving an external Higgs bosons, without introducing gauge parameter

dependence at the 1-loop level.

4.2 Definition of neutral Higgs masses

In general, the neutral Higgs masses are obtained from the real parts of the poles of the

propagator matrix. In this section, we will neglect mixing with the Goldstone and Z

bosons as these are sub-leading 2-loop contributions to the Higgs masses. We therefore

use a 3 × 3 propagator matrix ∆(p2) in the (h, H, A) basis.

In order to find the neutral Higgs masses we must find the three solutions to

1

|∆(p2)| = 0, (4.1)

which, in the case with non-zero mixing between all three neutral Higgs bosons, is

equivalent to solving

1

∆ii(p2)
= 0, (4.2)

1Unless explicitly stated otherwise, ‘FeynHiggs’ will refer to FeynHiggs version 2.6.4 throughout this
thesis.

2There is also an extension, CPsuperH2.0, which includes the calculation of electric dipole moments
and some B meson observables [71].
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where i = h, H or A. The propagator matrix is related to the 3 × 3 matrix of the

irreducible 2-point vertex-functions Γ̂2(p
2) through the equation

[
−∆(p2)

]−1
= Γ̂2(p

2) = i
[
p21 − M(p2)

]
, (4.3)

where

M(p2) =




m2
h − Σ̂hh(p

2) −Σ̂hH(p2) −Σ̂hA(p2)

−Σ̂hH(p2) m2
H − Σ̂HH(p2) −Σ̂HA(p2)

−Σ̂hA(p2) −Σ̂HA(p2) m2
A − Σ̂AA(p2)


 . (4.4)

As before, mh,mH ,mA refer to the tree level masses given in equation (2.9). Σ̂ij(p
2)

are renormalised Higgs self-energies. These self-energies are given at 1-loop by equa-

tion (3.20a). In the main numerical analysis, we will use renormalised self-energies

which also contain the leading 2-loop pieces. If there is CP conservation, Σ̂hA(p2) =

Σ̂HA(p2) = 0 and the CP-even Higgs bosons h, H do not mix with the CP-odd Higgs

boson A.

In general, the renormalised Higgs self-energies can be complex, due to absorptive

parts. Therefore, the three poles of the propagator matrix M2
a can be written as

M2
ha

= M2
ha

− iMhaWha, (4.5)

where Mha is real and is interpreted as the loop-corrected (i.e. physical) mass, Wha is

the width parameter and a = 1, 2, 3.

In the CP-violating MSSM, the loop-corrected masses are labelled in size order such

that

Mh1 ≤ Mh2 ≤ Mh3 . (4.6)

In the CP-conserving MSSM, the masses are labelled such that the CP-even loop-

corrected Higgs bosons have masses Mh and MH with Mh ≤ MH and the CP-odd

loop-corrected Higgs boson has mass MA.
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4.3 Calculating the renormalised neutral Higgs

self-energies

Although our main numerical analysis is based on complete 1-loop self-energies which

include leading 2-loop corrections, we will first outline various approximations which

can be used when calculating the renormalised neutral Higgs self-energies Σ̂ij(p
2). All

1-loop examples will use the programs FeynArts [41–43] and FormCalc [43, 45] to draw

and calculate the Feynman diagrams and the program LoopTools [45] to evaluate the

loop integrals (apart from some special cases - see Appendix A for more details).

4.3.1 Yukawa Approximation

The leading corrections (at low/moderate tan β) can be found by considering 1-loop

corrections involving the top quark and the stop quarks and selecting only those terms

proportional to m2
t /M

2
W (‘Yukawa terms’). The resulting corrections will be finite and

proportional to m4
t . They are obtained by a calculation at zero incoming momentum

i.e. Σ̂ij(p
2 = 0).

In this approximation, the renormalisation constants δtβ, δM2
W , δM2

Z and δZij, which

appear in equation (3.20a), are all zero.

For consistency, the stop masses mt̃1 and mt̃2 must also be calculated in the Yukawa

approximation, i.e.

m2
q̃1,2

= m2
q +

1

2

[
M2

L + M2
q̃R

∓
√

[M2
L − M2

q̃R
]2 + 4m2

q|Xq|2
]
, (4.7)

rather than using the full expression given in equation (2.27). In the CP-conserving

MSSM, this gives

Σ̂φ1φ1 = +
3e2m4

t

16π2M2
W s2

W s2
β

µ2X2
t

m2
t̃1
− m2

t̃2

C112−122,

Σ̂φ1φ2 = − 3e2m4
t

16π2M2
W s2

Ws2
β

µXt

m2
t̃1
− m2

t̃2

[
−2 log

(
mt̃1

mt̃2

)
+ AtXtC112−122

]
,

Σ̂φ2φ2 = − 3e2m4
t

8π2M2
W s2

W s2
β

[
log

(
mt̃1mt̃2

m2
t

)
+

AtXt

m2
t̃1
− m2

t̃2

(
2 log

(
mt̃1

mt̃2

)
− AtXt

2
C112−122

)]
,

Σ̂φ1A = 0, Σ̂φ2A = 0, Σ̂AA = 0,
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where

C112−122 = C0

(
0, 0, 0, m2

t̃1
, m2

t̃1
, m2

t̃2

)
− C0

(
0, 0, 0, m2

t̃1
, m2

t̃2
, m2

t̃2

)

= −2




1

m2
t̃1
− m2

t̃2

−

(
m2

t̃1
+ m2

t̃2

)

(
m2

t̃1
− m2

t̃2

)2 log

(
mt̃1

mt̃2

)

 , (4.8)

and the C0 integrals are defined in Appendix A. Note that the C0 integrals do not appear

automatically, as no 3-point functions are calculated. However, substituting C0 integrals

for combinations of the A0 and B0 integrals which appear naturally in the calculation

(all at zero momentum) does make the self-energy expressions more compact.

As discussed previously, Σ̂φ1A = 0, Σ̂φ2A = 0, Σ̂AA = 0 ensures that the CP-even

Higgs bosons do not mix with the CP-odd Higgs bosons.

These calculations were done with pen and paper, using the Feynman rules in [72]

and using the programs FeynArts [41–43] and FormCalc [43,45], and the results agreed.

We have confirmed these expressions through discussion with the authors of [57]. Note

that these self-energies simplify considerably for the no-mixing case (Xt = 0).

In the CP-violating MSSM, the expressions for the neutral Higgs self-energies in the

Yukawa approximation involve the charged Higgs self-energy (since MH± is the input

parameter rather than MA), which is also taken at zero incoming momentum, such that

δM2
H± = ΣH−H+ (0) . (4.9)

These diagrams will involve the b, b̃ sector in addition to the t, t̃ sector, and they are re-

lated through the parameter M 2
L in equation (2.25). Therefore, some of the renormalised

self-energies contain a dependence on M 2
b̃R

, which, in this approximation, is related to

stop sector parameters through the equation,

M
2,m4

t

b̃R
= −m2

t + m2
t̃1
−
(
m2

t̃1
− m2

t̃2

)
st̃s

∗
t̃ , (4.10)

where st̃ was defined in equation (2.28).
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The expression for the renormalised neutral Higgs energies are then given by

Σ̂φ1φ1 =
3e2m4

t

16π2M2
W s2

Ws2
β

(
Re 2[µXt]

m2
t̃1
− m2

t̃2

C112−122 + µµ∗C12R

2

)
, (4.11)

Σ̂φ1φ2 = − 3e2m4
t

16π2M2
W s2

W s2
β

(
µµ∗

tβ

C12R

2

+
Re [µXt]

m2
t̃1
− m2

t̃2

(
Re [A∗

t Xt]C112−122 − 2 log

(
mt̃1

mt̃2

)))
, (4.12)

Σ̂φ2φ2 = − 3e2m4
t

16π2M2
W s2

W s2
β

(
2 log

(
mt̃1mt̃2

m2
t

)
− µµ∗

t2β

C12R

2

+
Re [A∗

t Xt]

m2
t̃1
− m2

t̃2

(
4 log

(
mt̃1

mt̃2

)
− Re [A∗

t Xt]C112−122

))
, (4.13)

Σ̂φ1A = − 3e2m4
t

32π2M2
W s2

W s3
β

Im [µ2X2
t ]

m2
t̃1
− m2

t̃2

C112−122, (4.14)

Σ̂φ2A =
3e2m4

t

16π2M2
W s2

Ws3
β

Im [µXt](
m2

t̃1
− m2

t̃2

)
(

Re [A∗
t Xt]C112−122 − 2 log

(
mt̃1

mt̃2

))
,(4.15)

Σ̂AA =
3e2m4

t

16π2M2
W s2

Ws4
β

(
Im 2[µXt]

m2
t̃1
− m2

t̃2

C112−122 + µµ∗C12R

2

)
, (4.16)

where

C12R = C0

(
0, 0, 0, m2

t̃1
, m2

t̃2
, M

2,m4
t

b̃R

)
. (4.17)

Note that Σ̂φ1A and Σ̂φ2A are now non-zero, driving CP-violation in the Higgs sector.

It is also interesting to see that although the Σ̂ involve complex parameters, they are

themselves entirely real. This means that the poles of the propagator matrix will also be

real in this approximation. Equations for the Yukawa contribution to the renormalised

neutral Higgs self-energies Σ̂ in CP-violating MSSM are also available in [73].
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4.3.2 p2 = 0 approximation

Another approximation that is sometimes useful involves setting the incoming momen-

tum p2 in the renormalised neutral Higgs self-energies Σ̂ij to zero, such that

Σ̂kk(p
2) → Σ̂kk(0), (4.18)

Σ̂jk(p
2) → Σ̂jk(0). (4.19)

All counter terms are calculated in full (see Section 3.3.2). This approximation includes

all the Yukawa terms. Once again, Σ̂ij are real, leading to real poles of the propagator

matrix.

4.3.3 real p2 on-shell approximation

In this approximation, the incoming momentum is set to a combination of the tree level

masses,

Σ̂kk(p
2) → Re

[
Σ̂kk(m

2
k)
]
, (4.20)

Σ̂jk(p
2) → Re

[
Σ̂jk(

1

2
(m2

j + m2
k))

]
. (4.21)

4.3.4 complex p2 on-shell approximation

This approximation is similar to the real p2 on-shell approximation but does not discard

the complex parts of the self-energies,

Σ̂kk(p
2) → Σ̂kk(m

2
k), (4.22)

Σ̂jk(p
2) → Σ̂jk(

1

2
(m2

j + m2
k)). (4.23)

This approximation allows complex solutions to equation (4.1), which, as we will see,

makes it useful as a starting point for a fully momentum dependent calculation.
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4.3.5 Full momentum dependence at 1-loop

The Yukawa, p2 = 0, real p2 on-shell and complex p2 on-shell approximation all involve

approximations to the incoming momenta. The full momentum dependence is more

complicated to calculate as it involves an iterative procedure in order to calculate M(p2)

at p2 = M2
ha

.

As discussed previously, in general the solutions to equation (4.1) are complex. The

program LoopTools [45] calculates loop integrals at real momenta only. Therefore, the

unrenormalised self-energies were calculated using an expansion about the real part of

the pole, M2
ha

, such that

Σ̂jk(M2
ha

) ' Σ̂jk(M
2
ha

) + iIm
[
M2

ha

]
Σ̂′

jk(M
2
ha

), (4.24)

with j = h, H, A and k = h, H, A.

For each ha, the initial value of M2
ha

was the result from the ‘complex p2 on-shell

approximation’. This solution was then refined using

M2,[n+1]
ha

= ath eigenvalue of M(M2,[n]
ha

), (4.25)

where the eigenvalues have been sorted into ascending value, according to their real

parts. Once M2,[n+1]
ha

and M2,[n]
ha

are very similar, a final iteration is done using the

expansion

Σ̂jk(M2
ha

) ' Σ̂jk(M
2
ha

) + iIm
[
M2

ha

]
Σ̂′

jk(M
2
ha

)

+
1

2

(
iIm

[
M2

ha

]
Σ̂′′

jk(M
2
ha

)
)2

, (4.26)

in order to check that the inclusion of the second order terms does not significantly

change the masses.

4.3.6 2-loop contribution to Higgs self-energies

The program FeynHiggs [31,56–58] contains Σ̂jk(M
2
ha

) and Σ̂′
jk(M

2
ha

), which have the full

1-loop and some 2-loop terms. These can be obtained using the the function FHGetSelf,

which has the incoming momentum (real) as an argument. We used these Σ̂jk(M
2
ha

) and

Σ̂′
jk(M

2
ha

) to calculate the Higgs masses using the procedure described above.
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FeynHiggs allows the user to select the type of 2-loop corrections to be used. This is an

important choice in the complex MSSM because FeynHiggs only contains the full phase

dependence for contributions at O(αtαs) [55]. However, there is the option of including

sub-leading 2-loop corrections which have been calculated without phase dependence.

The user can use the flag tlCplxApprox=1,2 or 3 to specify how the types of 2-loop

corrections are combined. All of these options include the 2-loop corrections at O(αtαs).

tlCplxApprox=1 uses no other 2-loop contributions. tlCplxApprox=2 also includes the

sub-leading 2-loop corrections where parameters which were assumed to be real during

the derivation are now taken to be the real parts of any complex parameters [74–78].

tlCplxApprox=3 calculates the sub-leading contributions at phase of π and −π for each

complex parameter and interpolates between these results.

Figure 4.1 compares the results for the lightest Higgs mass Mh1 , which have been

calculated using various FeynHiggs options in the CPX scenario with MH+ = 140 GeV. It

can be seen that the ‘recommended’ setting of tlCplxApprox=3 is inappropriate for this

scenario. This is because the CPX scenario is on the border of stable parameter space

and thus one of the combinations of real parameters crosses the border into unstable

parameter space, skewing the interpolation in favour of the unstable values. We therefore

choose tlCplxApprox=1 throughout the rest of this thesis wherever FeynHiggs is used

to calculate quantities in the complex MSSM.

FeynHiggs also allows the resummation of some corrections to the b-quark mass. (we

will discuss this topic further in Section 5.3).

It is useful to consider the contribution that different types of corrections make to

the neutral Higgs masses in the CPX scenario. These have been calculated using the

programs FeynArts [41–43], FormCalc [43, 45] and LoopTools [45] and then checked for

consistency with the results from FeynHiggs. As many of the techniques used here will be

used for the hahbhc vertex later, this is a very useful check of our calculation. In addition,

it provides a very useful idea of the sensitivity of the CPX scenario to the various loop

corrections in the Higgs sector, which will prove very valuable when analysing the Higgs

cascade decays. Figure 4.2 shows the lightest Higgs mass as a function of tan β. We

show results for the m4
t approximation, the full 1-loop terms where mb is evaluated at

the scale of mb and the full 1-loop terms where mb is evaluated at the scale of mt. Unless

otherwise stated, we use a running top mass mt(mt). Also shown is the result obtained

from using self-energies from FeynHiggs, which include the O(αtαs) contributions and

resummation of corrections to the b-quark mass. As expected, the m4
t approximation

includes the bulk of the 1-loop corrections at low tanβ but fails at higher tan β where
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Figure 4.1: Comparison of different combinations of 2-loop corrections to the Higgs
masses in the complex MSSM that are implemented in FeynHiggs [31, 56–58] through
the flag tlCplxApprox. All of these options include the 2-loop corrections at O(αtαs).
tlCplxApprox=1 uses no other 2-loop contributions. tlCplxApprox=2 also includes the sub-
leading 2-loop corrections where the parameters that were assumed to be real during the
derivation are now substituted with the real parts of the complex parameters. tlCplxApprox=3
calculates the sub-leading contributions at phase of π and −π for each complex parameter and
interpolates between these results.

terms from the sbottom sector are enhanced. If mb(mb) = 4.20 GeV is used, the scenario

becomes unstable at around tanβ = 20. Some of the higher order QCD corrections can

be taken into account through the use of mb(mt). mb(mt) is less than mb(mb), so using

mb(mt) actually has the effect of reducing the impact of the bottom/sbottom sector at

higher tan β. Figure 4.2 also shows that the O(αtαs) corrections are very significant,

which is well known also for the CP conserving case.

Figure 4.3 shows the effect of different approximations for the internal momentum

p2 on the lightest Higgs mass in the CPX scenario at MH+ = 140 GeV, as described

in Section 4.3. Here, for clarity, only 1-loop diagrams involving tops, stops, bottoms,
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Figure 4.2: The lightest Higgs mass as a function of tan β, in various approximations. ‘m4
t

approx’ denotes the Higgs masses found if only the Yukawa term (which are proportional to m4
t )

are included in the neutral Higgs self-energies. We show the results of full 1-loop calculations
in which mb is either at the scale of mb or mt. Also shown are the full 1-loop terms where
mb is at the scale of mb and mt. Also shown is the full result from FeynHiggs [31, 56–58],
which includes the leading O(αtαs) contributions and resummation of some corrections to the
b-quark mass.

sbottoms are included. It can be seen that both approximations work fairly well but are

still noticeably different to the full t, t̃, b, b̃ result.

4.4 Loop corrected propagators expressed in terms

of self-energies

Although we have derived relations between the Higgs renormalised self-energies and

Higgs propagators explicitly using equation (4.3), we will now introduce a pictorial
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Figure 4.3: The effect of different approximations for the internal momentum p2 on the light-
est Higgs mass as a function of tan β, using the 1-loop top, stop, bottom, sbottom contributions
only. (see Section 4.3 for details of approximations)

notation which we feel gives a more intuitive understanding of the system. We start

from the usual tree level h propagator,

tree level propagator

h

=
i

p2 − m2
h

.

We combine this with the renormalised self-energy Σ̂hh to get the

no-mixing loop-corrected propagator

Σ̂hh

→
h h

=
i

p2 − m2
h + Σ̂hh(p2)

=:
i

Yh(p2)
.
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All the possible combinations of Σ̂hh and tree level h propagators have been collectively

rewritten by putting the piece Σ̂hh in the denominator of the tree level propagator. In

other words, we have resummed Σ̂hh in the usual way in order to get the standard result

for a loop-corrected propagator in the case of no Higgs mixing, which we represent in

our pictorial notation with two dashed lines. We have also introduced the notation

Yh(p
2) = p2 − m2

h + Σ̂hh(p
2).

In order to include mixing between h and A, we require the

2-particle mixing loop-corrected propagator

Σ̂hh

A A
,

Σ̂AhΣ̂hA

→
h h(A)

= i

(
p2 − m2

h + Σ̂hh(p
2) − Σ̂2

hA(p2)

p2 − m2
A + Σ̂AA(p2)

)−1

=
iYA(p2)

Yh(p2)YA(p2) − Σ̂2
hA(p2)

.

We have combined the tree level h propagator with a Σ̂hh as before but also with a

piece composed of a no-mixing loop-corrected A propagator with a Σ̂hA on either end.

Summing these pieces by putting them in the denominator as before has given us the

2-particle mixing loop-corrected propagator, which starts and ends on a tree level h

propagator. We represent this using two solid lines, labelled at either end by h, and

labelled in the centre by the other particle involved.

In order to extend this to a propagator involving mixing between 3 particles, we need

to combine the tree level h propagator with pieces involving mixing between H and A,

to get the

3-particle mixing loop-corrected propagator

Σ̂hh

A (H) A
,

Σ̂AhΣ̂hA

,

Σ̂hH

H (A) H
, ,

Σ̂Hh Σ̂hA

A (H) A

Σ̂AH

H H

Σ̂Hh Σ̂hH

H (A) H

Σ̂HA

A A

Σ̂Ah

→

h (H, A) h
= i

(
Yh +

−Σ̂2
hAYH − Σ̂2

hHYA + 2Σ̂hAΣ̂hHΣ̂HA

YHYA − Σ̂2
HA

)−1

. (4.27)
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Here, each piece needs to begin and end on a renormalised self-energy involving a h.

In order to make sure we have included all possible combinations, we require the five

separate pieces, which, once again, we put in the denominator. Each self-energy and Yi

has the argument p2, which has been omitted in this expression for brevity. We have

denoted the 3-particle mixing loop-corrected propagator by three solid lines, labelled

at either end with the tree level propagator which begins and ends the loop-corrected

propagator and labelled in the centre with the other particles involved. We can write this

3-particle mixing loop-corrected propagator in terms of an effective self-energy Σ̂eff
hh(p

2),

∆hh(p
2) =

h (H, A) h
= i
(
1 + Σ̂eff

hh(p
2)
)−1

. (4.28)

This method can easily be extended to cases in which more than three particles mix.

We shall now investigate the combination ∆ij(p
2)/∆ii(p

2), in which an off-diagonal

element of the propagator matrix is divided by a diagonal element. Using equation (4.3),

we can expand this combination in terms of self-energies and tree level propagators to

get

∆hH(p2)

∆hh(p2)
=

Σ̂hA(p2)Σ̂HA(p2) − Σ̂hH(p2)YA(p2)

YH(p2)YA(p2) − Σ̂2
HA(p2)

= iΣ̂hH(p2)
i

p2 − m2
H

+ iΣ̂hH(p2)
i

p2 − m2
H

iΣ̂HH(p2)
i

p2 − m2
H

+ iΣ̂hA(p2)
i

p2 − m2
A

iΣ̂HA(p2)
i

p2 − m2
H

+ O(3-loop). (4.29)

We can see that the combination ∆hH(p2)/∆hh(p
2) represents terms which start on the

self-energy Σ̂hH(p2) or Σ̂hA(p2) and end on the H tree level propagator. It contains no

self-energy of the type Σ̂hh(p
2) and contains no h tree level propagators.

Therefore, we can express ∆hH(p2)/∆hh(p
2) in our pictorial notation as

∆hH(p2)

∆hh(p2)
=

Σ̂hA

A AH (A) H

Σ̂AH

+

H (A) H

Σ̂hH

(4.30)
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If these diagrams were attached to a Σ̂hH , they would be identical to the third

and fourth pieces which make up the 3-particle mixing loop-corrected propagator in

equation (4.27).

This leads to a compact expression for the 3-particle mixing loop-corrected propaga-

tor ∆hh(p
2), in terms of an effective self-energy Σ̂eff

hh(p
2) as before,

∆hh(p
2) =

i

p2 − m2
i + Σ̂eff

hh(p
2)

, (4.31)

Σ̂eff
hh(p

2) = Σ̂hh(p
2) +

∆hH(p2)

∆hh(p2)
Σ̂hH(p2) +

∆hA(p2)

∆hh(p2)
Σ̂hA(p2). (4.32)

Using this relation (which can also be derived straight from equation (4.3)) we can

rewrite equation (4.2) in the form

M2
ha

− m2
i + Σ̂eff

ii (M2
ha

) = 0, (4.33)

where i = h, H or A and there is no sum over i. Note that for any particular i, this

equation holds for ha = h1, h2 or h3. It is also worth noting that we should not expand

the effective self-energy Σ̂eff
ii about p2 = M2

ha
directly, since the presence of Yj, Yk terms

result in large higher order terms. Expanding the individual self-energies Σ̂ contained

within Σ̂eff
ii , according to equation (4.24) as before, avoids this problem.

4.5 Wave function normalisation factors

In order to ensure that the S-matrix is correctly normalised, we need to ensure that

the residues of the propagators are set to one. We achieve this by including finite wave

function normalisation factors which are composed of the renormalised self-energies.

These ‘Z-factors’ can be collected in to a matrix Ẑ where

lim
p2→M2

ha

− i

p2 −M2
ha

(
Ẑ · Γ̂2 · ẐT

)
hh

= 1, (4.34)

lim
p2→M2

hb

− i

p2 −M2
hb

(
Ẑ · Γ̂2 · ẐT

)
HH

= 1, (4.35)

lim
p2→M2

hc

− i

p2 −M2
hc

(
Ẑ · Γ̂2 · ẐT

)
AA

= 1, (4.36)
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such that




Γ̂ha

Γ̂hb

Γ̂hc


 = Ẑ ·




Γ̂h

Γ̂H

Γ̂A


 , (4.37)

where Γ̂ha is a one-particle irreducible n-point vertex-function which involves a single

external Higgs ha and ha, hb, hc = some combination of h1, h2, h3.

The matrix Ẑ is non-unitary. We write it as

Ẑ =




√
Zh

√
ZhZhH

√
ZhZhA

√
ZHZHh

√
ZH

√
ZHZHA

√
ZAZAh

√
ZAZAH

√
ZA


 . (4.38)

We find the elements of Ẑ by solving equation (4.34), which gives

Zh =
1

∂
∂p2

(
i

∆hh(p2)

)∣∣∣
p2=M2

ha

, ZH = 1

∂

∂p2

„

i

∆HH(p2)

«˛

˛

˛

˛

p2=M2
hb

, ZA =
1

∂
∂p2

(
i

∆AA(p2)

)∣∣∣
p2=M2

hc

,(4.39)

ZhH =
∆hH

∆hh

∣∣∣∣
p2=M2

ha

, ZHh = ∆hH

∆HH

∣∣∣
p2=M2

hb

, ZAh =
∆hA

∆AA

∣∣∣∣
p2=M2

hc

, (4.40)

ZhA =
∆hA

∆hh

∣∣∣∣
p2=M2

ha

, ZHA = ∆HA

∆HH

∣∣∣
p2=M2

hb

, ZAH =
∆HA

∆AA

∣∣∣∣
p2=M2

hc

. (4.41)

We choose ha = h1, hb = h2 and hc = h3. The square root is taken such that
√

Zi

√
Zi =

Zi, where Zi is, in general, complex. Other choices for the Z-factors are possible, such

as that in [79], where we use the limit p2 = M2
h1,2,3

. However, this does not allow the

same freedom for choosing a, b, c and also is less stable numerically.

The elements of Ẑ involve evaluating self-energies at complex momenta. The expan-

sion in equation (4.24) is used. In order to make sure that the neglected higher order

terms in equation (4.24) are small, we also calculate Ẑ using equation (4.26), and check

that the results are not significantly different.
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We include the matrix Ẑ once for each external Higgs boson involved in the process,

such that

Γ̂ha = ẐaiΓ̂i,

Γ̂hahb
= ẐbjẐaiΓ̂ij,

Γ̂hahbhc = ẐckẐbjẐaiΓ̂ijk.

Again, we can use our pictorial representation to get a more intuitive understanding

of these contributions. For example, applying the Z-factors to a decay of a neutral Higgs

in to a fermion, anti-fermion pair gives

Γ̂h1ff̄ = ẐaiΓ̂i =
√

Zh

(
Γ̂hff̄ + ZhHΓ̂Hff̄ + ZhAΓ̂Aff̄

)
,

which can be represented as

h1

f

f̄

p2 = M2
h1

=
√

Zh (
Γ̂hff̄

f

f̄

+

Σ̂hH

H (A) H
f

f̄

+

Σ̂hA

A AH (A) H
f

f̄

(4.42)
+

Σ̂hH

A (H) A
f

f̄

+

Σ̂hA

H HA (H) A
f

f̄

)p2=M2
h1

,

i.e.
√

Zh gives an overall normalisation factor which depends on the 3-particle mixing

loop-corrected hh propagator, while Zij are composed of
∆ij

∆ii
from equation (4.30), taken

at incoming momentum p2 = M2
h1

. The
∆ij

∆ii
are present in order to take into account

diagrams which have a H or A tree level Higgs propagator directly connecting to the

fermions, as opposed to a h tree level propagator.

As we have discussed, the Z-factors are designed to ensure the correct normalisation

of an S-matrix containing external Higgs bosons. However, they are an approximation
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which attempts to compensate for the fact that we are treating an unstable particle as

an external particle. Strictly, the entire decay and production process should be taken

into account.

As an explicit example, we consider the case where two processes with external

Higgs are combined to make one process with an internal Higgs, using the narrow width

approximation (see Appendix B). We consider the case where two arbitrary scalar

particles annihilate into a h1 (at a vertex labelled by a) and the h1 subsequently decays

into two arbitrary scalar particles (at a vertex labelled by b). We use our pictorial

notation to ensure that we consider every possible combination of self-energies and tree

level propagators in the internal h1 propagator:

h1

a b
=

h (H, A) h
+ [(

+
h (H, A) hH (A) H

+
h (H, A) hA (H) AH H

+
H (A) Hh (H, A) h

+
H HA (H) Ah (H, A) h

+
H (A) Hh (H, A) hH (A) H

+
H HA (H) Ah (H, A) hH (A) H

+
H (A) Hh (H, A) hA (H) AH H
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+
H HA (H) Ah (H, A) hA (H) AH H

+
H (A) Hh (H, A) hA (H) A

+
H HA (H) Ah (H, A) hA (H) A

+
H (A) Hh (H, A) hH (A) HA A

+
H HA (H) Ah (H, A) hH (A) HA A

) + (H ↔ A)] . (4.43)

As explained previously, the different types of propagators can be combined and written

as

(
Γa

h +
∆hH(p2)

∆hh(p2)
Γa

H +
∆hA(p2)

∆hh(p2)
Γa

A

)
∆hh(p

2)

(
Γb

h +
∆hH(p2)

∆hh(p2)
Γb

H +
∆hA(p2)

∆hh(p2)
Γb

A

)
. (4.44)
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In general, the Γa,b
i also depend on p2 but this is left out here for simplicity. Expanding

the resummed propagator about p2 = M2
h1

gives

i

p2 + m2
h + Σ̂eff

hh(p
2)

=
i

p2 −M2
1




1

1 +
(
Σ̂eff

hh

)′
(M2

1) + ...




=
i

p2 −M2
1

Zh. (4.45)

This i
p2−M2

1
becomes a δ-function in the limit of vanishing width. Therefore, in the

narrow width approximation (see Appendix B), we get

∣∣∣
√

Zh (Γa
h + ZhHΓa

H + ZhAΓa
A)
∣∣∣
2 ∣∣∣
√

Zh

(
Γb

h + ZhHΓb
H + ZhAΓb

A

)∣∣∣
2

, (4.46)

as we would expect from applying the Z-factors to the two processes a and b separately

and combining them.

Therefore, we expect that using the Z-factors improves the treatment of imaginary

parts in situations in which it is impractical to calculate the full production and decay

process.

4.6 Normalised effective Higgs couplings to gauge

bosons

Using the p2 = 0 approximation for the renormalised self-energies results in real Z-factors

and the matrix Z becomes a unitary rotation matrix Û, such that




M2
ha,U 0 0

0 M2
hb,U 0

0 0 M2
hc,U


 = Û · MU · Û†, (4.47)

i.e. Û diagonalises MU . This also leads to a simple expression for Zi,U ,

Zi,U =
1

1 + Z2
ij,U + Z2

ik,U

. (4.48)
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This rotation matrix can be used to create a normalised effective coupling between

neutral Higgs bosons and Z bosons,

ghaZZ,U = Uaig
tree
hiZZ, (4.49)

where gtree
hiZZ are derived from Section 2.5 and normalised to the SM coupling, such that

(gtree
hZZ)2 = sin2 (β − α), (gtree

HZZ)2 = cos2 (β − α) and (gtree
AZZ)2 = 0. This leads to the

simple relations g2
h1ZZ,U + g2

h2ZZ,U + g2
h3ZZ,U = 1 and g2

haZZ,U = g2
hbhbZ,U , where ha, hb, hc

are all different.

However, the Higgs propagator corrections for external Higgs bosons are more fully

taken into account if the effective couplings between Higgs and gauge bosons are obtained

through the use of the full matrix Z, such that

geff
haZZ = Zaig

tree
hiZZ, (4.50)

geff
hahbZ

= ZbjZaig
tree
hihjZ . (4.51)

As before, we have normalised gtree
hiZZ to the SM coupling. In addition, we normalise the

gtree
hihjZ such that (gtree

hAZ)2 = cos2 (β − α) and (gtree
HAZ)2 = sin2 (β − α) (all other gtree

hihjZ are

zero).

Since Z is not unitary, we now have the approximate relations |geff
h1ZZ|2 + |geff

h2ZZ|2 +

|geff
h3ZZ|2 ∼ 1 and |geff

haZZ|2 ∼ |geff
hbhbZ

|2, where ha, hb, hc are all different.

We will make use of both types of effective couplings during the course of this thesis.

4.7 Goldstone or gauge bosons mixing contributions

to the Higgs propagators

For any full 1-loop calculation involving a Higgs propagator, the self-energies Σ̂hG, Σ̂HG,

Σ̂AG and Σ̂hZ , Σ̂HZ , Σ̂AZ also need to be included, such as in the example shown in

Figure 4.4. Although their numerical contribution will turn out to be very small, these

diagrams will have a gauge parameter dependence which cancels out the gauge parameter

dependence in other parts in the 1-loop calculation.
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hi G

f

f̄ hi Z

f

f̄

Figure 4.4: Goldstone and Z boson propagator corrections to the hi → f f̄ decay, where
hi = h,H or A

We will use the lowest order Z-boson propagator containing explicit gauge parameter

dependence,

−igµν

k2 − M2
Z

+ i
(1 − ξZ)kµkν

(k2 − M2
Z)(k2 − ξZM2

Z)
. (4.52)

This rearranges to

−igµν

k2 − M2
Z

+
kµkν

k2

i

(k2 − M2
Z)

− kµkν

k2

iξZ

(k2 − ξZM2
Z)

, (4.53)

where all the gauge parameter dependence is conveniently contained in the last term.

We use the G-boson propagator

i

k2 − ξZM2
Z

. (4.54)

Since we will be attaching Z-factors to the Higgs propagators, our calculation will

not be restricted solely to 1-loop pieces. Inevitably, our result will have a slight gauge

parameter dependence that is formally of higher order. However, we need to make

sure that the gauge parameter dependence completely cancels at the strict 1-loop level

without introducing an unphysical pole (whose position is gauge-parameter dependent)

in to the rest of the calculation. This requires a detailed understanding of the behaviour

of the Goldstone and gauge bosons mixing contributions.
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Using a Feynman-diagrammatic calculation, we find that the following relations hold:

MZΣφ2G(p2) + ip2Σφ2Z(p2) = − e

2cW sW
cβtA,

MZΣφ1G(p2) + ip2Σφ1Z(p2) =
e

2cWsW

sβtA,

MZΣAG(p2) + ip2ΣAZ(p2) + MZ(p2 − m2
A)f0(p

2) =
e

2cWsW
(cβtφ2 − sβtφ1) ,

MZΣGG(p2) + 2ip2ΣGZ(p2) − p2

MZ
ΣL

ZZ(p2) =
e

2cWsW
(sβtφ2 + cβtφ1) ,

MW ΣH−G+(p2) − p2ΣH−W+(p2) + MW (p2 − m2
H±)f±(p2) =

e

2sW
(cβtφ2 − sβtφ1 + itA) ,

MW ΣG−G+(p2) − 2p2ΣG−W+(p2) − p2

MW
ΣL

WW (p2) =
e

2sW
(sβtφ2 + cβtφ1) ,

(4.55)

where

f0(p
2) = − α

16πs2
W M2

W

sβ−αcβ−αM2
ZξZ

[
B0

(
p2, m2

h, M
2
ZξZ

)
− B0

(
p2, m2

H , M2
ZξZ

)]
,

f±(p2) = − α

16πs2
W M2

W

sβ−αcβ−αM2
W ξW

[
B0

(
p2, m2

h, M
2
W ξW

)
− B0

(
p2, m2

H , M2
W ξW

)]
.

(4.56)

f0, f± are finite and disappear if the particle is on-shell.

In terms of renormalised quantities defined in equation (3.3.2), these become

Σ̂hG(p2) +
ip2

MZ

Σ̂hZ(p2) = 0, (4.57)

Σ̂HG(p2) +
ip2

MZ

Σ̂HZ(p2) = 0, (4.58)

Σ̂AG(p2) +
ip2

MZ
Σ̂AZ(p2) + (p2 − m2

A)f0(p
2) = 0, (4.59)

Σ̂GG(p2) +
2ip2

MZ
Σ̂GZ(p2) − p2

M2
Z

Σ̂L
ZZ(p2) = 0, (4.60)

Σ̂H−G+(p2) − p2

MW
Σ̂H−W+(p2) + (p2 − m2

H±)f±(p2) = 0, (4.61)

Σ̂G−G+(p2) − 2p2

MW
Σ̂G−W+(p2) − p2

M2
W

Σ̂L
WW (p2) = 0. (4.62)
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These relations have been checked algebraically using the t, t̃, b, b̃ sector and the gauge

and Higgs boson sector. These relations have also been checked numerically for the entire

MSSM. These relations simplify in the CP-conserving case.

This means that diagrams involving mixing with Z can be expressed in terms of

diagrams involving mixing with G.

As an example, we will look at diagrams involving a neutral Higgs decaying to two

fermions via a self-energy, as in Figure 4.4. We can use the fact that, for a two body

decay into on-shell particles with identical mass,

M1 = u3 [A + Bγ5 + (C + Dγ5) p/] v2,

M2 = u3 [A + (B − 2mfD) γ5] v2,∑

all spins

M1M∗
1 =

∑

all spins

M2M∗
2. (4.63)

This means that, instead of using the usual Zff coupling (involving p/), we can use a

coupling pνΓ
tree
Zff which is given in terms of Γtree

Gff , i.e.

pνΓ
tree
Zff = −i

MZ

p2
pνΓ

tree
Gff . (4.64)

We can then directly compare the two contributions at the level of the matrix element.

For the h → f f̄ decay with incoming momentum p2 (Figure 4.4 with hi = h),

iΣ̂hG(p2)
i

p2 − M2
ZξZ

Γtree
Gff̄ + ipνΣ̂hZ(p2)

−iξZpµpν

p2(p2 − M2
ZξZ)

pµΓtree
Zff̄

= −Γtree
Gff̄

p2
Σ̂hG(p2), (4.65)

which does not contain a pole at p2 = M2
ZξZ . However, for the decay A → f f̄ via a

self-energy (Figure 4.4 with hi = A),

iΣ̂AG(p2)
i

p2 − M2
ZξZ

Γtree
Gff̄ + ipνΣ̂AZ(p2)

−iξZpµpν

p2(p2 − M2
ZξZ)

pµΓtree
Zff̄

= −Γtree
Gff̄

p2

(
Σ̂AG(p2) − (p2 − m2

A)f0(p
2)

M2
ZξZ

p2 − M2
ZξZ

)
, (4.66)

which is problematic because the existence of the f0 prevents the cancellation of the

pole at p2 = M2
ZξZ. However, this term vanishes if the tree level mass is used for the
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incoming momentum i.e. p2 = m2
A. This means that, in a strict 1-loop expansion (where

the Z-factors are also expanded), the Higgs-fermion-fermion vertex is

h : −Σ̂′
hh(m

2
h)

2
Γtree

hff̄ − Σ̂hH(m2
h)

m2
h − m2

H

Γtree
Hff̄ −

Σ̂hA(m2
h)

m2
h − m2

A

Γtree
Aff̄ −

Σ̂hG(m2
h)

m2
h

Γtree
Gff̄ + Γ1−loop

hff̄
,

H : −Σ̂′
HH(m2

H)

2
Γtree

Hff̄ −
Σ̂hH(m2

H)

m2
H − m2

h

Γtree
hff̄ − Σ̂HA(m2

H)

m2
H − m2

A

Γtree
Aff̄ −

Σ̂HG(m2
H)

m2
H

Γtree
Gff̄ + Γ1−loop

Hff̄
,

A : −Σ̂′
AA(m2

A)

2
Γtree

Aff̄ −
Σ̂HA(m2

A)

m2
A − m2

H

Γtree
Hff̄ −

Σ̂hA(m2
A)

m2
A − m2

h

Γtree
hff̄ − Σ̂AG(m2

A)

m2
A

Γtree
Gff̄ + Γ1−loop

Aff̄
,

where m2
h, m

2
H , m2

A are tree level masses as before and there are no poles dependent on

ξZ. In fact, we have checked that these expressions are independent of ξZ numerically

using FeynArts [41–43] and FormCalc [43, 45].

For the full calculation, we need to incorporate higher order results without recreating

the pole at p2 = M2
ZξZ. Therefore, whenever contributions involving mixing between

hi and G, Z bosons are included, they should be calculated at incoming momentum

corresponding to the tree level mass, rather than the loop corrected mass.

So, for the example used above of the ha → f f̄ decay, we would combine ‘Z-factors’,

vertex corrections and Goldstone/Z boson mixing contributions by

Γfull
haff̄ = Ẑai

[
Γ1PI

hiff̄

(
M2

ha

)
+ ΓG,Zse

hiff̄

(
m2

hi

)]
. (4.67)

We could have chosen to multiply the ΓG,Zse

hiff̄

(
m2

hi

)
by tree level Z-factors rather than

the full Z-factors. The advantage of our choice is simply that there is no need to calculate

these tree level ‘Z-factors’ (the tree level Ẑ elements are all either 1 or 0. However, Ẑ

might not correspond to 1).

Similarly, for the triple Higgs decay, there are similar cancellations between the G

and Z self-energy contributions which cancel the unphysical pole. Therefore, we can use

Γfull
hahbhc

= ẐckẐbjẐai

[
Γ1PI

hihjhk

(
M2

ha
, M2

hb
, M2

hc

)
+ ΓG,Zse

hihjhk

(
m2

hi
, m2

hj
, m2

hk

)]
.(4.68)



Chapter 5

Resummation of Standard Model

and SUSY QCD corrections

In this chapter, we provide a brief introduction to elements of Standard Model QCD

which we will require later in the thesis. We also outline a method to resum the poten-

tially large SUSY QCD loop corrections to the Higgs to b-quark coupling, which includes

a consistent treatment of the complex phases.

5.1 SM QCD corrections

We will discuss the Standard Model QCD corrections to the running of the strong cou-

pling constant and the b-quark mass, which will be particularly relevant when calculating

the ha → bb̄ decay. For a general introduction to this area of QCD, see [80, 81]. Our

conventions closely follow those of [82]. However, since we will be combining these re-

sults with the 1-loop QCD corrections to the ha → bb̄ decay, we restrict the discussion

to 1-loop order, as advised by [83]. This will avoid the inclusion of unnecessary renor-

malisation scheme-dependent higher order terms in the decay width in Section 7.2.2.

66
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5.1.1 The running of the strong coupling constant in the

Standard Model

In the Standard Model, the MS QCD coupling αs depends on the renormalisation scale

µren through the relation

µren
∂αs

∂µren

= 2β (αs) , (5.1)

where

β (αs) = − β0

(4π)
α2

s −
β1

(4π)2
α3

s + O(α4
s), (5.2)

β0 = 11 − 2

3
Nf , (5.3)

β1 = 102 − 38

3
Nf . (5.4)

Nf is the number of active quarks i.e. the number of quarks with mass less than or equal

to µren.

The solution can be written (see e.g. [80]) as an expansion in inverse Lq where

Lq = log

(
µ2

ren

(Λ
(nf )

QCD)2

)
, such that

αs

(
µ2

ren

)
=

4π

β0Lq

(
1 − β1 log (Lq)

β2
0Lq

)
+ O

(
1

Lq

)3

, (5.5)

where Λ
(nf )
QCD is a constant of integration, representing the scale at which the strong

coupling becomes strong. We find Λ
(5)
QCD by numerically solving equation (5.5) for

αs(M
2
Z) = 0.118, giving the result Λ

(5)
QCD = 227.0 × 10−3 GeV.

We calculate Λ
(6)
QCD using the relation

Λ
(6)
QCD = Λ

(5)
QCD

(
mt

Λ
(5)
QCD

)−2/21 [
2 log

mt

Λ
(5)
QCD

]−107/1127

, (5.6)

which we derive from requiring that αs(µ
2
ren) is continuous at µ2

ren = m2
t up to first

order terms. We find Λ
(6)
QCD = 94.42 × 10−3 GeV for mt = 172.6 GeV. This method

gives αs(m
2
t = 172.62 GeV2) = 0.1077. This can be compared to the value αs(m

2
t =

172.62 GeV2) = 0.1070 given by [84], which includes higher order terms.
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5.1.2 The running of the b-quark mass in the Standard Model

Calculating the gluon 1-loop correction to the b-quark mass in the on-shell scheme and

in the MS scheme gives a relation between the on-shell b-quark mass mpole
b and the MS

b-quark mass mb(µren),

m2,pole
b = m2

b(µren)

[
1 +

2αs(µ
2
ren)

3π

(
4 + 3 log

(
µ2

ren

m2
b

))]
, (5.7)

which is valid if µren ∼ mb. Performing the calculation in the dimensional reduction

scheme gives an expression for the DR b-quark mass which differs from equation (5.7)

in that the factor ‘4’ is replaced by a ‘5’.

However, we will need to calculate the running bottom quark mass at the scales mt

and Mhi
. This involves solving the renormalisation group equation for mb in order to

sum the terms log
(

µ2
ren

m2
b

)
to all orders. For mb ≤ µren ≤ mt this gives (see e.g. [80])

mb(µren) = mb(mb)U
(5)
f (m2

b , µ
2
ren), (5.8)

where

U
(Nf )

f (m2, µ2
ren) =

(
αs(µ

2
ren)

αs(m2)

)Df
(

1 +
Jf

4π

(
αs(m

2) − αs(µ
2
ren)
))

, (5.9)

Df =
12

33 − 2Nf
, (5.10)

Jf =
−
(
8982 − 504Nf + 40N2

f

)

3 (33 − 2Nf)
2 . (5.11)

For µren > mt, the result is (see e.g. [80])

mb(µren) = mb(m
2
b)U

(5)
f (m2

b , m
2
t )U

(6)
f (m2

t , q
2). (5.12)

Figure 5.1 shows the dependence of the running b-quark mass on the energy scale.

We can see a numerically insignificant discontinuity at µren = mt, which is caused by

the higher order terms which we have neglected in equation (5.6).
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Figure 5.1: The running b-quark Standard Model MS mass as function of the energy scale
m. Note the small discontinuity at µren = mt
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Figure 5.2: SUSY QCD corrections induced by gluino and sbottom quark loops which can
be enhanced at large tan β, (i, j = 1, 2)
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5.2 Resummation of SUSY QCD contributions

5.3 The ∆mb correction

The renormalised hi → bb̄ decay involves loops containing gluons and sbottoms, as in

Figure 5.3. It is well known that, at large tβ, these SUSY QCD contributions can be

enhanced (see [85] and references contained therein). This is due to the fact that the

term mbµ, which is part of the off-diagonal component of the sbottom mass matrix, is

proportional to tβ.

Since these effects are universal in that they affect neutral and charged Higgs equally

and are independent of kinematic configuration, we can incorporate this effect by writ-

ing a effective Lagrangian which includes a non-zero coupling of b-quarks to the H ∗
22

component of the Higgs field, as in [86, 87],

Leff = −λbb̄R

[
H11 +

∆mb

tβ
H∗

22

]
bL + h.c. (5.13)

This leads to a new relation between the Yukawa coupling and the b-quark mass,

mb = λbv1 (1 + ∆mb) . (5.14)

In previous studies, ∆mb was assumed to be real. However, our analysis will focus

on the general case, in which ∆mb is allowed to be complex. Leff can thus be rewritten

as

Leff = − 1

(1 + ∆mb)

mb

v1
b̄R

[
H11 +

∆mb

tβ
H∗

22

]
bL + h.c. (5.15)

= −(1 − ix)

(1 + y)

mb

v1
b̄R

[
H11 +

∆mb

tβ
H∗

22

]
bL + h.c., (5.16)

where x, y are real and given by

x =
Im∆mb

1 + Re∆mb
, (5.17)

y = Re∆mb + xIm∆mb. (5.18)
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Neglecting the term involving the Goldstone boson, this leads to

Leff ∈ b̄
1

1 + y

([
1 − 1

tαtβ
y + iγ5x

(
1 +

1

tαtβ

)]
vtree
hb̄bh

+

[
1 +

tα
tβ

y + iγ5x

(
1 − tα

tβ

)]
vtree
Hb̄bH

+

[
1 − 1

t2β
y + iγ5x

(
1 +

1

t2β

)]
vtree
Ab̄bA

)
b, (5.19)

where vtree
hb̄b

, vtree
Hb̄b

and vtree
Ab̄b

are defined by

Ltree ∈ b̄
[
vtree
hb̄bh + vtree

Hb̄bH + vtree
Ab̄bA

]
b. (5.20)

Note that, in this convention, vtree
Ab̄b

contains a γ5 dependence.

In order to find ∆mb, we perform a Feynman-diagrammatic calculation of the lead-

ing 1-loop gluino contributions to the renormalised hi → bb̄ decays, using the p2 = 0

approximation and i = h, H, A. In this p2 = 0 approximation, the b-quark self-energy

reduces to

Σp2=0(p) = ω−Σl(0) + ω+Σr(0), (5.21)

which leads to the on-shell counter-terms

δmp2=0 =
1

2

[
Σl(0) + Σr(0)

]
= ReΣl(0), (5.22)

δZL
p2=0 =

[
1

2m

(
Σl(0) − Σr(0)

)]
=

i

m
ImΣl(0), (5.23)

δZR
p2=0 =

[
1

2m

(
Σr(0) − Σl(0)

)]
=

−i

m
ImΣl(0). (5.24)

Recall that Σl(p2) = Σr(p
2)∗ and that, in the p2 = 0 approximation, the loop inte-

grals can be reduced to A0 integrals, which are real. Comparing this calculation to

equation (5.19) gives the structure of ∆mb as

∆mg̃
b =

4

3

1

2

αs

π
µ∗M∗

3 tβI
(
m2

b̃1
, m2

b̃2
, m2

g̃

)
, (5.25)

I (a, b, c) = −abLog
(

b
a

)
+ acLog

(
a
c

)
+ bcLog

(
c
b

)

(a − c) (c − b) (b − a)
. (5.26)
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We note, in passing, that the unrenormalised b-quark self-energy is finite and given

by

Σp2=0
b,g̃ (p) = mb (Re∆g̃ − iγ5Im∆g̃) , (5.27)

∆g̃ =
∆mg̃

bXb

tβµ∗ (5.28)

=
4

3

1

2

αs

π
XbM

∗
3 I
(
m2

b̃1
, m2

b̃2
, m2

g̃

)
, (5.29)

i.e. it is proportional to the entire off-diagonal element mbXb = mb(Ab − µ∗tβ) of

the sbottom matrix. [87] (which performs the calculation in the real MSSM) includes

an additional correction ∆1 which is proportional to Ab. [87] incorporates this into the

calculation as a higher order contribution through the substitution ∆mg̃
b → ∆mg̃

b(1+∆1).

We do not consider corrections of this type in this thesis.

5.3.1 Incorporating Electroweak corrections due to higgsino

loops

In the hi → bb̄ decay, diagrams involving charged higgsinos also contain tβ enhanced

contributions [85, 86]. We treat these analogously to the ∆mg̃
b corrections above. Com-

parison with the 1-loop Feynman-diagrammatic calculation in the complex MSSM gives

∆mh̃
b =

αt

4π
A∗

t µ
∗tβI

(
m2

t̃1
, m2

t̃2
, |µ|2

)
, (5.30)

where

αt =
h2

t

4π
, (5.31)

ht =
mt

v2

=
mte√

2sβsW MW

. (5.32)

We note that the higgino contribution to the b-quark unrenormalised self-energy is

Σp2=0

b,h̃
(p) = mb (Re∆h̃ − iγ5Im∆h̃) , (5.33)

∆h̃ = −∆mh̃
b X

∗
t

A∗
t

(5.34)

= −αt

4π
X∗

t µ∗tβI
(
m2

t̃1
, m2

t̃2
, |µ|2

)
. (5.35)
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We therefore resum both the gluino and higgsino contributions by using a ∆mb

correction of

∆mb = ∆mg̃
b + ∆mh̃

b (5.36)

=
4

3

1

2

αs

π
µ∗M∗

3 tβI
(
m2

b̃1
, m2

b̃2
, m2

g̃

)
+

αt

4π
A∗

t µ
∗tβI

(
m2

t̃1
, m2

t̃2
, |µ|2

)
. (5.37)

In Section 7.2.7 we will demonstrate the numerical significance of ∆mh̃
b in the CPX

scenario.

It is also possible to incorporate effects from loops involving winos in to ∆mb as

in [86] (or even winos and binos as in [85]). We do not choose to do this as they are

numerically small compared to the higgsino component [86]. However, since we will

explicitly calculate the 1-loop diagrams involving winos and binos when calculating the

full 1-loop ha → bb̄ decay width, the effect of leaving them out of the ∆mb is of sub-

leading 2-loop order.

5.3.2 ∆mb corrections in the Higgs Cascade Decays

There are a number of ways in which ∆mb could be included in loop corrections involving

mb in the ha → hbhc decay in the real MSSM. Care is needed to make sure that the

UV divergences still cancel, which means that corrections also need to apply to the mb

appearing in the sbottom mass matrix.

The simplest method would be to replace mb with mb/(1 + ∆mb) in the entire cal-

culation. This method does not distinguish between the different types of Higgs and

would be incorrect in the decoupling limit tα → −1/tβ, where the hbb̄ coupling should

be independent of ∆mb. This method would also give corrections to the b-quark masses

and b-squark masses in the propagators.

Alternatively, in the real MSSM, the UV divergences cancel in the hihjhk vertex for

all i, j = h, H if only the Yukawa terms proportional to m4
b are kept and vertices are

given a factor 1
1+∆mb

(
1 − ∆mb

tαtβ

)
or 1

1+∆mb

(
1 + tα

tβ
∆mb

)
for each h or H they involve

respectively.

Although the justification of this is not clear at present, this could be an interesting

line of investigation for the complex MSSM.
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We decide not to include ∆mb corrections to the Higgs Cascade Decay vertex in our

numerical comparisons in the complex MSSM in this thesis.

5.3.3 ∆mb corrections in neutral Higgs self-energies

The program FeynHiggs [31, 56–58] allows the user the option of incorporating ∆mb in

to the neutral Higgs self-energies and this is recommended by the FeynHiggs authors.

Unless otherwise stated, we will use this option whenever we use FeynHiggs to obtain

self-energies.

In FeynHiggs, in the 1-loop option or the option involving 1-loop terms plus only

2-loop terms of O(αsαs) [55], ∆mb is incorporated using an effective bottom mass of

mb/ |1 + ∆mb| [88]. For the case where other 2-loop terms are included [74–78], the

situation is more complicated as it is necessary to ensure that there is no double counting.

In both cases, the ∆mb corrections have a large numerical effect on the neutral Higgs

masses in the CPX scenario.



Chapter 6

Higgs cascade decay

6.1 Introduction

Higgs self-couplings (triple Higgs couplings hahbhc and quartic Higgs couplings hahbhchd)

are a crucial element of electroweak symmetry breaking via the Higgs mechanism. While

the prospects for a direct experimental determination of the quartic Higgs coupling at

present and future colliders is small (see, e.g., [89]), probing the triple-Higgs coupling

will be one of the prime goals in the experimental programme for testing the Higgs

mechanism. This coupling can be accessed via a precision measurement of the Higgs

production process e+e− → Zhaha at the ILC [90]1 or CLIC [91], and via Higgs cascade

decays of the form ha → hbhc. While Higgs cascade decays are obviously impossible in

the Standard Model, they can play an important role in models with extended Higgs

sectors, such as the MSSM.

Besides the interest in Higgs cascade decays as a means to directly probe Higgs self-

couplings, a precise prediction for decays of this kind is also important for phenomeno-

logical reasons. Where kinematically possible, these decays can even be dominant and

thus affect Higgs phenomenology very significantly. For example, in the region of CPX

parameter space 30 GeV <∼ Mh1
<∼ 50 GeV (which could not be excluded by LEP Higgs

searches [24], as discussed in Section 2.8), the h2 → h1h1 channel is the dominant h2

decay mode. Since the h1 coupling to Z bosons is suppressed in this region of parameter

space, the extent of the unexcluded region is heavily dependent on the h2 → h1h1 decay

width.

1At collider energies of ∼ 1 TeV, double Higgs production in WW fusion can also be important for
investigating the triple Higgs coupling [90].

75
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In order to reliably determine which parameter regions of the MSSM with a very

light Higgs boson are unexcluded by the Higgs searches so far and which regions will

be accessible by Higgs searches in the future, precise predictions for the Higgs cascade

decays ha → hbhc in the MSSM with complex parameters are indispensable.

As we discussed in detail in Chapter 4, loop corrections to the neutral Higgs mass

matrix M are well known for the real and complex MSSM and have been used to

find propagator corrections to processes involving external neutral Higgs particles, for

example through the use of the matrix Z or the matrix which diagonalises the mass

matrix.

However, the genuine vertex corrections to the triple Higgs decay can also be sizable.

In the real MSSM, the leading Yukawa vertex corrections and the complete 1-loop vertex

corrections have been calculated [92–98]. However, for the complex MSSM, previous to

the results described in this thesis, only effective coupling approximations were available

[99, 100].

In this chapter, we calculate the full 1-loop vertex corrections within the Feynman-

diagrammatic approach, taking into account the full dependence on all complex phases

of the supersymmetric parameters. We include the full propagator corrections, using

neutral Higgs self-energies as provided by the program FeynHiggs [31, 56–58] and we

consistently include 1-loop mixing with the Z boson and the unphysical Goldstone-

boson degree of freedom. For the numerical examples, we will use the h2 → h1h1

decay in the CPX scenario (as discussed in Section 2.8), since an understanding of the

characteristics of this decay will be useful in order to understand the exclusion plots

presented in Chapter 9, which are obtained by comparing the LEP cross-section limits

with our improved theoretical predictions.

6.2 Investigating the kinematic behaviour of the

h2 → h1h1 decay width

In order to understand the behaviour of the h2 → h1h1 decay width, it is necessary to

be familiar with its kinematic dependence. We use the general expression for 2-body

decays,

Γ(ha → hbhc) =
Sρ|M|2
8πM2

ha

, (6.1)
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Figure 6.1: Plot of tanβ against the charged Higgs mass MH+ in the CPX scenario. (a)
colour bar shows the value of the lightest neutral Higgs mass Mh1(b) colour bar shows the
value of the kinematic factor K for the decay h2 → h1h1

where M is the matrix element. For identical final state particles, hb = hc,

ρ =
Mha

2

√
1 −

4M2
hb

M2
ha

, (6.2)

and the symmetry factor S is 1
2
. For the case hb 6= hc,

ρ =
1

2Mha

√
M4

ha
+ M4

hb
+ M4

hc
− 2

(
M2

ha
M2

hb
+ M2

hb
M2

hc
+ M2

hc
M2

ha

)
, (6.3)

and the symmetry factor is 1. We define a factor K, which will be useful for studying

the kinematic dependence of Γ(h2 → h1h1),

K =
2

M2
h2

ρ =
1

Mh2

√
1 −

4M2
h1

M2
h2

. (6.4)

Figure 6.1 (a) shows the lightest neutral Higgs mass Mh1 (colour) in the CPX sce-

nario, as a function of tan β and charged Higgs mass MH+. There is a sizable region

of unphysical parameter space (grey), in which a positive Mh1 can not be calculated in

this scenario. As this region is approached, Mh1 tends to zero. Figure 6.1 (b) shows

the kinematic factor K (colour) over this region. We can see that the h2 → h1h1 decay
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is only kinematically allowed in a narrow region of the CPX parameter space shown in

this plot. We can see this region more clearly if we plot K as a function of tanβ against

Mh1 , as in Figure 6.2. Since we use tanβ and MH+ as input parameters, we vary MH+

iteratively to obtain the required Mh1 for each parameter point. We begin the x-axis

at Mh1 = 15 GeV as calculations in the region Mh1 < 15 GeV are problematic, since

quantities such as the Higgs masses vary strongly with slight changes in other parame-

ters (it is unstable). Other experimental constraints (such as meson decays) also need

to be considered2. The very low Mh1 region will not be relevant to our discussions in

Chapter 9, where we will be particularly interested in the effect of the new h2 → h1h1

vertex corrections on the unexcluded region found at 30 GeV <∼ Mh1
<∼ 50 GeV.

In Figure 6.2, the edge of unphysical parameter space (grey) occurs at MH+ =

Mmax,CPX
H+ = 1000 GeV. However, the position of this edge on the Mh1 − tanβ plane is

relatively insensitive to slight variations in Mmax,CPX
H+ .

Figure 6.3 (a) and (b) show some of the features of Figure 6.2 in more detail. Fig-

ure 6.3 shows that the kinematic factor K (colour) decreases as Mh1 approaches the

kinematic limit for the h2 → h1h1 decay. In Figure 6.3 (b), we see that the kinematic

factor K (colour) is roughly independent of tan β in the range 3 <∼ tanβ <∼ 25. This

relative independence of kinematics will be extremely useful when investigating the ef-

fect of loop corrections. Outside this region, K falls off dramatically. In the unstable

regions tan β <∼ 2 and tanβ >∼ 34, very small variations in tan β have a huge effect on

the value of the MH+ required to keep Mh1 constant.

It is worth noting that the region MH+
<∼ 200 GeV is not the only region of CPX

parameter space with a significant h2 → h1h1 decay width. In Figure 6.4, we can see

that this decay is kinematically allowed for all values of tan β above MH+ ∼ 220 GeV.

6.3 Calculation of the genuine hi → hjhk vertex

contributions

We calculate the full 1PI (one-particle irreducible) 1-loop vertex corrections to the hi →
hjhk decay width within the Feynman-diagrammatic approach, taking into account the

phases of all supersymmetric parameters. hi, hj, hk are some combination of the tree

2For a recent analysis of experimental exclusions in the very low Mh1
region of the CPX scenario,

see [101]
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Figure 6.2: Plot of tanβ against the lightest Higgs mass Mh1 in the CPX scenario. MH± is
adjusted to give each Mh1 as required. The colour bar shows the value of the kinematic factor
K for the decay h2 → h1h1.

level Higgs propagators h, H, A. The programs FeynArts [41–43] and FormCalc [43,

45] are used to draw and evaluate the Feynman diagrams using dimensional reduction

and LoopTools [45] is used to evaluate the majority of the integrals. We use mb =

mb(m
on−shell
t ) in the vertex corrections and when calculating sbottom masses and a top

mass of mt = mt(mt) = mon−shell
t /

(
1 + 4

3π
αs(m

on−shell
t )

)
in order to absorb some of the

higher order SM QCD corrections (see discussion in Section 5.1.2). We use a unit CKM

matrix and assume no squark generation mixing.

6.3.1 Leading corrections (Yukawa terms)

At low to moderate values of tan β, the leading corrections to the hi → hjhk vertex

are the Yukawa terms from the t, t̃ sector. These arise from the diagrams shown in

Figure 6.5.
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Figure 6.3: The kinematic factor K for the decay h2 → h1h1 in the CPX scenario (a) as a
function of the lightest Higgs mass Mh1 for various values of tanβ and (b) as a function of
tanβ for various values of the lightest Higgs mass Mh1 .

We calculate these contributions using the Yukawa approximation (as defined in Sec-

tion 6.3.1), in order to obtain compact analytical expressions for the leading corrections

to the hihjhk vertex. To evaluate these corrections, we require 3-point scalar integrals

C0 at zero momentum, as given in Appendix A. We find that there are no counter-term

contributing to the hihjhk vertex in this approximation.

We therefore arrive at the following expressions for the leading Yukawa corrections

in the t/t̃ sector, for vertices involving the CP-even tree-level Higgs bosons:

∆vYuk
φ1φ1φ1

= − 3e3m4
t

32π2M3
W s3

Ws3
β

Re [µXt]

m2
t̃1
− m2

t̃2

{
4m2

t Re 2[µXt]E11122−11222 + 3µµ∗C112−122

}
,

(6.5)

∆vYuk
φ1φ1φ2

= − 3e3m4
t

32π2M3
W s3

Ws3
β

1

m2
t̃1
− m2

t̃2

{
µµ∗

(
2 log

(
mt̃1

mt̃2

)
− 3Re [A∗

t Xt]C112−122

)

−4m2
t Re 2[µXt] (D1112−1222 + Re [A∗

t Xt]E11122−11222)

+2Im 2[µXt]C112−122

}
, (6.6)
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Figure 6.4: Plot of tan β against the charged Higgs mass MH+ in the CPX scenario. The
colour bar shows the value of the kinematic factor K in the decay h2 → h1h1
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Figure 6.5: Leading vertex corrections to the decay hi → hjhk, involving t/t̃ loops. (x,y,z =
1,2)

∆vYuk
φ1φ2φ2

=
3e3m4

t

16π2M3
W s3

W s5
β

1

m2
t̃1
− m2

t̃2

{
2µµ∗sβcβ log

(
mt̃1

mt̃2

)

−s2
βRe [µXt]

(
m2

t

m2
t̃1
m2

t̃2

(
m2

t̃1
− m2

t̃2

)
− 3 log

(
mt̃1

mt̃2

)
+

3

2
C112−122AtA

∗
t

+2m2
t Re [A∗

t Xt] (2D1112−1222 + E11122−11222Re [A∗
t Xt])

)

−cβsβIm 2[µXt]C112−122

}
, (6.7)
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∆vYuk
φ2φ2φ2

=
3e3m4

t

16π2M3
Ws3

W s3
β

1

m2
t̃1
− m2

t̃2

{(
m2

t̃1
− m2

t̃2

)(
2 − 3 log

(
mt̃1mt̃2

m2
t

))

−3 log

(
mt̃1

mt̃2

)
(AtA

∗
t + Re [A∗

t Xt]) −
m2

t

m2
t̃1
m2

t̃2

(
m4

t̃1
− m4

t̃2

)

+3Re [A∗
t Xt]

(
m2

t

m2
t̃1
m2

t̃2

(
m2

t̃1
− m2

t̃2

)
+

1

2
C112−122AtA

∗
t

+
2

3
m2

t Re [A∗
t Xt] (3D1112−1222 + E11122−11222Re [A∗

t Xt])

)}
, (6.8)

where

Yt = At + tβµ∗ (6.9)

D1112−1222 = D0

(
0, 0, 0, 0, m2

t̃1
, m2

t̃1
, m2

t̃1
, m2

t̃2

)
− D0

(
0, 0, 0, 0, m2

t̃1
, m2

t̃2
, m2

t̃2
, m2

t̃2

)

= − 1

2
(
m2

t̃1
− m2

t̃2

)
(

m2
t̃1

+ m2
t̃2

m2
t̃1
m2

t̃2

− 4

m2
t̃1
− m2

t̃2

log

(
mt̃1

mt̃2

))
, (6.10)

E11122−11222 = E0

(
0, 0, 0, 0, 0, m2

t̃1
, m2

t̃1
, m2

t̃1
, m2

t̃2
, m2

t̃2

)

− E0

(
0, 0, 0, 0, 0, m2

t̃1
, m2

t̃1
, m2

t̃2
, m2

t̃2
, m2

t̃2

)

=
1

2


 1

m2
t̃1
m2

t̃2

(
m2

t̃1
− m2

t̃2

)

+
12

(
m2

t̃1
− m2

t̃2

)3


1 −

(
m2

t̃1
+ m2

t̃2

)

(
m2

t̃1
− m2

t̃2

) log

(
mt̃1

mt̃2

)



 , (6.11)

and m2
q̃1,2

are the stop masses under the Yukawa approximation, as given by equa-

tion (4.7). C112−122 is defined in equation (4.8). D1112−1222 and E11122−11222 are functions

of D0 and E0 scalar integrals, which are defined in Appendix A and solved for zero

external momentum. Since we are describing a process with 3 external legs, D0 and E0

do not appear explicitly in the Feynman diagrams. However, these functions are very

useful for simplifying the vertex expressions.

The 1-loop corrections to a hihjhk vertex involving at least one CP-odd eigenstate

are given by

∆vYuk
φ1φ1A =

3e3m4
t

32π2M3
Ws3

W s4
β

Im [µXt]

m2
t̃1
− m2

t̃2

{

(µµ∗ − 2cβsβRe [µXt]) C112−122 + 4m2
t Re 2[µXt]E11122−11222

}
, (6.12)
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∆vYuk
φ1φ2A = − 3e3m4

t

32π2M3
W s3

W s4
β

Im [µXt]

m2
t̃1
− m2

t̃2

{
+2cβsβ log

(
mt̃1

mt̃2

)

+ (2Re [µAt] − cβsβ (µµ∗ + AtA
∗
t )) C112−122

+4m2
t Re [µXt] (D1112−1222 + Re [A∗

t Xt]E11122−11222)
}

, (6.13)

∆vYuk
φ2φ2A = − 3e3m4

t

32π2M3
Ws3

W s4
β

Im [µXt]

m2
t̃1
− m2

t̃2

{
−2

m2
t

m2
t̃1
m2

t̃2

(
m2

t̃1
− m2

t̃2

)

+2
(
2s2

β + 1
)
log

(
mt̃1

mt̃2

)
−
(
2s2

βRe [A∗
t Xt] + AtA

∗
t

)
C112−122

−4m2
t Re [A∗

t Xt] (2D1112−1222 + Re [A∗
t Xt]E11122−11222)

}
, (6.14)

∆vYuk
φ1AA =

3e3m4
t

32π2M3
W s3

Ws5
β

1

m2
t̃1
− m2

t̃2

{
c2
βs2

βRe [µXt]

(
2 log

(
mt̃1

mt̃2

)
− YtY

∗
t C112−122

)

+2Im 2[µXt]
(
cβsβC112−122 − 2m2

t Re [µXt]E11122−11222

)}
, (6.15)

∆vYuk
φ2AA =

3e3m4
t

32π2M3
Ws3

W s5
β

1

m2
t̃1
− m2

t̃2

{
s2

βc2
β

(
−2
(
m2

t̃1
− m2

t̃2

)
log

(
mt̃1mt̃2

m2
t

)

−2 (Re [A∗
t Xt] + YtY

∗
t ) log

(
mt̃1

mt̃2

)
+ YtY

∗
t Re [A∗

t Xt]C112−122

)

+2Im 2[µXt]
(
s2

βC112−122 + 2m2
t (D1112−1222 + Re [A∗

t Xt]E11122−11222)
)}

,

(6.16)

∆vYuk
AAA = − 3e3m4

t

32π2M3
W s3

Ws6
β

Im 2[µXt]

m2
t̃1
− m2

t̃2

{
3c2

βs
2
β

(
2 log

(
mt̃1

mt̃2

)
− YtY

∗
t C112−122

)

−4m2
t Im

2[µXt]E11122−11222

}
. (6.17)

These compact, momentum independent expressions have the advantage that they

are extremely easy to implement into a computer code and therefore make very conve-

nient ‘effective’ vertices. In this form, we are also able to see that, despite including the

effect of complex phases, these corrections are themselves entirely real. These vertex

corrections simplify considerably in the real MSSM.
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6.3.2 Full 1-loop 1PI vertex corrections

For the full 1PI 1-loop corrections to the hihjhk vertex, we need the counter-terms shown

in Table 3.2 which were derived from the Lagrangian in Section 2.2. Note that, for

triple Higgs vertices with an external Higgs boson A, the field renormalisation constant

δZAG is required in order to ensure that the vertex is UV-finite. We have extended the

FeynArts [41–43] model files in order to include these counter-terms.

Examples of Feynman diagrams contributing to these vertex corrections are shown

in Figure 6.6.
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Figure 6.6: Examples of generic diagrams (showing only one of the topologies) contributing
to the processes hi → hjhk. hi, hj , hk are the physical Higgs fields at tree level (h,H,A), f
are SM fermions, f̃ are their superparters, χ̃0, χ̃ are neutralinos and charginos, V are vector
bosons, H denote the neutral and charged Higgs bosons and the Goldstone bosons, u are
Faddeev–Popov ghost fields.

We also investigated the effect of including loop-corrected Higgs bosons in the loop

corrections to the hihjhk vertex, instead of the tree level Higgs masses. In order to

ensure the UV divergences cancelled, we transformed the couplings of the internal Higgs

to the other particles using the unitary matrix Û from Section 4.6, through an appro-

priately adapted FeynArts [41–43] model file. For consistency, the loop corrected Higgs

masses used for these internal Higgs bosons were calculated using the mass matrix in

equation (4.47). These corrections were numerically insignificant in the examples inves-

tigated.
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6.4 Combining the 1PI vertex corrections with

propagator corrections to obtain the full ha → hbhc

decay width

We can combine vertices involving the tree level Higgs bosons hi, hj, hk with the wave-

function normalisation factors contained in the matrix Z, which contain self-energies

from the program FeynHiggs, in order to obtain processes involving the loop-corrected

states ha, hb, hc as the external particles (as discussed in Section 4.5).

These ‘Z-factors’ can be used in conjunction with tree level vertices Γtree
hihjhk

(given in

Table 3.2) using (sum over i, j, k)

Γtree
hahbhc

= ẐckẐbjẐaiΓ
tree
hihjhk

. (6.18)

We obtain our full result by combining the genuine 1-loop vertex corrections Γ1PI
hihjhk

and the vertex involving 1-loop Goldstone and Z boson self-energy contributions ΓG,Zse
hihjhk

with the Z-factors, such that (sum over i, j, k)

Γfull
hahbhc

= ẐckẐbjẐai

[
Γ1PI

hihjhk

(
M2

ha
, M2

hb
, M2

hc

)
+ ΓG,Zse

hihjhk

(
m2

hi
, m2

hj
, m2

hk

)]
. (6.19)

The genuine 1-loop vertex corrections Γ1PI
hihjhk

contain full momentum dependence and

therefore depend on the loop-corrected masses M 2
ha

, M2
hb

, M2
hc

. However, as discussed in

detail in Section 4.7, ΓG,Zse
hihjhk

are calculated by approximating the external momenta to

the tree level values m2
hi

, m2
hj

, m2
hk

.

6.5 Numerical Results

We will now investigate the importance of the full 1-loop genuine corrections through

their numerical impact on the h2 → h1h1 decay width. All the results plotted in this

section include the wave-function normalisation factors, through the matrix Z. The

case where only wave-function normalisation factors but no genuine one-loop vertex

contributions are included will be denoted ‘tree’.

Figure 6.7 compares the ‘tree’ result with the result which includes the genuine vertex

correction and all propagator corrections, as described by equation (6.19). In Figure 6.7
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(a), we can see that both the full and ‘tree’ h2 → h1h1 decay widths have a strong

dependence on tan β and both have a similar pattern of peaks and minima. However,

the behaviour of the ‘tree’ result is shifted with respect to the full result. For example,

the decay widths drop to zero in the low tanβ region of the graph at tanβ = 2.7 and

tan β = 4.3 respectively. Quantitatively, the results are also very different. For example,

the peak in the ‘tree’ decay width at medium values of tan β is approximately 13% of the

corresponding peak in the full decay width. We disregard the behaviour at tan β <∼ 2

and tan β >∼ 34, since we concluded from Figure 6.3 that these regions of parameter

space are unstable.

In Figure 6.7 (b), we can see that both the ‘tree’ and full decay widths decrease as

the lightest Higgs mass Mh1 increases, governed by the kinematic dependence we saw

in Figure 6.3 (b). Again, the ‘tree’ level result is heavily suppressed compared to the

full result. We can conclude from Figure 6.7 that calculations which just combine the

propagator corrections with the tree level vertex are an extremely poor approximation

to the full result.

In Figure 6.8, we focus on the peak in the full h2 → h1h1 decay width at tanβ ∼ 8,

which has a significant effect on the LEP exclusions in the CPX scenario, as we will see

in Chapter 9. We can see that the Yukawa corrections (labelled ‘Yukawa’) provide the
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Figure 6.7: The decay width Γ(h2 → h1h1) in the CPX scenario (a) as a function of tan β
at Mh1 = 30 GeV and (b) as a function of Mh1 at tβ = 6. MH± is adjusted to give each Mh1

as required. ‘tree’ indicates that the tree level vertex corrections have been combined with the
propagator corrections while ‘full’ includes full vertex corrections and propagator corrections.
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Figure 6.8: Γ(h2 → h1h1) as function of tan β for Mh1 = 30 GeV in the CPX scenario.
Result including the full vertex corrections is compared to the result including just the leading
vertex corrections, which are calculated using the Yukawa approximation (‘Yukawa’), the ver-
tex corrections from loops involving top, stop, bottom, sbottoms (‘t,st,b,sb’) and the vertex
corrections from loops involving all Standard Model fermions and their superpartners (‘f,sf’).
All results included propagator corrections.

leading contributions to the full h2 → h1h1 decay width, as expected. However, the peak

in the decay width calculated using Yukawa approximation is only ∼ 73% of the peak

in the full decay width. Including all vertex contributions for t, t̃, b, b̃ loops (‘t,st,b,sb’)

gives a better approximation, predicting a peak in the decay width which is ∼ 84% of

the full result. We can see that, numerically, there is relatively little difference between

including all Standard Model fermions and their superpartners in the loop corrections

(‘f,sf’) and just the t, t̃, b, b̃ contributions.

In Figure 6.9, we investigate the significance of some of the choices we made when per-

forming the ha → hbhc decay width calculation. As discussed in Section 3.3.3, for the full

result, we parametrise our result in terms of an electric charge calculated from α(MZ),

whereas for calculations involving only Standard Model fermions and their superpart-
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Figure 6.9: Γ(h2 → h1h1) as function of tan β for Mh1 = 30 GeV, using vertex corrections cal-
culated in the Yukawa approximation. All results include propagator corrections. ‘GF ,mt(mt)’
indicates that the vertex corrections have been parameterised in terms of an electric charge
calculated from the experimental value of GF and a running top quark mass evaluated at the
scale mt. ‘α(MZ),mt(mt)‘ indicates that the vertex corrections have been parametrised in
terms of an electric charge calculated from α(MZ) and mt(mt) as before and ‘GF , on-shell mt’
indicates that the calculation has been parametrised in terms of an electric charge calculated
from GF and an on-shell top quark mass.

ners (such as calculations performed with the Yukawa approximation), we parametrise

our result in terms of an electric charge obtained from the experimental value of the

Fermi constant GF . In Figure 6.9, we can see that this has a numerical effect of ∼ 7%

at the peak in the h2 → h1h1 decay width. As we have discussed, we also chose to use

a running top mass of mt = mt(mt) in the calculation, in order to absorb some of the

higher order SM QCD corrections. Since the Yukawa corrections are proportional to m4
t

or m6
t , it is unsurprising that using a top mass of mt = mon−shell

t has a large numerical

effect, as we can see from Figure 6.9.
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Figure 6.10: Γ(h2 → h1h1) as function of tanβ for Mh1 = 30 GeV in the CPX scenario, using
propagator corrections and fermion/sfermion contributions to the vertex corrections. ‘full p2’
indicates that the full momentum dependence was taken into account while ‘p2 = 0’ indicates
that the external momentum was approximated to zero in the vertex corrections.

In Figure 6.10, we compare the contribution from fermion and sfermion loops with

the full momentum dependence to the result under the approximation of zero external

momentum. At the peak in the h2 → h2h1 decay width, the p2 = 0 approximates the

full f, f̃ result to an accuracy of 2%. This approximation could be very useful in making

an effective triple Higgs coupling, which would approximate the full result significantly

better than an effective coupling made using the Yukawa approximation.

In Figure 6.11 and Figure 6.12 we investigate the dependence of the h2 → h1h1 decay

width on other SUSY parameters. We choose the parameters At, µ and MSUSY, since

these all appear in the leading corrections, as we can see from equation (6.5)–(6.17).

Figure 6.11 (a) shows that varying arg At by 10% has a highly significant effect on the

h2 → h1h1 decay width, through shifting the minimum and the peak at moderate tanβ to

higher values of tanβ as arg At increases. The magnitude of the peak at moderate tanβ
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Figure 6.11: Γ(h2 → h1h1) as function of tan β for Mh1 = 30 GeV and various values of (a)
the phase of the trilinear coupling ϕAt and (b) the absolute value of the trilinear coupling |At|.
(All trilinear couplings are set to these values, other parameters are as for the CPX scenario)
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Figure 6.12: Γ(h2 → h1h1) as function of tanβ for Mh1 = 30 GeV and various values of
(a) the higgsino mass parameter µ and (b) the soft SUSY breaking parameter MSUSY. (Other
parameters are as for the CPX scenario.)

decreases as arg At increases. This dramatic dependence on a complex phase emphasises

the importance of including complex phases in the calculation. In Figure 6.11 (b), we

see that increasing |At| also shifts the minimum and the peak at moderate tanβ to
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higher values of tanβ. However, in this case, the magnitude of the peak at moderate

tan β increases as arg At increases and the gradient of the decay width at higher values

of tanβ varies significantly. Varying µ has a similar qualitative effect to varying |At|,
as we can see in Figure 6.12 (a). In Figure 6.12 (b), we can see that increasing MSUSY

by 10% dramatically increases the h2 → h1h1 decay width and moves the two points at

which the decay width falls to zero to closer values of tan β. We will return to these

plots in Chapter 9 in order to explain the variation in the size and shape of the region

of CPX parameter space at tanβ ∼ 8 which the LEP results are unable to exclude.

As discussed in Section 6.3, we also investigated the effect of including loop-corrected

Higgs bosons as internal particles. In the range 2 < tanβ < 30, for Mh1 = 30 GeV, we

found that this changed the h2 → h1h1 decay width by less than 0.3%, apart from in

the immediate vicinity of the point at which the full decay width drops to zero.

6.6 Conclusion

In this section, we have calculated the full 1-loop vertex corrections within the Feynman-

diagrammatic approach for the process ha → hbhc, taking into account the full phase

dependence of the supersymmetric parameters. These vertex corrections incorporate

the full momentum dependence. We have included the full propagator corrections, using

neutral Higgs self-energies as provided by the program FeynHiggs [31,56–58] and we have

consistently included 1-loop mixing with the Z boson and the unphysical Goldstone-

boson degree of freedom. Our results are currently the most precise predictions for

the ha → hbhc decay width. These results will be included in the program FeynHiggs

[31, 56–58].

We have found that the genuine vertex corrections to the triple Higgs vertex are

numerically very important. Their inclusion changes the predictions for the decay widths

very drastically, compared to an approximation which is based solely on propagator-

type corrections and tree level vertex corrections. Using the corrections obtained in the

Yukawa approximation yields a prediction for the decay width which is closer to the full

result, but we still find deviations of ∼ 27% in the example of the CPX parameter space

at tanβ ∼ 8, Mh1 ∼ 30 GeV, which will be particularly relevant to LEP exclusions

discussed in Chapter 9.
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We have also presented two effective coupling approximations in the complex MSSM.

The Yukawa approximation includes all leading corrections and can be expressed in a

very compact form, thus providing a very convenient way to go beyond the tree level

vertex contributions. The effective coupling created from the full fermion/sfermion ver-

tex corrections at zero incoming momentum is a more sophisticated effective coupling

approximation. These effective couplings can be used for determining accurate cross-

sections for processes such as e+e− → h1Z → h1h1Z at the ILC, which provide a way

to directly access the Higgs self-couplings and thus investigate a crucial element of the

Higgs mechanism.



Chapter 7

Higgs decay to SM fermions

7.1 Introduction

The fermionic decay modes of the neutral Higgs bosons are crucially important to collider

phenomenology. These modes have been used when obtaining a lower bound on the

Standard Model Higgs mass [17] and to exclude large regions of MSSM parameter space

[24, 102, 103]. In particular, an accurate prediction for the Higgs decay to b-quarks has

been vital for these analyses, since, for Standard Model Higgs bosons with mass less

than about 130 GeV and for a variety of SUSY scenarios, ha → bb̄ is the dominant

decay mode, and the resulting b-jets can be tagged in the detector. The decay to τ -

leptons can also be useful for providing exclusions, such as those found recently for

various benchmark MSSM scenarios in the high tan β region at the Tevatron [104, 105].

In the Standard Model, the fermionic decay width is extremely well known (for a

review, see [106] and references therein) and much of the analysis for the photon and

gluon contributions to the process involving the Standard Model Higgs also apply in the

MSSM. As we discussed in Section 5.3, the SUSY QCD corrections can be sizable for

the ha → bb̄ decay and should be resummed (see, for example, [87], for an investigation

into these effects). Results supplemented with leading 2-loop propagator corrections [82]

and full electroweak contributions [107] are also available in the real MSSM.

The program HDecay [108] provides ha → f f̄ decay widths for the Standard Model

and the real MSSM. For the complex MSSM, the program CPsuperH [59], is available.

This calculation involves effective haf f̄ couplings, as described in [100].

93
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The program FeynHiggs [31, 56–58] calculates the ha → f f̄ decay width using the

Feynman-diagrammatic approach, including the most significant QCD corrections, re-

summed SUSY QCD corrections and propagator corrections incorporating the full neu-

tral Higgs self-energies. This calculation is valid in the real and complex MSSM. How-

ever, it does not currently include the full 1-loop electroweak vertex corrections.

Therefore, in this chapter, we calculate the full 1-loop electroweak vertex corrections

to the ha → f f̄ decay width in the complex MSSM, including full phase and momentum

dependence, for eventual inclusion in FeynHiggs. We supplement these new corrections

with 1-loop QED, SM QCD corrections, propagator corrections calculated using neu-

tral Higgs self-energies from FeynHiggs and 1-loop propagator mixing with unphysical

Goldstone bosons and Z bosons. We include resummed SUSY QCD corrections with full

phase dependence.

7.2 Calculation of the ha → bb̄ decay width

7.2.1 Tree level

At tree level, the hi → bb̄ decay width is given by

Γtree(hi → bb̄) =
Nc

8πM2
ha

Mha

2

√
1 − 4m2

b

M2
ha

∣∣Mtree
∣∣2 . (7.1)

The mass dependence of the squared matrix element |Mtree|2 will be affected by the CP

properties of the Higgs boson.

7.2.2 Standard Model QED corrections

The real and virtual QED contributions to the Standard Model H → bb̄ decay width

lead to the 1-loop correction

δΓQED(H → bb̄) = Γtree(H → bb̄)
α

π
Q2

b

(
−3 log(

MH

mb(mb)
) +

9

4

)
, (7.2)
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for M2
H >> mf , as derived by [109]. In this limit, this equation holds for both scalar

and pseudoscalar Higgs [107]. We will therefore use the correction term

δQED :=
α

π
Q2

b

(
−3 log(

Mha

mb(mb)
) +

9

4

)
(7.3)

in our MSSM calculation.

7.2.3 Standard Model QCD corrections

If the factor Q2
bα in equation (7.2) is replaced by the factor Cfαs(MH), the expression

for the 1-loop QCD correction to the H → bb̄ decay in the Standard Model is obtained,

as shown by [109]. Cf = 4
3

is a colour factor and the running coupling αs(M
2
H) is given

by equation (5.5). Including the tree level result gives

ΓQCD(H → bb̄) =

[
Γtree(ha → bb̄)

m2,tree
b

]
m2,tree

b

[
1 +

αs(µ
2
ren)

π
Cf

(
−3 log(

MH

mb

) +
9

4

)]
,

(7.4)

where we have removed the dependence on the tree level Yukawa coupling from the term

in the square bracket.

This equation is not valid in the mass range we are interested in, MH >> mb.

However, substituting equation (5.7) into equation (7.4) gives

ΓQCD(H → bb̄) =

[
Γtree(ha → bb̄)

m2,tree
b

]
m2

b(µren)

[
1 +

αs(µ
2
ren)

4π

(
−16 log(

MH

µren
) +

68

3

)]
,

(7.5)

and we can choose µren = MH in order to cancel the logarithmic terms.

In practice, we parametrise our calculation in terms of mb = mb(Mha), where mb(Mha)

is found using equation (5.8) or equation (5.12). Therefore, in order to encompass the

full 1-loop Standard Model-like QCD corrections in our calculation, we will need to add

a correction

δQCD :=
17

3

αs(M
2
ha

)

π
(7.6)

to the ha → bb̄ decay width.
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Our method differs from that of [82], which includes some higher order terms in

αs(µ
2
ren) and mb(µren) and an extra term proportional to

αs(m2
b )

αs(M2
ha

)
. Our method also

differs from [87], which includes terms proportional to α2
s. However, some of these terms

depend on the CP properties of the Higgs, and thus are not trivially extendable to the

complex MSSM. Both [82] and [87] restrict their analyses to the real MSSM.

7.2.4 Full 1-loop 1PI hi → bb̄ vertex corrections

In order to calculate the 1 particle irreducible vertex corrections at 1-loop, Γ1PI,1−loop

hibb̄
,

we use the counter-terms shown in Table 3.3 and Table 3.4. Note that the counter term

δZAG is required. We include the full MSSM, apart from 1-loop diagrams involving

gluons or photons since we have treated these contributions separately. We include all

complex phases. As discussed above, we use mb(Mha) in these corrections in order to

absorb some of the higher order terms. As before, we use a unit CKM matrix and include

no squark generation mixing.

7.2.5 Resummed ∆mb corrections to hi → bb̄

In order to resum the leading SUSY QCD (and higgsino) corrections for the limit of

large tanβ in the limit of heavy SUSY particles, we use the effective couplings which

we derived in Section 5.3. However, as we are combining with the full genuine vertex

corrections, we need to make sure we are not counting the 1-loop corrections involving

gluinos or higgsinos twice. Therefore, we use effective couplings

v∆mb

hb̄b
=

1

1 + y

[
1 − 1

tαtβ
y + iγ5x

(
1 +

1

tαtβ

)]
vtree
hb̄b

−
[
Re∆mb

(
−1 − 1

tαtβ

)
+ iγ5Im∆mb

(
1 +

1

tαtβ

)]
vtree
hb̄b, (7.7)

v∆mb

Hb̄b
=

1

1 + y

[
1 +

tα
tβ

y + iγ5x

(
1 − tα

tβ

)]
vtree
Hb̄b

−
[
Re∆mb

(
−1 +

tα
tβ

)
+ iγ5Im∆mb

(
1 − tα

tβ

)]
vtree
Hb̄b, (7.8)

v∆mb

Ab̄b
=

1

1 + y

[
1 − 1

t2β
y + iγ5x

(
1 +

1

t2β

)]
vtree
Ab̄b

−
[
Re∆mb

(
−1 +

1

t2β

)
+ iγ5Im∆mb

(
1 +

1

t2β

)]
vtree
Ab̄b, (7.9)
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where the second line in each equation cancels the 1-loop terms. Recall that x, y are

real and given by

x =
Im∆mb

1 + Re∆mb
, (7.10)

y = Re∆mb + xIm∆mb, (7.11)

∆mb =
4

3

1

2

αs

π
µ∗M∗

3 tβI
(
m2

b̃1
, m2

b̃2
, m2

g̃

)
+

αt

4π
A∗

t µ
∗tβI

(
m2

t̃1
, m2

t̃2
, |µ|2

)
. (7.12)

(See Section 5.3 for full description of notation.) Following the procedure in the program

FeynHiggs [31, 56–58], we will use αs(m
2
t ) in ∆mb.

7.2.6 Combining these contributions with propagators to

obtain the full ha → bb̄ decay width

The amplitude Ahabb̄ is found by adding the ∆mb corrected coupling v∆mb

hib̄b
(which includes

the tree level result) to the 1 particle irreducible 1-loop vertex corrections Γ1PI,1−loop

hibb̄
and

the 1-loop corrections ΓG,Zse

hibb̄
, which are due to hiZ or hiG mixing. This is combined

with propagator corrections dependent on neutral Higgs self-energies, which we obtain

from FeynHiggs and incorporate through the matrix Z, such that

Ahabb̄ = Ẑai

[
v∆mb

hibb̄
+ Γ1PI,1−loop

hibb̄

(
M2

ha

)
+ ΓG,Zse

hibb̄

(
m2

hi

)]
. (7.13)

The arguments to Γ1PI,1−loop

hibb̄
and ΓG,Zse

hibb̄
denote the external momenta used. Ahabb̄ is

combined with the external fermion wavefunctions, then we take the squared modulus

and sum over external spins in the conventional way to get |Mhabb̄|2.

The full ha → bb̄ decay width is thus found using

Γfull(hi → bb̄) = [1 + δQCD + δQED]
Nc

8πM2
ha

Mha

2

√
1 − 4m2

b

M2
ha

|Mhabb̄|2 , (7.14)

which is an extension of the method used to combine QED, QCD and Z-factor corrections

in [82].
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7.2.7 Numerical Results

We shall first investigate the effect of the SM QCD and QED corrections. Figure 7.1

shows the H → bb̄ decay width in the Standard Model as a function of Higgs mass,

using the SM QED and QCD corrections described in equation (7.2) and equation (7.5)

respectively (‘QED, QCD’). This is compared to the tree level result (‘tree’) and result

if only SM QCD corrections are included (‘QCD’). For the purposes of this comparison,

we parametrise the calculation in terms of α(M 2
Z) 1. We find that the inclusion of the

SM QCD effects reduces the decay width considerably, whereas the QED contributions

are comparatively insignificant. We compare these results to those obtained from the

publicly available program HDecay [108]. HDecay includes SM QCD corrections at order

α2
s and α3

s, and thus gives a more sophisticated treatment of the SM QCD corrections. 2

We should consider the difference between the HDecay SM H → bb̄ decay width and the

decay width we obtain using equation (7.2) and equation (7.5) as a possible theoretical

uncertainty and bear in mind that the H → bb̄ decay width could be increased by about

10% due to these additional QCD corrections (the difference is 12% at MH = 100 GeV

and 9.1% at MH = 300 GeV).

We now consider the full MSSM ha → bb̄ decay widths in the CPX scenario. Fig-

ure 7.2 illustrates the h1 → bb̄ (upper), h2 → bb̄ (middle) and h3 → bb̄ (lower) decay

widths as a function of charged Higgs mass for tan β = 10 (left) and tanβ =30 (right).

All results include the propagator corrections, incorporated via the matrix Z. The decay

widths calculated by combining tree level vertices with propagator corrections are de-

noted ‘tree’. We note that the h1 and h2 decay widths have steep gradients at tan β = 10,

MH+ ∼ 167 GeV due to a ‘cross-over’ effect in the masses (i.e. Mh1 and Mh2 approach

each other). At tan β = 10, M+
H ∼ 160 GeV, h1 is mostly A, h2 is mostly h and h3 is

mostly H whereas at tan β = 10, M+
H ∼ 180 GeV, h1 is mostly h, h2 is mostly A and h3

is mostly H.

Figure 7.2 also illustrates that including the QED and SM QCD corrections (‘tree,

QED, QCD’), causes a suppression in the ha → bb̄ decay widths, as expected from our

discussion of Figure 7.1.

1We compared this to the result from parameterising the calculation in terms of GF and found an
insignificant numerical effect compared to other uncertainties in the calculation.

2The H → bb̄ calculated in HDecay also includes leading SM electroweak contributions. However, the
effect of these terms is numerically insignificant [108].
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Figure 7.1: The H → bb̄ decay width in the Standard Model. The lines labelled ‘QED,QCD’
and ‘QCD’ include only the corrections described in equation (7.2) and equation (7.5). The
line labelled ‘tree’ does not include these terms. The line labelled ‘HDecay’ has been obtained
using the program HDecay [108].

Including the resummed ∆mb contributions (‘tree, QED, QCD, ∆mb’) has a very

significant impact, as shown in Figure 7.2. These contributions have the greatest effect

on the h1 → bb̄ decay width at tanβ = 30, MH+ ∼ 200 GeV, where the suppression

reaches an order of magnitude. We would expect the ∆mb contributions to be more

significant at tan β = 30 than at tanβ = 10, since ∆mb is proportional to tan β, and

this is reflected in the results. Note that, for different SUSY parameters, it would be

possible for the resummed ∆mb corrections to cause an enhancement in the ha → bb̄

decay width, rather than a suppression.

Figure 7.2 also includes the full decay widths (‘full’), which combine the propaga-

tor, QED, SM QCD, SUSY QCD corrections with the full electroweak genuine vertex

corrections, as described by equation (7.14). This is almost indistinguishable from the

‘tree,QED,QCD,∆mb’ result, apart from in the h1 → bb̄ decay width at tan β = 30,
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MH+ ∼ 200 GeV, where the full decay width is just 57% of the size of the ‘tree, QED,

QCD, ∆mb’ result. The full result also includes propagator-type mixing with the Gold-

stone and Z boson. However, we have confirmed that this effect is numerically insignifi-

cant in all the examples plotted here.

In Figure 7.3, we consider the ∆mb corrections to the h2 → bb̄ decay width in

more detail, at tanβ = 10 (a) and tan β = 30 (b). All results shown in this plot

include propagator, QED, SM QCD and resummed ∆mb corrections. However, the

composition of ∆mb is varied. In Figure 7.3 (upper graphs), we can see that the result

obtained when including just gluino corrections to ∆mb is a good approximation to the

result obtained if both gluino and higgsino corrections are included, but the difference

is non-negligible. The lower graphs in Figure 7.3 include just the gluino contribution

to ∆mb and vary the scale at which the strong coupling constant is evaluated, from mt

(default) to αs(M
2
hi

), which is the value of αs used in the SM-like QCD corrections and

αs(
1
9

(
mb̃1

+ mb̃2
+ mg̃

)2
), which is used in [87]. The plots show that the choice of scale

in ∆mb can have a sizable impact. Changing the scale from mt to 1
3

(
mb̃1

+ mb̃2
+ mg̃

)

increases the h2 → bb̄ decay width by 8% for tan β = 10 and up to 35% for tan β = 30

(for MH+ < 135 GeV). We should consider this as an uncertainty in our calculation.

Figure 7.4 shows that using the full ha → bb̄ calculation, as described in equa-

tion (7.14), differs from the result obtained if only propagator, QED, SM QCD and

∆mb corrections are included by less than 6.5% in all the numerical examples discussed

above apart from the case ha = h1, tanβ = 30. In this latter case, the difference can be

over 70%. This occurs at a very low decay width of Γ(h1 → bb̄) = 0.00066 GeV.

Figure 7.5 demonstrates the dependence of the h1 → bb̄ decay width on the phase of

the trilinear coupling At, focusing on the minimum in the decay width at Γ(h1 → bb̄) =

0.00066 GeV, where the full result (full lines) differs significantly from the result which

includes just propagator, QED, SM QCD and ∆mb corrections (dashed lines). The

dependence on the phase At is pronounced, which is due in particular to the propagator

corrections.
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Figure 7.2: The ha → bb̄ decay width in the CPX scenario as a function of the charged Higgs
mass. ‘tree’ denotes the tree level result corrected by Z-factors. ‘tree,QED,QCD’ also includes
the SM-like QED and QCD corrections and ‘tree,QED,QCD,∆mb’ additionally includes the
resummed ∆mb contribution. ‘full’ denotes the full result, as described by equation (7.14).
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Figure 7.3: The h2 → bb̄ decay width at tan β = 10 (a) and tan β = 30 (b), including
propagator, QED, SM QCD and resummed ∆mb corrections. In the upper graphs, ‘gluino
and higgsino’ indicates that both the gluino and higgsino contributions are included in ∆mb,
whereas, in the ‘gluino only’ result, only gluino contributions have been included in ∆mb. In
the lower graphs, only gluino contributions are included in ∆mb and the scale at which the
αs is calculated within ∆mb is varied. We show results obtained using αs(m

2
t ) (as used in the

upper graphs), αs(M
2
h2

) and αs(q
2) where q = 1

3

(
mb̃1

+ mb̃2
+ mg̃

)
. (CPX scenario)
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7.3 Calculation of the ha → τ+τ− decay width

The calculation of the ha → τ+τ− decay width is similar to that of the ha → bb̄ decay

width, with the simplification that no QCD corrections are required. We calculate the

full 1-loop genuine vertex corrections and supplement these with propagator corrections

(including 1-loop mixing with Goldstone and Z bosons) and QED corrections. As before,

we have included all complex phases.

7.3.1 Numerical Results

Figure 7.6 compares the ha → τ+τ− decay width from the full calculation with the result

obtained if only propagator and QED corrections are included. As before, we use the

example of the CPX scenario, with tanβ = 10 and tan β = 30 and 100 GeV < MH+ <

350 GeV. For tanβ = 10, neglecting the extra electroweak 1-loop vertex corrections and

1-loop propagator mixing with G, Z bosons changes the result by less than 4%, whereas

for tan β = 30, the result changes by less than 1.5%.
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7.4 Conclusion

We have presented the full 1-loop electroweak vertex corrections to the ha → f f̄ decay

width in the complex MSSM, including full phase dependence. Although we have found

that these corrections are small in the numerical examples we have considered, these

contributions will be incorporated in to the program FeynHiggs. We have supplemented

these new corrections with 1-loop QED, SM QCD corrections, propagator corrections

calculated using neutral Higgs self-energies from FeynHiggs and 1-loop propagator mix-

ing with unphysical Goldstone bosons and Z bosons.

We also included resummed SUSY QCD corrections with full phase dependence. We

note here that this method could also be used to preserve the phase dependence of

the resummed SUSY QCD contributions in Higgs radiation off b-quarks, which is the

dominant production mechanism for supersymmetric Higgs bosons in hadron colliders

at large values of tan β (see [85] for a recent analysis in the real MSSM).

These ha → bb̄ and ha → τ+τ− decay widths will be combined with the ha →
hbhc decay widths as calculated in Chapter 6 and used in conjunction with the LEP

topological cross-section limits in Chapter 9 in order to investigate the experimentally

excluded regions of parameter space in the CPX scenario.



Chapter 8

Higgs branching ratios

8.1 Introduction

Accurate predictions for Higgs branching ratios are vital for Higgs phenomenology. In

particular, they are frequently required as part of calculations of cross sections of collider

processes involving the production and decay of an on-shell Higgs boson, which are often

performed using the narrow width approximation (this is described in more detail in

Appendix B). In Chapter 9, we will use Higgs branching ratios for the CPX scenario in

conjunction with the LEP topological cross section limits. In order to understand the

resulting exclusions, it will be necessary to refer to the behaviour of the contributing

branching ratios.

We combine the ha → hbhc decay widths calculated in Chapter 61 with the ha → bb̄

and ha → τ−τ+ decay widths calculated in Chapter 7. As we have discussed, these decay

widths include the full 1-loop genuine vertex corrections and are combined with prop-

agator corrections obtained using neutral Higgs self-energies from the program Feyn-

Higgs [31, 56–58], which include the leading 2-loop contributions. The 1-loop propa-

gator mixing with Goldstone and Z bosons is also consistently incorporated. These

results take into account the full phase dependence of the supersymmetric parame-

ters. For the ha → bb̄ decay width, the ∆mb corrections are resummed in a way that

preserves the phase dependence. We take all other decay widths from the program

FeynHiggs [31, 56–58].

1Note that, although we have calculated Γ(h3 → h2h1) explicitly here, unless otherwise stated, we do
not calculate it explicitly in the parameter scans in Chapter 9, as it will rarely be relevant.
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Figure 8.1: Branching ratios of the lightest neutral Higgs boson in the CPX scenario. Top
left: Br(h1 → bb̄), top right: Br(h1 → τ+τ−), lower center: sum of Br(h1 → bb̄) and Br(h1 →
τ+τ−).

8.2 Numerical results

Figure 8.1 (a) and (b) show the h1 → bb̄ and h1 → τ+τ− branching ratios respectively,

plotted on the Mh1 − tan β plane in the CPX scenario. As expected, the h1 → bb̄

decay process is dominant, although the contribution from the h1 → τ+τ− decay is

non-negligible. These are the significant decay modes for the lightest Higgs boson in

the CPX scenario, as can be seen Figure 8.1, which shows that the sum of these two

branching ratios is close to one across the whole of the Mh1 − tan β plane. Notice also

that there are some points within the CPX parameter space that are shown here without
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Figure 8.2: Branching ratios of the second lightest neutral Higgs boson in the CPX scenario.
Top left: Br(h2 → h1h1), top right: Br(h2 → bb̄), lower left: Br(h2 → τ+τ−), lower right: sum
of Br(h2 → h1h1), Br(h2 → bb̄) and Br(h2 → τ+τ−) branching ratios

a branching ratio value and that the edge of the allowed parameter region is uneven.

These are points where either the mass calculation or the Z-factor calculation failed

because the terms involving double derivatives of self-energies were non-negligible, as

described in equation (4.26). Since this is only relevant for a very small number of

parameter points and conveys interesting information about the stability of the Higgs

sector in these places, we leave these features in in the majority of our scans.

Figure 8.2 illustrates the pronounced dependence of the h2 → h1h1 branching ratio

on tanβ and Mh1 . Comparison with Figure 6.2 shows that this decay mode is significant
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and often dominant in almost all of the regions where it is kinematically allowed. In

this region, we can see that the characteristics of the h2 → h1h1 branching ratio are

determined by the behaviour of the h2 → h1h1 decay widths, which were illustrated in

Figure 6.7. Note, in particular, the two narrow regions of very low h2 → h1h1 branching

ratio, which occur at tan β ∼ 4.3 and tanβ ∼ 31, where the h2 → h1h1 decay width

tends to zero. Figure 8.2 also demonstrates that the behaviour of the h2 → bb̄ branching

ratio is, to a very good approximation, determined entirely by the h2 → h1h1 decay

width where it is allowed kinematically. The h2 → τ+τ− branching ratio is small, but

non-negligible in regions where the h2 → h1h1 decay width is suppressed. Figure 8.2

also shows that the h2 → bb̄, h2 → h1h1 and h2 → τ+τ− decay modes dominate the

total h2 width across the majority of the CPX parameter space.

Figure 8.3 shows the branching ratios for the h3 → h1h1, h3 → h2h1, h3 → bb̄ and

h3 → τ+τ− decay modes. Note that the Higgs cascade decays dominate in the majority

of the region where they are kinematically allowed. The h3 → h1h1 branching ratio has

a narrow region at tan β ∼ 4.5 in which the h3 → h1h1 decay is kinematically allowed,

but the decay width is suppressed, characteristically similar to the suppressed regions

we observed in the h2 → h1h1 branching ratio. Once again, the behaviour of the h3 → bb̄

decay width is governed by the behaviour of the Higgs cascade decays where they are

kinematically allowed. In particular, h3 can be relevant to the LEP exclusions in the

region 10 <∼ tanβ <∼ 30, Mh1
<∼ 60 for variations on the CPX scenario. In this region

of parameter space, the h3 → h1h1 decay width is crucially important to the h3 → h1h1

and h3 → bb̄ branching ratios. Figure 8.3 also confirms that, once again, the Higgs decay

to tau-leptons is non-negligible in regions of parameter space where the Higgs cascade

decay are suppressed. We can see that there is also a region tan β <∼ 5 at moderate to

high values of Mh1 in which other decays begin to contribute significantly to the h3 total

decay width, such as the h3 → h1Z decay mode. As mentioned previously, we take these

decay widths from FeynHiggs. However, the majority of this region is already excluded

by the LEP Higgs searches.

8.3 Conclusion

We have investigated the behaviour of ha → hbhc, ha → bb̄ and ha → τ+τ− branching

ratios and confirmed that these decay modes are the most significant decay modes in

the areas of parameter space which will be most relevant to the discussion of the LEP
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Higgs searches in the next chapter. In particular, in the region of parameter space

Mh1
<∼ 60 GeV, we have found that the dominant branching ratios are heavily dependent

on the Higgs cascade decay widths. Therefore an accurate determination of these decay

widths, as performed in Chapter 6, will be crucially important to the behaviour of the

unexcluded regions in this part of CPX parameter space.
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Figure 8.3: Branching ratios of the second lightest neutral Higgs boson in the CPX scenario.
Clockwise from top left: Br(h3 → h1h1), Br(h3 → h2h1), Br(h3 → bb̄) and Br(h3 → τ+τ−).
‘Sum’ indicates the sum of Br(h3 → h1h1), Br(h3 → h2h1), Br(h3 → bb̄) and Br(h3 → τ+τ−).



Chapter 9

Limits on the MSSM parameter

space from the Higgs searches at

LEP

In this chapter, we will review the results from the Higgs searches at LEP, as presented

by the LEP Higgs Working Group and the LEP Collaborations. We will then discuss

the way in which the topological cross-section limits can be used in conjunction with

new Higgs sector theoretical results, in order to provide a new analysis of the available

MSSM parameter space. Using this method, we will investigate the impact of our

new genuine vertex corrections to the h2 → h1h1 decay on the LEP exclusions for

the CPX scenario. We will also examine the effects of recent improvements in the

program FeynHiggs [31, 56–58], which are not yet publicly available. We will conclude

with a preliminary comparison between our results and those obtained with the program

CPsuperH [59].

9.1 Results as presented by the LEP Higgs Working

Group and LEP Collaborations

After the LEP programme finished in 2000, the final results from the four LEP collab-

orations (ALEPH [17,110,111], DELPHI [112,113], L3 [114] and OPAL [115,116]) were

combined and examined for consistency with a background hypothesis and a signal plus

background hypothesis in a coordinated effort between the LEP Higgs Working Group

for Higgs Searches and the LEP collaborations. The results showed no significant excess
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Figure 9.1: The most important Higgs production processes used in the LEP Higgs searches:
Higgsstrahlung (left) and pair production (right).

of events which would indicate the discovery of a Higgs. In the Standard Model, a lower

bound on the Higgs mass of 114.4 GeV at the 95% confidence level was established [17]

while restrictions were placed on the available parameter space of a variety of MSSM

benchmark scenarios [24]. The results were also provided in the form of upper limits on

cross-sections for a selection of topologies.

In this section we will describe these search topologies, paying particular attention to

the e+e− → (ha)Z → (bb̄)Z channel, which has been particularly powerful for excluding

large regions of Standard Model and MSSM parameter space. We will then describe the

results of the dedicated CPX scenario analysis.

9.1.1 Topological cross-section bounds

In order to allow the LEP results to be applied to a wide variety of theoretical models,

they have been made publicly available in the form of upper limits on cross-sections of the

neutral Higgs search topologies [24]. In each topology considered here, the Higgs is pro-

duced either through Higgsstrahlung or pair production (Figure 9.1) and decays either

to b-quarks, tau-leptons or via the Higgs cascade decay. To a very good approximation,

the kinematic distributions of these processes are independent of the CP properties of

the Higgs bosons involved, as discussed in [24]. Therefore, the same topological bounds

can be used for CP-even, CP-odd or mixed CP Higgs bosons.

The neutral Higgs search topologies are

1. e+e− → (ha)Z → (bb̄)Z
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2. e+e− → (ha)Z → (τ+τ−)Z

3. e+e− → (ha → hbhb)Z → (bb̄bb̄)Z

4. e+e− → (ha → hbhb)Z → (τ+τ−τ+τ−)Z

5. e+e− → (hahb) → (bb̄bb̄)

6. e+e− → (hahb) → (τ+τ−τ+τ−)

7. e+e− → (ha → hbhb)hb → (bb̄bb̄)bb̄

8. e+e− → (ha → hbhb)hb → (τ+τ−τ+τ−)τ+τ−

9. e+e− → (ha → hbhb)Z → (bb̄)(τ+τ−)Z

10. e+e− → (ha → bb̄)(hb → τ+τ−)

11. e+e− → (ha → τ+τ−)(hb → bb̄)

Here, a and b label individual neutral Higgs bosons in a theory. For example, in

the MSSM, a, b = 1, 2, 3. In topologies involving more than one Higgs, the masses are

ordered such that Mha > Mhb
.

Figure 9.2 shows the topological cross-section limits for the topology e+e− → (ha)Z →
(bb̄)Z, as published in [17, 24], as a function of the mass of the Higgs involved. This

topology was the most important for the purposes of deriving the lower bound on the

Standard Model Higgs mass [17]. S95 is the ratio of the maximum cross-section com-

patible with data at the 95% confidence level to the theoretical Standard Model Hig-

gsstrahlung cross-section e+e− → haZ (we will discuss this quantity in more detail in

the next section). There is a good agreement between the observed limit (solid line) and

the median expected limit based on Monte Carlo simulations with no signal (dashed

line). The observed limit reaches more than one sigma above the expected result for

Higgs masses of 89.6 GeV < MH < 107 GeV and fluctuates downwards by more than

one sigma at MH ∼ 65 GeV. Over extended searches, such as this, a local excess in

one particular mass region should be interpreted with care. The mass resolution for

this process is typically 2 − 3 GeV [17], giving parameter space ‘bins’ of approximately

4− 6 GeV. Therefore, in extended searches which cover a mass range of ∼ 120 GeV, we

would expect to find regions containing local excesses of 1 − 2 sigma [24].

However, the excess at 89.6 GeV < MH < 107 GeV will turn out to have a large

influence on our results. We will denote this region as the ‘slight excess’ region (to avoid

confusion with the excess at 115 GeV which was observed by ALEPH [110]).
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Figure 9.2: The topological cross-section limits for the topology e+e− → (ha)Z → (bb̄)Z, as
a function of the Higgs mass Mha [17, 24] (labelled ‘mH1’). S95 is the ratio of the maximum
cross-section compatible with data at the 95% confidence level to the theoretical Standard
model Higgsstrahlung cross-section e+e− → haZ. The solid line is the observed limit, the
dashed line is the median expected result (based on Monte Carlo simulations with no signal)
and the green and yellow areas correspond to the 68% and 95% probability bands respectively.
This figure has been reproduced from [24].

9.1.2 Results of the dedicated analysis in the CPX scenario

The LEP Higgs Working Group and LEP collaborations also published combined analy-

ses [24] of MSSM benchmark scenarios [117,118], including the CPX scenario [39]. Note

that the definition of the CPX scenario used in [24,39] differs slightly from the definition

used in this thesis, as discussed in Section 2.8.

Figure 9.3 shows the regions of CPX parameter space which could be excluded by

this analysis at 95% CL (light green) and 99.7% CL (dark green). Also shown are the

domains which were expected to be excluded at the 95% CL on the basis of Monte Carlo

simulations with no signal (dotted lines).



Limits on the MSSM parameter space from the Higgs searches at LEP 116

1

10

0 20 40 60 80 100 120 140

1

10

mH1 (GeV/c2)

ta
nβ

Excluded
by LEP

Theoretically
InaccessibleCPX

(c)

Figure 9.3: LEP Exclusions in the dedicated analysis of the CPX benchmark scenario of [24],
as a function of the mass of the lightest Higgs (labelled ‘mH1’) and tanβ. Domains excluded
at 95% CL are light green; those excluded at 99.7% CL are dark green. The yellow region,
which has been labelled ‘theoretically inaccessible’, is not part of the CPX parameter space.
The dashed lines indicate the regions expected to be excluded at the 95% CL on the basis of
Monte Carlo simulations with no signal. This figure has been reproduced from [24].

The dashed lines indicate the regions expected to be excluded at the 95% CL on

the basis of Monte Carlo simulations with no signal. There are three particularly large

unexcluded regions:

• (A) 60 GeV <∼ Mh1 and 3 <∼ tan β

• (B) 30 GeV <∼ Mh1
<∼ 50 GeV and 3 <∼ tan β <∼ 10

• (C) 0 GeV <∼ Mh1
<∼ 10 GeV and 3 <∼ tanβ <∼ 20

For the purposes of the analysis in [24], two different programs were used to calculate

Higgs masses and branching ratios in the complex MSSM: FeynHiggs version 2.0 [58]

and CPH [39], which was predecessor of the program CPsuperH [59]. FeynHiggs uses

a Feynman-diagrammatic approach and on-shell mass renormalisation whereas CPH

is based on a renormalisation group improved effective potential calculation and DR
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Figure 9.4: LEP Exclusions in the dedicated analysis of the CPX benchmark scenario of [24]
using the program CPH [39] (left) and the program FeynHiggs [31, 56–58] version 2.0 (right).
The results shown here were combined to get Figure 9.3, by deciding that a point in parameter
space is excluded only if both the CPH and FeynHiggs analyses found it to be excluded. See
caption to Figure 9.3 for the legend. This figure has been reproduced from [24].

renormalisation. As discussed in Section 3.4, some care is necessary when comparing

results from these codes, since they use different renormalisation schemes. In [24], the

relation

X̃CPH
t = X̃FH

t +
αs

3π
MSUSY

[
8 +

4X̃FH
t

MSUSY

− πX̃FH
t

MSUSY

log

(
mOS,2

t

M2
SUSY

)]
(9.1)

was used [119] to convert between different definitions for |At|, with αs = 0.108 and

X̃t = |At| − µ/ tanβ. This is analogous to the expression for on-shell to MS conversion

in the real MSSM given by [60]1,

XMS
t = XOS

t +
αs

3π
MS

[
8 +

4Xt

MS
− X2

t

M2
S

− 3Xt

MS
log

(
m2

t

M2
S

)]
, (9.2)

where MS =
√

M2
SUSY + m2

t .

For the analysis in [24], there was no conversion between different definitions of

arg(At) or MSUSY(= ML = Mt̃R) and Ab was set to be the same as At.

In addition to the issue of parameter conversion, the two codes also have significant

differences in the incorporated higher order corrections. Therefore, separate analyses

1This expression was obtained using mg̃ = MSUSY, µren = MS and the assumptions mt/MS << 1 and
mtXt/M

2

S << 1 [60]
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were performed using FeynHiggs and CPH. In order to combine these results to create

Figure 9.3, a point in parameter space was said to be excluded if it was excluded by

each program separately. This method is conservative, in that it minimises the exclusion

region.

There was an additional complication, since FeynHiggs did not have a reliable calcu-

lation for the loop corrections to the triple Higgs couplings in the CP-violating MSSM.

For the purposes of the ‘FeynHiggs’ analysis, this coupling was therefore obtained from

CPH, and then combined with Higgs masses and other Higgs sector quantities as cal-

culated by FeynHiggs in the standard way [24, 88]. This will be particularly relevant to

the discussion of LEP exclusions in the region of CPX parameter space Mh1
<∼ 50 GeV,

where the h2 → h1h1 decay width has a large influence on the h2 branching ratios (as

we saw in Section 8).

The results from the separate FeynHiggs and CPH analyses are shown in Figure 9.4,

(with colours defined as for Figure 9.3). It is notable that both analyses have unexcluded

regions of type B and C, although the shapes of these regions vary. In particular, the

FeynHiggs analysis has a larger unexcluded region of type B. The unexcluded regions

of type A at 99.7 % CL are very similar in shape and size. However, in the Feyn-

Higgs analysis, much of this region is excluded at 95% CL, whereas the CPH analysis

has the majority of this region unexcluded. Both analyses show unexcluded regions at

Mh1
>∼ 114.4 GeV, where the lightest Higgs boson is Standard Model-like.

9.2 Using the LEP topological cross-section limits

Topological cross-section limits are given by [24] in the form of scaling factors S95, defined

as

S95 = σmax/σref , (9.3)

where σmax is the largest cross-section compatible with the data at 95 % CL and σref is

a reference cross-section for the Higgs production.

For the Higgsstrahlung topologies, the reference cross-section σref is the SM cross-

section for the Higgs production σSM(e+e− → HZ), for a SM-like Higgs of mass MH =

Mha.
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For the pair production topologies, the reference cross-section σref is the MSSM

cross-section for the Higgs production e+e− → hahb, where the MSSM suppression

factor |geff
hahbZ|2 has been set to 1. This suppression factor can be approximated by the

normalised effective coupling of the Higgs bosons ha and hb to the Z boson squared, as

defined in equation (4.51) (hence the notation). We can also relate the reference cross-

section for pair production processes to the Standard Model Higgsstrahlung production

cross-section

σref = λ̄σSM(e+e− → HZ). (9.4)

λ̄ is a kinematic factor which takes into account the different kinematic dependences of

the SM Higgsstrahlung and the pair production process, i.e.

λ̄ = λ
3/2
hahb

/
(
12M2

Z/s + λZH

)
/λ

1/2
ZH, (9.5)

λxy =
[
1 − (Mx + My)

2 /s
] [

1 − (Mx − My)
2 /s
]
, (9.6)

where H is a SM-like Higgs with mass MH .

In order to use the S95 values, we need to compare them to the scaling factors Stheo,

where

Stheo = σtheo/σref , (9.7)

and σtheo is the theoretically predicted cross-section.

In the MSSM, it is convenient to calculate the Stheo values using the narrow width

approximation (see Appendix B) and neglecting any production diagrams that do not

appear in Figure 9.1. We approximate the ha-Z-Z and ha-hb-Z vertices by the normalised

effective couplings defined in equation (4.51), which take into account Higgs propagator

corrections.

For example, in this approximation,

Stheo

[
(h1)Z → (bb̄)Z

]
= |geff

h1ZZ|2Br(h1 → bb̄),

Stheo

[
(h2 → h1h1)Z → (bb̄bb̄)Z

]
= |geff

h2ZZ|2Br(h2 → h1h1)Br(h1 → bb̄)2,

Stheo

[
e+e− → (h2 → h1h1)h1 → (bb̄bb̄)bb̄

]
= |geff

h2h1Z |2Br(h2 → h1h1)Br(h1 → bb̄)3.
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Therefore, for each point in parameter space, we first calculate an Stheo value for every

combination of neutral Higgs possible in each search topology. Since |geff
hahaZ |2 ' 0 and,

where two Higgs bosons are involved, we have specified the mass ordering Mha > Mhb
,

this results in a total of 33 channels.

In each channel, we then calculate the ratio Rexpected = Stheo/S
expected
95 , where Sexpected

95

is the median expected S95 value, based on Monte Carlo simulations with no signal. The

channel with the highest value of Rexpected is the channel with the highest statistical

sensitivity. For this particular channel (and this channel only), we then calculate the

ratio Robs = Stheo/S
obs
95 , where Sobs

95 is based on the actual results observed at LEP. If

Robs > 1, we say that this parameter point is excluded at 95% confidence level.

This method has been suggested by [119] in order to ensure that we can correctly

interpret exclusions obtained in this way as having a confidence level of 95%. If, for

one parameter point, we had made use of more than one observed limit, we would have

increased the probability of a false exclusion above 5%.

The tables of S95 values which we use in our analysis have been obtained from [120].

These are more detailed than those published in [24] and include the numerical values

of Sexpected
95 . We linearly interpolate between points in these tables.

It should be noted that the dedicated analyses carried out in [24] for specific MSSM

benchmark scenarios have a higher exclusion power than the method outlined above.

This is particularly true near to borders between regions of parameter space where

different channels are expected to have the highest statistical sensitivity. In addition,

our analysis will not take into account the uncertainty in the Higgs mass, coupling and

branching ratio calculations due to unknown higher order corrections.

9.3 Using the LEP topological cross-section limits in

conjunction with our Higgs sector results

In this section, we will use the topological cross-section limits from LEP in conjunction

with more recent results for the Higgs masses, couplings and branching ratios. In partic-

ular, we shall be using our full 1-loop diagrammatic calculation for the hi → hjhk decay

with full phase dependence as described in Chapter 6 and we will be using renormalised
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neutral Higgs self-energies obtained from the current version of FeynHiggs [31, 56–58]

(which includes corrections at O(αsαt) with full phase dependence).

We calculate the Higgs masses and couplings to gauge bosons as described in Chap-

ter 4 and the Higgs branching ratios as described in Chapter 6. Unless otherwise stated,

we will use the CPX scenario, as defined in Section 2.8.

Using the Higgs masses, we can investigate the regions in which the Higgsstrahlung

topology e+e− → (ha)Z → (bb̄)Z might struggle to provide exclusions. Figure 9.5

shows the regions Mh1 ≥ 114.4 GeV (red) and Mh2 ≥ 114.4 GeV (cyan) within the

CPX parameter space, as plotted on the Mh1 − tanβ plane. We would not expect the

Higgsstrahlung channel e+e− → (h1)Z → (bb̄)Z or e+e− → (h1)Z → (bb̄)Z to be able

to provide exclusions in these areas, respectively.

In Figure 9.5, we can see that there is a sizable region in which 89.6 GeV < Mh2 <

107 GeV (dark blue). Recall that, in this mass range, the observed limit was more than

one sigma above the expected limit (based on no signal) in the e+e− → (h2)Z → (bb̄)Z

channel. Note that this region covers the area in which the analysis of [24] found an

unexcluded region of type B.

Figure 9.6 illustrates the normalised squared effective Higgs couplings to gauge bosons

|geff
haZZ|2 in the CPX scenario. Recall that

∑3
a=1 |geff

haZZ|2 ∼ 1. We can see that the

h1-Z-Z coupling dominates around the edge of the available parameter space, the h3-

Z-Z coupling dominates in a region Mh1 < 60 GeV and 7 <∼ tan β <∼ 25 and the

h2-Z-Z coupling dominates the region in between. We can immediately see that the

Higgsstrahlung topology e+e− → (ha)Z → (bb̄)Z will be very effective at providing

exclusions in regions where |geff
haZZ|2 ∼ 1, for a = 1, 2. In these areas, we expect SM-like

exclusions, following similar boundaries predicted to those in Figure 9.5, where the decay

mode to b-quarks is dominant. However, over a large part of parameter space, |geff
h1ZZ|2

and |geff
h2ZZ|2 are suppressed and other search topologies may have higher statistical

sensitivities. Since |geff
h2h1Z|2 ∼ |geff

h3ZZ|2, we can also predict that channels involving the

pair production process e+e− → h1h2 may be useful in providing exclusions in the region

where |geff
h3ZZ |2 is high.

The h2 → h1h1 branching ratio for the CPX parameter space which was presented

in Figure 8.2 has been reproduced in Figure 9.7 for ease of comparison.

Figure 9.8 indicates which channel has the highest sensitivity and therefore which

channel will be used to set an exclusion limit at each point in CPX parameter space.



Limits on the MSSM parameter space from the Higgs searches at LEP 122

 2

 3

 4
 5
 6
 7
 8
 9 10

 20

 30

 40

 20  40  60  80  100  120

ta
nβ

Mh1

Figure 9.5: Regions of CPX parameter space which could be especially challenging when
attempting to use the topology e+e− → (ha)Z → (bb̄)Z to provide exclusions. The red region
indicates where Mh1 ≥ MSM limit

H and the cyan region indicates where Mh2 ≥ MSM limit
H , where

MSM limit
H = 114.4 GeV. We also indicate the ‘slight excess’ region 89.6 GeV < Mh2 < 107 GeV

by dark blue. In this region, the observed S95 was more than one sigma above the expected
S95, based on Monte Carlo results with no signal, as shown in Figure 9.2. The grey area is
theoretically inaccessible.
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Figure 9.6: The effective coupling of the neutral Higgs to two Z bosons |geff
h1ZZ |2,|geff

h2ZZ |2 and |geff
h3ZZ |2, which include the Higgs

propagator corrections (see Section 4.6 for definitions).
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In most of the CPX parameter space, the channels h1Z → bb̄Z (�) and h2Z → bb̄Z (�)

have the highest statistical sensitivity. Through comparison with Figure 9.6, we can see

that this occurs in the areas where h1 and h2 have significant couplings to Z bosons, as

expected.

In the region of CPX parameter space with high values of |geff
h3ZZ|2, the channels with

the highest statistical sensitivity are h2h1 → bb̄bb̄ (�) and h2h1 → h1h1h1 → bb̄bb̄bb̄ (�),

which both involve geff,2
h1h2Z , as expected. The position of the boundary between these

two regions is governed by the Higgs branching ratio h2 → h1h1, which, as we can see

from Figure 9.7, is the dominant branching ratio in this part of parameter space but is

decreasing as tanβ increases2. We can see that the h2h1 → h1h1h1 → bb̄bb̄bb̄ (�) region

appears at a peak in this branching ratio at tanβ ∼ 7, which is due to a peak in the

h2 → h1h1 decay width as we saw in Figure 6.7 in Chapter 6.

There is a sizable region in Figure 9.8 at 15 GeV <∼ Mh1
<∼ 40 GeV , tanβ ∼ 6

in which the channel h2Z → h1h1Z → bb̄bb̄Z (�) has the highest statistical sensitivity.

This is also due to the peak in the h2 → h1h1 decay width at moderate tanβ (Figure 9.7),

combined with the fact that the coupling g2
h2ZZ is relatively unsuppressed in this area

(Figure 9.6).

In Figure 9.9, we have compared our new theoretical cross-section predictions for

each parameter point in the CPX scenario with the observed topological cross-section

limits obtained at LEP for the channel with the highest statistical sensitivity at that

point. As expected, Mh1
>∼ 114.4 GeV is not excluded. This unexcluded region extends

to Mh1 ∼ 85 GeV at tanβ ∼ 16, since, in this area, the second lightest Higgs is SM-like

and therefore follows the contour plotted at Mh2 = 114.4 GeV in Figure 9.5. As before,

we call this region ‘unexcluded region A’. It has a narrow ‘tail’, which extends to lower

tan β, one side of which is bounded by the limit for a SM-like Mh2 and one side of which

is bounded by the edge of the region where the channel h1Z → bb̄Z (�) has the highest

statistical significance, as shown in Figure 9.8.

Figure 9.9 also has an unexcluded region of type B at Mh1 ∼ 40 GeV and tan β ∼ 8,

similar to that shown in Figure 9.3 (we leave a more detailed comparison between our new

results and those shown in Figure 9.3 until Section 9.4). The h2 → h1h1 branching ratio

for the CPX parameter space which was presented in Chapter 8 has been reproduced in

Figure 9.7 for ease of comparison. We can see that the entire unexcluded region B in

2For cosmetic reasons, in the high resolution scans of the CPX parameter space, such as Figure 9.7, we
plot all points, including those which were deemed to be less stable because of non-neglible second
order terms in the mass or Z-factor calculation. For this stability information, refer to Figure 8.2.
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Figure 9.7: The h2 → h1h1 branching ratio for the Mh1–tan β plane of the CPX scenario (as
seen in Figure 8.2)

Figure 9.9 lies in an area where the h2 → h1h1 branching ratio is sizable. We examine

this unexcluded region B in more detail in Figure 9.10, where we show an enlarged

version of the relevant part of parameter space from Figure 9.8 and Figure 9.9. As

we can see, the three thin extensions of the unexcluded region all lie along boundaries

between areas where different processes have the highest statistical significance. As we

have discussed, we would expect our method of combining channels (which only makes

use of one observed limit for each parameter point) to be less effective at such boundaries.

Thus, a dedicated analysis which included the combination of different channels may well

be able to exclude such areas.

Figure 9.10 also shows that the bulk of the unexcluded region B lies in an area in

which the channel h2Z → bb̄Z (�) has the highest statistical sensitivity. The extent

of the unexcluded region B on the higher tanβ side is very sensitive to the h2 → bb̄

branching ratio, which, as can be seen from Figure 9.7, is also heavily dependent on the

h2 → h1h1 branching ratio in this region of CPX parameter space.

The extent of the unexcluded region B towards lower values of Mh1 is determined by

the edge of the region in which the channel h2Z → bb̄Z (�) has the highest statistical

sensitivity. This boundary is also very sensitive to the h2 → h1h1 branching ratio, which
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Figure 9.8: Coverage of the LEP Higgs searches in the Mh1–tanβ plane of the CPX scenario,
showing the channels that are predicted to have the highest statistical sensitivity for setting an
exclusion limit. The colour codings are: red = h1Z → bb̄Z (�), blue = h2Z → bb̄Z (�), white
= h2Z → h1h1Z → bb̄bb̄Z (�), cyan = h2h1 → bb̄bb̄ (�), yellow = h2h1 → h1h1h1 → bb̄bb̄bb̄ (�),
green = h3h1 → bb̄bb̄ (�), purple = other channels (�).

has a large influence on the theoretical predictions Stheo
95 of the relevant channels h2Z →

bb̄Z (�), h2h1 → bb̄bb̄ (�), h2h1 → h1h1h1 → bb̄bb̄bb̄ (�) and h2Z → h1h1Z → bb̄bb̄Z (�).

Comparison of Figure 9.9 with Figure 9.5 also shows that the unexcluded region B

occurs in the region affected by the ‘slight excess’ observed at LEP for the ha → bb̄

topology. It is interesting to investigate the effect of the ‘slight excess’ on the extent

of the unexcluded region B. Figure 9.11 shows what the exclusion would have been in

the hypothetical situation in which the observed S95 value was exactly the same as the

expected S95 value (left) or exactly 1σ above the predicted value (centre). For the case in

which we set the ‘observed’ S95 value to be exactly the same as the expected S95 value,

we see that the entire CPX parameter space is excluded, apart from thin unexcluded

regions along boundary lines and apart from the region Mh1
>∼ 114.4 GeV (the limit for
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Figure 9.9: Coverage of the LEP Higgs searches in the Mh1–tanβ plane of the CPX scenario,
showing the parameter regions excluded at the 95% C.L. by the topological cross-section limits
obtained at LEP. The colour codings are: green = LEP excluded, white = LEP allowed.

a SM-like Higgs). For the case in which we set the ‘observed’ S95 value to 1σ above the

expected S95 value, we see that unexcluded regions of type A and B are both present,

although both are smaller than the unexcluded regions in Figure 9.9. We conclude that

the presence of the ‘slight excess’ in the LEP results for the (ha)Z → (bb̄)Z topology is

crucial to the existence of substantial unexcluded regions in the CPX scenario. We also

conclude that the extent of the unexcluded regions is very sensitive to the size of the

excess.

In order to further investigate the effects of our new genuine vertex corrections to the

h2 → h1h1 decay, we now compare the LEP exclusion regions based on the full result

with the case where we have used the Yukawa approximation to calculate the genuine

vertex corrections to the h2 → h1h1 decay. This approximation was investigated in

Chapter 6. Recall that the Yukawa corrections comprised the leading genuine vertex

corrections and that, in the region tan β ∼ 8, the h2 → h1h1 decay width calculated
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Figure 9.10: (a) Channels with the highest statistical sensitivity for the CPX scenario,
showing a section of Figure 9.8 in more detail. (b) LEP exclusion regions for the CPX scenario,
showing a section of Figure 9.9 in more detail. See the captions of Figure 9.8 and Figure 9.9
for the legend.

using the Yukawa approximation for the vertex corrections was ∼ 25% lower than the

full h2 → h1h1 decay width. Figure 9.12 illustrates the effect of using this approximation

on the determination of which channel has the highest statistical sensitivity (left) and

the effect on the exclusions (right) in the region of the CPX parameter space containing

the unexcluded region of type B. The boundary between channels related to |geff
h2ZZ|2

(i.e. h2Z → h1h1Z → bb̄bb̄Z (�) and h2Z → bb̄Z (�)) and those related to |geff
h2h1Z |2

(i.e. h2h1 → bb̄bb̄ (�) and h2h1 → h1h1h1 → bb̄bb̄bb̄ (�)) are in approximately the

same position as in Figure 9.10. However, the boundaries between channels directly

involving the h2 → h1h1 decay and those that do not involve this decay have shifted.

In particular, the region where the channel h2Z → h1h1Z → bb̄bb̄Z (�) has the highest

statistical sensitivity has been substantially reduced. This has a considerable impact

on the shape of the unexcluded region B in Figure 9.12 as compared to Figure 9.10.

We conclude that including the full genuine vertex corrections to the h2 → h1h1 decay,

rather than just the leading vertex corrections, is vital in order to accurately determine

the shape of the unexcluded region B. However, we note that the calculation which used

the Yukawa vertex corrections was able to confirm the existence of the excluded region

B and give an approximate idea of its position in the Mh1-tanβ plane of CPX parameter

space. Therefore, it could be a useful approximation in situations where the inclusion

of the full vertex corrections is impractical.
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It is interesting to consider the effect of the mass of the top quark. Since the leading

corrections to the h2 → h1h1 vertex are Yukawa corrections proportional to m6
t or m4

t ,

we would expect the unexcluded region B to exhibit a strong dependence on mt. The

neutral Higgs masses are also very sensitive to mt, since they also depend on Yukawa

corrections (as demonstrated in Chapter 4). We consider mt = 170.9 GeV, which was

the world average [121] at the time we first published these results in [122], and mt =

174.3 GeV, which was the central value used in the LEP Higgs Working Group and LEP

collaborations’ dedicated analysis of the CPX scenario [24].3 Figure 9.13 contains plots of

the h2 → h1h1 branching ratio (left), the regions excluded by the LEP topological cross-

section limits (center) and the channels with the highest statistical sensitivity (right) for

mt = 170.9 GeV (top) and mt = 174.3 GeV (bottom).

It is immediately apparent that the size of the unexcluded region A dramatically

increases as mt increases, which is due to the effect of mt on the neutral Higgs self-

energies. We can also see that the area in which h2Z → h1h1Z → bb̄bb̄Z (�) has the

highest statistical sensitivity increases as mt increases, as we would expect, since the

Yukawa corrections to the h2 → h1h1 vertex are proportional to m6
t or m4

t . The increase

in the h2 → h1h1 vertex corrections (and therefore the decrease in the h2 → bb̄ branching

ratio) has resulted in a larger unexcluded region B.

The variation of arg At also has a very interesting impact on the unexcluded regions.

We saw in Figure 6.11 (a) that varying arg At by 10% has a dramatic effect on the

h2 → h1h1 decay width, through changing the magnitude and position of the peak

at moderate tanβ and changing the position of the minimum of Br(h2 → h1h1). In

Figure 9.14, which uses arg At = 0.9 × π/2 GeV and arg At = 1.1 × π/2 GeV, we can

see these effects reflected in the h2 → h1h1 branching ratio. In particular, we see that

the thin horizontal minimum in Br(h2 → h1h1) shifts to higher tanβ as arg At increases.

We can also see a change in the shape of the region in which the h2 → h1h1 decay is

kinematically allowed and a reduction of the size of CPX parameter space as plotted on

the Mh1 − tanβ plane.

As we would expect, this affects the balance of processes with the highest statisti-

cal sensitivity. The boundary between processes involving |geff
h2ZZ|2 and those involving

|geff
h2h1Z |2 also shifts to higher tanβ. As a result, the unexcluded region B occurs at

higher tan β as arg At increases and its shape changes significantly. The unexcluded

region A increases in size as arg At increases. At arg At = 0.9 × π/2, this region is

3We note here that a new preliminary world average top quark mass of mt = 172.4 ± 1.2 GeV has
recently become available [123]
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Figure 9.11: LEP exclusion regions for the hypothetical cases where the observed S95 value had been either the same as (a) the
predicted value or (b) 1 sigma above the predicted value. We include the actual observed result (c) for comparison. The colour codings
are: green = LEP excluded, white = LEP allowed.
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Figure 9.12: Channels with the highest statistical sensitivity (a) and LEP exclusion regions
(b) for the CPX scenario at low values of Mh1 and moderate values of tanβ. The vertex
corrections to the h2 → h1h1 branching ratio have been calculated using the Yukawa approxi-
mation and combined with the full propagator corrections. See the captions of Figure 9.8 and
Figure 9.9 for the legend.
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Figure 9.13: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show mt = 170.9 GeV, lower graphs show mt = 174.3 GeV, other parameters taken from CPX scenario. See the
captions of Figure 9.8 and Figure 9.9 for the legend.
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bisected by a thin vertical excluded region, due to the fact that the process with the

highest statistical sensitivity in this part of parameter space is h1Z → bb̄Z (�) rather

than h2Z → bb̄Z (�). For the case with arg At = 1.1 × π/2, the unexcluded region A

also extends to significantly lower values of tan β.

Figure 9.15 illustrates the substantial effect that varying |At| by 10% has on the LEP

exclusions in the CPX parameter space. Recall that Figure 6.11 (b) demonstrated that

increasing |At| increased the size of the peak in the h2 → h1h1 decay width at moderate

tan β and shifted the position of the minimum and the peak to higher values of tanβ. It

also significantly changed the gradient of the h2 → h1h1 decay width above tan β ∼ 7.

We see these effects reflected in the h2 → h1h1 branching ratio in Figure 9.15. We also

see a significant increase in the area of parameter space in which the h2 → h1h1 decay

is kinematically allowed. At |At| = 0.9 × 900 GeV, the unexcluded region B has almost

disappeared and the unexcluded region A has also reduced in size.

For the case in which |At| = 1.1 × 900 GeV, the plot illustrating the channels with

the highest statistical sensitivity in Figure 9.15 is dramatically different from those we

have seen so far. This is partly because |geff
h1h2Z|2 is reduced, which drastically reduces

the area where h2h1 → bb̄bb̄ (�) has the highest statistical sensitivity. The area where

the channel h2h1 → h1h1h1 → bb̄bb̄bb̄ (�) has the highest statistical sensitivity occurs at

higher tanβ than previously and is now unexcluded. Also, the suppression of |geff
h1h2Z |2

also means that the channel h3h1 → bb̄bb̄ has the highest statistical sensitivity over a

much larger region than we have seen in our previous examples, and this region can

only be partially excluded by this LEP limit. Therefore, the excluded LEP regions are

dramatically different for the CPX scenario with |At| = 1.1 × 900 GeV. It is worth

noting, however, that this value of |At| tends towards an unstable region of parameter

space.

The gluino mass parameter M3 does not feature in the 1-loop corrections to the

h2 → h1h1 decay or the 1-loop corrections to the Higgs masses. However, the Higgs

self-energies from FeynHiggs depend on M3 through the Oαsαt corrections and the ∆mb

corrections. Therefore, it is interesting to see if varying this parameter has a significant

effect on the LEP exclusions.

In Figure 9.16, we vary arg M3 by 20%. We can see that this has a dramatic effect

on the shape of the CPX parameter space, as plotted on the Mh1 − tan β plane. If

argM3 = 0.8 × π/2, the parameter space is stretched to higher tanβ values, whereas, if

argM3 = 1.2× π/2, the CPX parameter space does not extend above tan β ∼ 14. Since
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Figure 9.14: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show argAt = 0.9×π/2, lower graphs show argAt = 1.1×π/2, other parameters taken from CPX scenario. See the
captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.15: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show |At| = 0.9 × 900 GeV, lower graphs show |At| = 1.1 × 900 GeV, other parameters taken from CPX scenario.
See the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.16: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show argM3 = 0.8 × π/2, lower graphs show argM3 = 1.2 × π/2, other parameters taken from CPX scenario. See
the captions of Figure 9.8 and Figure 9.9 for the legend.
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there is such a pronounced dependence on tan β, we conclude that this behaviour is a

result of the ∆mb corrections, which are enhanced at large tanβ. At argM3 = 0.8×π/2,

the area of the unexcluded region A increases considerably, such that it extends to

Mh1 ∼ 50 GeV. The size of the unexcluded region B also increases slightly.

Figure 9.17 illustrates the effect of increasing and decreasing |M3| by 20%. This has

negligible effect on the size of the CPX parameter space, as plotted on the Mh1 − tanβ

plane, and very little effect on the distribution of channels with the highest statistical

sensitivity. Therefore, the shape and position of the unexcluded region B shows little

variation. However, the size of unexcluded region A decreases as |M3| increases, due to

differences in Mh2 in this part of the plots.

It is also interesting to consider the effect of varying the Higgsino mass parameter

µ. For example, it has been suggested that a scenario similar to the CPX but with a

lower value of µ would be easier to reconcile with the relic abundance [101]. Recall from

Figure 6.12 (a) that the effect of varying µ by 10% was similar to the effect of varying

|At| by 10% in Figure 6.11 (b). Therefore, the branching ratios shown in Figure 9.18 are

qualitatively very similar to those in Figure 9.15. As µ increases, |geff
h2ZZ|2 is enhanced

at the expense of |geff
h2h1Z |2 and this determines the relative sizes of the regions involving

these couplings. The plot with µ = 1.1 × 2000 GeV in Figure 9.18 has a large region in

which the channel h2Z → h1h1Z → bb̄bb̄Z (�) has the highest statistical sensitivity. The

size of the unexcluded regions of type B increase substantially as µ increases and largely

consist of areas in which the channels h2Z → h1h1Z → bb̄bb̄Z (�), h2h1 → h1h1h1 →
bb̄bb̄bb̄ (�) and h3h1 → bb̄bb̄ (�) have the highest statistical sensitivity. In contrast to

Figure 9.15, the size of unexcluded region A remains relatively unchanged as µ increases.

Similarly, the effect of varying the soft-breaking term MSUSY by 10%, as shown in

Figure 9.19, can be explained by an enhancement of |geff
h2ZZ|2 at the expense of |geff

h2h1Z |2
and a suppression of Br(h2 → bb̄) as MSUSY decreases (c.f. Figure 6.12 (b)). Again, the

size of the CPX parameter space in the Mh1 − tan β plane also changes – it decreases

as MSUSY decreases. Note that we incorporated our full calculation of the h3 → h2h1

decay width into the parameter scan for MSUSY = 0.9×500 GeV, since we could not tell

a priori that it would not be relevant. However, the difference this made was negligible.

As we saw in Figure 6.4, above MH+ ∼ 260 GeV the decay h2 → h1h1 is allowed

throughout the CPX parameter space. Figure 9.20 shows the h2 → h1h1 branching

ratio in this region, LEP exclusions and channels with the highest statistical sensitiv-

ity. It illustrates that over a significant region of parameter space, at low tan β and
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Figure 9.17: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show |M3| = 0.8×1000 GeV, lower graphs show |M3| = 1.2×1000 GeV, other parameters taken from CPX scenario.
See the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.18: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show µ = 0.9× 2000 GeV, lower graphs show µ = 1.1× 2000 GeV, other parameters taken from CPX scenario. See
the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.19: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane. Upper graphs show MSUSY = 0.9 × 500 GeV, lower graphs show MSUSY = 1.1 × 500 GeV, other parameters taken from CPX
scenario. See the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.20: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity for the CPX scenario,
plotted on the MH+ − log tanβ plane. See the captions of Figure 9.8 and Figure 9.9 for the legend.
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MH+
>∼ 250 GeV, the h2 → h1h1 branching ratio is sizable. This reduces the h2 → bb̄

branching ratio, which could have had implications for the LEP coverage, since ex-

clusions in this region relies on the cross-section limits for the topology haZ → bb̄Z.

However, we can see that, despite the lower Br(h2 → bb̄), LEP can still exclude this

region. This is because there is no suppression of |geff
h1ZZ|2.

9.4 Results using a preliminary new version of the

program FeynHiggs (FH 2.6.5beta)

We also investigate the LEP exclusions using a preliminary new version of FeynHiggs,

FH2.6.5beta [124], which has not yet been made publicly available. This version has

two main improvements compared to the current version under public release, FH2.6.4,

which we have used in this thesis up to this point.

Recall from Section 4.3.6 that FeynHiggs allows the user to specify the 2-loop correc-

tions included in the calculation of the neutral Higgs self-energies via the flag tlCplxApprox.

If tlCplxApprox=1, the 2-loop contributions at O(αsαt), which have full phase depen-

dence, are included [55]. If tlCplxApprox=2, additional 2-loop corrections are also in-

cluded. However, since these additional corrections were calculated for the real MSSM,

they use only the real parts of complex parameters as input. Since we carry out much of

our analysis in the CPX scenario, where the trilinear couplings and the gluino mass pa-

rameter are entirely imaginary, we made the decision to use the setting tlCplxApprox=1.

Recall also from Section 5.3.3 that FeynHiggs recommends the option which uses an

effective value of mb in the 1-loop contributions to the self-energies in order to absorb

∆mb corrections. For the option tlCplxApprox=2, the renormalisation is chosen such

that the majority of the corrections at O(αsαb) and O(αbαt) can be absorbed into mb

in this way [75].

In the new FeynHiggs version FH2.6.5beta, the treatment of mb for the option

tlCplxApprox=1, has been significantly improved to use the complex ∆mb everywhere,

while in the previous version the effective bottom mass obtained from the corrections

valid for the MSSM with real parameters had been used [88]. This means that an ef-

fective b-quark mass of meff
b = mb(mb)/|1 + ∆mb| is now used, and no contributions

involving the approximation At = ReAt, M3 = ReM3 are included. In addition, in

FH2.6.5beta, ∆mb is calculated using αs(
√

mb̃1
mb̃2

), rather than αs(mt) as in FH2.6.4.
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Figure 9.21: Lightest Higgs mass as calculated by FeynHiggs [31, 56–58] version 2.6.4 or
2.6.5beta, as a function of tanβ. (a) ‘tlCplxApprox’ is a input flag for the 2-loop contributions
in FeynHiggs (see text for description). All lines include resummation of corrections to mb,
apart from the option ‘no ∆mb resum’ (this option was calculated using FH2.6.5beta with the
flag tlCplxApprox=1). (b) Only 1-loop contributions and ∆mb resummation is included.

In Figure 9.21 (a), we compare the lightest Higgs mass, as calculated using tlCplxApprox=1

and tlCplxApprox=2, using versions FH2.6.4 and FH2.6.5beta, as a function of tanβ,

using an effective mb in the 1-loop calculation. We can see that this leads to a substan-

tial difference between the results of FH2.6.4 and FH2.6.5beta for tlCplxApprox=1.

Figure 9.21 (a) also includes the results from FH2.6.5beta for tlCplxApprox=1 and no

∆mb correction in order to further emphasise that this category of correction can have

a high numerical impact in the CPX scenario. Figure 9.21 (b) compares the results of

versions FH2.6.4 and FH2.6.5beta for the lightest Higgs mass at 1-loop level with the

addition of ∆mb resummation, in order to show that the effect of altering the scale of

αs in the ∆mb correction is relatively minor.

Figure 9.22 has been calculated using neutral Higgs self-energies from FeynHiggs

version FH2.6.5beta, using the CPX scenario with mt = 172.6 GeV (top) and mt =

174.3 GeV (bottom). Comparison with Figure 9.7 and Figure 9.13 shows that the effect

of using FH2.6.5beta on the CPX parameter space on the Mh1 − tan β plane is to stretch

it to higher values of tan β. This has dramatically increased the unexcluded region A,

in comparison to Figure 9.9 and Figure 9.13. The unexcluded region B is in a similar

position in parameter space and extends to slightly higher values of Mh1 . It increases as
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mt increases, as we observed with FeynHiggs version FH2.6.4. Therefore, the appearance

of the unexcluded region B is robust with respect to the variations in FeynHiggs.

In the rest of this chapter, unless otherwise stated, we will use FeynHiggs version

FH2.6.5beta.

9.5 Using parameters defined in a different

renormalisation scheme

As described in Section 2.8, our usual definition of the CPX scenario defines the pa-

rameters according to the on-shell renormalisation scheme. In this section, however,

we investigate the impact of using ADR
t = 1000 GeV and M 2,DR

L = M2,DR

t̃R
= 500 GeV

in conjunction with the parameter conversion described in Section 3.4 in order to find

values of Aon−shell
t , M2,on−shell

L , M2,on−shell

t̃R
, which we then use as input in our Feynman-

diagrammatic calculation.

Figure 9.23 illustrates the effect which changing these parameters has on the h2 →
h1h1 branching ratio, the LEP exclusions and the channels with the highest statistical

sensitivity. Comparison with Figure 9.22 shows that the unexcluded region B has greatly

increased in size and extends to higher tanβ, such that it joins the unexcluded region

A. This is due to the fact that, even after the shifts, the values of |At| used as input in

Figure 9.23 are higher than those used in Figure 9.22. (Recall that we saw in Figure 9.15

that larger values of |At| resulted in plots with a larger unexcluded region)

However, if we would like to see the effect of the new h2 → h1h1 vertex corrections

and the effect of improvements in FeynHiggs (such as the phase dependence of the

Higgs self-energies at O(αsαt)), it is instructive to do an analysis using exactly the

same parameter conversion as [24], which is given in equation (9.1). The results from

using this parameter conversion in conjunction with the new Higgs sector results are

shown in Figure 9.24 for mt = 172.6 GeV (upper) and mt = 174.3 GeV (lower). We

compare the plots for mt = 174.3 GeV in Figure 9.24 to the FeynHiggs analysis in

Figure 9.4 (b). We can see that the unexcluded region B has decreased in size slightly

and occurs at marginally higher values of tanβ. The unexcluded region A has increased

in size substantially, although some of the lower values of tan β, which were previously

unexcluded, are excluded in the new analysis.
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Figure 9.22: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ
plane, using neutral Higgs self-energies from FeynHiggs version 2.6.5beta. The CPX scenario has been used. Upper graphs show
mt = 172.6 GeV, lower graphs show mt = 174.3 GeV. See the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.23: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ

plane, using neutral Higgs self-energies from FeynHiggs version 2.6.5beta. The CPX scenario has been used, except with ADR
t = 1000i GeV

and M2,DR
L = M2,DR

t̃R
= 500 GeV. Upper graphs show mt = 172.6 GeV, lower graphs show mt = 174.3 GeV (conversion is given in

Section 3.4). See the captions of Figure 9.8 and Figure 9.9 for the legend.



L
im

its
o
n

th
e

M
S
S
M

p
a
ra

m
e
te

r
sp

a
c
e

fro
m

th
e

H
ig

g
s

se
a
rch

e
s

a
t

L
E
P

1
4
7

 0

 0.2

 0.4

 0.6

 0.8

 1

 Colour: Br(h2→h1+h1)

 20  40  60  80  100  120
Mh1

 10

ta
nβ  10

 20  40  60  80  100  120
Mh1

exclusions

 10

 20  40  60  80  100  120
Mh1

process with highest stat. sens.

 0

 0.2

 0.4

 0.6

 0.8

 1

 Colour: Br(h2→h1+h1)

 20  40  60  80  100  120
Mh1

 10

ta
nβ  10

 20  40  60  80  100  120
Mh1

exclusions

 10

 20  40  60  80  100  120
Mh1

process with highest stat. sens.

Figure 9.24: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ

plane, using neutral Higgs self-energies from FeynHiggs version 2.6.5beta. The CPX scenario has been used, except with |ADR
t | =

1000 GeV. Upper graphs show mt = 172.6 GeV, lower graphs show mt = 174.3 GeV (conversion of |At| given in equation (9.1)). See
the captions of Figure 9.8 and Figure 9.9 for the legend.
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9.6 Using CPsuperH with the topological

cross-section bounds

We would expect our analysis to provide less exclusion than a dedicated CPX analysis

of the type used in [24], since, as we have discussed, we can only use one observed

topological cross-section limit for each point in parameter space.

We can investigate this effect further by applying the topological cross-section limits

to Higgs masses, couplings and branching ratios as calculated with CPsuperH [59], which

we show in Figure 9.25. As input, we use the CPX scenario with ADR
t = 1000 GeV and

M2,DR
L = M2,DR

t̃R
= 500 GeV. We use values for the on-shell top mass of mt = 172.6 GeV

(top) and mt = 174.3 GeV (bottom).

We compare the result for mt = 174.3 GeV with the CPH analysis in Figure 9.4. The

excluded regions A and B appear in similar areas of parameter space, although the shape

of the unexcluded region B differs. It should be noted that we are comparing the results

from two different codes and therefore would expect some differences, although, since

CPH is an earlier version of CPsuperH, we would expect these differences to be relatively

minor. We therefore concur with the results from previous investigations [119], which

concluded that using the topological cross-section bounds is a useful way to confirm

the existence and approximate positions of unexcluded regions. However, in situations

where the shape of these regions is important, a dedicated analysis may be required.

It is also interesting to see that, for both values of mt shown in Figure 9.25, there

is a large region Mh1
>∼ 70 GeV and tan β >∼ 10 GeV in which the channel h1Z →

bb̄Z (�) has the highest statistical sensitivity. This did not appear in any of the plots

in the previous section and is due to higher values of Mh2 at these particular Mh1 , tanβ

coordinates.

9.7 Combining the results

Figure 9.26 illustrates the resulting excluded regions if Figure 9.23 and Figure 9.25 are

combined such that a point in the CPX parameter space is only excluded in Figure 9.26

if it is excluded in both Figure 9.23 and Figure 9.25, in analogy to the method used
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Figure 9.25: h2 → h1h1 branching ratio, LEP exclusions and channels with the highest statistical sensitivity plotted on the Mh1 − tanβ

plane, using CPsuperH [59] and ADR
t = 1000 GeV, other parameters taken from CPX scenario. Upper graphs show mt = 172.6 GeV,

lower graphs show mt = 174.3 GeV. See the captions of Figure 9.8 and Figure 9.9 for the legend.
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Figure 9.26: LEP exclusions plotted on the Mh1 − tanβ plane, for the CPX scenario. We
have combined the results from Figure 9.23 (which used FeynHiggs [31,56–58] version 2.6.5beta
with a DR to on-shell conversion) and Figure 9.25 (which used CPsuperH) such that a point
in parameter space is only excluded if both of these analyses found it to be excluded. Green
areas indicate excluded regions, white regions indicate unexcluded regions.

to combine results from FeynHiggs and CPH in [24]. It is interesting to see that the

unexcluded regions increase substantially compared to Figure 9.3.

However, these results should be treated with caution. A thorough comparison be-

tween results obtained using FeynHiggs and CPsuperH would require a detailed knowl-

edge of both FeynHiggs and CPsuperH and take into account differences in higher order

contributions and parameter definitions. This is beyond the scope of the thesis. It is

also notable that the results using the approximate parameter conversion given by equa-

tion (9.1) (Figure 9.24) are more similar to the CPsuperH results (Figure 9.25) than the

results from using the more rigorous DR to on-shell conversion derived in Section 3.4

(Figure 9.23).

9.8 Conclusion

The topological cross-section limits provided by [24] can be used to calculate regions

of parameter space which have been excluded by LEP for models and scenarios that

differ from those investigated in dedicated analyses [24]. We have used these limits to

investigate the impact that our new branching ratio results have on the LEP exclusions
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in the CPX scenario. We have found that unexcluded regions remain and we have

investigated the dependence of these regions on various MSSM parameters. We have

discussed the impact of a new version of the program FeynHiggs, which has not yet been

made publicly available. In order to compare to the results of the dedicated analysis

of the CPX scenario in [24], we performed an on-shell to DR parameter conversion,

using the ‘full’ conversion outlined in Section 3.4 and the conversion originally used

in [24]. We have performed a preliminary combination of the results using the ‘full’

conversion and the results from the program CPsuperH, and the resultant plots show

enlarged unexcluded regions in comparison to [24]. We have discussed the limitations of

this comparison, which stem particularly from difficulties in performing the conversion

between parameters used in CPsuperH and those used in FeynHiggs.



Chapter 10

The program HiggsBounds:

Comparing theoretical predictions

with limits from Higgs searches at

LEP and the Tevatron

In order to perform the analysis in the previous chapter, we implemented the ex-

pected and experimentally measured topological cross-section limits from the LEP Higgs

searches [24] into the fortran program HiggsBounds [29]1. This program takes theoretical

Higgs sector predictions as input, determines which channel has the highest exclusion

power at each parameter point and then compares the theoretical prediction in that

channel with the experimentally measured limit.

We have extended HiggsBounds to be applicable to models with an arbitrary number

of neutral Higgs bosons and we are including the new results from the Higgs searches at

the Tevatron collider as they are released. We currently have an online version of the

program available at the address

http://www.ippp.dur.ac.uk/HiggsBounds

and we will shortly be releasing a downloadable version of the code.

In this chapter, we discuss the additional features which we implemented in order to

take advantage of the limits provided by the Tevatron experiments. We will then discuss

a numerical example, using one of the MSSM benchmark scenarios.

1For other applications of preliminary versions of HiggsBounds, see [125,126].

152



The program HiggsBounds 153

10.1 Using limits from the Tevatron

Higgs searches are currently being carried out at the Fermilab Tevatron Collider by the

D0 and CDF Collaborations. These Collaborations regularly produce analyses of the

data with respect to the Standard Model Higgs and a few particular BSM scenarios.

(For a recent review, see [103].) However, in order to allow the results to be applied

to other scenarios, these documents also provide upper bounds on the cross-sections of

processes such as

1. pp̄ → haW
± → bb̄W± [127–129]

2. pp̄ → haZ → bb̄Z [130–132]

3. pp̄ → ha → W+W− [133–136]

4. pp̄ → haW
± → W+W−W± [137, 138]

5. pp̄ → ha → τ+τ− [104, 105]

6. pp̄ → ha(b/b̄) → bb̄(b/b̄) [139–141]

7. pp̄ → haV , pp̄ → ha or vector boson fusion, with ha → γγ [142, 143]

8. pp̄ → haV → bb̄V with high missing transverse energy [144]

9. pp̄ → haV , pp̄ → ha or vector boson fusion, where ha is SM-like and decays

ha → τ+τ− [145]

10. production and decay of a SM-like Higgs (combined D0 and CDF results) [146,147]

at 95% CL, where V = Z, W± and each process implicitly includes a hadronic remainder.

In practice, these results are presented either in terms of absolute cross-section limits,

cross-section limits which have been normalised to Standard Model values or limits on

tan β in a simplified Born level model.2

In order to take advantage of these limits, the program HiggsBounds contains internal

functions which have been fitted to up–to–date Standard Model Higgs sector predictions.

These include SM Higgs branching ratios for the processes

• H → bb̄, H → τ+τ−, H → W+W−, H → ZZ, H → gg, H → γγ

2We use tan β limits which have been derived under the assumption that the Higgs to b-quark coupling
in the real MSSM scales with tan β, radiative corrections are absent, Br(H → bb̄) = 0.9 and the H
and A become degenerate. Therefore, it is trivial to extract the the original MSSM–to–SM cross-
section ratio, thus avoiding the need to calculate a SM cross-section which mimics the cuts used in
the analysis.
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and the total SM Higgs decay width, as provided by the program HDecay [108]. Hig-

gsBounds also contains functions fitted to the SM Higgs hadronic production cross-

sections3

• associated production pp̄ → qq̄ → HW± and pp̄ → qq̄ → HZ

• gluon fusion pp̄ → gg → H

• vector boson fusion pp̄ → qq̄ → qq̄H

• b-quark fusion pp̄ → bb̄ → H

HiggsBounds also requires SM Higgs hadronic cross-sections4 for

• pp̄ → (b/b̄)g → H(b/b̄)

without cuts and with cuts which mimic those used in the analysis [141].

In addition, HiggsBounds contains internal functions which are fitted to the SM

ratios5

• R
qiq̄j

HW+ = σSM(pp̄ → qiq̄j → HW+)/σSM(pp̄ → HW±)

• R
qiq̄j

HW− = σSM(pp̄ → qiq̄j → HW−)/σSM(pp̄ → HW±)

• Rqiq̄i

HZ = σSM(pp̄ → qiq̄i → HZ)/σSM(pp̄ → HZ)

• Rgg
H = σSM(pp̄ → gg → H)/σSM(pp̄ → H)

• Rbb̄
H = σSM(pp̄ → bb̄ → H)/σSM(pp̄ → H)

where qi, qj denote the allowed combinations of quarks u, d, s, c, b.

These internal functions are used in conjunction with Higgs sector input from the

user. This input will contain the Higgs masses and some combination of normalised

effective Higgs couplings squared, Higgs branching ratios, normalised hadronic Higgs

production cross-sections and normalised partonic Higgs production cross-sections (see

HiggsBounds documentation for allowed combinations). We use ‘normalised’ here to

denote division by the equivalent SM result. The multiple input options are designed

to allow the program to be applied to a wide variety of models while still maintain-

ing convenient input modes for the most frequently used applications. However, note

3Obtained from the TeV4LHC Higgs Working Group compilation, maintained by F. Maltoni, at
http://maltoni.home.cern.ch/maltoni/TeV4LHC/

4We use calculations by O. Brein, which are in agreement with [148,149]
5See previous footnote.
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that HiggsBounds can only be used if the narrow width approximation is applicable to

the Higgs production and decay process (see Appendix B) and the model under study

predicts SM-like rates for the background processes.

Limits which have been obtained by combining different search channels under the

assumption of SM-like Higgs are only applied to a particular parameter point if all the

relevant production cross-sections and branching ratios for that point are related to the

SM predictions by the same factor. However, we treat combined D0 and CDF limits on

a SM-like Higgs [146,147] as single pp̄ → ha → W−W+ channels above Mha = 150 GeV,

since, to a good approximation, this is the only process which contributes to the limit

in this mass range.

If two Higgs particles are nearly degenerate, we add up their cross-sections in each

relevant Tevatron channel. By default, we combine the theoretical prediction for two

channels of the same type if the Higgs masses have a mass difference of less than ∆mH =

10 GeV (although this quantity can be varied). This is particularly relevant for obtaining

exclusions in the MSSM parameter space at large tanβ.

We combine the LEP and Tevatron limits by searching for the LEP or Tevatron

channel which is predicted to have the highest statistical sensitivity. The theoretical

prediction is then compared to the experimentally measured cross-section limit for this

channel only, as before. In this way we maintain the correct statistical interpretation of

the limits at the 95% CL. At present, HiggsBounds considers (nH × 2 + n2
H × 9) LEP

channels (although not all of these channels will be kinematically allowed) and (nH ×23)

Tevatron channels, where nH is the number of neutral Higgs bosons in the model under

study.

10.2 Numerical results

In this section, we demonstrate the use of HiggsBounds in conjunction with theoretical

Higgs sector predictions from the program FeynHiggs [31, 56–58] (version FH2.6.4).

We use the option in which the user provides the Higgs masses, branching ratios

and normalised effective couplings squared as input. We perform the calculation in the

mmax+
h benchmark scenario [117], which we define as
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m
max+

h
benchmark scenario

MSUSY = 1000 GeV, µ = 200 GeV, M1 = M2 = 200 GeV, M3 = 800 GeV

Xt = 2MSUSY , At = Xt + µ/ tanβ, mt = 172.6 GeV

HiggsBounds uses the normalised effective couplings squared to find Higgs hadronic

production cross-sections via the relations:

σ(pp̄ → haW
±) = σSM(pp̄ → HW±)|geff

haWW |2
(
Rud̄

HW+ + Rcs̄
HW+ + Rdū

HW− + Rsc̄
HW−

)

= σSM(pp̄ → HW±)|geff
haWW |2, (10.1)

σ(pp̄ → haZ) = σSM(pp̄ → HZ)|geff
haZZ|2

(
Ruū

HZ + Rdd̄
HZ + Rcc̄

HZ + Rss̄
HZ + Rbb̄

HZ

)

= σSM(pp̄ → HZ)|geff
haZZ|2, (10.2)

σ(pp̄ → ha) = σSM(pp̄ → H)
(
|geff

hagg|2Rgg
H + |geff

habb|2Rbb̄
H

)
, (10.3)

σ(ha via VBF) = σSM(ha via VBF)|geff
haWW |2, (10.4)

σ(pp̄ → ha(b/b̄)) = σSM(pp̄ → H(b/b̄))|geff
habb|2, (10.5)

σwith cuts(pp̄ → ha(b/b̄)) = σSM
with cuts(pp̄ → H(b/b̄))|geff

habb|2. (10.6)

Figure 10.1 (a) illustrates the processes with the highest statistical sensitivity in

the mmax+
h benchmark scenario. There is a significant region where the LEP process

e+e− → h0Z → bb̄Z (�) has the highest statistical sensitivity at low-to-moderate values

of tanβ and a narrow region at MA ∼ 90 GeV where the LEP process e+e− → hahb →
bb̄bb̄ (�) has the highest statistical sensitivity. However, at high values of tanβ, the

plot is dominated by the Tevatron process pp̄ → ha → τ+τ−(�) [104, 105]. Above

MA = 140 GeV, there is a large region in which the process pp̄ → ha → W+W−(�)

has the highest statistical sensitivity at moderate tanβ. The process pp̄ → haV →
bb̄V with missing ET (�) features in a thin region at tanβ ∼ 7, MA > 130 GeV.

The regions of mmax+
h parameter space which can be excluded by current limits from

Higgs searches at LEP and the Tevatron are shown in Figure 10.1 (b). Much of the

area below MA ∼ 90 GeV and the area below tan β ∼ 5 − 10 can be excluded by LEP

results. There is also a substantial excluded region due to Tevatron limits on the process

pp̄ → ha → τ+τ−(�) at large tan β, which extends to tan β ∼ 40 at MA = 140 GeV. In
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Figure 10.1: Processes with the highest statistical sensitivity and regions excluded at 95%
CL in the mmax+

h benchmark scenario by the program HiggsBounds [29]. If the separation
in Higgs masses is less than ∆MH = 10 GeV, the Tevatron cross-sections involving these
Higgs bosons are added. (a) The colour codings are: red = e+e− → h0Z → bb̄Z (�), blue =
e+e− → hahb → bb̄bb̄ (�), green = pp̄ → haV → bb̄V withmissing ET (�), white = pp̄ → ha →
W+W−(�), yellow = pp̄ → ha → τ+τ−(�) (b)green = excluded, white = unexcluded

this part of parameter space, at least two neutral Higgs bosons have a mass difference

∆mH < 10 GeV and therefore the theoretical predictions for these cross-sections are

combined.

Figure 10.2 demonstrates the excluded regions in the mmax+
h benchmark scenario for

the case where Tevatron cross-sections are not combined for similar masses. As we would

expect, the excluded region has reduced in size significantly.

10.3 Conclusion

We have described a new program HiggsBounds, which uses cross-section limits from

Higgs searches at both LEP and the Tevatron to determine which regions of parameter

space of a model with an arbitrary number of neutral Higgs bosons have already been

excluded at the 95% CL. As input, it requires theoretical predictions for the Higgs

sector. We have demonstrated some of the key features of HiggsBounds using the mmax+
h

benchmark scenario and illustrated how a combination of LEP and Tevatron results can

be used to place substantial constraints on the available parameter space in this scenario.
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Figure 10.2: Regions of the mmax+
h benchmark scenario which are excluded at 95 % CL by

the program HiggsBounds [29] Cross-sections in channels with similar values of the Higgs mass
are not combined. (green = excluded, white = unexcluded)

Our code provides a quick and convenient way for phenomenologists and model-builders

to check whether a particular model or scenario has already been excluded by the Higgs

searches.

An online version of HiggsBounds has been made publicly available and a download-

able version will be released shortly. We intend to update the program frequently in

order to ensure that it continues to use the most up-to-date Tevatron limits.

The authors of the publicly available programs FeynHiggs [31,56–58] and DarkSUSY

[150] (which performs calculations of relic density and various signals for direct and

indirect searches, especially for supersymmetric dark matter) have expressed an interest

in using HiggsBounds in conjunction with their respective programs. We will also provide

an interface to the code CPsuperH [59].

HiggsBounds will be extended to include limits from Higgs searches at the LHC as

they become available.



Chapter 11

Conclusion

“Theory is a good thing but a good experiment lasts forever.”

— Peter Leonidovich Kapitsa 1894–1984

The two theories of Supersymmetry and the Higgs mechanism have widespread pop-

ularity throughout the particle physics community. So far, these theories have not been

confirmed by experiment, but neither has it been possible to rule them out. Over the

next few decades, we will be able to rigorously test these models at the Large Hadron

Collider and the International Linear Collider. This thesis deals with some of the phe-

nomenological issues associated with investigating an example involving aspects of both

theories – the Higgs sector of the complex Minimal Supersymmetric Standard Model.

After discussing the composition and renormalisation of the complex MSSM, we de-

rived the counter-terms necessary for the calculations in this thesis. We then reviewed

the status of the Higgs mass predictions and repeated the calculation of the neutral

Higgs self-energies at 1-loop order for the complex MSSM. We have derived a way to in-

corporate these self-energies into propagator corrections to processes with external Higgs

bosons, which is an extension of previously published results for the real MSSM. We have

developed a method which allows the inclusion of Higgs mixing with Goldstone bosons

and Z bosons into processes involving an external Higgs bosons, without inadvertently

introducing a gauge parameter dependence at the 1-loop level.

We have discussed some of the issues surrounding Standard Model and SUSY QCD

contributions to processes and explicitly checked that the way in which the resummation
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of the SUSY QCD corrections is performed is fully consistent with the inclusion of

complex phases.

We have calculated the full 1-loop vertex corrections within the Feynman-diagrammatic

approach for the process ha → hbhc, taking into account the dependence on all complex

phases of the supersymmetric parameters and the full momentum dependence. These

results will be included in the publicly available program FeynHiggs [31,56–58]. We have

included the full propagator corrections, using neutral Higgs self-energies as provided

by FeynHiggs, and we have consistently included 1-loop mixing with the Z boson and

the unphysical Goldstone-boson degree of freedom. Our results are currently the most

precise predictions for the ha → hbhc decay width.

We have found that the genuine vertex corrections to the triple Higgs vertex are

numerically very important. Their inclusion changes the predictions for the decay widths

drastically as compared to an approximation based solely on propagator-type corrections.

Using the leading Yukawa contributions yields a prediction for the decay width which

is closer to the full result, but we still find deviations of ∼ 27% in the example of the

CPX parameter space at tan β ∼ 8, Mh1 ∼ 30 GeV.

We have also presented two effective coupling approximations in the complex MSSM.

The Yukawa approximation includes all leading corrections and can be expressed in a

very compact form, thus providing a convenient way to go beyond the tree level vertex

contributions. The effective coupling created from the full fermion/sfermion vertex cor-

rections at zero incoming momentum is a more sophisticated effective coupling approx-

imation. These effective couplings can be used for determining accurate cross-sections

for processes such as e+e− → h1Z → h1h1Z at the ILC, which provide a way to di-

rectly access the Higgs self-couplings and thus investigate a crucial element of the Higgs

mechanism.

We also have presented the full 1-loop electroweak vertex corrections to the ha → f f̄

decay width in the complex MSSM, including full phase dependence, a result which has

not been previously available in the literature. These contributions will be incorporated

into the program FeynHiggs. We have supplemented these new corrections with 1-loop

QED and SM QCD corrections, resummed SUSY QCD contributions, propagator correc-

tions calculated using neutral Higgs self-energies from FeynHiggs, and 1-loop propagator

mixing with Goldstone bosons and Z bosons.

Using these decay widths in conjunction with the topological cross section limits

from the LEP Higgs searches, we were able to investigate the effect of the new vertex
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contributions on the exclusions in the CPX benchmark scenario. Of particular interest

was the region 30 GeV <∼ Mh1
<∼ 50 GeV, 3 <∼ tanβ <∼ 10, which previous analyses

had not been able to exclude, despite the relatively low values of Mh1 involved. Since

the coupling of the lightest Higgs to the Z bosons is suppressed in much of this region,

processes involving the second heaviest Higgs or the heaviest Higgs are important. Across

the majority of this region, the h2 → h1h1 decay is dominant and therefore a precise

theory prediction for this decay width is crucial for confirming the existence of the

unexcluded area and mapping out its extent.

We have also investigated the dependence of these regions on various MSSM param-

eters and investigated the impact of a new version of the program FeynHiggs, which

has not yet been made publicly available. We performed on-shell to DR parameter con-

versions in order to carry out a preliminary comparison with exclusions obtained using

the publicly available program CPsuperH [59]. Although both analyses confirmed the

existence of unexcluded regions in similar parts of CPX parameter space, the extent of

these regions varied. The unexcluded parameter region with a very light Higgs bosons

will be difficult to cover with the Higgs searches at the LHC [89,151,152] (see also [153]

for a recent study) but can be thoroughly investigated at the ILC [90].

In order to facilitate the use of LEP results in conjunction with new Higgs sector

results, we created a new fortran program, HiggsBounds [29]. We have extended it to

apply to models containing an arbitrary number of neutral Higgs bosons and we have

incorporated the preliminary results from the Tevatron Higgs searches. This program

allows the easy comparison of models outside the usual benchmark scenarios with current

Higgs search data. We will continue to update HiggsBounds to include the most recent

Tevatron results and we will include limits from the LHC as they become available.



Appendix A

Scalar Integrals

Although we will use the program LoopTools [45] in general to perform the loop integrals,

some situations will require explicit expressions in special limits, such as the case where

the external momenta is put to zero. Also, simplified expressions for the loop integrals

can be very useful when manipulating algebraic expressions obtained from Feynman-

diagrammatic calculations or isolating leading terms, such as when investigating the

structure of ∆mb.

If the external momenta are put to zero, scalar integrals can be decomposed into A0

integrals. The solution to A0 is found (using the procedure outlined in detail in [46]) to

be

A0(m
2) =

(2πµ)4−D

iπ2

∫
dDq

1

q2 − m2 + iε

= −m2

(
m2

4πµ2

)D−4
2

Γ

(
2 − D

2

)

= m2

(
∆ − log

(
m2

µ2

)
+ 1

)
+ O(D − 4) (A.1)

where ∆ = 2
4−D

= γE + log(4π), γE = 0.57721... is the Euler-Mascheroni constant and

Γ(x) is the gamma function.
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We will require the 2-point, 3-point, 4-point and 5-point integrals, which are defined

as

B0(0, m
2
0, m

2
1) (A.2)

=
(2πµ)4−D

iπ2

∫
dDq

1

(q2 − m2
0 + iε)(q2 − m2

1 + iε)

C0(0, 0, 0, m
2
0, m

2
1, m

2
2) (A.3)

=
1

iπ2

∫
dDq

1

(q2 − m2
0 + iε)(q2 − m2

1 + iε)(q2 − m2
2 + iε)

D0(0, 0, 0, 0, m
2
0, m

2
1, m

2
2, m

2
3) (A.4)

=
1

iπ2

∫
dDq

1

(q2 − m2
0 + iε)(q2 − m2

1 + iε)(q2 − m2
2 + iε)(q2 − m2

3 + iε)

E0(0, 0, 0, 0, 0, m
2
0, m

2
1, m

2
2, m

2
3, m

2
4) (A.5)

=
1

iπ2

∫
dDq

1

(q2 − m2
0 + iε)(q2 − m2

1 + iε)(q2 − m2
2 + iε)(q2 − m2

3 + iε)(q2 − m2
4 + iε)

where the momenta of the external particles are zero and m0, m1, m2, m3, m4 are masses

of internal particles. Note that since all the momenta are the same, the order of the

masses is irrelevant. Explicit solutions for the 2-point and 3-point functions for the case

with general momenta dependence can be found in [46].

For the case where all the internal particles have the same mass, we use partial

differentiation in order to arrive at the expressions

B0 (0, a, a) =
∂A0(a)

∂a
=

A0(a)

a
− 1 (A.6)

C0 (0, 0, 0, a, a, a) =
1

2

∂2A0(a)

∂a2
=

−1

2a
(A.7)

D0 (0, 0, 0, 0, a, a, a, a) =
1

6

∂3A0(a)

∂a3
=

1

6a2
(A.8)

E0 (0, 0, 0, 0, 0, a, a, a, a, a) =
1

24

∂4A0(a)

∂a4
=

1

48a3
(A.9)

We can find the other B0, C0, D0 integrals by using partial fraction decomposition

into integrals of type A0, B0 (0, a, a) , C0 (0, 0, 0, a, a, a). For the 2-point function, this

gives

B0 (0, a, b) =
1

a − b
(A0(a) − A0(b)) (A.10)
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For the 3-point function, we find

C0 (0, 0, 0, a, a, b) =
1

b − a
− bA0(a) − aA0(b)

a(b − a)2
(A.11)

C0 (0, 0, 0, a, b, c) =
(b − c)A0(a) + (c − a)A0(b) + (a − b)A0(c)

(a − b)(a − c)(b − c)
(A.12)

These 3-point expressions are particularly important for our purposes as this limit is

not covered by LoopTools [45] and they will be required in order to get numerical results

when calculating momentum independent approximations to the triple Higgs vertex.

They will also be used to simplify the algebraic expressions for the Higgs self-energies in

the Yukawa approximation and the triple Higgs vertex in the Yukawa approximation.

This method can be easily extended to calculate all the D0, E0 integrals at zero

incoming momenta. However, for the purposes of this thesis, we will only require

D0 (0, 0, 0, 0, a, a, a, b)

=
a2 − 2A0(b)a − b2 + 2bA0(a)

2a(a − b)3
(A.13)

E0 (0, 0, 0, 0, 0, a, a, a, b, b)

= −b (−5a2 + 4ba + b2) − 2b(a + 2b)A0(a) + 2a(a + 2b)A0(b)

2a(a − b)4b
(A.14)

as these will be used when simplifying the algebraic expressions for the triple Higgs

vertex in the Yukawa approximation.

We will also use

B0 (a, 0, a) = B0 (0, a, a) + 2 (A.15)

B1 (a, 0, a) =
−A0(a)

2a
(A.16)

where B1 is defined through

Bµ

(
p, m2

0, m
2
1

)
=

(2πµ)4−D

iπ2

∫
dDq

qµ

(q2 − m2
0 + iε)((q + p)2 − m2

1 + iε)
(A.17)

= pµB1

(
p2, m2

0, m
2
1

)
(A.18)

These were found using the procedure outlined in [46]. They will be used to calculate

diagrams involving gluons in Section 3.3.1 and Section 3.4.
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Other expressions for tensor integrals which were used when, for example, checking

relations between ΣhiG, ΣhiZ, can be found in [46] and in the Mathematica file btensor.m,

which is supplied with the program FormCalc [43, 45].



Appendix B

Narrow-width approximation

The narrow width approximation is commonly used to separate a process involving an

internal propagator with a pole at q2 = M2 − iMΓ into two parts—one involving the

production of the internal particle and one involving its decay. These parts can then be

calculated independently.

The approximation requires that Γ � M , that the centre-of-mass energy s of the

full process is above the on-shell threshold for all particles involved in the ‘production’

part of the process and that the mass of the internal particle is sufficiently above the

sum of the mass of its decay products. There should be no significant interference with

non-resonant processes (as discussed in [154, 155]).

In these circumstances and using an arbitrary scalar process involving an internal

propagator as an example, the cross section for the full process σ can be written as [156]

σ =
1

π

∫ q2
max

q2
min

dq2σp(q
2)

1

(q2 − M2)2 + (MΓ)2

(√
q2σd(q

2)
)

(B.1)

where σp(q
2) refers to the part of the process which produces the internal particle at

momentum q2 and σd(q
2) refers to the part of the process in which the internal particle

at momentum q2 decays i.e. σd(q
2) is the off-shell decay width. The Breit-Wigner shape,

1
(q2−M2)2+(MΓ)2

is the modulus squared of the internal propagator. For the narrow width

approximation to hold, q2
min should be less than the centre-of-mass energy that would

be required to produce all the final state particles on-shell q2
f,threshold minus a few decay

widths and q2
max should be greater than the actual centre-of-mass energy of the process

plus a few decay widths.
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As Γ → 0,

1

(q2 − M2)2 + (MΓ)2
∼ π

MΓ
δ(q2 − M2) (B.2)

Therefore, in this limit, the σp and σd can be calculated entirely on-shell, i.e. at

q2 = M2, such that that the full cross section under the narrow-width approximation

becomes

σNW = σon−shell
p

σon−shell
d

Γ
= σon−shell

p Br (B.3)

For example, an important process at LEP was e+e− → HZ → bb̄Z. Under the

narrow-width approximation, the full cross section could be approximated by

σNW

(
e+e− → bb̄Z

)
= σon−shell

e+e−→HZBr(H → bb̄) (B.4)

which is much simpler to calculate than the full 2-to-3 process.

If the conditions for the narrow width approximation are not met, it may still be
possible to find an approximation that avoids calculating the entire production and
decay process simultaneously. Examples of finite-width approximations can be found
in [155] and [51].
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