Introduction to Quantum Field Theory 10.2.03 - 20.2.03.

The Problems! ., & zwicy

Convention: We will mainly work on the manifold R* or let’s better say R(M3) with metric I =
diag(1,—1,—1,—1). In the beginning of the exercises we will put~on symbols representing operators.

1. 1-particle wavefunction or field 7
In the course we have seen two ’Scheinproblems’ for the wavefunction interpretation of the
Klein-Gordon equation:

L jo=p20
Problems with probability interpretation?

II. Elfparticle = iE1p p = w 17) VP 5% + m?

Problems with stab1hty7
Let’s see whether we can improve!
(a) Show that: (by using a completeness relation)
(@lp® —m?|p) = Km(2)¢(z) , Km(zx) = —(9° +m?)
(b) Here we want to think of ¢(x) as a wavefunction.
Ko (2)¢() - 0 (1)
o) = [ e ot )
Work out the solution using this ansatz. The solution will allow you to perform one of
the four integrations.
Give all the energy eigenstates and their eigenvalues. (pg = i9p)

N.B If we demand covariance of the equation (1) then the field or 1-particle wavefunction
¢(x) is a scalar!

(c) If this would be the end of the story (no interaction) what restriction on the initial condi-
tions would give us a physically meaningfull (stable) theory? ’Scheinproblem’ II.

(d) So we have to do something! Let us begin to think of ¢(x) as a field. Convince yourself
that the equation (1) is the result of of the following Lagrangian.

5= /c——/ 86)? — m?¢?] (3)

Use or derive the Euler-Lagrange equation from the variation ¢ — ¢+ d¢. To understand
the notation, this explicitely means:

0=105= 4 / Llp+edp] dpon =0 (4)

df e=0 M



(e) Let us check what the energy of this field is all about. We will indicate two ways of getting
an energy-momentum tensor TH:
Choose the second method if time is short.

i. Variation w.r.t. g, — gu + 99, (known from General Relativity) gives the symme-
tric energy-momentum tensor.

1
5Smatte7" = 5 /M Tiuégwj V=g (5)

You will need or want to derive the identities: 6g = gg"”dg,,, and 6gn3 = —ga79555975

ii. Variation w.r.t. z — = + dx to get the canonical energy momentum tensor.

Tﬁzx = %&,@ — 9w L (6)
The above result is an immediate consequence of Noether’s theorem for a Lagran-
gian invariant under a symmetry up to a total derivative. Let’s first derive Noether’s
theorem and then its modified version:
Noether’s theorem Given a Lagrangian density L£[¢p, d¢| invariant under a symme-
try ¢ (without use of the equation of motion) then the conserved current j,, 0-j =0

is given by: 5p
Ju = W&b = 7Tu5<75 (7)
How to derive this ?
oL oL
0 = JdL= %&zﬂ— 6(8#(;5)6(8%5)
E-L oL oL P

Modified version: If 6L = 0,0 then Noether current is modified j, — j, — €, and
now there’s almost nothing left to work yourself to (6)!

N.B. Looking at the T)o component we recognize it to be the Legendre transformation
of the Lagrangian density in Minkowski space, which defines the Hamilton (energy)
density.

The total energy at a given instant of time is given as:

H= | T(n,n)— / d*xToo >0 (8)
My

where M, is a spacelike hypersurface and n is the normal vector to it. In the second
equality we went back to flat Minkowski space! The inequality which we should check
gives us more comfort. Since T}, is not a measurable quantity but only its integral, we
can always redefine it by 7}, — T}, + 0%Eq, with E,,,, an antisymmetric (3,0)-tensor
11" Actually the results of two methods given above often differ in such a manner (e.g.
QCD).

N.B. The energy momentum tensor obtained by metric variation is guaranteed to be sym-
metric, whereas for the canonical method this is not the case.

In coordinate free language the T tensor is equivalent to T + dw where w is a 1-form!



(f) Let’s calculate the Greensfunction of the Klein-Gordon operator.

Kp(2)G(z —y) = 6 (z —y) (9)
This can be solved by making the ansatz
_ [P ipay
Gla—v) = [ 3060 (10)

The naive solution for G(p) = lemg is immediate. But performing the integral over p
demands us to make choices of how to go around the poles in th pg-plane! Essentially you
will find 3 inequivalent ways of doing this! m? — m? + (—i0, —ipg, ipo) 2, this corresponds
to the Greensfunction (Gr, G4, GRr), where F stands for Feynman (causal), A for advanced
and R for retarded.

For simplicity let’s go to two space-time dimesions. Perform the pg-integration with the
residue technique. For the remaining p;-integration use a integral representation of the

Bessel function:
Ko(z) = / dte=#h®)  Re[2] =0 (11)
0
. ™ .
Ko(+iz) = _E[NO(Z) +iJo(2)] (12)

For calculational convenience it might be useful to remember Lorentz covariance of G/(x —
y). You should end up with the following results:

= —Ko(mv—22 + i0)

Cre) = 3 (13
Gr(z) = O(+z0)G(x) (14)
Ga(z) = O(—z0)G(z) (15)
Glz) — 2§R[Gp(x)]:%@(a:Q)e(xo)Jo(m\/x_z) (16)

A more precise suggestion: First do the G function by assuming z? > 0 and then either
guessing its covariant form or also doing the much easier case 22 < 0. The other functions
can then be found by analysing the integration paths.

N.B. This last exercise can be done in a more rigorous fashion with the theory of distributions.
(c.f. Generalised Functions, Chilov & Gel’fand)

Summarising on our progress on the ’Scheinproblems’. We have seen that when we change
from the wave-function to the field interpretation the field energy H = [ d3xThy > 0, even
Too > 0. So ’Scheinproblem’ II seems to disappear in classical field theory.

’Scheinproblem’ I persists. 3 To see this notice that people worked with a complex scalar field
in analogy to the Schrodinger wavefunction. The action would look like:

1 * *
s =3 [100-00 - mis (1)
This action is invariant under: ¢ — e*®¢. Deriving the corresponding Noether current with
formula (7).
j,u = ¢* 0 w ¢ (18)

from where jo 20 .
N.B. If ¢*=¢ then j, = 0. This should give us a hint on how to solve ’Scheinproblem’ I!

2 Actually there’s a fourth method m? — m? + 40, but this one is just the complex conjugate of the first one!
3We saw in the lecture that ’Scheinproblem’ I disappears for the (classical) Dirac equation!



2. Canonical quantization of the scalar field.
In this exercise we will quantize the scalar field ¢. For historical reasons this is sometimes
called second quantisation. An important lesson from the course and the exercises so far is
that the solution to the Klein-Gordon equation can be written as:

¢(z) = /dﬂ(E)[fk($)¢+(k) + fi(z)o- (k)] (19)
Where du(k) = %, fr(x) = %, k = (Ey, k) and ¢, (¢_) are to be thought of as the
coefficient of the positive (negative) energy solutions. In order to harmonise with the literature
we write ¢_ = a! and ¢, = a from now on.

It is useful to introduce to the following Lorentz invariant scalar product for functions satisfying
the Klein-Gordon equation:

(o) i=i [ daf@) b ata) = [ B3 W (20)

N.B. The Lorentz invariance is more transparent from the second equality !

(a) The usefulness of this scalar product is:

(fol®) = alq) (21)
(fl) = al

Derive one of these relations by using the representation of the scalar product in x-space!

(b) Show that the canonical commutation relations ..

[0(2), 7()]sg=yo = 0 (T~ §) (23)

[0(2), 6(¥)s=yo = 0 (24)

[7(2), 7 (4)]zog=yo = O (25)
... imply (by using the (21) and 7 = 5(%@))

[a(k), at (1)] = 28,60 (k — ) (26)

a®,ad = (27)

ai(h,al@] = (28)

Just show the first commutator relation !!
N.B. On a technical level they should be interpreted as the quantisation of a system with
infinite degrees of freedom. °

(c) Now that we have operator relations, we are seeking for a representation space! 6
Physically it seems plausible that the operator coefficient for the negative energy wave-
function annihilates the vacuum |0)!

a(k)|0) = 0]0) =0 (29)

1 f(2)" 90 g(2) = [f()" Do g(x) = f(2)" Do g(2)], 2. f(z) =t otz fl)e

®But as mentioned above one has also got used to the term of second quantisation.

%Von Neumann’s theorem (1931) tells us that all representations for the canonical commutation relation are unitary
equivalent. The theorem breaks down for a system of infinite degrees of freedom.



This is the so called Fock-representation. You are familiar with it from the quantum
mechanical harmonic oscillator. Now we have infinitely many of them. From quantum me-
chanics we have learned that a good basis is generated by the particle number operators

N(k) := al(F)a(k) with [N(k), N(1)] = 0.
Express the Hamiltonian in the following way.

ﬁ:/ﬁ%%o: /J%gﬂﬁf+«%V+m%ﬂ (30)

_ / Bpler N () + 268 (0)] (31)

We have succeeded in diagonalising the Hamiltonian. We choose the Fock space as a
representation space.

(d) What should we do with this infinite constant? Kick it away!
More seriously since the ordering procedure is ambiguous when we pass from a classical
to a quantum system, we take the liberty of ordering things in a more physical ourselves
a convenient way. The so-called normal ordering: 'Move all annihilation operators a to
the right of the creation operators a'f.’

N[H] = = / B ples N () (32)
Simply calculate:

(OIN[H]I0) (@N[H]ld) .|2) = a'(a)|0)

understanding this is already understanding halfway the important Wick-theorem. So
it seems that the negative energy states can’t do us any harm in the free quantum theory! 7

(e) Causality (this exercise is optional and almost equal to the following!) Investigate the
causality of the Pauli-Jordan function.

A(x) = [9(2), $(0)] = (0[d(x), $(0)]|0) (33)

You do not need to work out things in great detail. It is sufficient to write A(z) =
[ dpf(z,p) to establishing the following two points:

e A(0,7) =0

e A is a Lorentz covariant function

These two facts allows us to reconcile with special relativity !
A(z) =0 2%<0 iespacelike (34)

N.B. A(z) = iG(z) c.f. exercise 3. It might be interesting to look at the behaviour of
A(x) inside the lightcone.

"N.B. The constant c26(0) is the well known zero point energy of the quantum harmonic oscillator. For a fermionic
system c2 — —co. From this we learn that in supersymmetric theories unphysical divergences have tendencies to cancel
among themselves!



3. The Propagator is ix the Greensfunction !! &

Now we want to study the Feynman propagator, which will be one of the main building blocks

for constructing a perturbation theory. Evaluate the equation:

Ar(z) = (0[To(x)¢(0)0)

where

[ d(@)é(0) zo >0
Te(@)(0) = { $(0)6(a) 0 <0

Plug (19) into (35) and then work out a comparison with:

Gr(z) = / (d4p R

27m)4 p?2 — m?2 +i0

to obtain the final and important result:
Ap(z) =iGp(z)

N.B.

e In writing (35) we already assumed translational invariance

(35)

(36)

e we obtained: K,,(z)Ap(z) = i6™ (z). This is like a quantum equation of motion (Schwin-
ger Dyson equation (from the path integral point of view) c.f. Peskin & Schroder chapter
9.6) From the operator point of view the d-function arises because of the singular ©-

function in the definition of the propagator. Such a term is called a contact term.

8From now on we will suppress the ~symbol on operators for clearvoyance.



4. Spinor Calculus - The simplest covariant equations
A particle is characterised by the two invariants of the Poincare group, namely the mass and
the spin. We want to work out spinor representations in this exercise. It is a well known
fact (also shown in the course) that the orthochronos Lorentz group has a double covering.
LL ~ SL(2,C)/{£1}. This mapping is to be understood as follows:

AA)x = Az AT ,a = a“aﬂ , Oy = (12,0) (39)

N.B. In quantum mechanics you have seen the analogous relation for SU(2) double covering
SO(3). For our purposes we take this as enough evidence that we are studying spin 1/2 repre-
sentations.

SL(2,C) is sometimes called the quantum mechanical Lorentz group!

It is our goal to study the fundamental representations of this double-covering space and find
relativistic field equations for it! We will work in the fundamental representation of SL(2, C). It
is a fact that A € SL(2,C) is not unitary equivalent to A*. Therefore we have two inequivalent
representations transforming as:

v = Au uevV (40)
o= A weV (41)

written in indices u!, = AQBUB, vl = (A*)fvﬁ- It’s a fact that the epsilon tensor is the only
invariant tensor in SL(2, C), explicitely:

as = AP AJes, €1 =1, A€ SL(2,C) (42)

in matrix notation this means

AeAT = ¢ (43)

it might be good to keep in mind that (AT)f = ABO‘ to understand the passage to matrix
notation!

(a) Convince (show) yourself of this fact up to the statement of uniqueness.

Hence we know how to lower and raise indices for building invariant objects. (-e4g =
P = €ap UT = €*Pug)
(b) Show that a 4 vector is a (1,1) tensor in SL(2, C) by using (39).

T=z,; ,T=o0ua" (44)

Now we have the ingredients to write down a covariant dynamical equation (Weyl equa-
tions): ?

9Pug = 0 (45)

9,50° =0 (46)

(¢) Now we want to go Dirac’s way backwards! By adding a mass term we immediately see
on grounds of indices that both equation need an additional fermion transforming under
the conjugate representation.

0Py = ms” (47)
iaagvﬁ = mt, (48)

9Those fermions are Weyl fermions. The two types correspond to left and right handed fermions.



N.B.

From the transformation properties you might suspect that uoé(fu[3 ) and ta(sﬁ ) are related.
Act as if they were equal and plug one equation into the other! For this purpose you need
to work out
¥ 57,2
a, 50" = 5Ba (49)

which is in matrix notation:
a=a’ly (50)

ll

where a = a,6" c.f. (53) and we will accept a®® = T Work out the matrix equation (50)
by further using o;0; = d;; + i€;;,0%. Now you can combine (47) and understand why 'm’
is really the mass term.

You should get:

Km(x)vB =0 (51)

which is just the relativistic dispersion relation.

More compactly we can write (47) with the Dirac 4-spinor the Dirac equation. ¥ =

(ta, v%)T and Y = ( 60 U()“ ) with 6, = (1,—7) as
I

(i) — m)¥ = 0 (53)

The 7, indicated above is a representation (Weyl or chiral) of the Clifford Algebra for the
four dimensional Minkowski metric g, i.e. {vu, %} = 214g.m-

We notice that if we want a mass term for the fermions we need both representations.
However for the Majorana fermion there is a way out. A Majorana fermion is a real
fermion in the following sense: For every fermion u, there is a charge conjugate (anti-
particle) (uq)e = u®. The Majorana condition is (u). = u. Looking at equation (47) we
can write the Majorana equation

i@aBua = maf mug

the equation for the other chiral component is obvious from (45).

In non-relativistic quantum mechanics we didn’t bother with two different representations
of the spin group. This is because SU(2) has only one representation in two dimensional
vector space. Particles and anti-particles are not so naturally related in quantum mecha-
nics. Therefore we sometimes say that anti-particles are relativistic quantum effects.

The spinorial calculus will proof itself to be useful when we study supersymmetry.

An excellent reference on spinorial calculus is Straumann’s lecture notes on QM II or
chapter 13 in Wald’s book General Relativity.



5. Quantization of the Photon field o la Gupta Bleuler
Quantization of gauge theories in not an easy job, because of the classical gauge freedom!

(a) Let’s first tackle the canonical version. Get the canonical momenta

oL
" @A o

from the Lagrangian:

1
L= _ZFWFW v Fuw =0,A, — 0,4,

We would like to quantize our system with covariant canonical commutation relation: °

[Au(x)a Ty (y)]xo=yo = iguué(s) (T —7) (55)

most obviously there’s a problem since we obtain in particular g = 0. Essentially two
methods were developed for dealing with this problem:

e Exploit the gauge invariance and choose a gauge from the beginning. We impose the
gauge condition in such a way that we can go through our program of canonical
quantization. This method was pioneered by Fermi (1929), it’s systematic approach,
quantization under constraints was launched by Dirac (1950). Maybe in your course
in quantum mechanics II you saw the example of quantising the photon field in the
Coulomb gauge (5-A4) =0

e Lorentz covariant method of BRST-quantization (1969,1975) developed for quanti-
sing non-abelian gauge theories. The abelian version which doesn’t need a lot of the
apparatus was found earlier by Gupta & Bleuler (1950)

Gupta-Bleuler We begin by adding an explicit covariant gauge fixing term to the La-
grangian.
1 v 1 2
Lgr = _ZF;WFM - %(au/w) (56)
One should make sure that the o parameter does not affect physical observables in the
end! Let’s bring this Lagrangian in a more convenient form by partial integration. !

1 1
/Lgf =5 /A”(gu,,GQ ~(1-a10,0,)A" = 3 /Aﬂa2pw(a)A” (57)
Derive the equation of motion either from (56) or (57) and the canonical momenta (54)!

In the sequel we shall use the Feynman gauge o = 1. As usual we use a Fourier ansatz
for the vector potential.

3
Aplz) = Z/du(’?)[a(’g’ Neu(B, ) fil@) + al (B, A)ep, (B, 2) £ ()] (58)
A=0

Notice that in this ansatz the A runs over four polarisations! We have to do something in
the end to get rid of two of these four degrees of freedom. Since from Maxwell’s theory or

9The covariance refers to the vector potential index A,,, in the configuration space sense the canonical formalism is
not covariant since it singles out xo w.r.t Z.

1N.B. For a — oo (removing the gauge fixing term) P, is a projector! In particular projectors can’t be inverted
and that’s one way to see why we have to fix the gauge ! For obvious reasons the & = 1 Feynman gauge is a very
popular gauge.



Lorentz group analysis we know that the photon has only two helicity states. Show that
the relations below imply the canonical commutation relations (55):

[a(k,\),al (K, \)] = —2E,gM 6@ (k — k) (59)
and,
3 bd pud I
Z Eu(k?, )\) X €u(k3, )\/)*QAA = —Guv (60)
A=0

(e) This exercise is not necessary for the rest or simply supplementary. In case time is short
jump to the next one! Show that the vector potential ansatz (58) satisfies:

[Au(), Au(y)] = —igu Doz —y) (61)

The covariance jumps at your eyes! Where Ag(z) = iG(x)m—o is an old friend, the Pauli
Jordan function:

4

Ao(x) = i / (;ZW’;?)(;(/{;%M?-%(%) (62)

(f) Now we have to do something about our too many of degrees of freedom. The Hilbert
space is too big, actually it is not even a Hilbert space since there are zero-norm states
which might be expected looking at (59) or (61). We follow a rather pedestrian approach!
Now you might think that it would be a good idea to define the physical Hilbert space as
(0 -A)|phys) = 0, but this is too strong. Derive an immediate contradiction from (61)!

(g) The correct way to do it is to impose the gauge constraint only weakly (phys’|(0-A)|phys)
or equivalently (0 -A)~|phys) = 0. 12 This is called the Gupta-Bleuler condition and was
the difficult thing to discover.

Probably you are puzzled by something or let’s say you got confused. Looking at (58) we
seemed to have four d.o.f. Then we applied the gauge constraint so we expect to be left
with three! Invent some argument why we are only left with two d.o.f.

Hint:You might want to look at the gauge condition in momentum space.

(A proper analysis can for instance be found in Bogoliubov & Shirkov chapter 8.5)

2From a modern point of view this is just the BRST condition. Looking at the equations of motion we see that
Maxwell’s equation are satisfied for physical matrix elements

10



6. Free Dirac theory - getting familiar with 4-Spinors !
So far we have seen that a 4-spinor is built out of two 2-spinors, one of them transforms in the
fundamental and the other one in the complex conjugate representation of SL(2,C).

¢Dirac = (Uon Uﬁ)g{o = (@ba, Xd)?:;urse (63)

This representation corresponds to the Weyl representation of the y-matrices. For this exercise
it is sufficient to think of ¥ € C* and obeying the Dirac equation.

(i) —m)¥(z) =0 (64)

which derives from the Lagrangian Lp = W(i) — m)¥, the y-matrices satisfy the Clifford
Algebra {v,, v} = 2149, and ¥ = UTyy. The field ¥ solving the Dirac equation is usually
expanded as:

2
W)= 3 [ duthlath, ruth,r) @) + 5106, ol ) ) (65)
r=1

In order that the above ansatz is a solution the u and v vector have to obey: 3
(#—m)u(p) =0 (F+m)uv(p) =0 (66)
This equation is best analysed in the rest frame:
(vom — m)u(m,0) =0 (yom +m)v(m,0) =0 (67)

The Hp = v7 - P + 7vom is a 4 dimensional hermitean operator and should therefore have 4
orthogonal eigenvectors with eigenvalues! The above equations tell us that we have found two,

actually four solutions. Two are degenerate under Hp and we label them by a further letter r!
14

The general solution then can be obtained because of covariance by a Lorentz transformation

on the spinors. u(p) = S(A)u(m, 0)

(a) We choose the following orthnormalisations consistent with (65) and canonical quantiza-
tion.

u(p, T)Tu(p, S) = 2Ep57"s U(p, T)Tu(p, S) =0
v(p,1)'o(p, s) = 2B,y u(p,r)1o(p, s) = 0
By arguments of Lorentz covariance it is easy to show (do it): 15
Z_L(p, T)U(p, S) = 2moys fl_)(pa T)U(pa 5) = —2m0ys (68)

it might be useful to remember 'yg =70 and S(A)Tyg = y0S(A)~?

(b) A clever alternative to the Lorentz transformation trick is to make the obvious ansatz, as
in the course!

-,

u(p) = Nu(p+m)u(m,0)
v(p) = No(@—m)v(m,0)

where we used (p — m)(p +m) = p> — m? Now we can use (68) to determine (N, N,).

.0
.0

13 As long as we don’t quantize a and b can be regarded as free coefficients to be determined by initial conditions.

MFor further refinement one usually takes the hermitian Pauli-Lubanski tensor in the rest frame which is just the
3 0 .

g o ) and [Hp,S] =0

51n case you want to ask yourself a good question: Why does one(two) of the states have negative norm ?

spin operator. Wpr(p = (m,0)) = § = 1

11



(¢) The projectors on positive and negative states can be written as:

MO = D) T ey 2m
_ v ®op) _ 2 o(p,r)®@u(p,r)  —Ftm
Al = v(p)v(p) _; s, ryolp,r)  2m

By construction these projectors have the obvious properties Ay (p)u(p) = u(p),A+(p)v(p) =
0, A_(p)v(p) = v(p) and A_(p)u(p) = 0. Compute Ay explicitely and verify that they
obey the projector relations:

AL =Ar A +A =14 tr[AL]=2

(d) (Optional) In the course it was beautifully explained by group theoretical arguments why
we have to use anticommutators

"]

{a(p,r),aT(p/,s)} = 2Ep5rs6(3)(ﬁ_p)
{b(p,m), b1 (0, 8)} = 2E,6,50®) (5~ p))

to quantize the spinor fields. ¢ Verify one or both anticommutation relations(canonical,covariant):

{Wa(@), m5(0) Yag—yy = 10050 (7) (69)
{Va(2), Up(0)} = (i + m)apilo(z) (70)

(e) Work out the Hamiltonian from the Legendre transformation:
H= / dBxN[rV¥ — L] = / BrN[Tiy0y V] = ... (71)

Be aware of the following points!
e What would have happened if we would have used commutators?

e Check that the zero point energy has the opposite sign as for the scalar theory in
exercise 2.

e Did we use the same normal ordering prescription as for bosons? What is the proper
prescription 7

to get
= [ k) BN (k) + No(h)]

with Ny (k) = 23:1 a'(k,r)a(k,r) the number particle operator.
N.B. The Hamiltonian H > 0 and ’Scheinproblem’ II seems also to be under control in
the quantum theory!

(f) Analogous to the complex Klein Gordon field the Dirac Lagrangian £ p is invariant under
the global transformations: ¥ — €W and ¥ — e ‘*W. The corresponding Noether
current (7) is:

GH = Uy (72)

Now verify that the charge or probability density 7 is:

Q= / PrN[j) = / dpu(k)[Na () — Ny(R)] (73)

16This is a consequence of the more general Spin Statitics connection that emerges in relativistic quantum field
theory.
'"No it is the charge and this solves the ’Scheinproblem’ I!

12



7. The Dirac Lagrangian in 2-spinor components
Use (63) (Weyl representation) to establish:

Lp W (i, 0" —m)¥

XP0(D)aaX® + ¢5i(0) b + m[XT* o + Pix ]

where we have seen that a 4 vector z,,.

ou = (1,0),0, = (1,—5). And the y-matrix in the Weyl representation is:

w0 7)
(47).

also derive the equations of motion from the Lagrangian £ p in order to get the Dirac equations

13



8. Wick-Theorem (1950), for Bosons
The Wick theorem is the most important structure in building a perturbation theory! Mastering
the Wick theorem allows you to extract the Feynman rules for a given Lagrangian (theory).
Before stating the theorem and demanding a proof we want to give a pedagogical example.
Actually the induction base of the inductive proof! We can write the scalar field (19) as a sum
of creator and annihilator parts:

$(z) = ¢" () + ¢~ (2)

»+ (=) are the creation (annihilator) parts! '® and the normal ordering we saw in exercise 2 is
simply
Nip(z)¢(y)] = ¢*(2)¢" (y) + ¢"(2)¢™ (y) + ¢* (y)d ™ (2) + ¢~ (2)¢™ (y)

From the canonical commutation relations (26) it is clear that:
T¢(x)¢(0) = N{(x)$(0)] + C — number

using (0|¢p+ =0, ¢~|0) = 0 the C-number is demystified to be Ap(z).

Wick Theorem (weak version): Notation: ¢, = ¢(z,)

(61 bal = Nlg1 . dal + S AT([1] = p[2]) ... A*(p[2k — 1] — p[2k]) x

pairs\1

N1 ... dppay - - - Ppp2r - - - O]

where ¢ means that the corresponding field is omitted in the string. Now you have all the
equipment to proof the theorem by induction.
Almost ... you need to convince yourself that:

[67 (x), " (0)] = (016 (2)¢(0)[0) =: A™(x) (74)

having proofed Wick’s weak version sufficient for causal perturbation approach (Epstein-
Glaser) we proceed to argue for a stronger version necessary for a perturbation in the Dyson
series.

Wick Theorem (strong version):

Tlpr..dnl = Nlor- da] + 3 Ap(ll]—pl2])..- Ar(p2k — 1] — p[2K]) %

pairs\1

N¢s ... ¢3p[1] . "Qgp[Zk} oo On

Note that T'[...] is only well defined for z? # x?. Since it is completely symmetric in in the time
arguments we may assume z§ > --- > z¥. But then we can use the weak version. Completing
the arguments we have to convince ourselves of two points:

e For coincident points the RHS serves up to a certain point (c.f. below) as a definition of
the LHS.

e At — Ap when we open for all ¥ (no a priori ordering)

Some more remarks:

!8N.B. Warning! The notation of £ is reversed as opposed to (19) since the positive energy parts ’carry’ the
annihilation operators and the negative energy parts the creation operators.
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e Problem of coincident points is severe. Ap(z) is a well defined distribution, whereas
Ap(x)? is not and results in UV-divergences c.f. Causal Approach!!

e An analogous theorem can be derived for fermions where the pairing picks up the permu-
tation sign c.f. any standard book on QFT.

e What we really need at the end of the day in standard perturbation theory is (0|T...]|0) =
Zcompletepairing(AF ...Ap) and slight modification introduced by normal ordered inter-
action polynomials.
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9. From cross section to S-matrix elements, an example
We want to derive the cross section for a 2 — n particle process, two particles colliding and
thereby producing n particles. The two colliding particles are described by wavepackets centred
around p; & po. We go into a frame where the two momenta are collinear i.e. p; parallel py
excluding the pathetic case of equality! Such frames are for example the centre of mass or
laboratory frames. Cross sections are not Lorentz invariant! ! The incoming state is described

by:
I D) = / dpu(p) () L (52 L) v ) (75)

where du(p) = % is the invariant measure. The n outgoing particles shall go into regions
P

F; in phase space. From our basic understanding of quantum mechanics we can write down
the transition probability:

Pl Iy — Fy.Fy) = /FHdu(q;-)|<q_i..q71|S TS AY: (76)
i=1

where we subtracted the trivial one from the S-matrix! The S-matrix is defined and parame-
trised as:

in<{pi}|{pf}>0ut = m<|{pz}|5|{pf}>m
{pHS —1H{g}) = i2m)* W (> p =D a)M(p — q)

But this is not the end of the story! There’s an additional subtlety. In a scattering experiment
it is certainly not possible to know the impact parameter b! The way out is that instead of the
state |I1, I5) we really take an ensemble of states |I?, I5) where I?(p) = e~ P*I;(p) from basic
principles of quantum mechanics, all right ? Let the impact parameter lie in a domain B in a

homogeneous manner 0, expressed in formulas we define our cross section:
o(li, Iy — F|..F,) = / d*bP(1%, I, — F\..F},) (77)
B

(a) Now we finally come to the point where we can do some work! Let’s put all our stuff into
(77) to obtain: (In a compact or sloppy notation?)

o = (20 /B &2 /F [Tanta) [ it duto)dtrh o)
Li(p) Lo (p2) (P 295> _pi — > a)s(> i =Y )

e’ib~(p_i/—p_i)M(p1 + py — qu)*M(pll +ph — Z%)

Where we have introduced (p}, p,) as dummy integration variables.

(b) Tt is possible to integrate over p’ and b. Integrate first b yielding a two dimensional delta
function. Use this delta function plus one of the other two to perform all six integrations
over p} by assuming that I;(p;) is sufficiently centered around p;! You should obtain:

2t 10
do(p1,p2 — q1--q2) = Hdﬂ(qz')%|M(ﬁl,ﬁ2 = .6 P+ 52 - Y )

19Cross sections of the type we calculate are only invariant under a subgroup of Lorentz transformations. Namely
all rotation and boosts in the collinear direction.

20Ideally the extension of this domain is much larger than the impact of the quantum forces under consideration.
Problematic for QED, IR-divergences.
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where,
o(pr+p2— F) = / do(p1 + p2 — q1.-92)
F
and A is the famous Mgller factor:

S|l

_ _ _ p
A= E51E172|Uy — Ug ,v” =
Ep

N.B. The Mgller factor is not Lorentz invariant. Although assuming a collinear frame it

can be put into a Lorentz invariant form A = \/(py - p2)? — mim3.

The presentation strongly follows the one of Peskin & Schréder chapter 4.5.
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10. Derivation of Feynman rules for QED
We would like to derive the Feynman rules for QED! That is we want to find easy rules to set
up our integrals for S-martix elements at any given order of the coupling constant. The QED
Lagrangian is given by a U(1) gauge field minimally coupled to a Dirac fermion.

1 —
L= = FuF" + Ui+ cA)¥ = Lo+ L (78)

where ¢ = v,c* is the notation for the Feynman slash! The interaction Lagrangian is L7 =
—H; = N[VeAV]. Normal ordering in the interaction part is necessary (in order to avoid
crazy self closing loops) and often suppressed like in (78), :). The Dyson Series (evolution
operator in the interaction picture) obtained in the course is:

U (t,#) = Te—t 1 o, (79)
The corresponding S-Matrix is defined as:
S := Uy(co, —0) (80)
our goal is to work out S-matrix elements between physical states |¢ ¢),|¢;). 2!

Spi = (¢7lS|oi) (81)

So what are the physical states? The Hilbert space a Fock space under consideration is given
by H = H;, ® Hy where m stands for matter fermions and f for the photon field. This space
is spanned by the generic states: 22

|k1, >\17 - kaa )‘a;ply 71,3 Dbs Tb;ply Fl";p(}) Fc> -
[af (k1 A1)l (o, X)) [uf (1, 71)- T (3, 7)) [0T (1, 71) -0 (B, 70)]|0)

I suggest to work out a specific example and from this experience we may abstract the general
rules. Let’s take the vacuum polarisation in the one-loop approximation. That is to say:

<k1, A1;0; O‘S|k2, Ag; 0; 0> +co +ecy + 6202 + ... (82)

ecy is the one-loop vacuum polarisation! And even more concretely

5 [ dtad'yCrie® Olahn, A)TIEAD) ) (B AV w)la (b2 12)0) (53)

The way to systematically tackle this is Wick’s theorem. In our approach we have to combine
the two versions of Wick’s theorem. 2> We have to keep in mind:

e Since we take Fock vacuum expectation values we only need completely contracted terms
of the Wick sum! In our language a contraction of the operators A and B means (0|7 AB|0)
or (0|ABJ0) for the strong or weak version respectively.

e Due to their anticommuting nature our fermionic friends pick up the sign for the overall
contraction!

e There are no contractions inside normal ordered products!

2 Actually it is better to define S := U, (00, —00)/{0|Uw (00, —00)|0) in order to avoid vacuum graphs in higher
orders. Such a construction is automatic in the LSZ approach!

22What assumption are made for the states below. N.B. we are working in the interaction picture!

231n the LSZ approach we only need the strong version
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(a) We need the following relations (proof at least one of them)

(2m)*2(0]a(k, \) A" (2)0) = — gMe" (k,Ae
(2m)*2(0| A" (x)al (k, A)[0) = — g™ e(k, A)te™
(2m)*2(0la(p, ) ¥ (@)|0) = a(p,r)e™
(2m)*/2(0¥ (z)al (p,7)[0) = u(p,r)e” "
(2m)*2(0fb(p, ) ¥ (2)|0) = v(p,r)e™
(2m)*2(0[% (2)b! (p, 7)[0) = B(p,r)e” "

(b) We will go on and evaluate (83) in the Feynman gauge o = 1.

€ k1, A1) €, (ka, A2) o

4 ~ ~
@rp?  (2n)p? ¢ /(d ey Sk + ki) Sr (k)] (80

6202 = (2#)45(4)(]431 — ]CQ) 27[_)

=ill4" (q)
(¢) Now you got it all in front of your eyes. Give the Feynman rules in momentum space.

You need the following definitions to build up your theory:

2
v = 3 / dpu(RYal, ryu(Fr) () + b (R eyl ) ()]
B(r) = Z / dp(F) ol (B, r)a(F, r) fi(w)” + b(E, r)o(Fr) fule)]

A — 3 / dpa(F) a(F, N)e(F,\) () + at (F, N)e(F, N)* fi(2)"]
A=0

and ...

4 - m efip-m
QT @00} = Spla) =i [ 5 B

O 4, (2) A, (0)0) = ~(g ~ (1~ ™) ) Ap (2)

. d4p e—ip-x
Ar(z) = Z/ (2m)4 p2 — m? 40

*4n the result (84) we obtained momentum momentum conservation. Helicity/spin conservation is not yet obvious
but will become obvious in the next exercise when we further evaluate the integral!
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11. Rendez-vous with the vacuum polarisation
We are meeting an old friend from yesterday (84):

4 m m)~Y

t
2m)t (k2 — m2 + 0)((k + q)2 — m? + i0)

let’s begin to work out this integral by first evaluating the trace. You will need:

tr[vavs] = 4gap (86)
tr[Yav87778) = 4190896 — Jary 985 + Jas98+] (87)

Now the denominator is a really unhandy thing. Feynman found a way to deal with such
problems. Use the famous Feynman parametrisation:

1 ! 1
AB /0 AT A=2)B) (88)

Then it is useful to complete squares to (k+ 2q)? in the denominator ... and change variables
to p = k + xq. Because of even-odd type symmetries you only need to retain the terms in even
powers of p!

o d4p 2pMp” — g"'p* = 2z(1 — 2)g"¢” + g"(m* + (1 — 2)¢?)
iy (q) = —4e? 5
(p* — M?)?

M? =m? —z2(1 - :c)qQ. This is the standard integral for the vacuum polarisation. It is not
difficult to see that this is divergent! We proceed by introducing a regularisation. We choose
the dimensional regularisation. 2> The basic idea is that if in the above integral we could

change the space time dimension from d = 3 + 1 to d < 1+ 1 then the above integral would

dlp o dYp
@m)* 7 (2m)d
have a formally convergent integral we can justify a further manipulation: the Wick rotation.
We deform the contour in the pg-plane to the imaginary axis (and I think by now you know

in which sense you have to turn the contour !) and then substitute p® — z'pOE and get:

be convergent. Let’s play this game and substitute in the integral. Now that we

il (¢

/ / ddpE [—2g1p% + g p% — 22(1 — 2)g™ + g (m® + z(1 — 2)¢%)]
(pE + M2)

where p% = (p%)2 + 5?2 and in the nominator we performed the effective substitution pEpt —
ég““pQE (Think about the argument yourself). We have a type of integral doesn’t depend on
the angles in the integration so we can go polar:

0 T d/ 0
/ddkf(kQ) :/dﬂd/o dkkd1f (k%) = 215[d)/2]2/0 dkkd=1 £ (k)

I hope you followed and checked every step until now. We will use the general integral:

dk k?)®
F[daavb} = /(2 )d (k2(+142)b

1 A2 wpoTd/2 4+ alT[b—a — d/2]
T (4n)2 (47r)d/2 (A% T[b|T[d/2]

25This regularisation has the advantage that it is gauge invariant. Generally one has the tendency to choose a
regularisation which doesn’t brake symmetries or at least the most important ones. Usually the symmetries are restored
after renormalisation, if this is not the case then we say that the theory has an anomaly!
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If you like you can derive it by using the definition of the beta function:

[[a]T'[b] /1 -1 b—1
B(a,b) = =——= = dyy®™ (1 — 89
putting things together we get:
iy (q) = (69" — ¢"¢")illa(¢”) (90)

where we see that the projector appears nicely and guarantees us 'quantum’ gauge invariance,
the Ward identity ¢,I15"(¢) = 0. Furthermore we can read of spin/helicity conservation of the
photon by looking at equation (84). II5(q?):

g2 1 _
My(g?) = Mfw/o dza(l —x)% (91)

We pretended something like d = 4 — € and that ¢ was sufficient positive. Now the crucial point
is that the I" function has a unique analytic continuation. So this will be our criterion. We will
now perform a Laurent series in the I function and not surprisingly the divergences come in
the disguise of poles. The Laurent series of the I' function is given by: 26

Ple] =~ — 7+ 0() (92)

There’s an additional subtlety hidden in Pandora’s box. Since we have changed the dimen-
sionality of the integral we must compensate for it by multiplying the overall expression by a
dimensionfull parameter € (u has the dimension of mass). 27 Consequently expanding in e:
(recall d = 4 —¢) 28
2 gl 2
e 2 M
My (q°) = —%/ dra(l —z)(- - log[ﬁ] — 7+ log[4n]) + O(e) (93)
0

€

The minus sign is crucial! Since what we have calculated is responsible for the charge renor-
malisation. The negative sign induces screening. Non abelian gauge theories have the opposite
sign and therefore contain antiscreening, also known as ’asymptotic freedom’!!

A physical interpretation of Iy can be found in Peskin & Schréder chapter 7.5.

By the way the I' function is defined by:
I'[z] == / t#7le™t R[2] >0 (94)
0

and the rest of the job is done by analytic continuation and once again one picks up simple
poles on the negative real axis. This is best seen in the Weierstrass’ representation:

I[z] = i n‘(—il)") + /100 dtt*"te~tvz (95)

ot (n+z

and Bye Bye !

26y is the Euler’s constant and given by 0.577..

711 is the renormalisation scale for the d dimensional regularisation.
2
<

28often one uses the fine structure constant o = =
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