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Abstract

Parton distributions, a(z, u?), are essential ingredients for almost all theoretical
calculations at hadron colliders. They give the number densities of the colliding par-
tons (quarks and gluons) inside their parent hadrons at a given momentum fraction x
and scale p?. The scale dependence of the parton distributions is given by DGLAP
evolution, while the x dependence must be determined from a global analysis of
deep-inelastic scattering (DIS) and related hard-scattering data.

In Part I we introduce ‘doubly-unintegrated’ parton distributions, f,(z, z, kZ, u?),
which additionally depend on the splitting fraction z and the transverse momentum
k; associated with the last evolution step. We show how these distributions can be
used to calculate cross sections for inclusive jet production in DIS and compare the
predictions to data taken at the HERA ep collider. We then calculate the transverse
momentum distributions of W and Z bosons at the Tevatron pp collider and of
Standard Model Higgs bosons at the forthcoming LHC.

In Part II we study diffractive DIS, which is characterised by a large rapidity
gap between the slightly deflected proton and the products of the virtual photon
dissociation. We perform a novel QCD analysis of recent HERA data and extract
diffractive parton distributions. The results of this analysis are used to investigate
the effect of absorptive corrections in inclusive DIS. These absorptive corrections
are due to the recombination of partons within the proton and are found to enhance
the size of the gluon distribution at small x. We discuss the problem that the gluon
distribution decreases with decreasing x at low scales while the sea quark distribution
increases with decreasing x, whereas Regge theory predicts that both should have
the same small-x behaviour. Our study hints at the possible importance of power

corrections at low scales of around 1 GeV.
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Part 1

Unintegrated parton distributions



Chapter 1
Parton evolution and factorisation

The theory of the strong interaction is quantum chromodynamics (QCD), where
the fundamental entities are quarks and gluons. However, the initial-state particles
collided in particle physics experiments—such as the HERA and Tevatron colliders
and the forthcoming LHC—are not quarks and gluons, but hadrons. Therefore, it
is essential to know the momentum distributions of the partons (quarks and gluons)
inside the colliding hadrons in order to relate theoretical QCD calculations with
experimental data. These parton distribution functions (PDFs) are the subject of
this thesis.

The conventional collinear factorisation approach expresses hadronic observables
as the convolution of the PDF's with partonic hard-scattering coefficients, computed
assuming that the hard scattering is initiated by a parton collinear to its parent
hadron. The separation of parton emissions associated with the initial hadron or
with the hard scattering is provided via a factorisation scale. The scale dependence
of the PDFs is governed by Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [1-
5] evolution. Both the DGLAP splitting kernels and the hard-scattering coefficients
are calculable as perturbation series in the running strong coupling. This formalism
is often applied unquestioned, with a huge amount of effort expounded on calculating
higher-order corrections to the perturbation series. In this thesis, we study simple
modifications to standard DGLAP evolution.

In Part I, we introduce PDFs which depend on the transverse momentum, rela-
tive to the parent hadron, of the parton initiating the hard scattering. We use these
unintegrated PDFs to calculate the transverse momentum distributions of final-state
particles produced in deep-inelastic scattering (DIS) and hadron-hadron collisions.

In Part II, we study a subset of DIS events known as diffractive. We perform a
novel QCD analysis of recent diffractive DIS data taken at the HERA collider, and
extract diffractive PDFs. We then use this diffractive DIS analysis to calculate the
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effect of absorptive corrections on the DGLAP evolution of PDFs, arising from the
recombination of partons within the proton.

In this introductory chapter we concentrate on only a few aspects of perturbative
QCD phenomenology which are particularly relevant to the research presented in
later chapters. For more details, the reader is referred to the textbooks [6-19] and

review articles [20-27].

1.1 Colour factors and running coupling

First we give the formulae used for calculating colour factors throughout this thesis.
We use the convention that indices a,b,... run over the No = 3 colour degrees
of freedom of the quark fields, while indices A, B,... run over the (N2 — 1) = 8
colour degrees of freedom of the gluon field. The SU(N¢) generators ¢4 satisfy the

following properties:

[t4, 5] = 1fABCC, (1.1)
1
tAtB = Tr(tMP) = Ty 617 with  Tp = o, (1.2)
. NZ—1 4
taAbtg‘c = Cr 04 with Cp = QCNC =3 (1.3)
fABC $ABD — ¢, 5CP with C4 = Ng = 3. (1.4)

The scale dependence of the running coupling ag is given by the renormalisation

group equation,

o) as(Q?) dag as(Q?) 1
1nﬁ " Jocoey Blas)  Jasoe das{-bag [I +Vas+0(ag)]} ,  (1.5)
ag(p as(p

where the one- and two-loop coefficients are

(llCA—an) (33—2nf)

b= - : (1.6)
127 127
b,_(l?Cﬁ—5C’Anf—3C’an)_ (153—19nf) (1 7)
B 2m(11Ca — 2 ny) ~27m(33 —2ny)’ '

and n; is the number of active quark flavours.! At leading order (LO), where we

IThe discovery of ‘asymptotic freedom’ in 1973, meaning that the strong interaction gets weaker
at small distances, earned Gross, Politzer, and Wilczek the 2004 Nobel Prize.
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keep only the first (one-loop) term on the right-hand side (RHS) of (1.5),

2y _ as(p?)
) e @) (18

while at next-to-leading order (NLO), where we also keep the second (two-loop)
term on the RHS of (1.5),

1 as(@?) [1 + Vag(p?)] } Q*

@ i M e e e 09)

These equations (1.8) and (1.9) allow ag(Q?) to be calculated if the coupling is
known at some reference scale p. Typically, p = My and ag(M3) is extracted
from experimental data. An alternative approach is to introduce a parameter Agcp

instead of ag(p?), defined as the scale at which the coupling would diverge, that is,
ag(p’) — oo as p— Adep. (1.10)

With this definition, (1.8) becomes

as(Q?) = bln@zl/AéCD), (1.11)

while (1.9) becomes

! +b'1nl Vas(Q) ]:bln & (1.12)

as(Q?) 14+ bas(Q?) Aden

This last equation (1.12) can be solved approximately for ag(Q?) by expanding in

inverse powers of In(Q?/Acp):

as(Q?) = ! v (ln v Inln ?—2>

= +
b1n<Q2/A(2QCD) b? 1n2(Q2/A2QCD) b AQCD

1
+0 <—ln3(Q2/AéCD)> . (1.13)

Redefining Agcp to absorb the term proportional to In(b'/b) we obtain

as(Q?)

1 [ v Inln(Q?/Aqcp) ' (1.14)

= bln(QQ/AéCD) b IH<Q2/A(2QCD)

Note that Aqcp depends on the number of active flavours, ny, with the dependence
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Figure 1.1: Deep-inelastic ep scattering mediated by a virtual photon v*.

determined by ensuring that ag(Q?) is continuous across the flavour thresholds, that
is,

2 2 2

aS(mz)} = as(mc)’nf:47 O[S(mb)}nf:4 = aS(mb)’anS : (115)

ng=3
Due to the various ambiguities involved in specifying Aqcp, such as the flavour
dependence, the renormalisation scheme dependence, and whether it is defined ac-
cording to (1.11), (1.12), or (1.14), it is better to specify the absolute value of the

running coupling by giving as(u?) at some reference scale yu, usually at u = M.

1.2 Deep-inelastic ep scattering

Deep-inelastic ep scattering is mediated by exchange of a virtual photon with mo-
mentum? ¢ = e—e’, where e and ¢’ are the momenta of the initial and final electrons,
see Fig. 1.1. The virtual photon (v*) has spacelike virtuality ¢*> = —Q* We ne-
glect the proton mass assuming that m, < @, and assume that Q? is sufficiently
small that Z boson exchange can be neglected. The ep centre-of-mass (CM) en-
ergy squared is s = (e + p)? = 2e - p, where p is the momentum of the initial
proton. The Bjorken-z variable is 75 = Q*/(2p- q). The v*p CM energy squared is
W2=(¢+p)?=Q*1/xs —1).

The total ep — eX cross section can be written as a contraction of a leptonic
tensor (representing e — ey*) and a hadronic tensor (representing v*p — X). The
hadronic tensor, W#”, can be written in terms of two independent structure func-

tions, after utilising gauge, Lorentz, and time-reversal invariance, parity conservation

2‘Momentum’ always refers to 4-momentum throughout this thesis.
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and assuming unpolarised beams. The final result is

For oo (@)
drp dQ? 1y Q*

{1+ (1 —9)?] FPr(zs Q) +2(1 —y) Fr(zs,Q%)},
(1.16)
where y = (¢ - p)/(e-p) = Q*/(z5s). The subscripts T and L on the structure
functions Fr;, denote the separate contributions from a virtual photon with trans-
verse and longitudinal polarisations respectively. Analogous to (1.8) the very weak

running of the electromagnetic coupling is taken to be

«

Ozem(QQ) = 1 — %hl(QQ/mz)’

(1.17)

where o ~ 1/137 is the fine-structure constant and m, is the electron mass.

The structure functions of the proton are related to the v*p cross sections by

Q
FT,L = 47‘(‘2a O'%f, (118)
Fy(w5,Q%) = Fr(ts, Q%) + Fi(v5,Q%), (1.19)

so the ep cross section can be obtained from the v*p cross sections by

d?0? aem(Q?)
dyd@? 27y Q2

{ 1+ (1—y)?] )7 +2(1—y) ag"p} . (1.20)

1.2.1 Operator product expansion

The hadronic tensor governing the v*p interaction, also known as the forward Comp-

ton amplitude, is

WW:i/&x&wawwwﬂ@»m, (1.21)

that is, it involves taking the Fourier transform of the proton matrix element of a
time-ordered product of currents. An alternative strategy to the parton model for
calculating W is to expand this product as a series of local operators. This is
known as the operator product expansion (OPE).? The most important terms in
the operator product of two currents J* come from products of two quark currents
qv*q with quarks of the same flavour. The relative size of contributions from the
OPE to DIS is controlled by the twist of the operator, defined by t = d — s, where d

is the (mass) dimension and s is the spin of the operator. A given operator of twist

3See, for example, Chapter 18 of [6] for more details.
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t is suppressed by at least a factor

(é)m . (1.22)

The dimensions of quark and gluon operators are 3/2 and 2 respectively, while their
spins are 1/2 and 1 respectively. Thus the leading contribution from two quark op-
erators is twist-two (‘leading-twist’) while the leading contribution from four gluon
or four quark operators is twist-four (‘higher-twist’). Note that a contribution sup-
pressed by (1/Q)*? does not necessarily originate from an operator of twist ¢. For
example, a contribution behaving like 1/Q? could be either a sub-leading twist-two

contribution or a leading twist-four contribution.

1.3 DGLAP evolution and collinear factorisation

It is convenient to use a Sudakov decomposition, whereby a general momentum £ can
be expanded in a basis of the proton momentum p, a lightlike 4-vector ¢’ = ¢+ x5 p,
and a transverse component k, , which satisfy the relations

2
PP=0=¢", p-ki=0=¢q ki, kiI=-k} p-q':Q—. (1.23)

275
We define the plus and minus components of a 4-vector k as k* = k° + k3. In the

Breit frame

p={@"p .p) =(Q/r5,0,0), ¢ =(0,Q,0), kL =(0,0k). (124

We adopt a physical* (axial) gluon gauge, where only the two transverse gluon
polarisations propagate. The numerator of a gluon propagator with momentum k&

in an axial gauge is

kyn, +n,k, o kuky

dl/ka = Y .
po (k) G + k-n n(/’{;n)2

(1.25)

Although the propagator is more complicated in an axial gauge than in covariant
gauges, for example the Feynman gauge where d,, = —g,,, a physical gauge has the
distinct advantage that ghost fields are not required to cancel the unphysical gluon

polarisations. Choosing a lightlike gauge-fixing vector n = ¢’ gives the light-cone

4For more information on physical gauges, see [21,28].
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p

Figure 1.2: (a) The parton evolution chain, simplified so that all the partons in the
chain are gluons. (b) The evolution ladder, given by the amplitude of diagram (a)
multiplied by its complex conjugate. The horizontal gluons cut by the dashed line
are on-shell, p? = 0.

gauge,
k:M q,// + q:t ku

k-q

For the special case when k possesses only a plus (p) component, then d,,(k,q") =

dw(k,qd) = —guw + (1.26)

—gjl,, where gjl, is the transverse part of the metric, that is,

_ Pudy+ 4Py

— (1.27)

iy = Gy

In an axial gluon gauge, the logarithmic scaling violations of the proton structure
function Fy (x5, Q?) are given by multiparton emission diagrams, such as that shown
in Fig. 1.2(a), with strongly-ordered transverse momenta along the evolution chain.
The shaded circle at the top of Fig. 1.2(a) indicates some hard subprocess with an
associated factorisation scale p. The ladder diagram representing the amplitude of
Fig. 1.2(a) multiplied by its complex conjugate is shown in Fig. 1.2(b). Using a

Sudakov decomposition of the momenta of the propagator partons,

ki=xzip—0id +kiy, (1.28)
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where the Sudakov (light-cone) variables z;, 5; € [0,1]. In the infinite momentum
frame, the plus momentum fractions z; = k;* /p* become the longitudinal momen-
tum fractions of the proton. The emitted partons along the evolution chain have

momenta
pi=kici—ki=(zxio1 —xi)p+ (B — Bic1) ¢ + i (1.29)

where p; | = k;_1, — ki, while the total momentum going into the hard subprocess
at the top of the ladder is

P=k,+q=(vp,—25)p+ (1 —0)¢ +kn.. (1.30)
Since the outgoing partons must be on-shell (p? = 0), we have

2
Tp Dis

(B = Bi—1) = (=)0

(1.31)
where z; = z;/z;_1, and the Sudakov variables of the propagator partons obey the

ordering

C > Tyl > Xy > Ty, o < B < B < 1. (1.32)

The kinematics we have discussed so far are completely general, and also hold
for the different types of parton evolution we will discuss later. We now consider the
approximation made in DGLAP evolution, where transverse momenta are assumed

to be strongly ordered,
TS S RS P S = (1.33)

where kg is an infrared cutoff. Schematically, neglecting the running of the strong
coupling, the diagram in Fig. 1.2(b) with n propagators gives a contribution pro-

portional to

wdk2, Redk? R dk? 1 n
(ag)"/ "’t/ not / L~ = (agnp?)", (1.34)
e B, e R, 2, "l ( )

2 2
0 kO

The leading logarithmic approximation (LLA) includes a sum of all such terms.
We write the momentum of the last parton in the evolution chain, which initiates
the hard scattering, as k, = k = xp — 3¢ + k.. Since this parton has k; < p,
it can be taken to be approximately collinear with the proton, £ = zp. We write
a(z,u?) as a shorthand for the PDFs of the proton, zq(x,u?) or zg(x,u?). We
neglect non-perturbative power-suppressed contributions of O([Aqcp/u|P), where

the power p > 0. These contributions should be negligible as long as ¢ > Aqcp,
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(a) ’7”\/\/\/‘ ’\[\[\F”Y ’7”\/\/\/‘ ’\[\[\F”Y
67"z, p?) 679z, pu?)

k|t ||k

Figure 1.3: Illustration of collinear factorisation. The hard scattering is initiated by
either (a) a quark or (b) a gluon with momentum k = x p.

where Aqcp is typically a few hundred MeV. The collinear factorisation formula,
illustrated in Figure 1.3, expresses the hadronic (y*p) cross section in terms of the

PDFs, a(x, u?), and the partonic (y*a) cross sections:

o1 = Z / — a(x, p?) 67w, ). (1.35)

a=q,g

The partonic cross section ¢ is calculable as a perturbation series in ag,

MO+ aZ eNO ], (1.36)

0= ag [ + as
where 7 is the smallest power of ag contributing to a specific process. For example,
r = 0 for inclusive DIS, but » = 1 for inclusive jet production. For inclusive DIS,
the usual choice of scale is given by the photon virtuality, © = . Currently,

0 and 6N have been calculated for a large number of processes. By contrast,

~NNLO

the next-to-next-to-leading order (NNLO) partonic cross section, & , is only

known for a few simple processes, such as inclusive DIS and Drell-Yan (and related)

5 NNLO will increasingly

processes in hadron-hadron collisions, but calculations of &
become available over the next few years.

The partonic cross section,
dé = dd|MJ*/ F, (1.37)

is calculated for an on-shell incoming parton with momentum k = x p, neglecting
the minus and transverse components of k. The squared matrix element, |M|?
is calculated from the Feynman rules,” summing over all outgoing helicities and

colours and averaging over all incoming helicities and colours. This averaging is

°In fact, by the optical theorem, d® | M|? can be written down directly from the imaginary part
of the forward scattering amplitude, using ‘cut’ diagrams with slightly modified Feynman rules.
Here, we prefer to keep the two factors distinct.
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often denoted explicitly by the notation (|M|?), [M|2, or 3_|M|?. Throughout this
thesis, |[M|? will always denote implicitly an averaging over all incoming helicities
and colours. The Lorentz-invariant phase space for a subprocess with final state

particles of momenta p; is

dd = (27)*® <k tq— Z pz> H @ 12’;> (1.38)

and the flux factor for a collinear collision between the virtual photon and the
incoming parton is
F=4k-q=4zp-q. (1.39)

Since

1
[t st - mty0(E) = [ @i (1.40)

the phase space element (1.38) can be written

dd = (2m)*6™ (k; +q— ZpZ-) H % §(p; —m?) O(E;). (1.41)

Beyond LO, the calculation of ¢ gives rise to both ultraviolet and infrared diver-
gences. Usually, dimensional regularisation is used to regulate them both, where the
entire calculation is performed in 4 — 2¢ dimensions, then the divergences appear
as poles in €. The ultraviolet divergences are subtracted according to a particular
renormalisation scheme, while the infrared divergences are subtracted according to a
particular factorisation scheme. Both the renormalisation and factorisation schemes
are usually taken to be the modified minimal subtraction (MS) scheme. For more
details, see [29] in [10].
The scale dependence of the PDFs is governed by the DGLAP equation,

Oa(z, p*) — aS Z / dz Pab z, ag(p )) b (g,/f) ; (1.42)

0ln p? e

where the splitting kernels P,;, correspond to a b — ac branching in the evolution
chain, and are expansions in ag,

P (2,08) = P5P(2) + agPYO(2) + o3 PN (2) + ... (1.43)

a

Here, the NLO kernels correspond to O(ag) corrections to each rung of the evo-
lution ladder, while the NNLO kernels corresponds to O(a%) corrections. Note

however, that the assumption of strongly-ordered transverse momenta between each
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‘rung’ remains, so that the parton initiating the hard subprocess still has negligible
transverse momentum even after including higher-order corrections to the splitting
kernels. The LO and NLO kernels have been known for more than 20 years, while
the calculation of the NNLO kernels has only recently been completed [30,31]. The
LO DGLAP splitting kernels are

PO(z) = Cp {% + g 6(1— z)] : (1.44)
PO(z) = CFM, (1.45)
PiO(z) = Tg [2* +z(1 —2)?], (1.46)
P =20 [+ 1R - 2
+é(11C'A—4nfTR)5(1—Z). (1.47)

Here, the ‘plus’ distribution is defined such that

o) [ ) - ()
/Odz(li—/odz : (1.48)

—2)4 1—=2

which encapsulates the cancellation between the real and virtual soft singularities.
The real parts of the LO kernels are derived in Section 2.2.3. The coefficients of
the virtual parts, proportional to §(1 — z), can be obtained from quark number

conservation .
LO _
/0 dz P (z) =0, (1.49)

and momentum conservation
1 1
/ dz z [Pqulo(z) + P;qo(z)} =0, / dz z [anPqI;O(z) + P;go(z)} =0. (1.50)
0 0

For a consistent calculation, the order in ag of the partonic cross section and
the splitting kernel used in the evolution should match. For example, NLO partonic
cross sections should be convoluted with PDFs evolved with NLO DGLAP splitting
kernels.

Extending the lower limit of the integral to 0 in (1.42), with the understanding
that b(z/z, u?) = 0 for z < x, and inserting the LO splitting kernels, P%°(2), we
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obtain
da(w, i) _ as(p?) ' ) NG
alnMQ 9 bzqg /g; dzPab(’Z)b<;7M ) —CL(LU,/L )/; dCCPba(C) )
(1.51)
where the ‘unregularised” LO DGLAP splitting kernels are
1+ 22
Pyg(2) = Cp 1_ . (1.52)
1+ (1 —2)?
Pyy(2) = Pyy(1 — 2) = CF —( > —) ; (1.53)
qu(z) = qu(l - Z) =1Tr [22 + (1 - 2)2} ) (1-54)
1—
Pyy(2) = Ppy(1—2) =2C, fz +— C 11— 2). (1.55)

The two terms on the RHS of (1.51) correspond to real emission and virtual contri-
butions respectively. The first (real) term describes the number density increase of
partons with plus momentum fraction x from the splitting of parent partons with
plus momentum fraction x/z. The second (virtual) term describes the number den-
sity decrease of partons with plus momentum fraction z splitting to partons with
plus momentum fraction (x. The extra factor of  in the virtual term avoids double-
counting the s- and t-channel partons. The factor ( is equivalent to a factor of a

half when integrating over ¢ and summing over b.

1.3.1 Global parton analysis

Formally, the PDF's are defined in terms of the expectation values of suitable renor-
malised quantum mechanical operators (see, for example, [32]). Since the PDFs
contain non-perturbative physics, they cannot be computed completely using per-
turbation theory. In principle, lattice QCD could be used to calculate the PDFs
(see, for example, [33]). In practice, however, the PDFs are determined using ex-
perimental data, primarily inclusive DIS data, but also data from hadron-hadron
colliders such as inclusive jet production. The situation is similar to that for the
running coupling ag, where the scale dependence is known from the renormalisa-
tion group equation (1.5), but an absolute value ag(M%) must be determined from
experiment. In the case of PDF's, the scale dependence is known from the DGLAP
equation (1.42), but the = dependence must be determined from experiment. The
PDFs are parameterised at some starting scale Q2. The distributions a(z, Q%) are
then evolved up to higher scales and predictions calculated with the collinear fac-

torisation formula (1.35) are compared with data. The parameters in the starting
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distributions are adjusted until the optimum fit is obtained. Currently, the two
major groups performing global parton analysis to DIS and related hard-scattering
data are MRST [34] and CTEQ [35]. We will look in more detail at how these fits

are done in Part II of this thesis.

1.3.2 Parton showers

The DGLAP formalism is amenable to implementation in a parton shower algo-
rithm (see, for example, Chapter 5 of [8]). As we will see in Section 2.2.2; in the
limit of strongly-ordered transverse momenta the partonic cross section for n parton

branchings, where the nth parton branching is b — ac, factorises as

dxz,, dki,t O‘S(ki,t)

Zn
T, k2, 27

dg)" = ddY" M2 ) P = Py(z,)d6) " (1.56)

This procedure can be used recursively to generate a parton shower, as implemented
in the Monte Carlo event generators HERWIG [36] and PYTHIA [37]. In a parton
shower, the transverse momenta of successive emissions are ordered, but not strongly
ordered, that is, (1.33) becomes

>k, > ki, > >k, >k, > k. (1.57)

Such a procedure accounts for all (ag In p?)" terms. Note that the evolution variable
is not restricted to being the transverse momentum. Since the branching formula
(1.56) contains a factor

dxn dk:rzz,t - dzn dkit dzn d[ki,t f(zn)]

—_n ot Ten i mt ] VTR 1.5
Tn k%,t Zn kr%,t Zn [kr%t f(zn)] 7 (1.58)

then the evolution variable can be taken to be [k7 , f(zy)], for any reasonable func-
tion f(z,). For example, the evolution variable used in HERWIG is related to the
angle of parton emission, allowing angular ordering due to colour coherence (see Sec-
tion 1.5.1) to be built in from the outset. By contrast, the evolution variable used
in PYTHIA is the parton virtuality, and so angular ordering must be imposed as an
additional constraint. By accounting for angular ordering and momentum conserva-
tion along the evolution chain, an accuracy approaching next-to-leading logarithmic
(NLL) can be obtained, that is, where all terms like ag(ag In p?)" ! are included in
addition to the LLA terms.
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1.4 BFKL evolution and k;-factorisation

We now consider semihard processes [23] where 2, < 1. Since W? = Q?(1/z;—1) =~
Q?/xy, the small-x limit is also referred to as the high-energy limit, W > Q. The
hard scale ) is much less than the v*p CM energy W, but still large enough for
perturbative QCD to be applicable, that is, () > Aqcp. In this regime, gluons are
the predominant partons. The gluons emitted from the evolution chain take away
the major part of the plus momenta of the propagating gluons, so (1 — z;) ~ 1.
Consider what happens if, in addition to strongly-ordered transverse momenta,

we also have strongly-ordered plus momenta,
Tp LTy LT K ... KTy L 71 L 1, (1.59)

along the evolution chain. In this limit the gluon splitting kernel Py,(z;) =~ 2C4/z;

and the parton branching equation (1.56) becomes

L o di2, as(k2)

" t, ki, 2w

2C, d6) (1.60)

In addition to the factor of (agIn u?)™ coming from the integration over successive

transverse momenta we have an additional factor

! 1 1\"
[ [ (LY )
Tpo1 2y T1 n! Tp

so the total contribution in the so-called double leading logarithmic approximation

(DLLA) contains all terms proportional to [ag In(p?) In(1/z5)]". However, there are
additional [agIn(1/x5)]" terms which are not accompanied by a factor [In(u?)]",
corresponding to the situation where the plus momenta are strongly ordered along
the evolution chain, but the transverse momenta are not. The LL Balitsky-Fadin-
Kuraev-Lipatov (BFKL) equation [38-40] sums all [agIn(1/25)]" terms. The domi-
nance of ladder diagrams such as that in Figure 1.2 is now only true if the triple-gluon
vertices are replaced by non-local effective vertices and the t-channel gluons are re-
placed by so-called ‘reggeised’ gluons with modified propagators, which account for
virtual radiative corrections.

Since transverse momentum is not strongly ordered in the BFKL formalism, the
parton entering the subprocess at the top of the evolution ladder has non-negligible
transverse momentum. Therefore, instead of the conventional PDFs, a(z, u?), used
in collinear factorisation, it is necessary to define PDF's which depend on this trans-

verse momentum. Recall that, at least at LO, the number of partons in the proton
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Figure 1.4: Hlustration of ks-factorisation. The gluon initiating the hard scattering
has momentum k = zp+ k. The unintegrated gluon distribution f,(x, k?) satisfies
BFKL evolution. For CCFM evolution there is an extra argument p? related to the
maximum angle for gluon emission.

with (plus) momentum fraction between x and z + dz, integrated over transverse

momentum k; between zero and the factorisation scale p, is

d:c

a(z, i) — - (1.62)

By analogy, we define unintegrated parton distribution functions (UPDFs), f,(z, k2|,
such that the number of partons with plus momentum fraction between x and z+dx

and transverse momentum squared between k? and kZ + dk? is

fule 2] ) & i (1.63)

r k?

Thus the UPDF's should satisfy the normalisation relation,

ooy = [ B g (164)

At small x only the unintegrated gluon distribution need be considered. The uninte-
grated gluon distribution f,(z, k7) satisfies BFKL evolution. For CCFM evolution,
considered in Section 1.5.2, there is an extra argument p? related to the maximum
angle for gluon emission. Compared to the collinear factorisation approach to cal-

culate hadronic cross sections, there is an additional convolution over k;:

O—W—/ d”“"/ d’f Fo(x, k2) 6779 (2, k2). (1.65)

This approach is called k;-factorisation [41,42] or the semihard approach [23,43],

illustrated in Fig. 1.4.5 The partonic cross section 679" is taken off-shell, indicated

SFor a review of the k-factorisation approach, see [26,27].

1),
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by the notation ‘g*’. It is given by (1.37), calculated with the incoming gluon having
momentum k = zp + k; and virtuality k% = —k?. Since the flux factor is not well-
defined, it is taken to be the usual on-shell flux factor, F' = 4z p-q. The summation

over the incoming gluon polarisations is performed using

ko k
> eulk, N ek, ) =2 izj”. (1.66)
A t

The LL BFKL equation, which governs the x dependence of the unintegrated

gluon distribution, is

ohw ) /Mdkf {fg@,kf)—fg(:c,km Jol. k) (167)
0

— = ,
o(l/z) M, kP k2 — k2| (4K + k)12

where ag = C4 ag/m. The NLL BFKL corrections, which sum all agag In(1/z5)]" !
terms, have also been calculated [44,45], and were found to be larger than the LL
BFKL contribution, giving cross sections that were not even positive-definite. How-
ever, resumming additional collinearly-enhanced contributions stabilises the result

(see, for example, [47]).7

1.5 CCFM evolution and k;-factorisation

The (true) rapidity of an outgoing particle of mass m; with momentum

pi = (0,7 pix) = (pF. Imi + 03]/}, Dit) (1.68)
is
1 p*
.= = In 2, 1.69
=5 np; (1.69)

Rapidity has the useful property that it is additive under boosts in the z direction.
The pseudorapidity of a particle is defined as

pPse = _ntan(6;/2), (1.70)

7

It has been found in [46] that predictions for the transverse momentum distribution of gluons
calculated using either resummed NLL BFKL or LO DGLAP do not differ significantly, provided
that the initial and final virtualities are not too close to each other.
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where 6; is the angle of the 3-momentum of the particle relative to the z axis.

Rapidity and pseudorapidity are related by

d m;

sinh 7" = 1+ k_; sinh 7, (1.71)
2,t

so the distinction disappears in the limit that m; < k; ;. For a pedagogical discussion

of light-cone variables, rapidity and pseudorapidity, see [48].

1.5.1 Angular ordering

Colour coherence effects impose the angular ordering of the gluons emitted from
the evolution chain, originating from the destructive interference between the gluon
emission amplitudes (see, for example, [8,11]). The angle 6; between the direction
of the emitted gluons, with momenta p;, and the proton beam direction should
increase as we move towards the hard scattering at the top of the evolution ladder.
To be more precise, the ordering is in the rapidity variable (1.69), which should
reduce as we move towards the hard subprocess. Of course, angular ordering (or
pseudorapidity ordering) and rapidity ordering are equivalent in all evolution steps
prior to the last, since the emitted partons are massless. The smallest allowed
rapidity, Nmin, is fixed by the rapidity of the subprocess, which usually has some
finite invariant mass, so that the rapidity and pseudorapidity are not equal in this
case. We will refer to ‘angular ordering’ throughout this thesis, but the reader should
bear in mind that it is really rapidity ordering which is implied.
It is convenient to introduce a variable & = p; /p;. Then the rapidities of the
emitted gluons are
n; = —% In¢; [= —Intan(6;/2)], (1.72)

and the ‘angular ordering’,
cee > M1 > M > Nmin, (1.73)
is equivalent to an ordering in &;,
<€ <& < E (1.74)

where e (-5
_b_ -6 L
Pt oz, ry—1 (175)

(11
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provides the smallest allowed rapidity, 7mim = —(1/2) In=. From (1.29) and (1.31),

_ 2 —\2
g =P (7”531’“/@ ) - (Lgpi) (1.76)

"opt zi1 (1 — 2) i 1Q)
where we have defined the rescaled transverse momenta p, of the emitted gluons to

be

R NG (1.77)

11—z Ty
In angular-ordered evolution, the factorisation scale p plays the role of the maximum

rescaled transverse momentum, so
Tn =
= “QVE. (1.78)
Tp
Therefore, the angular ordering (1.74) can be written as

o Zn1Dn-1 < D Zn P < - (1.79)

These angular-ordering constraints are automatically satisfied by both DGLAP
evolution (with strongly-ordered transverse momenta) and BFKL evolution (with

strongly-ordered plus momenta).

1.5.2 The CCFM equation

The Catani-Ciafaloni-Fiorani-Marchesini (CCFM) equation [49-52] resums large
logarithms of 1/(1 — 2) in addition to those of 1/z summed by the BFKL equation.
Moreover, angular ordering of emitted gluons due to colour coherence is imposed, as
given by (1.79). For large and small z, CCFM evolution becomes similar to DGLAP
and BFKL evolution respectively. In the small-x; regime, k;-factorisation can again
be used, where the cross section is written in terms of an off-shell partonic cross

section and an unintegrated gluon distribution, f,(z, k7, u?):

2
UW—/ dx/ dl‘; Fox, K2, 12) 679 (2, k2, 2. (1.80)

The extra argument with respect to (1.65) is the factorisation scale u, given by

(1.78), which is related to the smallest rapidity allowed for gluon emission. The
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differential form of the CCFM equation, as given in [52,53], is

0 (4 kf,;ﬂ)) _ /WWdZ Pay (2, (1/2)%, )

12 2
Olnp? \ Ag(p?, Q3) A (12, Q2) fq (az/z, ki (u/2) )7

(1.81)
where Q) is an infrared cutoff, k] = k;+[(1—2)u/z|n, and the azimuthal integration
over the direction of the two-dimensional unit vector 7 is understood. It is important
to note that (1.81) is an evolution equation in the angular variable u/z = (Q/x5)VE
rather in p itself. The gluon Sudakov form factor in the DLLA is

B2 qg?  [1-Qo/a =
Ay(12,Q2) = exp | — iQ/ dz 25| (1.82)
Q2 ¢ Jo 1—2z
The splitting function is
2 1.2 ~ 1 1 2 12
ng (Z7 (,LL/Z) 7kt) = Qs (1 _ Z) + ;An8<z7 (/L/Z) 7kt> ’ (183>

where the non-Sudakov form factor,

Ly % dq2 /
Ans(’za (:u/z>27kt2) = exXp [_aS/ 7/ q—q2@ (q—Z H) ) (184>

z

regularises the 1/z divergence in the splitting function (1.83) in a similar way that
the Sudakov form factor regularises the 1/(1 — z) divergence.

The CCFM equation (1.81) has been used as the basis for the Monte Carlo event
generators SMALLX [54,55] and CASCADE [53,56]. A reformulation of the CCFM
equation known as the linked dipole chain (LDC) model is implemented in the Monte
Carlo program LDCMC [57,58].

In the context of the CASCADE event generator, attempts have been made to
modify the CCFM equation (1.81) to include the full LO DGLAP splitting function.

However, naively making the replacement

1
-2 1— 1.
T e s ) (1.85)
in the gluon splitting function (1.83) leads to negative branching probabilities [26]. A
positive definite branching probability can be obtained by making the replacements
26,27, 59]
1 z 1 1—2z

1-— 2 —
1—2’—)1—Z+Z( 2)/2, PR

+2(1 - 2)/2, (1.86)
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in the gluon splitting function (1.83) and the Sudakov form factor (1.82), with a
similar replacement for 1/2’ in the non-Sudakov form factor (1.84).

Ideally, we would like to construct UPDF's with an analytic solution which include
both quarks and gluons in the evolution, the correct angular ordering, the complete
LO DGLAP splitting functions, and which are not restricted to the small-z ; domain.
We will do this in the next chapter.



Chapter 2

Unintegrated parton distributions

and inclusive jet production at
HERA

The UPDFs depend on two hard scales, k; and 1, and so the evolution is much more
complicated than conventional DGLAP evolution. For example, the unintegrated
gluon distribution, f,(z,k?, u?), satisfies the CCFM evolution equation based on
angular ordering of gluon emissions along the chain, in the approximation where
only the 1/z and 1/(1 — 2) singular terms of the splitting function P,,(z) are kept.
So far, working with this equation has only proved possible with Monte Carlo event
generators [53-56].

However, in [60-62] it was shown that it is possible to obtain the two-scale
unintegrated distributions, f,(x,k?, u?), from single-scale distributions, h4(z,k?),
with the dependence on the second scale p introduced only in the last step of the
evolution. We call this the Kimber-Martin-Ryskin (KMR) procedure.’ In [61], two

alternatives for the evolution of h,(z, k?) were considered:
(i) pure DGLAP evolution, or

(ii) aunified evolution equation [65] which embodies both the leading In k2 (DGLAP)
and In(1/z) (BFKL) effects, as well as including a major part of the sub-leading

In(1/z) contributions.

As expected, the gluon and sea quark distributions, f,(z,k?, u?), extended into the
k; > p region, and indeed populated this domain more and more as = decreased.
An interesting result was that the UPDFs obtained via the unified BFKL-DGLAP

evolution of prescription (ii) were not very different from those based on the simpler

! Alternative formalisms are given in [63,64].

22
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ol (a) (b) " ol
W +j; +7§
T g ”66666 q q

Figure 2.1: A schematic diagram of inclusive jet production in DIS at LO which
shows the approximate equality between (a) the formalism based on the doubly-
unintegrated quark distribution, where the incoming quark is off-shell with finite
transverse momentum, and (b) the conventional QCD approach using integrated
PDF's, where the incoming partons are on-shell with zero transverse momentum.

DGLAP evolution of (i). It was concluded that the imposition of the angular-
ordering constraint in the last step of the evolution was more important than in-
cluding BFKL effects. Here, we pay particular attention to probing the unintegrated
quark distribution at larger values of z, so prescription (i) will certainly be a good
approximation.

In this chapter, we refine and extend the KMR last-step procedure [61] for de-
termining the UPDFs. First we note that in [61] angular ordering was imposed on
both quark and gluon emissions; we correct this and only impose angular ordering
on gluon emissions. Second, the KMR procedure was based on k;-factorisation or
the semihard approach in which the unintegrated parton distribution is convoluted
with an off-shell partonic cross section where the incoming parton has virtuality
—k2. This is only valid for gluons in the high-energy approximation where z — 0,
with z the fraction of the plus momentum of the parent parton carried by the un-
integrated parton. Here, we generalise the notion of k;-factorisation and show that
it is more accurate to calculate observables using ‘doubly-unintegrated’ parton dis-
tribution functions (DUPDFS), f.(x,z, k2, u?), where the off-shell parton now has
virtuality —k2/(1 — 2).

In Section 2.1 we describe how the UPDFs, f,(z,k?, 4?), can be determined
from the conventional integrated PDFs a(z, z?). Then in Section 2.2 we define the
DUPDFSs, fu(z,z, k2, u?), and show how k;-factorisation is generalised to ‘(z, k;)-
factorisation’. The most direct way to test the DUPDFs is via inclusive jet produc-
tion in DIS. Inclusive jet production, particularly in the current jet region, probes the

doubly-unintegrated quark distribution in a similar way that inclusive DIS probes
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the integrated quark densities. The idea is that the LO diagram at O(a%) com-
puted using (z, k;)-factorisation will reproduce, to a good approximation, the re-
sults of the conventional LO QCD diagrams at O(ag) computed using collinear
factorisation. This approximate equality is shown schematically in Fig. 2.1. The
respective formalisms are presented in Section 2.3 and their predictions for inclusive
jet production are compared with each other, and also with recent HERA data, in
Section 2.4. These sections not only compare the LO predictions, but also extend

the comparisons to NLO.

2.1 Unintegrated parton distributions from inte-

grated ones

The KMR proposal [61] to determine the UPDFs was to relax the DGLAP strong
ordering in the last evolution step only, that is, ... < k,_1; < k ~ p, where we
have omitted the subscript n on the k; of the last propagator. This procedure is
expected to account for the major part of the conventional NLL terms, that is, terms

n—1

like ag(agIn pu?)*1, compared to the usual LLA where only terms like (agln p?)"
are included. The procedure is as follows. We start from the LO DGLAP equation

in the form (1.51) evaluated at a scale k;:

da(z, k?) B as(k?) Z [

olnk? 2« /ldz Pau(2)b (gl@?) —a(fakf)/ldg nga(C):| . (2.0)

b=q,g =% 0

The virtual (loop) contributions may be resummed to all orders by the Sudakov

form factor,

w d/{t a /{t
T, (k2, 4?) = exp (_ /k? . s Z / d¢ ¢ Py (¢ ) , (2.2)

which gives the probability of evolving from a scale k; to a scale u without parton

emission. Differentiating, we obtain

1 OT, (k% u
T, (k2, u2) 8511;%2 - Z/dCQPba (2.3)

to b=q,9

so that the LO DGLAP equation (2.1) can be written in the form

da(z,k?) 045 ) a(z, k?) 0T, (k2 n?)
= dz P, TR - . (24
oln k2 Z/ @ Pan(z) b 2 t) T,0k2, %) olnk? (24)

b=q,g "
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We define the UPDFs to be

0
falz, K} p?) = alnktz[a(x,kf)Ta(kf,MQ)}
da(x, k%) OT, (k% u?)
= T (k2 222t/ A P AN R R A
B0 g k) e

— TR, 1) 0452(71;:?) Z/;dzPab(z)b<§,kf). (2.5)

This definition is meaningful for k; > po, where g ~ 1 GeV is the minimum scale
for which DGLAP evolution of the conventional PDFs, a(z, ?), is valid. Integrating

over transverse momentum up to the factorisation scale we find that

k‘g a g A ) "Vt a t
25 t

2 ki=po
0

= a(:v, MZ) - CL(I, :ug) Ta(:uga M2)7 (26)

since T, (u?, 4?) = 1. Thus, the normalisation condition (1.64) will be exactly satis-
fied if we define
1 2 2 1 2 2 2
W2 Jala, k7, p17) TR a(x, py) Ta(po, 7)), (2.7)
+<po
so that the density of partons in the proton is constant for k; < g at fixed x and p.

So far, we have ignored the singular behaviour of the unregularised splitting
kernels, P, (z) and P,4(z), at z = 1, corresponding to soft gluon emission. These
soft singularities cancel between the real and virtual parts of the DGLAP equation
(2.1). After resumming the virtual part to all orders in the Sudakov form factor
(2.2) the singularities must be regulated for the unintegrated distributions to be
defined. The singularities indicate a physical effect that we have not yet accounted
for. Here, it is the angular ordering caused by colour coherence, implying a cutoff
on the splitting fraction z for those splitting kernels where a real gluon is emitted
in the s-channel.

We now apply the angular-ordering constraints of Section 1.5.1 specifically to the
last evolution step. For all other evolution steps, the strong ordering in transverse
momentum automatically ensures angular ordering. The condition z, p, < u (1.79)
implies

i
ok

where, as before, we have dropped the subscript n specifying the last evolution

z < = z < (2.8)

1—=2

step. Recall from (1.78) that u is entirely determined from the kinematics of the
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subprocess at the top of the evolution ladder,

et VE—t [P (2.9)

g xp\l /rp —1

Equation (2.8) applies only to those splitting functions in the real part of the DGLAP
equation associated with gluon emission in the s-channel. By unitarity the same
form of the cutoff must be chosen in the virtual part. We define (o = 1 — (uin =
w1/ (p+ ki) and insert O((max — ¢) into the Sudakov form factor for those splitting
functions where a gluon is emitted in the s-channel and ©({ — (i) where a gluon is
emitted in the t-channel. Note that there is no ‘coherence’ effect for quark (fermion)
emission and therefore the phase space available for quark emission is not restricted
by the angular-ordering condition (2.8).?

The precise expressions for the unintegrated quark and gluon distributions are

2 2\ 22045(]%2)1 T (T 9 Heo
foler K2, ) = Ty ) 255 [ de | Pule) Za (S07) © (A =

+ Py(2) gg (gkt?) } (2.10)

and

Qg /{ZQ 1
Foo K ) = Ty 1) 20 [z

Zqu(z) gq (g’ kf)

+ Pyy(2) gg (g, k:tz) © <Mﬁkt — z) ] . (2.11)

The exponent of the quark Sudakov form factor can be simplified using the fact
that Py (1 — () = Ppy(¢). Then

Cmax 1 1 Cmax 1
d¢ ¢ P, d¢ ¢ P, == d¢ P, d¢ P,
[ acer+ [ acero =3 | [Tacrnuo+ [ acrao)

Cmin
Cmax
= / d¢ Pyq(Q),
0

Cmin

(2.12)

so that

“Qd ? % Cmax
T, (K, 1) = exp (— = dcpqq«)). (213)

2
;s

2This is in contrast to [61], where a cutoff on the splitting fraction was applied both to quark
and gluon emissions. Also, in [61], the scale u was treated as a free parameter, which was chosen
to be the hard scale of the subprocess, or a combination of hard scales. Here we fix p using (2.9).
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Similarly, the exponent of the gluon Sudakov form factor can be simplified by ex-
ploiting the symmetry P, (1 — () = P,,(¢). We have

1 1 1 1
d¢ C P, =2 d¢ = P, = d¢ P, 2.14
S [accr0 = [acr©=n [acre. e

so that the gluon Sudakov form factor is

m? 42 2 Cmax 1
Tg(kf,;f) = exp (— /k2 Hit; @52(7/:15) </C ' d¢ Cng<C) +nyg /0 d¢ qu(C))) .
(2.15)

Sample plots of the unintegrated gluon distribution at p? = 100 GeV? are shown
in Fig. 2.2, using the MRST2001 LO [66] and CTEQ6L1 [35] PDFs as input. We use
the one-loop expression for ag (1.11). The results when using the MRST99 NLO [67]
parton set and the two-loop expression (1.14) for ag are also shown, cf. Fig. 3
of [61]. For the remainder of this thesis, we use MRST2001 LO PDFs as input

unless otherwise specified. Sample plots of the unintegrated quark distributions are

shown in Fig. 2.3. Note that the charm and bottom quark distributions are zero for
ki <m?,.

It is important to note that the starting point of our derivation is the LO DGLAP
equation (2.1), with LO DGLAP splitting kernels and one-loop running coupling.
Therefore, in order for the normalisation (1.64) to be satisfied, it is essential that
we use a LO parton set where the integrated PDFs have been determined using
the same splitting kernels and running coupling. In [61], the MRST99 parton set
was used, which has been determined using NLO DGLAP splitting kernels and two-
loop running coupling, therefore (1.64) was found not to be satisfied. Also, in [61]
the angular-ordering constraints were not correctly applied and the Sudakov form
factor T, (ug, 1) was omitted from (2.7). The refined prescription now gives (almost)
exactly the normalisation of (1.64), as shown in Fig. 2.4. The small differences,
especially for the unintegrated gluon, are due to the fact that the angular ordering
constraints are not applied in the conventional global analyses which determine the
integrated PDF's.

2.2 (z, ky)-factorisation in deep-inelastic scattering

We have defined UPDFs, f,(z, k?, u?), valid for all values of z with both quarks and
gluons included in the evolution. This was done by assuming that the transverse

momentum of the parton initiating the hard scattering is generated entirely in the
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Figure 2.2: Sample plots of the unintegrated gluon distribution with MRST2001
LO, CTEQ6L1 and MRST99 NLO PDFs as input.
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Figure 2.3: Sample plots of the unintegrated quark distributions with MRST2001

LO PDFs as input.
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Figure 2.4: UPDFSs integrated over k; (dashed lines) compared to the integrated
PDFs (solid lines).
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last evolution step and then imposing constraints from angular ordering to regulate
the soft gluon singularities. It now remains to specify the prescription for calculating
observables such as cross sections.

The penultimate parton in the evolution chain has momentum k,_; = (z/2) p.
In the final evolution step, it splits into a parton with momentum k, = k = xzp —
(¢ +k, and an emitted parton of momentum p,, = k,_; —k,. The Sudakov variable

(3 is specified by the on-shell condition, p? = 0, which gives

Ty oz kP

= — —. 2.16
et (2.16)
Hence k? = —k?/(1 — z). The rapidity of the emitted parton is
; 1 o1 1-—
b Ly pn 1y o= 2) (2.17)
2 p, 2 T2 f3

In the small-z regime, where gluons dominate, the main contribution comes
from the z — 0 limit, where k ~ zp + k,, k* ~ —k?, and the emitted gluon
has a large positive rapidity. In this case, observables can be calculated from the
ki-factorisation prescription (1.80). At small x, we would expect that the leading
In(1/z) terms would need to be resummed. However, in [61] it was found that the
unintegrated gluon based on a unified BFKL-DGLAP equation was very similar to
the unintegrated gluon calculated purely from the DGLAP equation, as in Section
2.1.

In [61] the k;-factorisation approach was used to calculate the unintegrated gluon
contribution to the proton structure function Fy(x 5, Q?) via the subprocess v*g* —
qq. The unintegrated quark contribution was included via a LLA calculation of
the process v*¢* — ¢g. In [60] the normal on-shell partonic cross section was
evaluated with off-shell kinematics to estimate the cross section for prompt photon
hadroproduction. Again, the z dependence of the hard-scattering coefficient was

neglected.

2.2.1 Generalising k;-factorisation

Clearly, it is desirable to formulate a more general prescription for the calculation
of cross sections using UPDFs. This prescription should be valid for both quarks
and gluons and without taking the limit z — 0. The ‘partonic cross section’ will
necessarily have some z dependence, therefore we must consider parton distributions,

fal, 2, k2, 1?), doubly-unintegrated over both z and k2, satisfying the normalisation
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conditions .
/ Az ful, 2 K2, 1) = Fal, K2, 1) (2.18)
and

Lo dk?
/ dZA ?fCL(xVZa tha:uz) :a(%ﬁﬁ)- (219>
T t

These normalisation conditions are only satisfied for fixed z and p, independent of
the integration variables z or k;. Apart from the angular-ordering constraints, the

distributions may be obtained from (2.5):

kQ
fa(z, 2, kt2> NQ) = Ta(kga NQ) a52<ﬂt) Z Pup(2) b (%’ k?) ) (2.20)

b

The explicit forms, including the constraints, follow from (2.10) and (2.11):

22y _ o o as(k}) P R o
fuler, 2 Ko 12) = T3 7)) 25705 | Pnle) Sa (S0F) © (=2
T o[x o,

#2020 (202) | 2

and

Zqu(z) gq (g’ ktZ)

—i—ng(z)gg(E’kf)@( a —z)]. (2.22)

z ,u—'—]ft

The universal factorisation formula involving these DUPDFs, analogous to (1.80),

18
d d2 .
a”—Z/ /d/ L fulw, 2, k2, 0%) 67 (02,2, %), (2.23)

where 67°%" are now the partonic cross sections for an incoming parton with (plus)
momentum fraction x and transverse momentum k;, which has split from a parent
parton with (plus) momentum fraction z/z and zero transverse momentum. We will
refer to this generalised form of k;-factorisation as ‘(z, k;)-factorisation’.

There will be an effective upper bound on the k; integration from kinematics, but
note that there is no restriction to the domain k; < pu, as in conventional DGLAP
calculations. For k; > pu, the Sudakov form factors T, (kZ, u?) are defined to be 1.

Taking the limit 2 — 0 of 6779 (z, 2, k2, u?) in (2.23) we essentially recover the
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conventional k;-factorisation prescription of (1.80). Alternatively, in the limit k; —
0, we recover the conventional collinear factorisation prescription.

Note that f,(x, 2, k?, u?) is undefined for k; < pp ~ 1 GeV and also that (2.7)
no longer applies since there is now a z dependence involved. To approximate the
ki < po contribution of (2.23), we choose to take the collinear limit k&, — 0 in the

hard-scattering coefficients, so that

67z, 2, k2, 1u?) = lim 67 (z, 2, k2, p?) = 67 %(z, p?). (2.24)

‘kt<u0 k:—0

We then make the replacement

:U'od 2
/ dz/ 22 - falw, 2k 1) = alw, ) Talpg, 1°), (2.25)

so that the (z, k;)-factorisation formula (2.23) becomes

. L dx a
UH’IZ/ — |a(@, ) Tulpg, 1) 67 (2, 41%)
a B
L oy 2 o 2 s
* dz 2 ?faCC,Z,kt,,u)U (.ZC,Z,]{]t,,M) ’ (226>
x Mo t

In the first term, the limit k&, — 0 must also be taken in the expressions determining
x and p. In the following, we will use (2.23) for brevity, with the understanding
that the k; < o region is to be dealt with as in (2.26).

2.2.2 Motivation for the (z, k;)-factorisation formula

At this stage, it is perhaps unclear exactly how we should calculate the partonic cross
sections, 677 (z, z, k2, u?), since the incoming parton is now off-shell with virtuality
k* = —k2/(1 — z), and so the usual k;-factorisation approach does not apply. This
issue can be clarified by starting with the collinear factorisation formula one rung
down. That is,

b(z/z, k) 670 (x) 2, kP), (2.27)

b=q,g

where we have chosen the factorisation scale to be k;, and b is the penultimate par-
ton in the evolution chain of Fig. 1.2, so that 67° incorporates the last evolution
step. From Fig. 1.2 we see that the parton b, with momentum k,,_; = (z/z) p, splits

into a parton of type a with momentum k, = k = xp— (¢ + k., which then goes on
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Figure 2.5: IMlustration of (z, k;)-factorisation for the doubly-unintegrated quark
distribution, f,(x, z, k?, u?), shown in the final diagram. In the first two diagrams the
penultimate parton in the DGLAP evolution chain, with momentum k,,_, = (x/2) p,
splits into a quark with momentum %k, =k =xp— 08¢ + k..

to initiate the hard subprocess at a scale p given by (2.9). To derive formula (2.23)
we need to show that the partonic cross section 67°° can be factorised to give a
partonic cross section for the v*a* subprocess, 67" %", with the remainder being ab-
sorbed into the definition of the DUPDF, f,(x,z,k?, u?). This idea is illustrated
in Fig. 2.5 for the doubly-unintegrated quark distribution, and in Fig. 2.6 for the
doubly-unintegrated gluon distribution.

The squared matrix element can be factorised if we assume the LLA, so that
only the leading 1/k? term is kept and terms not giving a logarithmic divergence in
the collinear limit are neglected. We find that

2_162( ZP

(M

x [1+0(3)], (2.28)

where | M7 %" |2 represents the squared matrix element of the y*a* subprocess, con-
2. We have used this method to derive the
form of all four splitting kernels, P, (z) (see Section 2.2.3). It is crucial that we

taining one power of ag less than |M7"?

adopt a physical gauge for the gluon so that the splitting kernels are obtained from
only the ladder-type diagrams.

The extra terms of (2.28) are proportional to 5 and so are negligible for either
k; — 0 or z — 0. Away from these limits, it is far from obvious that these ‘beyond
LLA’ terms will be small, a necessary condition for the factorisation to hold. We will
observe that the main effect of the extra terms is to suppress the contribution from
large z for gluon emission. In our approach, we achieve the same effect with angular

ordering, so the extra terms may be neglected. We will provide some numerical
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Figure 2.6: Illustration of (z, k;)-factorisation for the doubly-unintegrated gluon
distribution, f,(x, z, k%, u?), shown in the final diagram. In the first two diagrams the
penultimate parton in the DGLAP evolution chain, with momentum k,,_, = (x/2) p,
splits into a gluon with momentum k, =k =xp— 3¢ + k..

evidence to justify this in Section 2.4.1.

In (2.28), |
hold, so terms proportional to k7 should be neglected when calculating this. This
2 but not in the

2 should also be evaluated in the LLA for the factorisation to

propagator virtualities in the denominator. For example, if a = g, the unintegrated
gluon, we make the replacement d,, (k,q') — d(zp,q) = —glfy in the sum over ini-
tial gluon polarisations. If a = ¢, the unintegrated quark, we make the replacement
k — xp in the trace. Of course, x may have some k; dependence from kinematics,
so some terms beyond the LLA are included in this respect. In Section 3.4.2, we
will briefly discuss the possibility of evaluating | M %" |2 with k — xp + ky, as in
the k;-factorisation prescription.

The phase space d®?"® can be factorised easily to give the phase space d®? " :

1

YO y*a* 2\ y*a* 4
do ddY @ x (%)3 d(p;)=dd”"* x (27r) d*k o(p?)
g oz w2z K
. (- Tge)  e®
* * z
do X L)

where we have used d*k = p - ¢ dvdBd’k, and d’k, = k,dk,d¢p = ndk?, after
integrating over the azimuthal angle ¢. The 3 integration absorbs the delta function,
determining 3 as given by (2.16).

The partonic flux factor F7"* is not well defined since the parton a is off-shell

and non-collinear with the photon. As in conventional k;-factorisation, we define it
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to be?
FVe =2 =24k, q-gq=4zp-q. (2.30)

Finally, we have the relationship

da dk} Ozg(k;?)
/{;2 2m

dg7™t = AV | MY ) FTE = > Pu(z)d6™. (2.31)

a

To calculate the hadronic cross section, we insert (2.31) into (2.27)

: d(z/2) 2\ 1a7°b
do?? =" b(z/z k?) do7
= (@/2)
dz dz dk? « -
Py neth) ZPab /2, k) 457" (2.32)

Z
b=q,9

2
— Z — dz dkk; fal@, 2, k2, p?) A6 (x, 2, k2, 4?),

where in the last step we recognise the ‘real’ part of the DUPDFs given in (2.20).

The (z, ki)-factorisation formula (2.23) follows easily.

2.2.3 Derivation of splitting kernels

Here, we derive the four LO DGLAP splitting kernels from the relevant Feynman
diagrams shown in Fig. 2.7. The presentation is similar to that given in Chapter 1
of [11]. In all four cases, we shall show that the squared matrix element factorises
in the LLA as

2 LLA 167 o (1= 2) ag(k})
2k? o

| MY Puy(z) M7 2, (2.33)

Pq(2):
The squared matrix element corresponding to Fig. 2.7(a) is
* g v
IM? q|2 _Cac A Tr[Xae By VK] d;w(l —k.q), (2.34)
where g° = 4mag(k?) and the colour factor is

1 o
Coe = —tAth = 54 2.35
NC bYbe NC ( )

3Choosing another definition for the flux factor is a NLL effect.
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R A A

Figure 2.7: Cut diagrams giving the LO DGLAP splitting kernels: (a) P,(z), (b)
P, (2), (c) Pyy(2), (d) Pyy(2). Here, j, k,l,q are momenta, a,b,c = 1,..., N¢ and
AB,C,D =1,...,(N& — 1) are colour indices, and «, 3,7, u,v,a/, 3,9/, i/, " are
Lorentz indices. In each case, the box labelled X contains additional Lorentz and
colour structure.

Simplifying the trace using identities such as kJ = —Jk + 2k - [ gives
2 K’
v /
ﬂkﬂ&mkyﬂyy%]dm(l—k;q)::—Qk'Tdkkc@“—kﬂ-—(k_k>.¢

x {20 ¢ Tr[Xoe k] + 2k - ¢ Tr[Xoo )] — K Tr[ X ]} . (2.36)

To extract the LLA contribution we must only keep the terms proportional to k2
in this expression, neglecting ‘beyond LLA’ terms such as those proportional to k*.
To this accuracy, we may replace | with f/z on the RHS of (2.36). Thus,

LLA

X b K] dull = b)) B 2R TR (P20 1) @

Substituting into (2.34) we obtain

* 1-—- k? 1 2 1 1
| M2 LéA167r2( 2) as(hi) Cr tz —Tr[Xoe ] —=—duc
2k? 2w 1—2 2 Ne¢ (2.38)
1672 L= 2) s t)qu(z) IMYT2,

k2 2m
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where | M7 |2 should be evaluated with k& = z p in order not to lose the logarithmic

divergence.

Pyy(2):

The squared matrix element corresponding to Fig. 2.7(b) is

* 1 g2 v
MY = 2o X b ()~ B 1), (2.39)
where d,, (1,q') = —gj;,, and the colour factor is
Y TVt Sy Sy—C S 2.4
Cac (N% . 1) abVbe (N% . 1)5GC NC(SQC ( O)

Using the identity v*(J— k)v” (—g;,) = 2(J— k), we obtain
Te[Xoe Fr 0 B H] (—5) = —2RTx[ X (F— )] + 2K3(1 — 22) e[ X, . (241)

As before, within the LLA we can replace J/ by f/z and f; by £, so that

Te[Xoe B (/ — 7K (—g) & —28° TY[ X, K] (1 1y 2z) L (242)

z

Substituting into (2.39) we obtain

« 1— k? 1 1
|/\/l“/ g|2 LéA167T2< 22) as( t) (TR[22 + (1 _ 2)2]) —Tr[Xac k]_ém
Z]i]t 27 2 NC (2 43)
1 - Z ()f k2 * ok )
167 — ) SQ(Wt)qu(z) M7,
t

where again |[M?Y 7|2 should be evaluated with & = xp in order not to lose the

logarithmic divergence.

Pyq(2):

The squared matrix element corresponding to Fig. 2.7(c) is

]_ 2 ’ ’
2= AP L X AR () — By ) e (b, ) dus (b, ), (2.44)

Y'q|2 _
‘M 2 k4

where the colour factor is

1 1 T Cp
CAB = A8 = — y[tMP) = AP = L 4B, 2.45
Ng @7 ™ N, [#°¢7] N¢ (N2 —1) (2.45)
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Evaluating the trace, we obtain

T[() = )V W] dyye (K, ) dor (K, q) = 4 {(l — k)" dyye (k. ¢) 17 dyy (K, )

2

/ / kj
+lﬂ duul(k’, q/) (l — k’)y dyyl(k?, q,) + ?duul(k}, q,)dyyl(k’, q/):| . (246)

Now in the first two terms of (2.46) we can replace

1 k.q, + 4.k,
l“du,,(k,q/) _ = (k“ +Bq" — ki) — G + Py T Gutv
z k-q
1 k2 1
= - (kiu + Z—, C]L) = —ki,,
z k-q z
and 12
LLA
]{Z“du,/(]{], ql) = ko QL// ~ 0,

while in the third term of (2.46) we can replace

LLA
duu(k7q/) ~ duu(xpa ql) = _g/,J,L_l/

Averaging over the azimuthal angle,
2
_ [Tdo Lion 1, 1
<kjLukly> == A % kLukLy = _aktguu = ékj (1 - Z)Quy)

we obtain

ty v LLA 1—2 1
T((/ — " 1] due (B, q) dour (ko d') = 4k:29,t< 2 +§),

and substituting into (2.44) gives

as(k})

9 LLA

~
~

(1-2)
2k? 2m
(1 —2) ag(k?)
2k 27

| M 1672

(Cpl + (12— Z)2> (XW,AB<_ng/2)

2
9

~—

=162 Py(2) MY

(NE -

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

5AB

0)

(2.52)

where again |[M?"9"|? should be evaluated with & = zp in order not to lose the

logarithmic divergence.
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Pyg(2):
The squared matrix element corresponding to Fig. 2.7(d) is
2 200 T XD (5, ) o 5, 1, iy~ K, )
2 k4
x [(20 — k)g™ + (2k — 1)*¢" — (k +1)7g"]
x (—1) [(zz R g 2k — )Y g% — (k+ z)ﬁ/gv/a’} . (2.53)

‘Mw*g

where the colour factor is

AB __ 1 ACD BCD __ Ca AB
C —7(]\%_1)]0 f _7(]\%_1)5 : (2.54)

Using the FORM [68] program to evaluate (2.53), substituting

L Pudy, + 4,pv

gMV - guy p . q/ Y (255)

and keeping only the LLA terms proportional to gjl,, we obtain

Y*g 1|2 LéA 2(1 — Z) &S<kt2) (1 —Z+ 22)2 w,AB ¢ 1 5AB
MR 20 ) (X )

(1—2) as(kf)
k2 2m

=1672 Py(2) MY 2

(2.56)

where again |M?797|? should be evaluated with k = xp in order not to lose the

logarithmic divergence.

2.3 Application to inclusive jet production in DIS

The simplest process that we can consider to illustrate the use of the DUPDFs is
current jet production in DIS. The subprocess is simply v*¢* — ¢ at the top of the
evolution chain. In the normal collinear factorisation approach, this diagram gives
the parton model prediction for the structure function Fy(x, Q?). Indeed, measure-
ments of Fy(xy, Q%) are used to determine the integrated quark distribution ¢(z, u?).
In the new (z, k;)-factorisation framework of Section 2.2, where the incoming quark
has transverse momentum kg, we produce a current jet with transverse momentum
k; and transverse energy Er = k;. The parton emitted in the last evolution step

will emerge with transverse momentum —k; and transverse energy Er = k.
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The inclusive jet cross section counts all jets passing the required cuts. Having
calculated the ep cross section from (1.20), we need the differential cross section
with respect to the transverse energy Fr and the rapidity 7:

dioeP d?oP

dydQ2dErdny  dydQ? Z 6(Er — Er(ji)) 6(n —n(ji)), (2.57)

where the sum is over jets with momenta j;, transverse energy Er(j;) and rapidity
n(j;). Experimental data are usually given in bins of y, Q? FEr, and 7, which we

need to integrate over to obtain a prediction:

2

» ymalci Qma)a 9 E]T,ma)((i nmati d40.ep
ep _ E
= [ [ a0 P s

min min ET,min min
Ymax Q?ﬂax d20-ep (2 58)
= d d 2 © /i) — Nmin S) max — i .
/ymin y . Q 1y 402 E (1(Ji) = Nmin) © (0 n(Jji))

X O (Er(ji) — Ermin) © (Ermax — E7(Ji)) -

The differential cross sections are easily obtained by dividing by the size of the bin,

for example,
doP

dET
In Section 2.2 we gave the general prescription for calculating the cross section.
Recall that it was necessary to consider the DUPDFSs, f,(z, z, kZ, u?), to keep the

precise kinematics in the subprocess, without taking the limit z — 0. We now

= Uep/(ET,max - ET,min)- (259)

check that this prescription reproduces with good accuracy the conventional LO
QCD calculation with integrated partons, where all O(ag) diagrams are included,
not just the ones which give the leading dk?/k? term. With the (z, k;)-factorisation
approach, in addition to the jets produced in the hard subprocess, we must also
count the parton emitted in the last evolution step with transverse energy Er = k;
and rapidity given by (2.17).

We also explain how the prescription may be extended to higher orders in per-
turbation theory. The conventional NLO QCD diagrams are at O(a%). These
include all real and virtual O(ag) corrections to the LO QCD diagrams. The hard-
scattering coefficients obtained from these diagrams are convoluted with NLO inte-
grated PDFs, a(x, u?), satisfying the DGLAP equation with two-loop ag and NLO
splitting kernels. Several codes are available which include these NLO QCD calcu-
lations, for example, DISASTER++ [69], DISENT [70], JETVIP [71], MEPJET [72], and
NLOJET++ [73]. There is no longer a one-to-one correspondence between partons

and jets. The momenta of the outgoing partons should be passed through a jet al-
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gorithm to assign the partons to jets. At NLO in the (z, k;)-factorisation approach,
we continue to use the LO doubly-unintegrated partons constructed in Section 2.1
and only calculate the O(ag) diagrams expected to dominate.

The procedure involved in going from 0?7 to o, via (1.20) and (2.58), is the
same in all the theoretical approaches we describe, therefore in the following sections

we only describe how to calculate o7"?.

2.3.1 Collinear factorisation approach at LO

In the collinear approximation, the LO QCD Feynman diagrams are at O(ag).
These are the boson-gluon fusion process, v*g — ¢¢, and the QCD Compton process,
v*q — qg, illustrated in Fig. 2.1(b). These partonic processes give rise to two jets
with equal transverse energy and opposite transverse momentum. There is a one-
to-one correspondence between partons and jets. There are no singularities to be
regulated and no cutoff is imposed on gluon emission.

We now explain a few of the details involved since this calculation offers valuable
insights into the (z, k;)-factorisation approach. The cut diagrams are illustrated in
Fig. 2.8. Note that the direction of fermion number flow is not indicated in these
diagrams. The arrows indicate only the direction of the labelled momentum and
this is taken to be the same for both quarks and antiquarks. The contribution from
diagrams (a) to (f) to 0”? need to be added together. Diagrams (a) to (d) have the

same kinematics, so we calculate them first. We label the momenta by

X
q=4q —zp, l=;p, k=xp—0¢+ ki,

. . X
h=k+tqg=(@—z5)p+(1—-05)qd + ki, J2Zl_k:;(1_z)p+ﬁq/_kia
(2.60)

with x > x5. The 2-body phase space is

“a o dh o Y d*k
Ao = (2m)* 001+ =1 =) 555 0U1) 35 003) = 1

The two delta functions can be used to determine  and z:

0(51) 8(s3)- (2.61)

Tp 2T Ty
and z4 =

5295(1—2) 2(1— z)

(1—z—|—rj:\/(1—2—1—7’)2—47’2(1—2)),
(2.62)
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Figure 2.8: Cut diagrams contributing to inclusive jet production in LO QCD.
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where r = k2/Q?. The flux factor is F?7"* = 41 - ¢, so that

ddre  dk2 [z,\° P 1
—=—| = . 2.6
Frae 167 (QQ) Z 22(1—2)1 —xz0/x (2.63)

T=x4

In practice, the condition x > x ensures that only the = x, solution contributes.

The squared matrix elements of all six diagrams can be written in the form

M3

1
= 59" M" e,(¢, Ve(a ), (2.64)

where A is either T or L and the initial factor of 1/2 is to average over the helicity
of the incoming parton. Appropriate scales have been chosen for the two running

couplings, €? = 4T, (Q?) and ¢g? = drag(k?). We have

(a) M"™ = (Z )TR%TY [’ 1277 k" 19" dpo (1 41), (2.65)

q

M <Ze ) BT I U d = D7 1),

(2.66)
(c) M"™ = 620F—Tr B Ky 1] dpo (20 ), (2.67)
(@) M = GO T B 7" ) (2.65)

For diagrams (e) and (f) of Fig. 2.8, the momenta can be parameterised as

qg=q¢ —xyp, l=Xp, JH=Ep+bd+ki,
Je=l+q—ji=X -2, —8p+ (1 -0 ¢ — ki, (2.69)

with 0 < ¢ < X —2; < 1and 0 < b < 1. This time the 2-body phase space

determines

b=uxyr/E, {i:%{ — x5 £ V(X —2,)( (1—1—47’)333)}. (2.70)

Dividing the phase space by the flux factor gives

Ao dk2 [y 1
i :E( ) wa—w X 2n)/E] (2.71)
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and the squared matrix elements are

1 1
(I+9)? (G —q)

(e) M" =eiCp STe 37 (1 — DY 1y U+ D] dpe (G2, 4),

(2.72)

L N0 D U D e ). (273)

(+9)?* (1 +q)°

(f) M™ = 620 I
Averaging over the transverse photon polarisations in (2.64), we have

. 1
EM(QvT) 5V(Q7T) - _§giy7 (274)

while demanding that the longitudinal polarisation vector is normalised, [e(q, L)]? =

1, and satisfies the Lorentz condition, ¢ - (g, L) = 0, leads to

eu(e, L) = %(2:6319” + qu)- (2.75)

Gauge invariance ensures that the g, term does not contribute to the squared matrix

element if all diagrams are included, courtesy of the Ward identity
q@QM" =0=q,M". (2.76)

Therefore, we are free to neglect the g, term of (2.75) from the outset, so that
2

. 4x
enlq, L)ey(q, L) — Q—fpupy. (2.77)

Finally, the contribution to the v*p cross section from Fig. 2.8 (a), (b), (c¢), and (d),
calculated with the aid of the FORM [68] program, is

. 47‘[‘ aeme dk? /. ag(k?)
VP _ B ¢
orL = / dz/ 1 —xzf/r 27
T " r T .
x {qu<z> Zg(Cn >[cTL+c£;L] Pt ) Za(Z ) [Cru+ L]} (278)

while the contribution from diagrams (e) and (f) is

. 47r aeme dk? z, k2 Ty /& as(k?)
VP _ dX __B_ B t
o [HRE T

x Cp Xq(X, 1) [Chp +Chy] s (279)




2.3 Application to inclusive jet production in DIS

46

where the coefficients are

Br+2rp2z—4x2—2x2°+412%)
r(1—22+222) ’

cL=1-

Ch=A(x—20x—2Bxp2—2x2+48x2),

2 2
B - - B
Br+azpz—x2—052°+21x2%)

Cr=1- x (14 22) ’
ol —Bzxz(1-2)

T (x—xp2) 14 22)
ce = _b£(€+x3)

T (X —ap) (X =25 — &) (E+(1—b) z)
F §
Cr = (X—:cB)Q’
where

_ B—2)

cs =

8B(1—=P)as (1 —2) 2

(1 —=22z+422?)

Cb =8AB(1—0) xp2,
:45(1—5):53 (1-2)z

(x4 agz—LPazz—xz)(1—-22+22%)

x (14 22)
0,
0,
0, (2.80)
(2.81)

Note that for high Fr jet production in LO QCD there are no infrared singularities

from either on-shell propagators or soft gluon emission. We will take the factorisation

scale to be p = Ep = k;, in order to compare directly with the approach based on
DUPDFs. The inclusive jet cross section calculated using (2.78) and (2.79) was
found to be in agreement with the LO QCD predictions of the DISENT [70] and

JETVIP [71] programs.

At this point it is an interesting check to take the DGLAP limit, so that we

insert ©(u — k) and take the limit k; — 0, so that the only contributions come from

the ladder-type diagrams of Fig. 2.8 (a) and (c), and

47T O‘eme w dk’2 OzS X
U% P = / / {qu(z) >

with = 2, and 0] ” = 0. At lowest order,

Q2 * *
Fa(ap, i) = 15— (07" +017) =

9 0) + Pug(e) Za(Zo%) }

(2.82)

Z €2$ q(z, 1?), (2.83)

leading to the well-known logarithmic scaling violation of F,, or equivalently the

‘real’” part of the DGLAP equation for the (integrated) quark distribution,

Oq(x, p?) _ as(p?) /1% {P
0ln p? 27 s 2

()9 ) + Py a(C ot (280)

9

)
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where the conventional choice of scale is u = ). Of course, for high Er jet produc-
tion, it is not appropriate to take the limit k; — 0.

Let us anticipate how this calculation would be treated in terms of DUPDFs,
where we would want to factor out the emission with momentum js in Fig. 2.8 (a)
and (c) into the doubly-unintegrated quark distribution, f,(z, z, k7, u?). For this to
be possible, we must assume that C = 1 = Cf, and neglect all other contributions.
The diagrams in Fig. 2.8 (d), (e), and (f) come from the subprocess v*¢ — qg, where
the gluon is radiated off the final quark line. Such diagrams are strongly suppressed
in an axial gluon gauge, due to one or more of the propagators having very large
virtualities, and can be neglected. Similarly, for the crossed quark box diagram of
Fig. 2.8 (b). Numerically, the terms proportional to § in diagrams (a) and (c) are
found to be very small. The one exception is the term proportional to 3 in Cf.
This is negative and increasingly important as z increases; that is, it is a destructive
interference term. In the case of the doubly-unintegrated quark distribution, the
same effect is obtained with an explicit constraint from angular ordering, so the
term proportional to 3 is redundant. We will look at this in more detail in Section
2.4.1.

Ultimately, we will need to resort to explicit numerical comparison of (z, k;)-
factorisation with the conventional collinear factorisation approach in order to demon

strate the approximate equivalence of the two methods.

2.3.2 (z, ki)-factorisation approach at LO

Within the new (z, k;)-factorisation framework developed in Section 2.2 the LO
diagram is simply v*¢* — ¢, illustrated in Fig. 2.1(a), where the incoming quark has

momentum k =z p — 3¢ + k,. The partonic cross section contained in (2.23) is

s ok

AGY 1 (2, K2, i) = 07"

AR (2.85)
where F7'% = 4xp-q = 2x Q?/x,. Labelling the current jet by
P=k+q=(@—z5)p+(1-05)q +ki (2.86)

where x > x5, the 1-body phase space is
de” T = (2m)*0"W (k+q— P) 0(P%) = 2w o(P)
(2m)?
L T 1 5 (2.87)
= <n @Zm (z—a),

1=+
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Figure 2.9: Cut diagram contributing at LO in the (z, k;)-factorisation approach.

where x. is given by (2.62) with r = k2/Q?. Again, the condition > x, means
that only the x = z, solution contributes. The rapidity of the current jet in the

Breit frame is
g _ Ly P71 a/es — 1

In— = -1 2.
The squared matrix element, given by the cut diagram of Fig. 2.9, is
* ok 1 "
ML = g€ Trlfy” (F+ ) 7] enla, V) el(a, V), (2.89)

where A is either 7" or L. We use the same formulae, (2.74) and (2.77), to sum over
the photon polarisations as before.

Note that our approach is not gauge invariant since we do not include the com-
plete set of cut diagrams shown in Fig. 2.8. Rather, we only keep the leading
dk?/k? term coming from Fig. 2.8 (a) and (c). We rely on using a physical gluon
gauge where the neglected diagrams are suppressed. We represent this approach by
Fig. 2.9, where the incoming quark is off-shell with virtuality —&2/(1 — z). Strictly
speaking, the Ward identity (2.76) does not apply to Fig. 2.9. To show this we
define the trace Tr[...] of (2.89) to be M*. Then, with k = z p,

g M" = 4Q? (i - 1) £0, (2.90)
Tp
unless = xz which is not true for non-zero k; due to the relation (2.62).

For example, the g, term of the longitudinal photon polarisation vector (2.75)
gives rise to large cancellations between the contributions from Fig. 2.8 (a) and (b)
to ensure that the Ward identity is satisfied. When the diagram of Fig. 2.8(b) is
neglected, as in Fig. 2.9, the ¢, term in ¢,,(¢, L) gives a much too large 0. Therefore,
we should not include the ¢, term in ¢,(q, L); this is equivalent to an appropriate
choice for the photon gauge.

According to the prescription given in Section 2.2 we should only keep the leading
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dk?/k? term in the squared matrix element and so terms explicitly of O(k?) should
be neglected when calculating |M¥g |2. This amounts to the substitution k¥ = zp
in the trace (2.89), leading to

MPTP = draen 2 QP —, | (2.91)
Tp
The partonic cross sections are then
G (e K ) = TG TN Gy (2 k) =
Q* 1- xBﬁ/x !
(2.92)

Inserting into (2.23) we obtain the hadronic cross sections

. Anla, 1 dk? :EB/x .
O-;/"p: QQ /xdz/O k2 l—l‘ﬁ/l‘ ;€2qu2ktza )7 azp:O7
(2.93)

with x = x,. Again, it is an interesting check to take the collinear limit, k; — 0,
so that we insert ©(u — k) and take p = Q. Then, z — x5, f — 0, and by the

normalisation condition (2.19) we recover the parton model prediction for the proton

structure function Fy = Fpr + Fp:

Q2

('TB7Q2) A7 2

(a;ﬁ*p +0)7) = Z 2wy q(zs, Q7). (2.94)
q

Alternatively, taking the limit z — 0 of z and 3 in (2.93), then using the normali-
sation (2.18), gives

dk:2 x
FQ(':CB?,J/2) :/ xB Z€2fq Z, kt27 7 (295>

0

with z = z5(1 + k2/Q?).

2.3.3 Towards a NLO (z, k;)-factorisation approach

It is beyond the scope of this work to perform a full NLO calculation within the
framework of (z, k;)-factorisation. Rather, at this exploratory stage, we aim to
produce a simplified description using the LO DUPDFs and computing only the
O(ag) diagrams expected to be dominant. The major loop corrections are already
accounted for by the Sudakov form factor (2.2). The diagram where a gluon is
radiated from the final quark line is strongly suppressed in a physical gauge. This

leaves the cut diagrams of Fig. 2.10 as the only contributions which should be
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(Eﬂt)’VLH/\.:L | ﬁiv* (b) v
g Lpdt v g
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kAP . ook
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Figure 2.10: Cut diagrams contributing at ‘NLO’ in the (z, k;)-factorisation ap-
proach.

included. It is debatable whether or not the crossed box diagram of Fig. 2.10(b)
should be included. We choose to include it, although it gives only a relatively small
contribution to the cross section.

All diagrams in Fig. 2.10 have the same kinematics. An initial parton, with
momentum k = zp— 3¢ +k,, splits to a quark with momentum k' = 2/ p— ' ¢/ +k/,,
which goes on to interact with the photon. The outgoing partons have momentum
ji=K+qgand jo =k —k where 2, <2’ <z <land 0< g < g < 1. Note
that the diagrams of Fig. 2.10 naturally include the LO contribution of Fig. 2.9 in
the limit that k; < k;. Therefore, the LO contribution does not have to be added
in explicitly.

The KTJET package [74], together with the CLHEP package [75], were used to
cluster the three outgoing partons into jets. The jet algorithm was run in the
inclusive mode, in the AR scheme and Fr recombination scheme, in order to mirror
the analyses of the experimental data considered in Section 2.4. It is necessary to

pass the algorithm the complete 4-vectors of the outgoing partons with momenta

L2 /s — P
k; cos(¢pra)
k; sin(¢p)
L2 /xs —2+ )

=@ —zs)p+(1-0)¢ +F = : (2.96)
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$ (@ —a') fap + B — ]
’kﬁt — ké} COS(¢kk/m)

jo=(x—a)p+ (8 —B)d +kL — K| = o o () | (2.97)
(@ —2a') Jxs — B + O]
§ (20 —2) fas+ 0]
Pn = % (1—z)p+0Bq —k= :IZ Z:((Z::; , (2.98)

§[2(1—2)/2s -]
where ¢, is the angle between kj and the x axis, ¢pi, is the angle between (k;— k)
and the x axis, and ¢y, is the angle between k; and the x axis. Together with ¢,
the angle between k; and kj, only two of these angles are independent. These are

chosen to be ¢prr and ¢p,, which are averaged over by introducing two additional

/27T A /27T ddra (2.99)
0 27T 0 27T ' '

The other two angles are given by

integrations into (2.58):

(2.100)

ki — ki ,
Pz = Do + Ok, Prkia = Oro +COS™ ( ¢ — ki cos(Prk )) .

ke — k|
We find that the 2-body phase space divided by the flux factor is given by

dere  dk)? <a;3)2

Fra  16mz \ Q2

Z lz— 28— (1= B)' — (z —xp)B| ", (2.101)

x' =z,

where ' =+ (25R)/(x — 2'), and

20 5)
eyfleall = 54 B) = a1 = BF +2,r e = 2001 = 8) — 2,1 - 5= B] |,

{:p(l —B)+x5(1 -5 —R)+zpr’

with 1’ = k/*/Q? and R = |k, — K4|*/Q>.
The cut diagrams representing the squared matrix elements are shown in Fig. 2.10.
Again, we write

*a12 1 v "
IMEL] =5 €% 9" M™ e,(g, Mei(a, N, (2.102)

where A is either T or L and the initial factor of 1/2 is to average over the helicity

of the incoming parton. We take e? = 4wa(Q?) and ¢* = 4rag(p%), with up =
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max(k, k;). We have

(a) MM = <Z 63) TRﬁTr (KA f217 kY 17" dpo (K, '), (2.103)

e (Z ) ) Wz ﬁTf K" (B + = )7 17" dpo (K, 4,
(2.104)

(c) MM = 620F—Tr KAk By 19" dpo (G2, 4). (2.105)

In order to keep only the leading dk?/k? term, we make the replacement k — x p in
the numerator of these expressions, but not in the virtualities in the denominator.

Inserting the partonic cross sections into (2.23) we finally obtain

” sz e € < )/dx/dZ/ dk?/ dk,QxB 0452(::3)

x 3 Ja— 258 (1- P — (@ —25)8]”"

x' =z

X {TR fo(z, 2, k2, 1?) [C%L + C%L} + CF fy(x, 2, kf,uz)C%L} , (2.106)

where the coeflicients are
oo _ (1-2p8 (1=0)) x (@ —a5)+ (B (s —22")+2') (1 =) 25+ (20 - 1) 2')
T — 2 )
z((1—=p) zp —a')
s A=)z (@ —ap+ 0 (x+2x5—22"))
CL = 2 )
z((1=p)xs —a)

b — (1-p) (@' —2p) (1=20) 242 (§' (22" — 25) — 2'))
Poa (@ = (=) w) (L+5 - 5’)( o)+ (1+ 5= 0"+ R) xs)

( (

cb — 8(1 ) Tp (x _$B)
oo @—(1-p) ) ((1 x?ﬁo@—w+u+ﬁ B+ R) xp)’
e - (1720 (1=P)) x (@ —as) +a (28 —1) 25 + (1 -28") ')

! ) )

w2 (= F) za—F |
. 4(-8) B,

(1=5) wp —a')”

(2.107)

Inspection of the coefficient C§. reveals a pole at 2/ = 2’ /x = 1, corresponding to soft

gluon emission. We can regulate this singularity by appealing to angular ordering.
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(a) v* (b) 7" (c) " (d)y*

N N N N
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000> —
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Figure 2.11: Feynman diagrams contributing at ‘NNLO’ in the (z, k;)-factorisation
approach.

The rapidity of the gluon, with momentum js, should be greater than the rapidity

of the quark, with momentum j;:

/ / /
Breit Breit ! I . ;I x - /6
DTt ~ < < — th =l(——.
77]2 ’r]]l z ,u’ I }k:t ESNIE W1 1% Q ZL'//IL'B -1
(2.108)

This condition applies only to the diagram where a quark radiates a gluon, Fig. 2.10(c),

and not to the diagrams where a gluon radiates a quark, Fig. 2.10 (a) and (b).

2.3.4 An estimate of the NNLO contribution

The NNLO diagrams have not yet been calculated in the collinear approximation
(NNLO QCD). As we will explain in Section 2.4, the ‘NLO’ calculation of Sec-
tion 2.3.3 gives reasonable agreement with conventional NLO QCD. It is possible
that a simplified ‘NNLO’ (z, k;)-factorisation calculation may provide an estimate
of whether the NNLO QCD corrections are likely to be important, especially at low
Er and low Q? in the forward region, where there is a discrepancy between NLO
QCD and the data.

The four contributing diagrams, all of which have the same kinematics (phase
space), are shown in Fig. 2.11. Diagrams (a) and (b) are the doubly-unintegrated
quark contribution, while diagrams (c) and (d) are the doubly-unintegrated gluon
contribution. Encouraged by the fact that the crossed quark box of Fig. 2.10(b)

gives only a small contribution, we may neglect the interference cut graphs arising
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from Fig. 2.11 as a first approximation, leaving only four squared matrix elements
to be calculated.

This simplified approach provides an approximation of QCD, in which only
ladder-type diagrams remain. The soft gluon singularities are regulated by angular
ordering. There are no infrared singularities remaining. We can add an arbitrary
number of rungs to the ladder and the answer will be finite. However, with more
rungs, the number of neglected interference terms grows; it is likely that the approx-
imate treatment of these terms by imposing angular-ordering constraints will spoil

the accuracy of the method if too many rungs are added.

2.4 Description of HERA inclusive jet production
data

Data are available for inclusive jet production in DIS measured at the HERA collider.
We may therefore check how well the simpler (z, k;)-factorisation approach is able to
reproduce the conventional collinear factorisation approach, and at the same time
see how well these calculations describe the data.

Recall from Section 2.3 that at LO the (z, k;)-factorisation approach is based
on the simple v*¢* — ¢ subprocess driven by the doubly-unintegrated quark dis-
tribution, f,(x, 2, k?, u?), retaining the full kinematics. On the other hand, in the
LO QCD description the subprocesses are v*¢g — qq and v*q¢ — gq evaluated with
collinear kinematics and conventional integrated PDFs, g(x, Q?) and q(x, Q?).

A computer program was written to calculate the conventional LO QCD pre-
diction and the LO and ‘NLO’ predictions of the new (z, k;)-factorisation approach.
The GNU Scientific Library [76] implementation of the VEGAS algorithm [77] was

used to perform multidimensional Monte Carlo integration.

2.4.1 Comparison with ZEUS data at high Q?

We now compare our predictions to the experimental data obtained by the ZEUS
Collaboration [78]. This data was taken during 1996 and 1997, when HERA collided
protons of energy £, = 820 GeV with positrons of energy E, = 27.5 GeV at a
CM energy of /s = \/m ~ 300 GeV. Rather than make cuts on the variable
y = Q*/(xps), ZEUS make cuts on cos+y, one of the angles used in reconstructing

the kinematical variables using the double-angle method, where

:L‘B(]- - y)Ep - yEe
xB(l - y)Ep + ?/Ee.

cosy = (2.109)
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125<Q*<10°Gev® and 8<E, <100 GeV
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Figure 2.12: Comparison with ZEUS inclusive jet production data [78] at high QZ.
The feint and bold lines correspond, respectively, to the predictions of the con-
ventional QCD approach and the (z, k;)-factorisation approach based on DUPDFs.

In the parton model, v*¢ — ¢, the angle v corresponds to the direction of the
scattered quark. In (2.58) we therefore set ymin = 0 and ymax = 1 and demand
instead that cos~y satisfies the ZEUS experimental cuts, —0.7 < cos~y < 0.5.

In Fig. 2.12 we show the rapidity distribution, do/dn®™* integrated over (*
from 125 to 10° GeV? and over Er from 8 to 100 GeV. The parton-to-hadron cor-
rection factors given in Table 3 of the ZEUS paper [78] have been applied to the
theory predictions. For the results presented, we used MRST2001 LO PDFs [66] as
input. The NLO QCD predictions have been taken from the plot in Fig. 3b) of [78];
these were obtained with the DISENT program [70] using MRST99 PDFs [67], a
renormalisation scale of Fp, and a factorisation scale of (). The statistical, system-
atic and jet-energy-scale uncertainties have been added in quadrature to estimate
the total experimental uncertainty. All the theory predictions give a reasonably
good description of the data. The NLO predictions generally give a slightly bet-
ter description than the LO predictions. For the (z, k;)-factorisation approach, the

‘NLO’ corrections are only significant in the forward region.
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Note from Fig. 2.12 that the LO (z, k;)-factorisation predictions are slightly larger
than the data in the current jet (negative rapidity) region. One possible explanation
for this is provided by a colour coherence phenomenon known as the ‘drag effect’
(see, for example, [11]), a consequence of which is that the current jet is pulled
towards the proton direction. A constant 1 GeV shift in the z component of the
current jet momentum is found to shift the rapidity distribution to obtain slightly
better agreement with the experimental data.

To test the assertion that the angular-ordering constraint mimics the major ne-
glected terms in the LO QCD calculation of Section 2.3.1, we can replace P,,(z) by
P,y(2) (C* +C%) and P,,(2) by P,,(2)C¢ in the real part of the doubly-unintegrated
quark (2.21), where the coefficients C were given in (2.80). The inclusive jet cross
section calculated in this manner, with separate coefficients for the 7" and L contri-
butions, is found to be almost unchanged, as seen in Fig. 2.13, providing evidence
that the ‘beyond LLA’ terms in the conventional LO QCD calculation have much
the same effect as an explicit angular-ordering constraint.

In order to verify that the extra z convolution of (z, k;)-factorisation with respect
to ky-factorisation is important, we also repeated the calculation taking the limit
z — 0 in the partonic cross section. The parton emitted in the last evolution step
then goes in the proton direction and is not counted in the inclusive jet cross section.
In general, the predictions are much worse, even in the current jet region, providing

evidence that the extra z convolution of our method is important.

2.4.2 Comparison with H1 data at low Q?

The H1 Collaboration have measured the inclusive jet cross section in DIS at high
Q? [79] and at low Q? [80]. Here, we focus on the latter, where Q* = 5 to 100 GeV?.
In this region, the NLO QCD corrections to LO QCD are larger than at high Q2,
and the advantages of our approach become more apparent. Again, this data was
taken during 1996 and 1997.

The H1 Collaboration use the electron method to reconstruct the kinematical
variables, so cuts are imposed directly on the variable y, namely 0.2 < y < 0.6. We
therefore set ymin = 0.2 and ypax = 0.6 in (2.58). Also, H1 present their data in
rapidity bins in the LAB frame rather than the Breit frame, so we need to be able
to calculate the rapidity in the LAB frame.

In the Breit frame, we write the momenta of the incoming and outgoing positron
as e = a, p+be ¢'+e, and € = e—q respectively. The on-shell conditions ¢ = 0 = ¢’
imply that e = a.b.Q?/x; and e-q = —Q?/2. In the LAB frame, we write the initial

LAB

proton and positron momenta as p*** = (E,,0,0,E,) and "** = (E,,0,0, —E,),
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125<Q*<10°Gev® and 8<E, <100 GeV
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Figure 2.13: Effect of including additional terms beyond the leading logarithmic
dk?/k? term. Without an explicit angular-ordering constraint, as in LO QCD, the
extra terms have a large effect, as seen by the difference between the dotted and
solid feint lines. With an explicit angular-ordering constraint, as in LO (z, k;)-
factorisation, the extra terms have little effect, as seen by the difference between the

solid and dotted bold lines.
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where E, = 820 GeV, E, = 27.5 GeV, and p**® - "*® = 2E,F, = p - e. Taking dot

products of e with p and ¢’ determines b, and a, respectively:

be = 4EpEe%, ao = 25(be — 1), (2.110)
SO
e} =4AE,E.x, <4E B, Q2 — 1) : (2.111)

The momentum of an outgoing parton can be written j = a;p + b;¢' + j1 and

LAB LAB ,,.LAB LAB LAB *LAB
P +b + 71

J = aj in the Breit and LAB frames respectively. We have

e-j=(aeb; +beaj)p-q +el-j1
= [be(a; + b-xB) —apb| p-d — e Ji (2.112)

4E E QQ (a’] + bi]) - bi] b q/ - etjt COs ¢ej7
where ¢.; is the angle between e, and j;. Taking dot products of j*** with p"** and
e"*" determines a*" and 0i*” in terms of e - j and p - j:
/

AP — e'j’ b;-AB:M :bj ‘(]. (2.113)
p-e p-e  “p-e

S

The rapidity in the LAB frame is then
(BB 1 (i B
bt E, 2 bip-q E.
E

In {(4EE 02 ( +xB) — Ty — bQ2etjtcos¢ej) ﬁj

It is necessary to average the cross section over the azimuthal angle ¢.; between

LAB

n;g =

(2.114)

1
2"
1
2

the initial positron and the outgoing jet in the transverse plane. For the ‘NLO’
(z, k¢)-factorisation calculation, the jet momenta are not necessarily the same as the
momenta of the outgoing partons. It is necessary to pass the momenta through a

MB - which would require an

jet algorithm. Rather than use (2.114) to determine 7
additional azimuthal averaging, it is simpler to explicitly transform the momenta
from the Breit to the LAB frame, then to calculate the rapidities of the resultant
momenta. This is done by first boosting along the z axis to transform the momenta
from the Breit frame to the y*p CM frame. The momenta are then transformed
from the v*p CM frame to the LAB frame using the method described in Section 6.2
of [62], which involves boosts along the z and = axes followed by rotations about

the y and z axes. The final rotation about the z-axis does not change the rapidity
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Figure 2.14: Comparison with H1 inclusive jet production data [80] at low Q2. The
predictions of the (z, k;)-factorisation approach based on DUPDFs (which is much
simpler to implement) are in good agreement with the conventional QCD approach.
In some bins the predictions of the latter approach are hidden beneath the bold lines
of the (z, k;)-factorisation approach, at the respective order.

or the transverse energy and may be omitted. It was checked numerically that this
method is equivalent to the method of (2.114).

In Fig. 2.14 we show do/dE7 integrated over Q% between 5 and 100 GeV? in
three rapidity intervals. For the results presented, we used the MRST2001 LO
PDFs [66] as input. The NLO QCD predictions have been taken from the plot
in Fig. 1 of the H1 paper [80]; these were obtained with the DISENT program [70]
using CTEQ5M PDFs [81], a renormalisation scale of Er and a factorisation scale
of Q. The hadronisation correction factors used in [80] have been applied to all the
theory predictions. The statistical and systematic uncertainties have been added in
quadrature to estimate the total experimental uncertainty.

The LO (z, k;)-factorisation calculation is in excellent agreement with conven-
tional LO QCD, but neither describe the data well, especially in the forward ra-
pidity region. The ‘NLO’ (z, k;)-factorisation calculation is in very good agreement

with conventional NLO QCD, although the agreement gets slightly worse as Er
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increases.* Deviations of the data from NLO QCD are seen only at small Er in
the forward region. Here, the NLO corrections are quite large and it is likely that
NNLO corrections or resolved virtual photon contributions are important in this
region. Again, taking the limit z — 0 makes the (z, k;)-factorisation predictions

much worse, showing that it is important to keep the precise kinematics.

2.5 Summary

In this chapter, we have presented a method for determining UPDFs, f,(x, k2, %),
from the conventional (integrated) PDF's, by considering the last DGLAP evolution
step separately, and imposing angular-ordering constraints on gluon emission. To
include the precise kinematics in the hard subprocess initiated by the final parton
in the evolution ladder, it is necessary to consider DUPDFs, f,(x,z, k2, u?). We
gave a prescription, called (z, k;)-factorisation, for the computation of cross sections
using these distributions. This prescription is a natural generalisation of the k;-
factorisation approach.

We used (z, k;)-factorisation to estimate the cross section for inclusive jet pro-
duction at HERA at lowest order. Using the same LO DUPDFs, we then carried
out a ‘NLO’ calculation which included the dominant Feynman diagrams with the
soft gluon singularities being regulated by angular ordering.

We showed that at O(a%) the predictions of the approach based on DUPDFs,
with exact kinematics, are close to the conventional LO QCD calculation at O(ag).
The relative simplicity of the former approach is shown schematically in Fig. 2.1.
Similarly, at O(ag) the predictions of the approach based on DUPDF's are close to
the conventional NLO QCD calculation at O(a%).

It was seen that the NLO corrections are large in the forward region at low Er and
low Q? where the agreement with the data is poor. It is possible that the simplified
(z, k¢ )-factorisation approach might help to evaluate the réle of the conventional
NNLO QCD calculation. Alternatively, the resolved photon contribution is known
to be important in the regime where Ep is much greater than (). It would be
better to calculate the resolved photon contribution in terms of the DUPDF's of the
photon.®

By reorganising the perturbative expansion in ag to keep only the most impor-

4In two bins the ‘NLO’ (2, k;)-factorisation predictions are significantly higher than the NLO
QCD predictions. This is due to the jet algorithm applied, which increases the ‘NLO’ (z, k¢)-
factorisation predictions by more than a factor of two in these two bins only, compared to the
result when no jet algorithm is applied.

°In Ref. [82], for example, the KMR prescription was applied to obtain the unintegrated gluon
distribution of the photon.
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tant terms, our method provides a simple but effective way of estimating exclusive
(and inclusive) observables.

The logical next step is to show that DUPDFs can be applied to pp and pp
collisions. The simplest calculation is the transverse momentum distributions of

produced W and Z bosons. We will carry out this calculation in the next chapter.



Chapter 3

Unintegrated parton distributions
and electroweak boson production

at hadron colliders

At present, it is not straightforward to describe the transverse momentum (Pr)
distributions of electroweak bosons produced in hadron-hadron collisions. In the
usual collinear approximation, the transverse momentum of the incoming partons is
neglected and so, for the Born level subprocesses ¢; gg — V' (where V = ~* W, 7)
or gy go — H, the transverse momentum of the final electroweak boson is zero.
Therefore, initial-state QCD radiation is necessary to generate the Pp distributions.
Both the LO and NLO differential cross sections diverge for Pr < My, g, with terms
proportional to In(My,;/Pr) appearing due to soft and collinear gluon emission,
requiring resummation to achieve a finite Pr distribution.

Traditional calculations combine fixed-order perturbation theory at high Pr with
either analytic resummation or numerical parton shower formalisms at low Pr, with
some matching criterion to decide when to switch between the two. In addition, a
parameterisation is needed to account for non-perturbative effects at the lowest Pr
values. Analytic resummation can be performed either in the transverse momentum
space (see, for example, [83]) or in the Fourier conjugate impact parameter space
(see, for example, [84]).

An alternate description is provided in terms of UPDFs, where each incoming
parton carries its own transverse momentum k;, so that the subprocesses ¢; g — V
and g1 9o — H already generate the LO Pr distributions in the k;-factorisation
approach. It has been shown in [85,86] that UPDFs obtained from an approxi-
mate solution of the CCFM evolution equation embody the conventional soft gluon

resummation formulae.

62
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The UPDFs that we use are obtained from the familiar DGLAP-evolved PDF's
determined from a global parton analysis of deep-inelastic and related hard-scattering
data. The transverse momentum of the parton is generated entirely in the last evo-
lution step [60-63]. Angular-ordering constraints are imposed which regulate the
singularities arising from soft gluon emission, while the virtual terms in the DGLAP
equation are resummed into Sudakov form factors. In Chapter 2 it was shown that it
is necessary to extend the ‘last-step’ formalism of [61] to consider DUPDF's in order
to preserve the exact kinematics. It was demonstrated that the main features of
conventional higher order calculations can be accounted for within a much simpler
theoretical framework, named (z, k;)-factorisation.!

Strictly speaking, the integrated PDFs used as input to the last evolution step
should themselves be determined from a new global fit to data using the (z, k;)-
factorisation approach. For the present work, we take the input PDF's from a global
fit to data using the conventional collinear approximation [66]. This treatment
is adequate for these initial investigations. However, we expect it to lower our
predictions for quark-initiated processes by ~10% compared to the case where the
input PDF's are determined from a global fit using the (z, k;)-factorisation approach.
We will illustrate this point in Section 3.4 by comparing predictions for the proton
structure function F» in the collinear approximation and in the (z, k;)-factorisation
formalism.

The ‘last-step’ prescription has some features in common with the initial-state
parton shower algorithms implemented in Monte Carlo event generators (for a recent
review, see [87]) such as the DGLAP-based HERWIG [36] and PYTHIA [37] programs
and the CCFM-based CASCADE [56] program. The main advantage of our approach
is that we use simple analytic formulae which implement the crucial physics in a
transparent way, without the additional details or tuning which are frequently in-
troduced in Monte Carlo programs. The Pr distributions are generated entirely
from known and universal DUPDF's. For example, fits to Z production data at the
Tevatron using parton showers favour a large intrinsic partonic transverse momen-
tum (k;) ~ 2 GeV, while confinement of partons inside the proton would imply a
(ki) ~ 0.3 GeV [88-90].

The DGLAP-based parton showers used in [36, 37] are theoretically justified
only in the limit of strongly-ordered transverse momenta, since only the collinear
divergent part of the squared matrix element is kept in each parton branching.

Similarly, the CCFM-based parton shower used in [56] is strictly justified only in

!The idea is an extension of the original DDT formula [21]; however, in comparison with [21]
we go beyond the double leading logarithmic approximation (DLLA) and account for the precise
kinematics of the two incoming partons, as well as the angular ordering of emitted gluons.
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the limit of strongly-ordered angles, which reduces to the limit of strongly-ordered
transverse momenta as long as x is not too small. In this limit, the transverse
momentum generated in all evolution steps prior to the last is negligible. Therefore,
neglecting transverse momentum in every evolution step prior to the last should be
a good approximation to the parton shower algorithms in which finite transverse
momentum is generated at every evolution step.

The goal of the present chapter is to demonstrate that the Pr distributions of
electroweak bosons can be successfully generated by DUPDFs. We do not aim to
produce a better description of the data than existing calculations, but rather a sim-
pler analytic description which reproduces the main features. With this approach,
it is easy to see the physical origin of the Pr distributions and to identify the most
important Feynman diagrams. Since the DUPDF's are universal—that is, they apply
equally well to all hard hadronic processes—it is important to check them in a new
kinematic domain.

One topical application is the prediction of the cross section for diffractive Higgs
boson production at the LHC [91], which is driven by the unintegrated? gluon distri-
bution f,(z, kZ, u?), where p is the hard scale of the subprocess. At the moment, the
only possibility to check the behaviour of UPDFs in the domain k; < pu is to com-
pare predictions with the observed Pr distributions of W and Z bosons produced at
the Tevatron. We will show that the doubly-unintegrated quark distributions, gen-
erated directly from the known integrated PDFs under the ‘last-step’ prescription,
satisfactorily describe these data, including the region of interest, Pr << My, ;.

In Section 3.1 we describe the formalism for (z, k;)-factorisation at hadron-hadron
colliders, and in Section 3.2 we apply it to calculate the P distributions of elec-
troweak bosons at LO. An estimate of the dominant higher-order corrections is made

in Section 3.3 and numerical results are given in Section 3.4.

3.1 (z, k;)-factorisation at hadron-hadron colliders

We now extend the formalism of Chapter 2, which concerned deep-inelastic scatter-
ing, to hadron-hadron collisions. The basic idea is illustrated in Fig. 3.1(a), which
shows only one of the possible configurations. All permutations of quarks and glu-
ons must be included. The arrows show the direction of the labelled momenta. The
blobs represent the familiar integrated PDFs. The transverse momenta of the two
incoming partons to the subprocess, represented by the rectangles labelled 6% % in

Fig. 3.1, are generated by a single parton emission in the last evolution step.

2To be precise, the skewed unintegrated gluon distribution is required. However, in the relevant
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P, j=)

Figure 3.1: Illustration of (z, k;)-factorisation at hadron-hadron colliders. (a) The
transverse momentum of each parton entering the subprocess is generated by a single
parton emission in the last evolution step. (b) The last evolution step is factorised
into f, (zi, 2, k:i%t,,u?), where i = 1, 2.
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We use a Sudakov decomposition of the momenta of the two incoming partons,
ki=x; P, — Bi P; + kiy, (3.1)

where (7, 7) = (1,2) or (2,1). We work in the CM frame of the colliding hadrons and
neglect the hadron masses so that the squared CM energy is s = (P1+P)* ~ 2 P+ P,.
Then,

PIZ(PfL7P177P1J_):\/5(17070)7 PQI\/E(C)?laO) kiJ_:(Oa()?ki,t)-
(3-2)
The penultimate propagators in the evolution ladder have momenta l; = (z;/2;) F;,

so that the partons emitted in the last step have momenta
plzll—k’z Z—Z(]_—ZZ)P +ﬁz — ZL- (33)

The on-shell condition for the emitted partons, p? = 0, determines

2T
A L B 3.4

b= -2 (3.4)

where r; = k7, /s, so that the two incoming partons have virtuality k7 = —&7, /(1 —

2;). The total momentum going into the subprocess labelled 6% % in Fig. 3.1 is
q=ki +ky=(x1— [2) Pr+ (22 — 1) P2+ qu, (3.5)
where q; = k1| + k9. The kinematic variables obey the ordering
0< B <z <z <l (3.6)

Analogous to (1.35), the collinear factorisation formula for hadron-hadron colli-
sions is
= Z/ da, %al (1, 12) as (s, %) 62, (3.7)
ar,az
where p is the factorisation scale and the partonic cross sections 6% 2 are calculated
with on-shell incoming partons with momenta k; = x; P,. As in Chapter 2, we
relax the DGLAP approximation of strongly-ordered transverse momenta in the
last evolution step only.

If p; are gluon momenta, then we must additionally impose angular-ordering?

small-z domain the skewed effect can be included by the Shuvaev prescription [92-94].
3We remind the reader that ‘angular ordering’ is a misnomer. It is rapidity ordering which
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constraints due to colour coherence,

§1 <2 <&y (3.8)

where & = p; /pj and E = ¢~ /¢". That is, the subprocess separates gluons emitted
from each of the two hadrons. This condition leads to a suppression of soft gluon
emission,

L
z < —, 3.9
i + Ky (3:9)

with gy = 21V sZ and g = 294/ / Z.
The integrated PDF's, a;(x;, 41°), of (3.7) are replaced by DUPDFs, f,, (s, i, k7,
requiring additional convolutions over the splitting fractions z; and the transverse

momenta k7, giving the (z, k;)-factorisation formula

d d 00de oode
o= Z/ $1/ $2/ dzl/ dZQ/ 21,t/ 22,t
kl,t 0 kQ,t

X fal(xlvzlvkl tvlul) fa2<x27z27k2t7/~b2> Aal% (31())

Here, the “*’ indicates that the incoming partons, with momenta k; given by (3.1),
are off-shell with virtuality k} = —k7?,/(1 — 2;). This formula (3.10) is represented
schematically in Fig. 3.1(b) for the case where the off-shell partons a] and a} are

both quarks. The partonic cross sections in (3.10) are given by

d6% % = P %

(3.11)

where the flux factor F419 = 2x; x5y 5. The last evolution steps in Fig. 3.1(a) fac-
torise from the rest of the diagram, to give the LO DGLAP splitting kernels, in
the leading logarithmic approximation (LLA) where only the dk7,/k7, term is kept.
Therefore, | M?192|? is calculated with the replacement k; — z; P; in the numerator
in order to keep only this collinear divergent term. However, any propagator vir-
tualities appearing in the denominator of |M® %|? may be evaluated with the full
kinematics, as may the phase space element d®®1 .

For this approach to work, it is vital that the di? i/ k: , term is obtained only from
ladder-type diagrams like that in Fig. 3.1(a), and not from interference (non-ladder)
diagrams. This is true if we use a physical gauge for the gluon, where only the two

transverse polarisations propagate. For hadron-hadron collisions, the natural choice

should be applied.

0,
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is the planar gauge where the sum over gluon polarisations is performed using

kun, +nyk,

dﬂy(/{:,n) = —Guw + o ,

(3.12)

where we take the gauge-fixing vector n = x; P; + x5 P,. Note that n? = x; zy 5 #
0, unlike the light-cone gauge of (1.26). Such a gauge choice ensures that the
dkit / kit term is obtained from ladder-type diagrams on both sides of the subprocess
represented by the rectangle in Fig. 3.1(a).

A related requirement is that terms beyond the leading dk?,/k7, term, coming
from non-ladder diagrams, for example, give a negligible contribution. Such terms
are proportional to the Sudakov variable 3; (3.4) and hence vanish in the limit that
zi — 0 or k;; — 0. Away from these limits it is not obvious that these ‘beyond
LLA’ terms will be small, a necessary condition for the factorisation to hold. For the
case of inclusive jet production in DIS and working in an axial gluon gauge, it was
observed in Chapter 2 that the main effect of the extra terms was to suppress soft
gluon emission. When the angular-ordering constraint (3.9) was applied, the extra
terms were found to make a negligible difference to the cross section, see Fig. 2.13.
For hadron-hadron collisions, although the number of possible non-ladder diagrams
is larger, it is therefore reasonable to expect that the extra terms will have little
numerical effect, at least for k; ; less than the hard scale of the subprocess. A similar
argument is made to justify the approximation made in the DGLAP-based parton
showers used in Monte Carlo simulations, where only the collinear divergent part of
the squared matrix element for each parton branching is kept and angular ordering
is imposed in all evolution steps to account for some of the missing terms. Here, we
are more conservative and apply this approximation to the last evolution step only.

The DUPDFs in (3.10) are only defined for k;; > o, where pg ~ 1 GeV is the
minimum scale for which DGLAP evolution of the integrated PDFs is valid. The
approximation of the k; ; < 19 contribution made in Chapter 2 was to take the limit

ki; — 0 in the kinematic variables (and in 61%), then to make the replacement

Modkft 2 2 2
[ [ k) = e TG @1
i,t

where Ty, (u2, u?) are the Sudakov form factors (2.13) or (2.15). This replacement
ensures that the normalisation conditions (2.19) are satisfied. A better approxima-

tion, which retains the k;; dependence, is to take the limit z; — 0 in the kinematic
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variables, then to make the replacement

2

1 k
7,0
[ s oz K ) = i ) = i i) To ), (314)
T 0
where we have used (2.7). The requirement that fo,(z;, k7, pu7) ~ k7, as k7, — 0 is
a consequence of gauge invariance [23,95].
A more complicated extrapolation of the DUPDFs for k; < pg, which allows
both the k; and z dependence to be retained in the kinematic variables, is to assume

the polynomial form

k? k?
Ful, 2,2, 12) = " | A2, 2, 4%) + % B(z, 2, 1%)] (3.15)
Ho Ho
The two coefficients A and B can be determined to ensure continuity at k; = po and

the correct normalisation (3.13), leading to

2, 1%) = = falw, 2, 1, 16%) + 2 a(z, 15) Tu(ig, 1*) / (1 — @), (3.16)
2, 11%) = 2 fala, 2, pg, 1%) — 2a(w, 1g) Tu(pg, 1) / (1 = ). (3.17)
If (3.15) becomes negative, which is possible for k; < g, then f,(z,z, k2, u?) is
simply set to zero.

This extrapolation of the perturbative formulae accounts for some non-perturbative
‘intrinsic’ k; of the initial partons, which is often parameterised by a Gaussian distri-
bution with (k;) < po. Numerical results are insensitive to the precise form (3.13),
(3.14), or (3.15) used for the k; < po contribution. However, for the rest of this

chapter we will use the form (3.15) which ensures continuity at k; = po.

3.2 Application to the Pr distributions of elec-

troweak bosons

Perhaps the simplest application of (z, k;)-factorisation at hadron-hadron colliders
is electroweak boson production, where at LO the subprocess is simply ¢7 ¢ — V,
illustrated in Fig. 3.2, or g7 g5 — H, illustrated in Fig. 3.3. In the collinear ap-
proximation, these diagrams give the Born level estimate of the total cross section
0. When each parton carries finite transverse momentum k; ., the final electroweak
boson has transverse momentum q; = k1 + + k2, so we can calculate the Pp distri-
bution

5. =0 0(a = Pr), (3.18)
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Figure 3.2: LO Feynman diagram contributing to the Pr distributions of W or Z
bosons in the (z, k;)-factorisation approach.

*

9o

Figure 3.3: LO Feynman diagram contributing to the Pr distribution of SM Higgs
bosons in the (z, k;)-factorisation approach. The triangle represents the effective
ggH vertex in the limit My < 2my.
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with o given by the (z, k;)-factorisation formula (3.10).

The squared matrix element for W production is

1 14
MGt 65 = WP = g () WP Tk =712 (g + 32
w

2V/2
\/§
= N—GF M Vg go|? 21 29 5, (3.19)
c
where No = 3 is the number of colours, g2, = 8M2 Gr/v/2 is the weak charge
squared, G is the Fermi coupling constant, and |V, ,,|? is the Cabibbo-Kobayashi-

Maskawa (CKM) matrix element squared. For Z production the corresponding

result is
1 gw ?
MU 65— 2 = 1 (2 ) TR (V= A (Vs = 4™ (g +
_ N—\C Gp M (V2 + A%) 2y 25 s, (3.20)

where cosfy = My /My is the weak mixing angle, V, = Tq3 — 2e, sin? Oy is the
vector coupling, A, = T(f’ is the axial vector coupling, and T(f’ is the weak isospin
(T3.,=+1/2, T}, , = —1/2). The phase space element is

d4q

dP(q; g5 — V) = (2m)*6W (k1 + k2 — q) 2m)3

3(¢* — My) = 2m 6(¢° — My), (3.21)

and the flux factor is F'(¢; g3 — V) = 4k - ko = 221295.

The partonic differential cross sections for W or Z production are then

do

T
dPy (fh (J2 V) = N_c \/§GF sz/ ng 5((12 - sz/) 5(% - PT)7 (3-22)

where Vi, = [V,q,|° and V7 = V2 + A2
The dominant mechanism for SM Higgs production in hadron-hadron collisions
is by gluon-gluon fusion via a top quark loop. For the case where My < 2my, the

well-known effective ggH vertex can be derived from the Lagrangian [96,97]

— (- mH v 2
‘Ceff A ( 3 v G;u/ G ’ (3 3)

where v? = (vV2Gp)™!, G4, is the gluon field strength tensor, and H is the Higgs

4uqv

M2

‘)
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field. The squared matrix element is then

(M(gi g5 — H)|? = <\/_GF <M2>)

B 4(N2 —1)
X (k1 ko g™ — KykY) (k1 - ko g™ — K5KT) dyp(ke, n)dyo (K2, n)
«
= V2Gp 5S$6 2) (2122 5)%, (3.24)

where the sum over gluon polarisations is performed using the planar gauge (3.12).
The phase space element and the flux factor for SM Higgs production are the same

as for qj ¢5 — V, leading to the partonic differential cross section

do V2Gpx 198

ar P res = H) = ———— ag(Mp) 6(q> — M7;) 6(qr — Pr). (3.25)

For ¢*> = x1x5s and ¢; = 0, these expressions (3.22) and (3.25) are exactly as
in the collinear approximation. The difference arises when we consider the precise

kinematics

¢*=s[(w1 = Po)(x2—B1) — R,  R=gq/s, (3.26)
Li kS, + 2k kay coso. (3.27)

Applying the (z, k;)-factorisation formula (3.10), the first delta function in (3.22)
and (3.25) can be used to do the z, integration in (3.10), while the second delta
function can be used to do the k3, integration. In addition, we need to average over
the azimuthal angle ¢ between kq,; and kg ;.

The final hadronic differential cross sections for W or Z production are

day > dk?, 2wd¢
dPT fGFT Z Z / /dzlf sz/ k%t/

Tro= 12 kgt— 2t

2 Pr O (ko) 1
ko t|kos + kit cos @| xq w0 —

ﬁl 52 Z V‘g fq1 (:El’ A1 kjit’ M%) fQ2 (:E27 22, kg,tv M%)a
q1,92

(3.28)

with 7= M2 /s, ki, = —ki; cos¢ + \/P% — k?,sin® ¢, and

+
2

T

2
ZoT ZoT ZoT
-— T+R+$1ﬁ1+ 272 + T+R+$151+ 272 —4x151 272
211 1— 2 1—2 z
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In practice, the kinematic constraints (3.6) mean that the zo = x5 solution does

not contribute. The corresponding result for SM Higgs production is

do  V2Gp o day dki, Q”dqb
P~ son O Z 2. / /dzl/ dZQ/

wo=3 ko 1=k3,
% 2PT @(k’gyt) X1 T2
ko t|koy + k1pcos @l xy xo — [y o

fg(xlazlakitaﬂf) fg(x272’/27k§,t7l"bg)7 (330)

where 7 = M?% /s, and k;ft and z3 are as above. Note that we have taken the ggH
vertex in the My < 2m; limit. For My < 2m;, the correction to the total cross

section due to the top quark mass can be approximated [8] by a factor

1+ @fi) r. (3.31)

The k;; < po contributions of (3.28) and (3.30) are accounted for using the approx-
imation (3.15).4

3.3 The K-factors

In the collinear approximation, higher order QCD corrections to the LO diagrams,
q1q2 — V or g1 go — H, are known to be significant when calculating the total cross
section. The ratio of the corrected result to the leading order result is the so-called
K-factor. A part of these higher order corrections is kinematic in nature, arising
from real parton emission, which we have already accounted for at LO in the (z, k;)-
factorisation approach (see Fig. 3.1). Another part comes from the logarithmic loop
corrections which have already been included in the Sudakov form factors (2.13) and
(2.15). However, we need to include the non-logarithmic loop corrections arising,
for example, from the gluon vertex correction to Figs. 3.2 and 3.3.

A large part of these non-logarithmic corrections have a semi-classical nature and
may be obtained from the analytic continuation of the double logarithm in the Su-
dakov form factors in going from spacelike (DIS) to timelike (Drell-Yan) electroweak

boson momenta [98-100]. In the soft (¢ — 1) and collinear (k¢, k; < p) limits, the

4Other contributions in the region k; ; < ji0, such as the inclusion of additional intrinsic partonic

transverse momentum with (k;) ~ 0.3 GeV, would only affect the Pr distributions at very low
PT 5 1 GeV.
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Sudakov form factors (2.13) and (2.15) can be written

“2d 2 2 2
T (K2, %) ~ exp <—/k izt as(r) C, In %) , (3.32)

2 Ky 2w :

where C, = Cr and C;, = C4. Accounting for the running coupling ag(k?) given
by (1.11) and performing the x, integral, we obtain the Sudakov form factors in the
DLLA,

Ca
T, (K2, 1i*) ~ exp <—2ﬂbLlnL), (3.33)

where L = In(u®/Acp) and b = (33 — 2ny)/(127).
Replacing p? by —u?, we obtain the m2-enhanced part of the K-factors via

Ta(k:th _MQ) ?

K(CLTCL; - ‘/;H) = T (kQ MQ)
a\"vt»

(3.34)

Using the identity In(—p?) = Inp? + ir and the Mercator series In(1 + z) = = —
2?/2+ ..., then

i i 1/ ir \?
Inin(—u2) =In |Inp? {14+ —— )| = Inln 12 Tz
nn(=4") nln,u < +lnu2 e Inp? 2 \Unp? +
(3.35)
The final results for the K-factors are®
T,(k2, —p?) as(p?)
Kl@gg —-V)~ |2 T/ ~ C 2 3.36
(¢ra5 —V) Tq(ktg”uQ) exXp P m ( )
and )
T, (K7, —p*) as(p?)
K(¢gtgt - H)~ |21 T 71 ~ C 2. 3.37
(gl 9o — ) Tg(th,MQ) €xp A 2 ™ ( )

A particular scale choice p? = P;i/ ’ M‘Q/ 1‘3 has been found to eliminate certain sub-
leading logarithms in the Sudakov form factors [102]. Therefore, we choose this scale
to evaluate ag(p?) in (3.36) and (3.37).

®Note the extra factor of 1/2 in the exponents of (3.36) and (3.37) compared to [101], where
the Mercator series was truncated after only the first term.
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3.4 Numerical results

3.4.1 W and Z boson production at the Tevatron

The Py distributions of produced W and Z bosons were measured by the CDF [103]
and DO [104, 105] Collaborations during the Tevatron Run 1, in pp collisions at a
CM energy of /s = 1.8 TeV. Measurements were made of W — ev and Z — ee
decays; therefore, we must multiply the theoretical predictions for W or Z pro-
duction by the appropriate leptonic branching ratios.® We use the MRST2001 LO
PDFs [66] as input, with u2 = 1.25 GeV2 As in Chapter 2, the GNU Scientific
Library [76] implementation of the VEGAS algorithm [77] was used to perform mul-
tidimensional Monte Carlo integration. The LO predictions for the Pr distributions
(3.28), integrated over bins of 1 GeV, are shown by the dashed lines in Figs. 3.4, 3.5
and 3.6. The integrated luminosity uncertainty (3.9% for CDF or 4.4% for D) is
not included in the error bars for the plotted data. The LO predictions multiplied
by the K-factor (3.36) are shown by the solid lines. Although the K-factor makes
up the major part of the discrepancy, we see that the solid lines in Figs. 3.4, 3.5,
and 3.6 still underestimate the precise measurements at small Pr to some extent.
Normalising to the total measured cross sections (248 pb, 221 pb, and 2310 pb) by
factors 1.23, 1.10, and 1.08 respectively, as shown by the dotted lines in Figs. 3.4,
3.5, and 3.6, gives a very good description of the data over the entire Pr range.

Although it makes sense to take 2 as low as possible, the insensitivity of the Pp
distributions to the k; < p treatment can be demonstrated by taking u2 = 2.5 GeV?.
The Pr distributions obtained are practically identical to those with u2 = 1.25 GeV?,
with less than a 0.5% change in the total cross sections.

Notice that the predicted Pr distribution of Z bosons peaks about 0.5-1.0 GeV
below the CDF data (Fig. 3.4). One possible explanation for this is provided by
non-perturbative power corrections, part of which may be interpreted as a negative
correction of about —3 GeV? to the factorisation scale at which the integrated PDFs
are evaluated [107]. Such a shift in the factorisation scale is found to move the peak
of the Pr distribution about 0.2 GeV in the direction of the CDF data, with a
slightly larger normalisation factor of 1.24. The inclusion of small-x broadening in
the Collins-Soper-Sterman [108] resummation formalism, which has been observed
to improve the agreement with semi-inclusive DIS data [109], has been predicted to
have a negligible effect on the W and Z Pr distributions integrated over rapidity at
the Tevatron Run 2 (/s = 1.96 TeV) [110].

In Fig. 3.7 we show the importance of the extra z; convolutions of (z,k;)-

SBR(W — ev) = 0.1072 and BR(Z — ee) = 0.03363 [106].
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Figure 3.6: Pr distribution of W bosons compared to DO data [105].

factorisation with respect to ki-factorisation by taking z; — 0 in the kinematic
variables. In this limit, 5; — 0 and the integrals of the DUPDFs over z; in (3.28)
give the UPDFs, f, (x;, k7, pi7). At small Pp there is little difference from the result
obtained with the full kinematics, since at small Pr the major contribution comes
from small z; < 1 parton branching. However, at large Pr the difference is signif-
icant and the z; — 0 prediction overestimates the data. In Fig. 3.8 we show the
prediction for the Pr distribution of W bosons using CTEQ6L1 PDFs [35] as input
(with pg = 1.69 GeV?) rather than the MRST2001 LO PDFs [66]; the difference is
negligible over the whole Pr range.

The small residual discrepancy between the solid lines in Figs. 3.4, 3.5, and 3.6
and the data is easily understood. Note that the MRST2001 LO PDF's [66] have been
determined by a global fit to data using the conventional collinear approximation.
A more precise treatment would fit the integrated PDF's, used as input to the last
evolution step, to the proton structure function F», for example, using the (z, k;)-
factorisation formalism at LO. We would expect this treatment to give slightly larger
integrated PDFs than the conventional sets by a factor of ~ 1.1 and so eliminate
the small discrepancy between the (z, k;)-factorisation predictions and the data.

Alternatively, it was found in the last chapter that the major higher order correc-

tions to the inclusive jet cross section in DIS could be accounted for by adding extra
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parton emissions to the LO diagram, v*¢* — ¢. In an axial gluon gauge, ladder-
type diagrams gave the dominant contributions. Thus, it is likely that calculating
the O(as) subprocesses ¢ g5 — gV and q; g; — ¢V using the (z, k;)-factorisation
prescription would account for any significant higher order corrections not already
included and so reduce the observed discrepancy without refitting the input inte-
grated PDFs.

Proton structure function Fy(zy, Q?)

These reasons for the small discrepancies discussed in the previous two paragraphs
can be illustrated by considering the proton structure function Fy(zy, @?), which
is plotted for two Q2 values in Fig. 3.9. In the collinear approximation, the LO

prediction for this observable comes from v*q — g,

Fy(as,Q%) =Y el wnq(as, Q) (3.38)

q

indicated by the solid lines in Fig. 3.9, which gives a good description of the data
points since this data set was included in the MRST2001 LO global fit. The LO
(z, ky)-factorisation prediction comes from ~v*¢* — ¢ and may be obtained from
(2.93):

FQ(va QQ) = Z 62 xBQ(xBa :utz)) TQ(Mgv QQ)

q
! dk}  wp/z 9 9
+/mdz/u 2 1= 1,0/ E e folx, 2, ki 1?), (3.39)

where the Sudakov variables x = x4 and [ are given in (2.62) and the factorisation
scale p is given in (2.9). The predictions of this formula are shown as the dashed
lines in Fig. 3.9, while the first term of (3.39), representing the non-perturbative
contributions from k; < pyg, is also shown separately as the dotted lines. There is
a clear difference between the predictions of (3.38) and (3.39), which increases as
xp decreases, due to the extra kinematic factor in the second term of (3.39). This
difference would be eliminated by fitting the input integrated PDFs using (3.39).
Alternatively, a ‘NLO’ prediction for F; may be calculated from the subprocesses
v*g* — qq and v*¢* — qg, and can be obtained from (2.106). Here, a lower limit of
Ho is taken in the kj integration, and the kj < uo contribution is instead accounted
for using the first term of (3.39). It is seen that these ‘NLO’ predictions, shown as
the dot-dashed lines in Fig. 3.9, give almost the same results as (3.38).
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Figure 3.9: Predictions for Fy(z,, Q%) at Q* values of 22 GeV? (top) and 200 GeV?
(bottom) in the collinear approximation, where the 1996/97 ZEUS data [111] has
been included in the MRST2001 LO fit [66], and in the (z, k;)-factorisation approach
using the same PDF's as input. The discrepancy between the data and the LO (z, k;)-
factorisation prediction can be eliminated by either refitting the input integrated
PDFs or by adding some ‘NLO’ contribution.
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3.4.2 Standard Model Higgs boson production at the LHC

The Pr distribution (3.30) for SM Higgs bosons of mass 125 GeV produced at
the LHC (y/s = 14 TeV) is shown in Fig. 3.10. To allow direct comparison with
the results of [112], we do not account for top quark mass effects. Note that the
peak in the Higgs Pr distribution is broader and occurs at a higher Pr than for
vector boson production. This is primarily due to the enhanced g — ¢g colour
factor (C4 = 3) compared to the ¢ — gg colour factor (Cr = 4/3), resulting in a
larger Sudakov suppression at low Pr. By the same reason the K-factor (3.37) is
larger. For Pr < My, the Pr distribution is in good agreement with recent, more
sophisticated, resummation predictions (see, for example, [112]), bearing in mind
the spread in the various predictions available due to the different approaches and
PDFs used, see Fig. 3.11. However, the peak occurs at a Pr about 1-2 GeV lower
than the majority of the resummation predictions. Evaluating the total cross section
by integrating over all Pr gives 38.6 pb, close to the NNLO QCD calculation which
gives 39.4 pb [112].

Note that matrix-element corrections are necessary in parton shower simulations
at large Pr. Without such corrections, the HERWIG parton shower prediction falls off
dramatically at large Pr 2 My [113,114], see Fig. 3.11. The same effect is observed
in HERWIG predictions for the Pr distributions of W and Z production [115], whereas
we manage to describe the Tevatron data at large Pr 2 My without explicit matrix-
element corrections. The fact that our predictions are much closer to the fixed-order
results at large Pr than parton shower predictions suggests that we have successfully

accounted for a large part of the sub-leading terms.

Off-shell matrix elements

The (z, k;)-factorisation prescription involves calculating the squared matrix element
| M|? essentially on-shell, that is, with the incoming partons having momenta k; =
x; P;. This prescription was chosen so as to approximately reproduce the collinear
factorisation calculation starting one rung down, for example, the O(a$) calculation
for Higgs production at large Pr, where there are up to two hard emissions. However,
we note from (2.28) that the non-factorisable ‘beyond LLA’ terms are proportional
to the Sudakov variable (3;, confirmed by the explicit calculation of Section 2.3.1.
Therefore, it is permissible to calculate |M|?* off-shell, that is, with the incoming
partons having momentum k; = xz; P; + k; |, as in the conventional k;-factorisation
prescription. Note however, that |M|? cannot be calculated with the incoming
partons having momentum k; = z; P; — 3; P; + k;, since in this case meaningless

non-factorisable terms proportional to 3; would be obtained.
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Figure 3.10: Pr distribution of SM Higgs bosons produced at the LHC with mass
125 GeV.

The squared matrix element |M (g} g5 — H)|?, given in the first line of (3.24),
was evaluated with k; = z; P, + k;, and the sums over gluon polarisations d,,(k1, n)
and d,,(ka,n) replaced by the BFKL-like polarisation tensors (1.66), as in the k-
factorisation prescription. The difference with respect to the last line of (3.24) is an
extra factor of 2 cos? ¢, where ¢ is the azimuthal angle between kj 4 and ks 4. This
extra factor makes little difference to the Pr distribution shown in Figs. 3.10 and
3.11, except in the region of low Pr < 10 GeV where the cross section is slightly

enhanced.

3.5 Summary

In this chapter we have extended the method of (z, k;)-factorisation using DUPDF's
to hadron-hadron collisions. The key idea is that the incoming partons to the
subprocess have finite transverse momenta, which can be observed in the particles
produced in the final state. This transverse momentum is generated perturbatively
in the last evolution step, with a suitable extrapolation for the non-perturbative
contribution. Virtual terms in the DGLAP equation are resummed into Sudakov

form factors and angular-ordering constraints are applied which regulate soft gluon
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emission. By accounting for the precise kinematics in the subprocess, together with
these Sudakov form factors and angular-ordering constraints, we are able to include
the main part of conventional higher order calculations.

We used this framework to calculate the Pr distributions of W and Z bosons
produced at the Tevatron Run 1. The predictions gave a very good description
of CDF and D data over the whole Pr range, after multiplying by an overall
factor of 1.1-1.2, corresponding to multiplying each DUPDF by a factor < 1.1. We
explained the origin of the need for this extra factor, which should not be regarded
as a deficiency of our approach, but rather reflects the fact that the input integrated
PDFs should themselves be determined from data using (z, k;)-factorisation.

We also used the framework to calculate the Pr distribution for SM Higgs bosons
of mass 125 GeV produced at the LHC. For Pr < My, our simple prescription was
found to reproduce, to a fair degree, the predictions of more elaborate theoretical
studies [112].
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Chapter 4

Diffractive deep-inelastic

scattering

In this introductory chapter to Part II we begin by introducing the Pomeron in
the context of Regge theory, and explain how it appears in diffractive processes,
particularly in diffractive DIS. We describe one of the most popular descriptions of
diffractive DIS, in which the Pomeron is treated as having PDFs just like a hadron.
Finally, we explain how the Pomeron may be interpreted in QCD as two gluons
or two sea quarks in a colour singlet, and we evaluate the corresponding Feynman

diagrams at lowest order in ag.

4.1 Regge theory

Before QCD emerged victorious as the theory of the strong interaction, the most
promising candidate was Regge theory [116,117], also known as the theory of com-
plex angular momentum [118], which provided a natural framework to discuss par-
ticles scattering at high CM energies, s > [t|. Regge theory was founded on some
very general properties of the S-matrix, namely Lorentz invariance, unitarity, and
analyticity. Here, we briefly review a few key features of Regge phenomenology; for
more details, see the textbooks [15-19].

In Regge theory, the scattering amplitude A(s, t) can be viewed as the exchange
in the ¢-channel of a Regge trajectory or ‘Reggeon’ with ‘angular momentum’ «(t).
The Reggeon is not a single particle, but rather a series of particles of different
spins. For positive ¢t the amplitude has poles corresponding to the exchange of

physical particles of mass m; and spin J;, where a(m?) = J;. Plotting the spins of
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low-lying mesons against their masses squared gives a linear trajectory [117,119],
a(t) = a(0) 4+ a't, (4.1)

with a(0) = 0.55 and o/ = 0.86 GeV~2 for the p-trajectory [17]. The asymptotic
behaviour of the total cross section for a scattering process dominated by a particular
Regge trajectory is given by

Otot X 80{(0)71. (42)

Therefore, a Regge trajectory with intercept a(0) < 1 leads to a total cross section
which falls as s increases. In fact a consequence of the Pomeranchuk theorem [120,
121], which proved that cross sections for particle—particle and particle-antiparticle
scattering become equal at asymptotic energies, is that the cross section vanishes
asymptotically for any scattering process with charge exchange. Conversely, if a
cross section does not fall as s increases then that process must be dominated by
the exchange of vacuum quantum numbers [122]. The fact that total cross sections
are observed experimentally to slowly rise with increasing s may be attributed to an
effective Reggeon with intercept azp(0) > 1 and with the quantum numbers of the
vacuum.! This effective Regge trajectory was called the Pomeron [123]. It has been
claimed that glueball states lie on this trajectory when extrapolated to positive t,
although this interpretation is controversial.

Donnachie and Landshoff [124] made a fit to total cross sections for pp and pp

scattering:

opp = (21.7 "% + 56.1 57°*°) mb,

(4.3)
Opp = (21.7 5908 4+ 98 .4 3_0'45) mb,

with s in GeVZ2. Here, the first term is the Pomeron (IP) contribution with intercept
ap(0) = 1.08, while the second term is a sub-leading Reggeon (IR) contribution
with intercept agr(0) = 0.55. Note that associating azp(0) = 1.08 to a simple Regge
pole would eventually lead to a violation of the Froissart-Martin bound [125, 126]:

Otot < C 1112 S, (44)

where C' ~ 60 mb. However, a;p(0) = 1.08 is only an effective Pomeron intercept
which includes the effects of exchange of two or more Pomerons (so-called Regge
cuts). For example, taking into account the [P pole and the I[P ® IP cut (4.2) is

1Originally, a Reggeon with azp(0) = 1 was introduced to account for the asymptotically con-
stant total cross sections expected in the early 1960s.
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modified to [18]
$2(op(0)-1)

Otot ™~ Alp Salp(o)il — Alp@lp (45)

Ins
These multiple exchanges tame the asymptotic rise of the cross section leading to
the ultimate preservation of unitarity. The success of the Donnachie-Landshoff fit
(4.3) suggests that the reduction of the effective Pomeron intercept as the energy
increases is very slow. In any case, with agp(0) = 1.08 the Froissart-Martin bound
(4.4) is not violated for CM energies less than the Planck scale.

In low-Q? DIS the v*p CM energy W plays the role of /s in hadronic cross
sections. Hence, for Q* < W2, then z,; ~ Q*/W? < 1 and we would expect the

proton structure function to satisfy

FQ(.IB, Q2 S 1 Gev2) ~ A]P l,lB_OCJP(O) + AlR xlB—OqR(O)

—0.08 0.45 (4'6)
ZAH:JZL‘B ’ +A1RZL'B s

where we have taken the same intercepts as found in the Donnachie-Landshoff
fit (4.3). At higher Q* > 1 GeV?, QCD evolution takes over modifying the z
dependence. Indeed, parameterising the HERA data for x; < 0.1 in the form
Fy(zs,Q%) = A(Q?) x5 gives X ~ 0.1 at small Q% < 1 GeV? and A ~ 0.3 at
large Q*> ~ 10-100 GeV2. In terms of PDFs, the Pomeron is identified with the
flavour-singlet sea quark and gluon distributions, while the sub-leading Reggeon is
identified with the non-singlet valence quark distributions. Thus, the Regge theory
predictions for the small-z and low Q? < 1 GeV? behaviour of the PDFs are

LEqV(SL’,Q2) ~ xlfch(O) ~ .TO'45,

(4.7)
2S(z, Q%), xg(x, Q) ~ 21 ~oP(®) ~ 5008,

In Table 4.1 we compare these predictions with the z — 0 behaviour of the MRST2001
NLO PDFs [127] at the input scale of Q% = 1 GeV?. The valence quark distributions
are roughly in line with the Regge theory expectations. However, the sea quark and
gluon distributions behave very differently. The sea quark distribution increases
with decreasing x while the gluon becomes increasingly negative with decreasing x.
The negative gluon was introduced by MRST to achieve an acceptable fit to data;
demanding a positive gluon would lead to a strongly valence-like input gluon distri-
bution and to a much worse description of the data [127]. Such differing behaviour
of the sea quark and gluon distributions is totally contradictory to Regge theory

expectations. We will discuss this puzzle in more detail in Chapter 6.
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Regge theory MRST2001 NLO
2y (z, Q2) 2055 2025
zdy (z, Q2) 045 2027
2S(z, Q?) 008 026
zg(z, Q2) £—0-08 _ 033

Table 4.1: Regge theory expectations for the small-z behaviour of PDFs compared
to the z — 0 behaviour of the MRST2001 NLO PDFs [127] at Q2 = 1 GeVZ.

4.2 What is diffraction?

The term ‘diffraction’ was introduced in nuclear high-energy physics in the 1950s, in
analogy with the familiar optical phenomenon. Two equivalent definitions of what
is meant by diffraction in high-energy physics are given in [18]. The first is due to
Good and Walker [128]:

A reaction in which no quantum numbers are exchanged between the

colliding particles is, at high energies, a diffractive reaction.

The Reggeon which dominates at asymptotic energies is the Pomeron. Some sec-
ondary Reggeons, contributing to non-diffractive events, also have the quantum
numbers of the vacuum, but are suppressed at high energies. It is often difficult
to know experimentally whether or not the outgoing system has the same quan-

tum numbers as the incoming particles. A more operational definition was given by
Bjorken [129]:

A diffractive reaction is characterised by a large, non-exponentially sup-

pressed, rapidity gap in the final state.

The large rapidity gap, a region of the detector devoid of particles, arises from the
fact that the colourless Pomeron does not radiate as it is exchanged. Again, the
requirement purely of a large rapidity gap will include some contamination from
non-diffractive events with secondary Reggeon exchange, but these contributions
are exponentially suppressed as a function of the gap size.

Soft diffractive reactions, such as elastic hadron-hadron scattering and diffractive
dissociation, are characterised by a scale of the order of the hadron size (~ 1 fm),
and so are intrinsically non-perturbative and therefore unable to be described by
perturbative QCD. Regge theory has had considerable phenomenological success? in
describing such soft reactions, where there is no alternative theoretical framework

available.

2Indeed, Donnachie and Landshoff [124] conclude their paper with the statement that “Regge
theory remains one of the great truths of particle physics.”
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Large rapidity gap
= Pomeron (IP) exchange

p

Figure 4.1: Diffractive DIS kinematics.

On the other hand, hard diffractive reactions are characterised by an additional
‘hard’ energy scale (= 1 GeV?) and thus they allow use of perturbative QCD to
some extent. The ultimate goal is to translate Regge theory into QCD. We will play
a small part towards achieving this goal in Chapter 5, where we present a QCD
analysis of diffractive DIS. In this case, the hard energy scale is provided by the
photon virtuality Q2.

4.3 Diffractive DIS kinematics

A notable feature of deep-inelastic scattering is the existence of diffractive events,
v*p — Xp, in which the slightly deflected proton and the cluster X of outgoing
hadrons are well-separated in rapidity; see Fig. 4.1. The large number and distinc-
tive character of diffractive events discovered at HERA [130, 131] was somewhat
surprising [132]. The large rapidity gap is believed to be associated with Pomeron
exchange. The diffractive events make up an appreciable fraction (=~ 10%) of all
(inclusive) deep-inelastic events, v*p — X. We will refer to the diffractive and
inclusive processes as DDIS and DIS respectively.

First we define the basic kinematical variables in DDIS, without recourse to any
specific theoretical model for the Pomeron. We use a Sudakov decomposition of the

momenta of the incoming and outgoing protons:
p=P +a,Q, pP=0—ap) P +a,y,Q +p, (4.8)

where P and Q' are lightlike 4-vectors (P> = 0 = Q’%), and P, is a spacelike 4-

vector such that p’f = —pQQ. The on-shell conditions, p? = mf, — p/?, where my, is
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the proton mass, give

p ay — p P (4.9)

aP:QP’-Q” P 2P'-Q/(1—l‘1p)’

leading to the squared momentum transferred by the Pomeron,

2 2 12
_:clpmp + P

The minimum value of || occurs when p, = 0, that is,
T m?

Since most DDIS events occur for small values of [t], and zp < 1, m2,|t] <
Q* M%,W?, we will make the approximations m, ~ 0 GeV and ¢ ~ ty;, ~ 0
GeV? in our calculations. That is, we will assume that p ~ P’ and p' ~ (1 — zp) P'.

As usual in DIS, we define the photon virtuality, ¢*> = —Q?, the v*p CM energy
squared, W2 = (q + p)?, and the Bjorken-z variable,

Q* Q*
g QW

Tp (4.12)
which gives the fraction of the proton’s momentum carried by the struck quark. In
DDIS we additionally define the invariant mass squared of the hadronic system X

produced by the photon dissociation, M% = (¢ + p — p’)?. This definition leads to

Q%+ M% gz o _ Q?

Tp = Q2 Wz, = % Q2 M2 5 (413)

where xpp is the fraction of the proton’s momentum carried by the Pomeron and /3
is the fraction of the Pomeron’s momentum carried by the struck quark.
Neglecting the proton mass, the size of the rapidity gap between the outgoing

proton and the hadronic system X is

(4.14)

_ 21 _
An=n@)—nlg+p—-1) = %1 (1 p @ 1 5)-

rp |t B

If op < 1, Q% ~ |t], B ~ 0.5, then An ~ In(1/zp).
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4.4 Diffractive structure function

Recall from (1.20) that the ep cross section in DIS is related to the v*p cross section
by

2
d“o°P Olem

Aoy dQ? ~ 27mr,Q? { L+ (=)o - yg"rp} ’ (4.15)

where 07 = 61 P+ 077, y = Q?/(x5), and the ep CM energy squared, s = 4E.F,.
Now consider the more specific case of DDIS. We have x; = Sap, so (4.15) can be
written Lo
¢ « . .
= om {4 A =y o7 — o] 4.16
(1JUF’(1622 27T22ﬂ3622 {:[ + ( 3/) ] g yog ) ( )
where o are now the diffractive components of the ep or v*p cross sections. The

diffractive structure function, FQD @ (zp, B, Q% 1), is defined via

d*oer 2ma? D4 b
= ot L+ - B -y EY @
dopdpdQ2dt — BQ* {[ A=y BT } (4.17)

F2D(4)

For small y, or assuming that F LD @ < , the last term may be neglected. By

comparing (4.16) and (4.17), we obtain

FD(4) Q2 B d?o7P

= — ) 4.18
2 A2 Qe xpp A dE ( )
Experimental measurements are usually integrated over ¢:
tmin
By, 5,Q°) = / dt B (ap, 5, Q% 1), (4.19)
teut

where to = —1 GeV? and t;, ~ 0 GeV2.

4.5 Collinear factorisation in DDIS

Just as measurements of the DIS structure function Fy(x, Q?) are used to determine
the PDFs of the proton, a(z, Q%) = zg(z, Q%) or zq(x,Q?), so measurements of the
DDIS structure function FQD ®) (zp, 3, Q%) can be used to determine the diffractive
PDFs (DPDFs) of the proton, a?(zp, 8, Q%) = Bg” (xp, 3, Q%) or B¢” (zp, 3,Q%).3

In DDIS, the collinear factorisation formula for the v*p cross section, analogous

3SDPDFs are exactly the same as ‘extended fracture functions’ [133-135].
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Figure 4.2: LO contribution to DDIS in the ‘resolved” Pomeron model.

to (1.35), can be written

*p 1 /
oy /ﬁ W, 8, Q) 67 (4.20)

dz
P a:q7g

where aP (zp, 3, Q?) satisfy DGLAP evolution in Q2, and 67" are the same partonic
cross sections or hard-scattering coefficients as in DIS. Collinear factorisation was
proven to hold for all DDIS processes by Collins [136,137], but fails for diffractive
hadron-hadron collisions, where an additional rapidity gap ‘survival probability’
[129] due to multi-Pomeron exchange is needed [138,139]. The same factorisation
breaking has recently been observed for the resolved photon component in diffractive
dijet photoproduction [140,141] and low-Q? DIS [142] at HERA.

4.6 ‘Resolved’ Pomeron model

Ingelman-Schlein factorisation [143] is collinear factorisation together with ‘Regge
factorisation’ for the Pomeron exchange, where the xp dependence of the DPDFs
factorises into a Pomeron flux factor, fp(zp), and the 8 and Q? dependence is
given by the PDFs of the Pomeron, o' (3, Q%) = B3¢" (3, Q?) or B¢ (3,Q?). In this
‘resolved’ Pomeron model, the Pomeron is treated as having partonic structure just
like a hadron; see Fig. 4.2 where the LO contribution to the Pomeron structure
function is shown. Variations of this method have been used to fit DDIS data
by many different groups (see, for example, [144-147]). Here, we summarise the

procedure recently used by the H1 Collaboration [148], where Regge factorisation is
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assumed,

fzp(xzp)aﬂj(ﬁ, QQ)a (4.21)
fip(Tp) Fép(ﬁ,QQ)- (4.22)

a'D(xﬂ:’a ﬁ) QQ)
Y (ap, 8,Q%)

The Pomeron flux factor is taken from Regge phenomenology,

Bpt

tmin e
fir(zp) = / o (4.23)

teut xlp

with app(t) = ap(0) + app t. The parameters ajp and Bp are taken from fits to soft
hadron data, with

ap(0) = 1.173 4 0.018(stat.) + 0.017(syst.) o oes (model) (4.24)

determined from a fit to the DDIS data. Note that the only real use of the Pomeron
in this analysis is as a label for a particular power law for the xp dependence
of diffractive cross sections, with the exponent actually being a free power. The
value of agp(0) extracted from the DDIS data lies significantly above the Donnachie-
Landshoff [124] value of 1.08, suggesting that there are large perturbative QCD
contributions.

In the preliminary H1 analysis [148], the input Pomeron PDF's at a scale Q3 = 3

GeV? are parameterised in the form

2
0.01
P(3,Q%) = ZC“ (26 —1) ] exp (—m) , (4.25)

where C¢ are free parameters, and Ty(x) = 1, Ty(z) = z, and Th(z) = 22* —1 are the
first three Chebyshev polynomials. The sum of orthonormal polynomials is used so
that the input distributions are free to adopt the widest possible range of forms for
a given number of parameters. The square of this sum is taken to ensure positivity.
The exponential factor ensures that the Pomeron PDFs tend to 0 as §# — 1. No
momentum sum rule is imposed on the Pomeron PDFs.

Although this type of description of F2D ®) (zp, 3, Q%) is often referred to as a
‘QCD fit’, only the Q? dependence is actually described by QCD, with the xp
dependence being obtained by fitting a power law, and the § dependence taken to
be completely arbitrary. Clearly, we would like to be able to use QCD to constrain
the xp and ( dependence of F2D(3)(xﬂo, B,Q%), as well as the Q? dependence.

In the H1 analysis [148], a secondary Reggeon contribution is also included of
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a form similar to (4.22). The Reggeon flux factor is taken in the form (4.23) with
ar(0) = 0.50. The Reggeon PDFs are assumed to be the same as the pion PDFs
[149]. This contribution is found to be significant only for z > 0.01.

Since the Pomeron is not a particle, and so the concept of a ‘Pomeron flux’ is not
well defined, the ‘resolved’ Pomeron model must be taken on a purely phenomeno-

logical basis.

4.7 The Pomeron in QCD

Attempts to understand the Pomeron in terms of QCD were first made by inter-
preting Pomeron exchange as two-gluon exchange [150,151], two gluons being the
minimum number needed to reproduce the quantum numbers of the vacuum. Ac-
counting for all agIn(1/xy) terms, the BFKL Pomeron is a gluon ladder in a colour
singlet configuration, as described in Section 1.4. The BFKL Pomeron is often
called the ‘hard” Pomeron in distinction to the ‘soft’” Pomeron with effective inter-
cept ayp(0) ~ 1.08 discussed in Section 4.1. The LL BFKL Pomeron has effective
intercept ayp(0) ~ 1.5 while the resummed NLL BFKL Pomeron has effective in-
tercept agp(0) ~ 1.3 (see, for example, [47]), cf. the experimental value of ~ 1.3
obtained from fitting F} data at large Q% ~ 10-100 GeV? (see Section 4.1). In naive
Regge theory, it was assumed that the Pomeron singularity is a simple pole in the
complex angular momentum plane. By contrast, the BFKL Pomeron, consisting
of a ladder of reggeised gluons, is a branch cut in the complex angular momentum
plane [152]. Assuming that BFKL effects are not important at HERA energies,
we will regard the QCD Pomeron as being a DGLAP ladder rather than a BFKL
ladder.

In Section 4.7.1 we present calculations of the lowest order Feynman diagrams for
the two-gluon Pomeron in DDIS using the dipole formalism, reproducing the results
presented by Wiisthoff [153] in the limit of strongly-ordered transverse momenta. In
Section 4.7.2 we extend the same formalism to calculate the lowest order Feynman

diagrams for DDIS assuming that the Pomeron is represented by two sea quarks.

4.7.1 Two-gluon exchange

First we consider the kinematics of the quark dipole shown in Fig. 4.3(a). We use a

Sudakov decomposition of the momentum k& of the off-shell quark,

k=aqd + Frp+ky, (4.26)
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(a)

Figure 4.3: (a) Quark dipole and (b) effective gluon dipole interacting with the
proton via a perturbative Pomeron represented by two t-channel gluons.

with ¢ = ¢+ 2, p, ¢° = 0 = p?, k* = —k?. The two outgoing components of the

dipole have momenta

k‘2 2
q-’fz(l—a)q%x}sfi%p—kl, (4.27)
~ k2 2
k=k+app=aq +ap i/ p+kyi, (4.28)

«

where the on-shell conditions, (¢ — k)2 = 0 and k2 = 0, determine

k2/Q2 ]{32/@2
_ 14 Stl= — 14+ = . 4.29
O xB<+1—oz>’ = e +oz(l—oz) (429)
The invariant mass of the qq system is given by
2 2 ki
M? = =—* 4.30
Since 3 = Q*/(Q* + M%), this can be written as
kQ
afl —a)@Q* = Bl tﬁ = (. (4.31)
The off-shell quark with momentum £ has virtuality
12
k= — ~ —p?, (4.32)
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since a < 1 in the approximation of strongly-ordered transverse momentum, k? <

Q?, to which we are working.*

Quark dipole with a transversely polarised photon

The differential v*p cross section corresponding to Fig. 4.3(a) is given by a k-
factorisation formula similar to that described in Section 1.4. It can be written in
terms of photon wave functions ¥(«, k), describing the fluctuation of the photon
into a quark—antiquark dipole, convoluted over o and k; with a dipole cross section
o, describing the interaction of the dipole with the proton via two-gluon exchange.
The dipole factorisation formula for Fig. 4.3(a) with a transversely polarised photon

18

dog gy dk; 2, do |
T , 167T/ / Zefaem > Z/ DY) | (4.33)

Y=+l p=t1

cf. the corresponding result for DIS,?

k2 &1 a5
oyp = NC/ da/ Zefaem Y3 / 3, k) — o ke 4 ) o
t

v=E£1l p=+1
(4.34)

The light-cone wave functions for the quark—antiquark dipole with a transversely

polarised photon are [153]

p

(a0 —1) ke y=+1,h=+3
V2 aky : oy=+1,h=-1
\I/Z(aakt) = kQ + 1 2 X ? ) (435)
i ta(l-a)@ ok L oy=—1h=+1
(a=Dks @ y=-1h=—3

\

where v and h denote the helicity of the photon and the quark respectively. Here,
ki =kl +ik? = (kl,k?) and ky* = k} —ik? = (k!, —k?). The denominator of these

wave functions is the virtuality of the off-shell quark with momentum k:
B+ a(l—a)@? = (1— B)d + Bp? = i = k2] (4.36)

Note that the wave functions are symmetric under &« — (1 — «) and k¢ — —kq,

corresponding to ¢ < ¢, that is, (4.27) < (4.28), so we only need to sum over

4Actually, from (4.31), k2 < Q2 implies either o < 1 or (1 — @) < 1, but it is conventional to
take the former.
°Note the extra factor 2 in (4.34) compared to (7) of [153].
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Figure 4.4: The four different permutations of the couplings of the two ¢-channel
gluons to the two components of (a) the quark dipole and (b) the effective gluon
dipole.

flavours in (4.33) and not over quarks and antiquarks separately.
The four different permutations of the couplings of the two t-channel gluons to
the two components of the quark dipole, shown in Fig. 4.4(a), are obtained by simply

shifting the argument of the wave function:
D\If(oz, kt, lt) = 2\:[/(057 kt) — ‘IJ(CY, kt + lt) — \IJ(OZ, kt — lt) (437)

We choose a basis where ks = k; (1,0) and l; = [, (cos ¢, sin ¢) and neglect the zp p
components of the momenta. We work in the approximation of strongly-ordered
transverse momenta, [; < k; < @), and expand DV in the limit [; — 0, only keeping

the leading term proportional to 2. After doing the azimuthal integral, we find

;

(a—1ky : v=+1h=+3

Td 4/ 2a(1 — 2 ak : =+1,h=—-1
%0 DW) (ke ) = I 2\/_a( LA S ! 2

0 27T [kt + Qf(l — O{)QQ] akt* . ’y _ _1’ h _ +%
\(Oé—l)kt* ;. y=—-1h=—3

(4.38)

cf. (21) of [153]. We need these expressions squared and summed over helicities.
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ko .k
—_—— /L,AEI/,B —_——
Lol =
. p,Aéa,B .
p  f

Figure 4.5: Cut diagrams giving the dipole cross sections for the two-gluon Pomeron:
(a) ¢ — qq and (b) gq — gq.

Neglecting a term O(k2/Q?) gives

2.2

7=£1 p=141

2

7d 64
/0 %Dmg(a’kt’m 253552(1—6)- (4.39)

The other necessary part of the calculation is the cross section for gp — ¢p, ob-
tained from the process q¢ — qq with ¢t-channel gluon exchange, shown in Fig. 4.5(a).
(Note that we could equally well obtain the cross section for gp — ¢p from qg — qg,
but the algebra is slightly easier for g¢ — qq.) We assume that k% ~ 0 and neglect
the xp p components of the momenta in these calculations.

First, we derive the differential cross section, dé/d|#|, for a generic 2 — 2 scatter-
ing process. Let the incoming particles have momenta p; and p,, while the outgoing
particles have momenta p3 and p,. We write the momenta in the CM frame of
the colliding particles as p; = (E,0,0,E), p» = (F,0,0,—F), ps = (F3,p3), and
ps = (B4, pa), where p? = p3 = p3 = p2 = 0. The phase space element is

d’p d’p
d® = (2m)* 6 (p1 +p2 — ps — pa) 5E, (2:;)3 SE, (2;>3 (4.40)
1 d3P3
— __§(2F — Es— B,) 23 4.41
47'('2 5 ( 3 4) 4E3E4 ’ ( )

with pg = —ps = (ltupz)v FEs = Fy = V th +pg7 and d3P3 = d2lt dp. = Wdl? dp., so

1 ddp, 1 E a2
b= —o(B—\J24p2) S = E 4.42
8t 5( ‘ +p2) AEsE, 87 /B2 2 4F? (442)

Taking the high-energy limit (E > [;) we have t = (p; — p3)? = (p — pa)? = —12,
and so, since § = (p1 + p2)? = (ps + ps)? = 4E?, then d® = d|t[/(875). Since
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dé = d® |M|*/ F, where F = 23, we have the differential cross section

do  |MP?

dlf| — 16ms?’

(4.43)

We now return to the gqg — gq process shown in Fig. 4.5(a), where § =2k -p =

aQ?/xp ~ 12 /xp and £ = —1?. The squared matrix element for qq — qq is
l.g ’ o
IMI* = 1€ 7 Ty B (F + 10 Tey (B = 1)) (=90) (= o), (4.44)
t

where the colour factor is

1 2
Clqq — qq) = FT1~[tAtB]T1~[tAtB] 5 (4.45)
In the high-energy limit, where only the terms to leading O(3/|t|) are retained, that
is, in the [; — 0 limit,

do 1 8m
(99 — ) = lz?as(lf Jars (1), (4.46)
t t

where appropriate scales for ag have been chosen corresponding to the two different
vertices in Fig. 4.5(a). The lower vertex in Fig. 4.5(a) may be considered as the
first step of DGLAP evolution, which generates the unintegrated gluon distribution
of the proton, f,(zp,[?, u?). Therefore, we obtain the cross section for gp — gp by

making the replacement

as(l7)
2w

12 4
.Tlppgq<l’]p) = Oés( )QCF Oés(l?) — fg<l’]p, l?, ,LL2) (447)

p <1 2m 3m

This replacement accounts for more complicated diagrams than Fig. 4.5(a) which
include the complete DGLAP evolution:

do 1 272
@(qp - qp) = 74?@5<M2)fg<x1137 Z?HUQ)- (4-48)
t t

Combining (4.39) and (4.48) we obtain

2

d? lt 5 do

dl,?

2.2

Y=+l p=t1

2
2 Wi
=%ﬁ2< ) [?QS(M) / E fg@ﬂj,zg,m]

4 2 2
L S R
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where g(zp, u?) is the integrated gluon distribution of the proton. Strictly speaking,
this last expression should be written in terms of the off-diagonal (or skewed) gluon
distribution of the proton, since the left and right ¢-channel gluons in Fig. 4.3(a)
carry different fractions of the proton momentum. At small 2, and assuming that
xp g(ap, p?) o :Ulp , then the off-diagonal gluon distribution is given by the diagonal

distribution multiplied by an overall constant factor [93],°

22)\+3 F()\ + 5/2)

R,(\) = T T (4.50)
Recall from (4.31) that
axpl W=i0-9) (451)
Changing variables from («, k?) to (3, u*) we have the Jacobian
da, k)| _ |0afOB  OKF/OB| |12/Q* —p?|
OB, 1) |~ |dafop? Ok2jop2| | B/Q% 1—-p8| @

Assuming a t dependence of the form exp(Bp t), where the diffractive slope param-

eter Bp ~ 6 GeV~2 from experiment, then

tmin dag P Y'p
. o 1 do
o’ P = / dt eBrt

=B, dt

- (4.53)

teut t=0 t=0

Accounting for the skewed effect, the change of variables from («, k?) to (3, u?), and
the t dependence, (4.33) becomes

* R2 NC 1 d lt dO'
T / / e = / DU —| . (4.54)
From (4.18),
2 dogr P
o - &0 4.55
2 Am200 xp dB ( )
so after combining (4.49), (4.54), and (4.55), we finally obtain
Q* ( 2) 2 R2
FR® — / a2 — | & 2 9531 — 4.56
T,qq 2 x]P ,u xﬂ:’g(xﬂ:’aﬂ ) ;ef?) /8 ( ﬁ) ( )

which coincides with (22) of [153] (apart from the extra factor R}/Bp). Since

6This factor is not seen in calculating Fig. 4.5(a) since it is absent in the limit z — 0 [154].
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> s €7 =mnyle}) (with ng = 3), this can be written

2

Q
PG = [ feclaws o) (6) 556 0,000, (457

0

where the ‘Pomeron flux factor’ is

fr—c(zp; 1) = 1 {@S(lﬂ) 2

2
o | apg(am, 1°) | (4.58)

and the quark singlet distribution at a scale u originating from a component of the

Pomeron of size 1/p is

BETE(B, 1% 1%) = cqje B2 (1= B), (4.59)

with cI(;/OG = R? 2/Bp. The notation IP = G is used to indicate that the perturbative
Pomeron is represented by two t-channel gluons. Since only the combination of
(4.58) and (4.59) is meaningful, all the numerical factors have been collected in
(4.59). In the next chapter, we will use this formula (and others derived in the rest
of the chapter) as the basis for a QCD analysis of DDIS data, after adding DGLAP
evolution and NLO corrections to the Pomeron structure function, and replacing

L/OG with a free parameter, c,/q, to take account of these higher-order corrections.

Quark dipole with a longitudinally polarised photon

The dipole factorisation formula for Fig. 4.3(a) with a longitudinally polarised pho-

ton is
at . = Tor ef " aej v

where the light-cone wave functions for the quark—antiquark dipole with a longitu-

dinally polarised photon are [153]

a(l —a)@ . 1
Fral—a0 | 'y (4.61)

\I[Z:O(Oé, kt) =2
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Taking the limit [, — 0 of the combination of wave functions (4.37) and doing the

azimuthal integral gives’

g o a(l — )Q? — K N R ¢
/0 27TD\I/ (o, ke, ly) = l[k2+oz(1—oz)Q2] da(l —a)@Q h—j:2. (4.62)

Squaring this expression and summing over the quark helicities gives

2T
Z /0‘ d(bD\:[/’y O(Oz ktalt)

2m
h=+1

? 32u

s 1) (4.63)

The dipole cross section, d/di?(gp — qp), is the same as (4.48), giving

Q* B doi; RN,
Fou = g a dg - ( / W G fmzc<xp;u2>) o, (28— 1)
(4.64)

where cL/G = 2R?/(9Bp); this result is a factor of 2 different from (23) of [153], but
is in agreement with [101]. Note that this term is twist-four due to the extra factor
u?/Q* with respect to (4.57), and hence we should not add DGLAP evolution.

Gluon dipole with a transversely polarised photon

Now consider the kinematics of the ggg system shown in Fig. 4.3(b). Although this
diagram has an extra factor ag with respect to the ¢g system shown in Fig. 4.3(a),
it is known to be dominant at large Mx (small ) due to the extra t-channel spin-1
gluon. Using a Sudakov parameterisation (4.26) of the momentum £ of the off-shell
gluon gives the momenta of the outgoing ¢g pair and gluon as

/{ZQ —|—M2
QQTP ki, (4.65)

12 /02
k=k+xpp=aq +rs- /Q

g—k=(01-a)¢d +

p+ky, (4.66)

respectively, where M,; is the invariant mass of the ¢g system. The on-shell condi-
tions, (¢ — k)* = M2 and k2 = 0, determine

k7 + M2 k7 + aMZ;
nen(igg) wen(egiag) o

"Note the extra factor 2 in (4.62) compared to (21) of [153].
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The invariant mass of the qgg system is given by

ki + oMz

o (4.68)

M = (¢ +zpp)® =
The calculation is greatly simplified in the approximation My,; < @, in addition
to assuming strongly-ordered transverse momenta, [; < k; < (. In this limit, the
kinematics of the (¢g)g system is identical to the previously considered ¢ system of
Fig. 4.3(a). The emitted (¢q) pair is localised in impact parameter space, and forms
an effective ‘gluon’ conjugate in colour to the emitted gluon. The (¢g)g system can
thus be considered as forming an effective gg dipole.
The dipole factorisation formula for Fig. 4.3(b) with a transversely polarised
photon is then

dog.” dk? e, o de|
TH_ 167T / / Zefaemmnzlz/— DV B (4.69)

Again there are four different permutations of the couplings of the two gluons to
the two components of the effective gluon dipole, shown in Fig. 4.4(b), which are
obtained by shifting the argument of the wave function as in (4.37). The light-cone
wave functions for the effective gluon dipole with a transversely polarised photon
are [153]

UM (o, ky) = ! K™ — 2"k o myn=1,2. (4.70)

Va(l —a)@Q? k2 4+ a(l — a)@?

Taking the limit {; — 0 of D¥™" and doing the azimuthal integral gives

27r 2/{}2 1 — 2 /{Z2 2kmn
(b @mn(a kt7lt> — l 30[( Oé)Q + <5mn o t2 t ) ;
0 27 Vol —a)@ [k + o(l —a)Q? ki
(4.71)
cf. (24) of [153]. Squaring this expression and summing over the indices m,n = 1,2
gives
o dgb mn : 4 8 2 2 1

m,n=1,2
The dipole cross section for gp — gp is obtained from the scattering process

9q — gq with t-channel gluon exchange, shown in Fig. 4.5(b). Here, the squared
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matrix element is

IMJ? = —C g Tr[zé’v B — 1)) duo(k,p) dup(k + 11, 1) (—Gary) (—gs5)
X [(2k +10)%g" — (k+200)"g" + (I — k)" g"]

x [(2k +10)°g7 — (k+210)79" + (1. — k)Pg™"], (4.73)

where the transverse polarisations of the incoming and outgoing gluons are summed

in a light-cone gauge,

kupe + puko

dyuo(k,p) = —Guo , 4.74
uo (K, ) = —guo + ok (4.74)
and where the colour factor is
Clgq — 9q) = L1 pasopasn Tr[tt"] = ! (4.75)
N¢ (N(% -1) 2’ )

In the high-energy limit, where only the terms to leading O(3/|t|) are retained, that

is, in the [; — 0 limit,

do

1
G901 = 90) = p2mas(as (), (1.76)
t

where appropriate scales for ag have been chosen corresponding to the two different
vertices in Fig. 4.5(b). As before, we obtain the cross section for gp — gp by making
the replacement (4.47), which gives

do 1 372
@(gp - gp) = l—47a5(ﬂ2)f9($ﬂ3, lt27 MQ)- (4-77)
t t

Inserting (4.72) and (4.77) into (4.69), and accounting for the skewed effect, the

change of variables from (a, k?) to (3, u?), and the ¢ dependence, we obtain

2 ? , OR? 1
2 [“S;Q‘)xﬂag<xp,u2>} ;efSB (1= 9P (1 +20)

(4.78)

We must account for the fact that the off-shell gluon with momentum £ in

do’%gpg 47TQO‘em /Q2
dg Q* Jo

2
0

Fig. 4.3(b) does not interact directly with the photon, but first splits into a quark—
antiquark pair forming the ‘effective gluon’ of the dipole. To do this, we replace

[ — (' in the previous formula and include the DGLAP splitting for ¢ — ¢q, that
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(a) (b)

7 v
X 3N
q . qg—k q . qg—k
2N ) :
 Q Q 4 — (
k 2
Lotvarp [}4| L Lotarp |4 L
D = == ' p == == p

Figure 4.6: (a) Quark dipole and (b) effective gluon dipole interacting with the
proton via a perturbative Pomeron represented by two t-channel sea quarks.

is,

do-:}a(z;‘j)g — OéS(QQ) Q2 dﬁ/P E dO’% 59 (4 79)
dg 2 s B o4 dg - '
Putting everything together, we ﬁnally obtain

Q* p da%jp, Q?
Fr(ae = FECy— d(ﬁqq)g = s dp? fr=c(zm; 1®) (€5)0E"=C(8, Q% 1),

(4.80)

where

2 2 /
BZIP:G(Ba QQ;MQ) — 2nfa52(7? ) In (Q ) ﬁ (;,62 ( ) ﬁglp B 7:“2;:u2)7
(4.81)

with
BB 1P 1P = ey (1= 82 (1+26)?, (4.82)
where ¢! /G = 9R2/(16Bp). Note the extra factor 2 compared to (25) of [153] (this

was corrected in a later paper [155]).

4.7.2 Two-quark exchange

We now consider the Pomeron as being represented by two sea quarks rather than
two gluons, and calculate the lowest order Feynman diagrams using the same for-
malism as in Section 4.7.1. As far as we are aware, this is a completely new idea

which has not previously been proposed in the literature. The reason why a two-
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Figure 4.7: The two different permutations of the couplings of the two ¢-channel sea
quarks to the two components of (a) the quark dipole and (b) the effective gluon
dipole.

quark Pomeron is necessary is due to the valence-like shape of the gluon distribution
of the proton at low scales; we will discuss this problem in more detail in the next
two chapters. The quark dipole and effective gluon dipole interacting with the two-
quark Pomeron are shown in Fig. 4.6. The light-cone wave functions of the photon,
U(a, k), are the same as those given in Section 4.7.1. The two different permuta-
tions of the couplings of the two sea quarks to the two components of the dipole,

shown in Fig. 4.7, are obtained with
DV (a, ky) = 2V (a, ky), (4.83)

that is, there are no terms with a shifted argument as for the two-gluon Pomeron.
Since there is no l; dependence here, the integrals over l; in the dipole factorisation

formulae can be done immediately.
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(a) (b)

—_— 1, A v, A —— — wA v A —
wlf e nb

— o, B | 0. B — — 0, B | o, B —_

———00000+—— — 00000+ —

Figure 4.8: Cut diagrams giving the dipole cross sections for the two-quark Pomeron:
(a) ¢ — gg and (b) g — qg.
Quark dipole with a transversely polarised photon

The dipole factorisation formula for Fig. 4.6(a) with a transversely polarised photon

18

dc’%;}q 2 52,
a | 167r/ / Zef ,Yzﬂ,;; D% 45

where

>N DY (0 k)| = 6(1—5) (4.85)

7=l p=+1

The dipole cross section for gp — gp is obtained from the scattering process qqg — gg
with t-channel sea quark exchange, shown in Fig. 4.8(a). Here, the squared matrix

element is

M = —cg Tely By Iy B3] dy (b + 1, p) dpo(p — L, ), (4.86)

t

where the colour factor is

1 16
Clag — qq) = 3z Trlt %7 = . (4.87)
C

In the high-energy limit, where only the terms to leading O(3/|f|) are retained,

do 1 327 xpp
d_lf(qq — gg) = E2—7Ea5(lf)a5(u2)- (4.88)

Note that this expression is suppressed by an extra factor O(|#|/5) compared to the

t-channel gluon exchange processes considered in Section 4.7.1, where § ~ u?/zp
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and t = —[2. We obtain the cross section for gp — gp by making the replacement,
Ozs(l2) Ozs(l2) 2
27Tt xﬂ)qu(xﬂD) e = 2ﬂ_t zp Cp = 3_7T:L‘ﬂja5(lt2) - fq(xﬂ:’a lt27 M2)7 (489)

where f,(zp,[?, 4?) is the unintegrated quark distribution of the proton. This re-

placement gives

1672 as(p?)
9 12

il 812 ag(p?
/0 l_;fq(fflp, lt2> MQ) = 55 5152 )IEHDS(I‘HD, ,u2), (4.90)
t

o(qp — gp) = o7

where S(zp, u?) is the integrated sea quark distribution of the proton and we have
assumed light quark flavour symmetry, S(zp, u?) = q(xp, p?)/(2n;), with ny = 3.
Again, we should really use the skewed quark distributions, which gives rise to an

extra factor [93]

22>\+3 F()\ + 5/2)
= 4.91
assuming that x;p S(zp, u?) o< 25" at small zjp. The final result is
Q2
PP = [ i festoms i) (35576442, (1.92)
Q3
where the ‘Pomeron flux factor’ is
2 L [as(p?) 2 ’
fﬂD:S(xﬂD;M ) = [ 2 xlps(£]P7:“ ) ) (493)
Zp H

and the quark singlet distribution at a scale p originating from a component of the

Pomeron of size 1/p is

AY=(8, 1P i) = egpy B(1 = B), (4.94)

with ¢} = 4R} /(81Bp). The notation [P = S is used to indicate that the pertur-
bative Pomeron is represented by two t-channel sea quarks. In the next chapter we

will add DGLAP evolution and NLO corrections to the Pomeron structure function
in a QCD analysis of DDIS data.
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Quark dipole with a longitudinally polarised photon

The dipole factorisation formula for Fig. 4.6(a) with a longitudinally polarised pho-

ton is
daz(fq
— 4.95
e f e [ Sow 3 S
where . ) 32,2
> [Dw k| = 7 (4.96)
h=+1 a
leading to

Am20m xp  df

2 d Q2
FL[?S) _ Q B UL 99 _ (/ dﬂ Q2 flP(fL'IPy )) CL/S 53 (497)

where CL/S = 32R?/(729Bp). Note that this term is twist-four due to the extra factor
u?/Q* with respect to (4.92), and hence we should not add DGLAP evolution.
Gluon dipole with a transversely polarised photon

The dipole factorisation formula for Fig. 4.6(b) with a transversely polarised photon

18

do?? dk2
99,7 mmn|2 A2
— m DV , 4.
dt | 167 / / Zefae m;2| g (4.98)
where . .
> DV o k) = (1 - 8)°=. (4.99)
m,n=1,2 H ﬁ
The squared matrix element for g¢ — qg, shown in Fig. 4.8(b), is
2 1 94 n Pofn, O v
M = 3C 5 Ty oy (b + )] dus(k.9) (0= LK), (2100)
where the colour factor is
Clgg — 99) = — T[4 28] — 2 (4.101)
Ne NZ —1 9 '
The dipole cross section is then
do 1327 x
(99— 19) = T as(P)as(u?), (4.102)
¢

27 2
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so, making the replacement (4.89), the gp — ¢p cross section is

212 o 2 2%«
a(gp — qp) = IER sl / qu (zp, I, 1) = = S’Eg)ZUIPSCC]P,Mz).

(4.103)
Again, we account for the g — ¢q splitting using (4.79). The final result is

QQ

Friag = /Q i foos(ami i) () 55775 (0,Q% 1), (4.104)

where

2 2 /
FEP=5(3, Q% ) = 2, W5 (Q )ﬁ/ z,ﬁ ( )ﬁgﬂ”’ (B, 1 12)

(4.105)

with
Bgv=5 (B wP p?) = % (1— 82, (4.106)

where " /S = R2/(9Bp).



Chapter 5

A QCD analysis of diffractive

deep-inelastic scattering data

A simple parameterisation based on the two-gluon exchange calculations presented
in Section 4.7.1 was proposed by Bartels-Ellis-Kowalski-Wiisthoff (BEKW) in [156].
A slightly modified version of the BEKW parameterisation has been used by ZEUS
to describe their recent DDIS data [157,158]:

$HDF2D(3)($HD>57 Q%) = cr F;,;‘|“0L FquJFCg Fe (5.1)

99’

where

nr(Q?)
= ()" a-a o
i ) I IRT A P

Figy = ( e < gz) (1-5)", (5.4)

and n(Q?) = ng + ny In(1 + Q*/Q2). This parameterisation is rather far from the

%\OH %5@

original perturbative QCD calculations of Section 4.7.1, with several parameters
required to be determined from experiment.

In this chapter we perform a perturbative QCD analysis of the new high precision
DDIS data, recently obtained by the ZEUS [157,158] and H1 [148] Collaborations
at HERA. The analysis is novel in that it treats individually the components of the
Pomeron of different transverse size. The description of the DDIS data is based on
a purely perturbative QCD framework. We take input forms of the PDFs of the
Pomeron given by the calculation of the lowest-order QCD diagrams for v*p — Xp

112
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(a) (b)

BEP=G(8, Q% 1) BEP=5(8, Q% 1?)

p wpg(ap, 12)=pg(zp, 1) p wpS (zp, )= pS(xp, 12)

Figure 5.1: Cut diagrams illustrating the main ideas contained in (5.5). Each com-
ponent of the perturbative Pomeron of size 1/u is represented by either (a) two
t-channel gluons in a colour singlet or (b) sea quark—antiquark exchange. The per-
turbative Pomeron flux factors fipp(xp;u?) are given in terms of the gluon and sea
quark distributions of the proton, g(zp, u?) and S(xp, u?). The Pomeron structure
function FI'(3, Q?; u?) is evaluated from the quark singlet, X (3, Q?; u?), and gluon,
dF (B, Q% u?), distributions of the Pomeron.

(Section 4.7). In the ‘resolved” Pomeron analyses described in Section 4.6, the
Pomeron is treated as a hadron-like object of more or less fixed size. However, the
microscopic structure of the Pomeron is different to that of a hadron. In perturbative
QCD, it is known that the Pomeron singularity is not an isolated pole, but a branch
cut, in the complex angular momentum plane [152]. The pole singularity corresponds
to a single particle, whereas a branch cut may be regarded as a continuum series
of poles. That is, the Pomeron wave function consists of a continuous number of
components. Each component ¢ has its own size, 1/p;. The QCD DGLAP evolution
of a component should start from its own scale y;, provided that p; is large enough for
the perturbative evolution to be valid. Therefore, the expression for the diffractive

)

: D(3 . . .
structure function F, @) contains an integral over the Pomeron size, or rather over

the scale ;. So to obtain FQD(?’)

we evolve the input PDFs of each component of
the Pomeron from their own starting scale p up to the final scale (). The extra
integral over p reflects the fact that the partonic structure of the Pomeron is more

complicated than that of a normal hadron.
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5.1 New perturbative QCD approach to DDIS

The fact that the Pomeron singularity is a cut rather than a pole implies an integral

over the Pomeron scale, cf. (4.22),
P= GSGS @

see Fig. 5.1. Here, the subscript P on Ffég’) is to indicate that this is the perturbative
contribution with p > Q¢ ~ 1 GeV. The notation IP = G, S, GS denotes that the
perturbative Pomeron is represented by two t-channel gluons, two ¢-channel sea
quarks, or the interference between these, respectively. The perturbative Pomeron

flux factors are

1 [ ag(p? 2
fIP=G<xIP; ,uz) = # SU]PQ(SU]P, :uz):| ; (56)
Ip [ M
1 [ ag(p? ?
fp=s(wp; p?) = — S(f ) 901135@113,#2)} ; (5.7)
Ip L M
2 1 [as(p?) ’ 2 2
fr=cs(zp; p°) = o |2 2apg(xp, 1) zpS (P, 1°). (5.8)

The Pomeron structure function, calculated at NLO, is

FIP(8, Q% 1%) = ()85 (8, Q% 1i%) + (Q )5 ﬁ dg/
no (B wp 2. 2 neo [ B ;e o
* {< >Czqo(ﬁ,)2 (8, Q% 1) + ()03 ° (5,)91’3@,@#)}, (5.9)

where (e3) = (1/nf) 3, €3 (With—nf = 3), and where the coefficient functions C3©
and C’gg;o are calculated in the MS scheme [159]. The quark singlet, ¥ (3, Q%; u?),
and gluon, g%’ (3, Q?; u?), distributions of the Pomeron are obtained by NLO DGLAP

evolution up to @? from input Pomeron PDFs parameterised at a starting scale p2:

@2 \ g7 (8,Q% 1?) 2r g O

Py (5.0s(Q%)) 2n; Py (g’O‘S(QQD (211) (ﬁ/’QQ;M2)> (5.10)
qu §7QS<Q2) ng (g’aS(Q2)> gﬂD<ﬁ'7Q2;M2) : .

9 <EP(B,Q2;M2)>:as(Q2) Ldg

The quark singlet distribution is ¥ = v + d¥ 4 ¥ + @ + d¥ + 57, with v =
d¥ = s = 4’ = d¥ = 5", so that the non-singlet distributions are all zero. The
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contributions of the charm and bottom quarks to F¥ (3, Q% u?) are calculated in
the heavy quark fixed-flavour number scheme from the photon-gluon fusion process
including NLO corrections [160]:

F‘f’hﬁ(ﬁ,Qz;uz) _ Ozs(QQ) [eiCQLO ®g1p T 0452(7?2)

27T g

X (2 CYL0 @ g + 2 (L0 @ P 4 (¢2) DYLO @ ) |, (5.11)

where

1
CRa = / ,.dg'c (E,QQ,mi) at (3, Q% u?). (5.12)
5(1#‘%) o

The input parameterisations for the Pomeron PDF's are obtained from the lowest-

order Feynman diagrams (see Section 4.7):
BB, 1?5 1)

R T

BB, 1 1)
)

)

)

cqa B (1= D), (5.13)
e (1+28) (1 - '), (5.14)
cqrs B(1—0), (5.15)
(5.16)
(5.17)
(5.18)

B =56, 1P p?) = cys (1= 5'), 5.16
BET=E (B, 1% 1?) = cqpas 87 (1 — ), 5.17
B'gP=05 (8, 1u?; 1?) = cgras (1+283) (1 — ') 5.18

Here, the coefficients cgﬁp of Section 4.7, where a = ¢, g and IP = G, S,GS, which
implicitly include all the numerical factors arising from the lowest-order calculations,
have been replaced by parameters c,/p. We will let these normalisations go free in
fits to the DDIS data to account for higher-order QCD corrections (effective K-
factors). Later on, we will discuss the size of these K-factors obtained from the
fits. The normalisations of the interference terms between the two-gluon and the
two-quark Pomerons is fixed by cq/cs = \/Cajc Cass; that is, the K-factor is fixed
for the amplitude rather than for the cross section.

In addition to the leading-twist contribution arising from the quark dipole cal-
culation with a transversely polarised photon, there is an analogous twist-four con-

tribution to FQD ®) arising from a longitudinally polarised photon (see Section 4.7),

D(3 < 1
FL,é)(@P,ﬁ, QQ) = Z (/ dMQ @ fﬂ?(fﬂﬂ;MZ)> ng(ﬁ)- (5.19)

P=G.,S,GS Q3

The twist-four nature of this longitudinal contribution is evident from the u?/Q?
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factor. The # dependences are again obtained from lowest-order perturbative QCD

calculations (see Section 4.7):

FI=9(8) = cpje 5° (28 — 1), (5.20)
FE=5(8) = evys 5%, (5.21)
FP=9%(8) = cry6s 3° (28 — 1), (5.22)

where, as before, the parameters ct9 P (IP = G,S,GS), which include all the
numerical factors, have been replaced by free parameters, cp;p. Again, we fix
cr/as = \/CL/G CL/s-

We also include a non-perturbative (NP) Pomeron contribution (from scales
1t < Qo) and a secondary Reggeon (IR) contribution to F, ( ,3,Q?), so that

F2D(3) _ FD(3) +F 1\(113 + F£(3) + FDS D(3) ’ (5.23)

with
Ep wp 5.Q) = fp—xe(aw) FY=(5,Q% Q2), (5.24)
ED (0, 8, Q%) = e fmlaw) FI(B,Q7), (5.25)

where ¢ is taken to be a free parameter. Here, the non-perturbative Pomeron and

Reggeon flux factors are!

!
Bt ZL‘llp_Qai(O) (1 _ eBitcutxl;2aitcut)

tmin e
(op) = dt _ , 5.26
filzp) /t L2001 B; + 2a)In(1/xzp) 520

with i = IP and IR respectively, and «;(t) = a;(0) 4+ o/ t. The integration limits are
taken to be toy = —1 GeV? and tpi, ~ 0 GeV2. For the non-perturbative Pomeron,
we fix app(0) = 1.08 [124], ajp = 0.26 GeV 2 and Bp = 4.6 GeV 2 [161], whereas
for the Reggeon we take aur(0) = 0.50 [162], ajp = 0.90 GeV 2 [163] and B = 2.0
GeV~2 [164]. Apart from azpp(0), these are the same values used in the preliminary
H1 analysis [148]. The Reggeon structure function, F2(3, Q?), is calculated at NLO
from the GRV pionic PDFs [165]. For the non-perturbative Pomeron, the input
quark singlet and gluon distributions, AXF=NP(3, Q2% Q3) and 3 ¢T=NP (5, Q3; Q3),
are taken to have the same [ dependence as for the two-quark Pomeron (see (5.15)
and (5.16)), with different normalisations c,np and cgnp. (Taking the same 3

dependence as for the two-gluon Pomeron, (5.13) and (5.14), gives a much worse

'The couplings of the Pomeron or Reggeon to the proton are absorbed into the parameters
Ca/NP (a=q,9) and cp.



5.2 Description of DDIS data 117

description of the data.)

An improvement to the treatment of the secondary Reggeon contribution de-
scribed above might be to introduce a ‘perturbative’ contribution similar to the
two-quark Pomeron, but depending on the valence quark distributions of the proton
rather than the sea quark distributions. However, for the present analyses we adopt
the same treatment of the secondary Reggeon contribution as H1 [148] to avoid in-
troducing further additional parameters, and since there are rather few FQD ®) data

points at large xp > 0.01 where the secondary Reggeon contribution is important.

5.2 Description of DDIS data

We fit to the preliminary ZEUS [157,158] and H1 [148] DDIS data using (5.23), and
varying the free parameters until an optimum description of the data is obtained.
We impose a cut My > 2 GeV on the fitted data to exclude large contributions
from vector meson production and other higher-twist effects, and a cut y < 0.45 so

that we can assume that the measured reduced diffractive cross section af) ®)

is ap-
proximately equal to £ (see (4.17)). The statistical and systematic experimental
errors are added in quadrature.? The y? is then

[(F2D(3))§Xp- _ (F2D(3))ph.] ?

K3 K3

2 _
=2 (02 + 02,5

(5.27)

i sys. /i

where the sum is over all data points satisfying the cuts y < 0.45 and Mx > 2 GeV.

We use the QCDNUM program [166] to perform the NLO DGLAP evolution and
the MINUIT program [167] to find the optimal parameters. The values of a.g(M2) and
the charm and bottom quark masses are taken to be the same as in the MRST2001
NLO parton set [127]. Two sets of preliminary ZEUS data are fitted: those obtained
using the leading proton spectrometer (LPS) [157]3, and those obtained using the
so-called Mx method [158] which is based on the fact that diffractive and non-
diffractive events have very different In M% distributions. For the latter data set,
in addition to elastic proton scattering, proton dissociation up to mass My = 2.3
GeV is included. Clearly the cross section will be larger in this case, so we allow
for the overall normalisation of these data by multiplying (5.23) by a factor Nz. An
analogous normalisation, Ny, is applied for the preliminary H1 data [148], where

diffractive events are selected on the basis of a large rapidity gap, and where proton

2In reality the various systematic errors are often strongly correlated; these correlations are
accounted for in the H1 analysis [148] but are not publically available.
3This data set has since been published in [168].
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dissociation up to mass My = 1.6 GeV is included. The ZEUS Mx data [158] do
not include secondary Reggeon contributions, therefore we omit the fourth term of
(5.23) when fitting to these data. We fit to each data set separately, and then we

perform fits to the three data sets combined.

5.2.1 ...with a ‘dummy’ gluon distribution

For our first study, we parameterise the perturbative Pomeron flux factor (5.6) using

a simplified form for the gluon distribution of the proton,

wpg(zp, 1°) = x5, (5.28)
where ) is independent of 12 and is determined by the fit to data.* The normalisation
of (5.28) has been absorbed into the free parameters cq/q, ¢q/¢, and cr . The two-
quark Pomeron is not included, that is, effectively ¢,/ = ¢,/ = c1;s = 0.

Varying the )y parameter, we find that the best fit to the combined ZEUS
and H1 data sets is obtained with Q3 = 0.8 GeV?, which gives a x?/d.o.f. = 1.05
with ¢g/np going to zero. Later on, we will use the MRST2001 NLO [127] PDFs
of the proton instead of the simplified form (5.28), where the minimum possible
scale is 1 GeV. Using the form (5.28) with Q3 = 1 GeV? gives only a slightly
worse x?/d.o.f. = 1.07. Furthermore, fixing ¢,/np = 0 makes little difference to the
quality of the fit. Therefore, in all fits presented here, we take Q2 = 1 GeV? and fix
cgnp = 0.

We find that each data set can be well described by this simple, perturbatively-
motivated, approach. However, different values of A and the other parameters are
obtained from the ZEUS and H1 data, as can be seen from Table 5.1. In particular,
the H1 data seem to have a flatter x;p dependence than the ZEUS data. This should
be regarded as some inconsistency between the data sets, but not as a contradiction,
since it is possible to obtain an adequate description of the combined data sets, as
shown in Fig. 5.2 and by the results in the last column of Table 5.1.

Since the normalisation of the ‘dummy’ gluon distribution has been absorbed into
the ¢;)¢ parameters (i = ¢, g, L) it is difficult to work out the effective ‘K-factors’ in

this case, but we will do this in the next section.

4Strictly speaking, A should depend on Inu?. We investigated this effect by taking A\(u?) =
0.08 + cx In(p%/(0.45 GeV?)) with Qo = 1 GeV and c,/np = 0. The combined fit to ZEUS and
H1 DDIS data gave a x2/d.o.f. = 1.12 with ¢\ = 0.054 4 0.006. This is consistent with the value
found by H1 in a fit to inclusive F» data [169] of ¢y = 0.0481 +0.0013(stat.) £ 0.0037(syst.). Since
the x?/d.o.f. was not improved compared to the corresponding fit which took A to be independent
of pu? (x?/d.o.f. = 1.07), we used the form (5.28) for simplicity.



5.2 Description of DDIS data 119

-~ Perturbative contrib.

- ---- Perturbat trib.
1997 ZEUS LPS data (prel.) - nonperurbate contv. - 1998/99 ZEUS data (prel.) oo
- Twist-4 contrib, Non-perturbative contrib.
MRW 2004 NLO QCD fit ('\") ~— Reggeoncontrib. o (Gev?) MRW 2004 NLO QCD fit (‘") “o Twistd contrib. oz ety
£ =0.007 p=0.022 p=0.070 p=0231
. B=0.007 | B=0.030 | p=0.130 | p=0.480 _oosP
@ ool [ s [ 27
[af ] 24 O«
EO.UZ* \\\‘ i:‘ E 0 -
x i bl e Xoost ™
o . " .
37 0=
005
6
)
005
69 8
0
005
14
135
)
005
27
0
39 0.05
< 55
10*  10° 10° 10 10° 10 10" 10° 10° 10° 10° 10° 10" 10° 10° 10 10° 10° 10° 10° 10° 10" 10° 10°
Xip Xip
. 1997 H 1 d ata (p rel ) - - - - Perturbative contrib. - - - Twist-4 contrib.
MRW 2004 NLO QCD fit (‘)\') <<<<<<<< Non-perturbative contrib. —— Reggeon contrib. g (Gevz)
0.05 B =0.040 B =0.100|— B=0200h_t (=0.400]_ B =0.650|— 8 =0.900 o5
s e e e e I
[N
mn 85
o
X 12
15
20
25
35
45
60
90

Figure 5.2: Fit to combined preliminary ZEUS [157,158] and H1 [148] F,'® data
with a ‘dummy’ gluon distribution of the proton proportional to xl;/\ (5.28). The
curves show the four contributions to the total, as defined in (5.23). Only data

points included in the fit are plotted.
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Data sets fitted ZEUS LPS®* ZEUS My H1 ZEUS + H1
Number of points 69 121 214 404
x%/d.o.f. 0.67 0.78 1.08 1.08
Cq/G (GeVQ) 0.714+0.39 0.48+£0.12 22104 1.14+0.2
(e (GeV?) 0.11+0.05 0.10£0.02 0.264+0.05 0.17+£0.02
cL/G (GeV?) 0 0.20+0.08 0.54+0.17 0.36 +0.08
Cq/NP (Ge\/*z) 0.874+0.13 1.22+0.04 091+0.05 1.09+0.05
cr (GeV—2) 6.7+ 0.8 — 75420 62406
A 0.23+£0.04 0.21+£0.02 0.134+£0.01 0.17+0.01
Ny — 1.56 (fixed) — 1.56 £ 0.06
Ny — — 1.26 (fixed) 1.26 + 0.05
R(6.5GeV?), R(90 GeV?)  0.60,0.60 0.56,0.57 0.54,0.55 0.55,0.56

Table 5.1: The values of the free parameters obtained in the fits to preliminary
ZEUS [157,158] and H1 [148] F’® data with a ‘dummy’ gluon distribution of the
proton proportional to x" (5.28). The last row R(Q?), defined in (5.33), gives
the fraction of the Pomeron’s (plus Reggeon’s) momentum carried by gluons at
xp = 0.003.

“Fitting to the published ZEUS LPS data [168], which is unchanged from the preliminary data
fitted here apart from having smaller systematic errors, gives a x2/d.o.f. = 0.77.

5.2.2 ...with MRST gluon and sea quark distributions

These fits to the DDIS data imply that the growth of FQD(?’) with decreasing zp
comes from a gluon distribution which grows as ml;)‘ with A ~ 0.17. On the other
hand, at low scales  ~ Qo ~ 1 GeV, which are dominant due to the 1/u? factor
in the Pomeron flux factor (5.6), the gluon distribution of the proton obtained from
global analyses of DIS and related data is valence-like, or even negative, at small x,
while the sea quark distribution grows as a negative power of x with decreasing x;
see Fig. 5.3. Therefore, in order to describe the DDIS data we are forced to introduce
a Pomeron comprised of two ¢t-channel sea quarks, illustrated in Fig. 5.1(b).

The results of fits with this extended model, using the MRST2001 NLO [127]
gluon and sea quark distributions of the proton, are shown in Table 5.2 and Fig. 5.4.
We set zp g(zp, u?) = 0 if it is negative. Again, good fits are obtained whether
fitting ZEUS and H1 data separately or all together. However, the fit with only
H1 data is dramatically different from the other three fits in Table 5.2, with a
much larger two-gluon Pomeron contribution compared to the other three, which
are dominated by the two-quark Pomeron. This difference can be traced to the
flatter zp dependence of the H1 data compared to the ZEUS data (see Table 5.1).
Note that some parameters in Table 5.2 are consistent with zero, indicating some

redundancy in this extended model.
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Figure 5.3: Comparison of MRST2001 NLO [127] and CTEQ6M [35] PDFs at their
respective input scales of (a) 1 GeV? and (b) 1.69 GeV?. The more recent MRST2002
[170] and MRST2004 [34] PDF's are similar to MRST2001. In (a) the CTEQ gluon
distribution is set to zero if it is negative.

Data sets fitted ZEUS LPS ZEUS Mx H1 ZEUS + H1
Number of points 69 121 214 404
x?/d.o.f. 0.79 0.96 0.71 1.14
¢/ (GeV?) 0.001 +0.053 0.018 £0.023 0.36 +0.06  0.18 £0.04
cg/c (GeV?) 0 0 0.37 +£0.02 0

cric (GeV?) 02+1.5 0.050 +0.033 0.14 £0.03 0.064 4 0.024
cq/s (GeV?) 0.97 £0.40 0.49 £ 0.10 1.1£0.1 0.58 £ 0.07
cg/s (GeV?) 1.24+0.2 1.23 +0.07 0 1.31 +0.07
crys (GeV?) 0.41+£0.28 0.21 £0.09 0 0.11£0.05
cgnp (GeV72) 0.79 +£0.22 1.16 £0.08 0.09+0.11  0.924+0.07
cr (GeV™2?) 6.6 +0.7 — 84+1.8 6.4+ 0.5
Ny — 1.54 (fixed) — 1.54 +0.06
Ny — — 1.24 (fixed) 1.24+0.04
Kya 0.006 £0.318  0.11 +0.14 2.2+0.4 1.14+0.2
Ky 0 0 3.9+0.2 0
K 5+41 1.4+09 3.8+ 0.8 1.7+0.6
Kys 7.14+2.9 3.6 +0.7 8.0+0.7 42+0.5
Ky/s 3.9+0.7 4.0+0.2 0 4.3+£0.2
Krs 3.4+2.3 1.7£0.7 0 0.9+04
R(6.5GeV?), R(90 GeV?) 0.57, 0.58 0.57, 0.59 0.60, 0.66 0.57, 0.57

Table 5.2: The values of the free parameters obtained in the fits to ZEUS [157,
158] and H1 [148] FP® data with MRST2001 NLO [127] gluon and sea quark
distributions of the proton. The K-factors are defined in (5.29). The last row R(Q?),
defined in (5.33), gives the fraction of the Pomeron’s (plus Reggeon’s) momentum
carried by gluons at xp = 0.003.
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Figure 5.4: Fit to combined preliminary ZEUS [157,158] and H1 [148] F,’ ®) data
with MRST2001 NLO [127] gluon and sea quark distributions of the proton. The
curves show the four contributions to the total, as defined in (5.23). Only data
points included in the fit are plotted.
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The experimental ‘K-factors’ given in Table 5.2 are defined as

Ci/IP
Kip = LLO, (5.29)

i/IP

where 1 = ¢, g, L and IP = G, S. The LO coefficients, ciL/%., were derived in Section

4.7 and are collected below for convenience:

R? 9R? 2R?
Lo _ "' LO _ 9 Lo _ “Yy
Cq/c = Bp’ C9/c = 16Bp’ ‘Ljc = 9Bp’ (5.30)
= 4—R2 = i?’ s = 328 . (5.31)
/S = Q1B 9/S ~ 9B, LIS = 729B),

In obtaining the numerical values of K;;p presented in Table 5.2, we have used
Bp =6 GeV™2 R,(A=0) =1 as given by (4.50), and R,(\ = 0.26) = 4.1 as given
by (4.91). These values of A are obtained from the behaviour of the MRST2001 NLO
PDFs at Q? = 1 GeV? as  — 0, bearing in mind that we set the gluon distribution
to zero if it is negative. It is remarkable that the K-factors turn out to be of typical
size 1 to 4 (apart from cy/; = 0) for the combined fit to ZEUS and H1 data; see also
the values obtained later in Tables 6.1 and 6.3.

5.3 Diffractive parton distributions

From these fits to FQD (3), we can extract the quark singlet and gluon DPDFs,
aP(zp, B,Q%) = BEP(ap, 3,Q%) or BgP(zp, 3,Q%), from the three leading-twist
contributions to (5.23):

Q2
CLD(ZUﬂ%ﬁ, Qz) = Z (/ d/f fﬂD(ZCﬂD;MQ) azp(ﬁ’ Qz;ﬂ2)>

2
P=G,5,GS \V &

+ fi=xnp(zp) A"V (B, Q% QF) + ar fr(zp) dW(8,Q%). (5.32)

The DPDFs calculated using (5.32) are plotted for the eight different fits of Tables
5.1 (*\’) and 5.2 (‘MRST’) in Fig. 5.5(a) for z;p = 0.003 and Q* = 6.5,90 GeVZ2. The
DPDFs extracted from the fits to the combined ZEUS and H1 data sets are shown as
the solid lines. We also show the Pomeron PDFs from the preliminary H1 analysis
[148] multiplied by fp(zp) (given by (5.26) with ap(0) = 1.173) and normalised to
the ZEUS LPS data by dividing by a factor 1.26 (from Table 5.1). Notice that the
eight different fits of Tables 5.1 and 5.2 give similar DPDF's, especially at the higher
Q? value, with the possible exception of the ‘MRST’ fit to only H1 data.

From Fig. 5.5(a), the diffractive quark singlet distribution obtained by H1 [148]
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Figure 5.5: The solid lines labelled ‘A’ and ‘MRST’ show the DPDFs extracted
from the fits in Tables 5.1 and 5.2 to the combined preliminary ZEUS [157,158] and
H1 [148] data (compared to those obtained by H1 [148]). In (a) we also show the
separate fits to the three different data sets of Tables 5.1 and 5.2. In (b) we also
show fits to the combined ZEUS and H1 data using the same value of ag(M3) as in
the preliminary H1 analysis [148], corresponding to Aqep = 0.2 GeV for 4 flavours.
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has a slightly steeper Q% dependence than the fits presented here, and hence H1 ob-
tain a larger diffractive gluon distribution. In addition, the smaller value of ag(M3)
used by H1 also enlarges their gluon density.® To demonstrate this, we repeated the
combined fits to ZEUS and H1 data using the same value of ag(M2) as in the pre-
liminary H1 analysis [148]. The resulting DPDFs are shown by the dotted (‘\’) and
dashed (‘MRST’) lines in Fig. 5.5(b); the diffractive gluon distributions are much
closer to the H1 diffractive gluon distribution, especially for the ‘MRST’ fit, but
there is still some discrepancy. In our analysis, all the input Pomeron PDFs vanish
as either (1 —3) or (1 —3)? as 3 — 1. As 8 — 1, the only non-zero contribution
to FQD ®) comes from a twist-four component arising from longitudinally polarised
photons. This contribution was not included in the H1 analysis [148], and hence
rather large DPDFs were obtained by H1 for § close to 1, with an unphysical ‘bump’
in the diffractive gluon distribution (see Fig. 5.5).

In Fig. 5.6 we show the breakdown of the five separate components of (5.32) for
the ‘A" and ‘MRST" fits to the combined data sets. Note the large contribution from
the two-quark component of the Pomeron for the ‘MRST" fit.

We define the fraction of the Pomeron’s (plus Reggeon’s) momentum carried by

gluons at xp = 0.003 as

Joo1dB BgP(wp = 0.003, 8, Q)
10,48 [BEP (2 = 0.003, 8, Q%) + BgP (xp = 0.003, 3,Q?)]

R(Q% = (5.33)
which is given for Q? values of 6.5 and 90 GeV? in the last rows of Tables 5.1 and
5.2. The gluon momentum fraction, R(Q?), is consistently 55-60% and is almost
independent of Q*. Taking the same ag(M2) as in the preliminary H1 analysis would
increase this value to ~ 65%, compared to the value found by H1 of 75 4+ 15% [148].

Note, from Fig. 5.4, that the perturbative Pomeron contribution to FQD ®) (from
scales 1 > Qo = 1 GeV) is not small; as a rule it is more than half the total con-
tribution. The comparison of the separate fits to the ZEUS and H1 data presented
in Table 5.2 demonstrates that there is a strong correlation between the pairs of
parameters c;;g and c;/g, where ¢ = ¢, g, L. That is, with the present accuracy of
the data, it is hard to distinguish between partons which originate from the two-
gluon and two-quark components of the Pomeron.® Nevertheless, the final DPDFs

are similar for the different fits. This stability increases confidence in these distri-

°In the preliminary H1 analysis [148], Aqcp = 0.2 GeV for 4 flavours, corresponding to
as(M%) = 0.1085, whereas we take g (M%) = 0.1190 from the MRST2001 NLO parton set [127];
cf. the world average, ag(M2) = 0.1187(20), from the PDG [171].

6The combined analysis of DDIS data with a more exclusive diffractive process, such as diffrac-
tive J/¢ production at HERA, which is sensitive to the two-gluon component of the Pomeron,
may help to resolve this problem.
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Figure 5.6: The breakdown of the five separate components of (5.32) for (a) the ‘\’
fit of Table 5.1 and (b) the ‘MRST" fit of Table 5.2. In both cases, the fit to the
combined ZEUS and H1 data is shown.
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butions, so that they can be used in the description of other diffractive processes
at HERA and the Tevatron. Of course, we must include the probability that the
rapidity gap survives the soft rescattering of the colliding hadrons or ‘hadron-like’
states [138-142].

It has been demonstrated by H1 that their preliminary DPDF's [148] can be used
to describe final state observables in DDIS, namely dijet and D* meson production
cross sections [172]. Before our DPDFs can be taken seriously we need to demon-
strate the same thing. The DPDFs can be then be used to calculate the diffractive

structure function of the antiproton, defined as

- Emax
F£<ﬁ>:ﬁ / de [ﬁgD<£,ﬁ,Q2>+gﬁz%ﬁ,@?) S (534)

gmin

Comparison to CDF diffractive dijet data measured at the Tevatron [173] will allow
checks to be made of the rapidity gap ‘survival probability’ [138,139], which is an
important ingredient in calculations of diffractive Higgs production at the LHC [91].



Chapter 6

Absorptive corrections in

deep-inelastic scattering

A long-standing question concerns the treatment of diffractive events in a global
parton analysis of DIS and related hard-scattering data. Are they already included
in the input distributions or must some account be taken of them in the DGLAP
evolution? The present chapter addresses this question. We show that DDIS is
partially included in the starting distributions and partially must be allowed for in
the DGLAP evolution.

The advantage of describing the DDIS data using an approach where the depen-
dence on the Pomeron scale i is explicit, as in the last chapter, is the possibility to
use the results to evaluate the absorptive corrections AF to the inclusive structure
function F3. Indeed, as we shall describe below, the application of the Abramovsky-
Gribov-Kancheli (AGK) cutting rules [174,175] gives'

AF (25, Q% %) = —FP (15, Q% 11?), (6.1)

where FP (x5, Q% p?) is the contribution to the diffractive structure function F’®

(integrated over xzp) which originates from a perturbative component of the Pomeron
of size 1/u. Since the equality (6.1) is valid for each component, p, of the pertur-
bative Pomeron, we can separate the screening corrections coming from low p < Qg
(which are included in the input parameterisations) from the absorptive effects at
small distances (@ > (Jp) which occur during the DGLAP evolution in the analysis
of DIS data. Clearly, the inclusion of these absorptive effects will modify the par-
ton distributions obtained from the DIS analysis. Not surprisingly, we find that by

! Actually, to extract the ‘data’ appropriate for a pure DGLAP fit of Fy(xs, Q%) we have to
include the absorptive corrections AF3P* integrated over p? in the whole evolution interval from

Q3 to Q2.

128
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accounting for these ‘Glauber-type’ shadowing corrections we enhance the small-x

input gluon distribution.

6.1 Gluon recombination at small z

At very small values of = it is expected that the number density of partons within
the proton becomes so large that they begin to recombine with each other. This phe-
nomenon of parton recombination is also referred to in the literature by a plethora
of other names, such as absorptive corrections, non-linear effects, screening, shad-
owing, unitarity corrections, multiple scattering, multiple interactions, or saturation
effects. Here, we will usually refer to ‘absorptive corrections’.

The first perturbative QCD calculations describing the fusion of two Pomeron
ladders into one were made within the DLLA by Gribov-Levin-Ryskin (GLR) [23]
and by Mueller-Qiu (MQ) [176]. The GLRMQ equations add an extra non-linear
term, quadratic in the gluon density, to the usual DGLAP equations for the gluon

and sea quark evolution:

2

Ozg(w, Q%) _ Ozg(w, Q) 3 %9) / g ), (62)

Om@*  9nQ* |pgrap R2Q? x!
8 S 7Q2 a S ,QQ 1 2 Q2
xal(f@z - xal(nxQz : ian 10 aggQQ) [2g(z, Q)] (6.3)

where R is of the order of the proton radius. The Balitsky-Kovchegov (BK) [177-179]
equation generalises the non-linear term of the GLRMQ equations to single In(1/x)
accuracy. It is equivalent to the LI BFKL equation with an additional non-linear
term. However, NLL. BFKL contributions are not accounted for, which are known
to have a large numerical effect.

A phenomenological investigation using the GLRMQ equations based on NLO
DGLAP evolution was made in [180], before the advent of the HERA data. The
input gluon and sea quark distributions were assumed to have a small-x behaviour
of the form zg,zS ~ %% at an input scale of Q2 = 4 GeV?. Since the small-x
gluon distribution is now known to be valence-like at low Q2 from the HERA data,
the shadowing corrections due to gluon recombination are correspondingly reduced,
as found by MRST in [181]. At low @Q? the sea quarks are the dominant partons
at small z, and hence sea quark recombination should be considered in addition to
gluon recombination.

On the other hand, Eskola et al. [182] have found that taking input gluon and
sea quark distributions at Q% = 1.4 GeV?, then evolving upwards with the GLRMQ
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equation based on LO DGLAP evolution, improves the agreement with F, data
at small z and low Q? compared to the standard CTEQ sets. In [182] the input
distributions were obtained by interpolating between three results: CTEQ5L [81]
PDFs at Q% = 5 GeV?, CTEQ6L [35] PDFs at Q* = 10 GeV?, and CTEQ6L PDFs
at Q? = 3 GeV?, each evolved downwards to Q? = 1.4 GeV? using the GLRMQ
equation based on LO DGLAP evolution. This procedure of obtaining the input
by averaging over different CTEQ PDFs is clearly strange, but is necessary since
simply obtaining the input distributions by evolving the CTEQ6L PDFs at Q% =5
GeV? downwards to Q2 = 1.4 GeV? gave a worse description of the data at small =
than the CTEQ6L result. This approach assumes that the PDFs evolved with the
GLRMQ equation should be unchanged at large Q? from the conventional DGLAP-
evolved sets. However, as we will show later, this is not the case, as observed by

MQ [176]:

The correction term to the usual DGLAP equation is of higher twist as
a factor of 1/Q? explicitly appears. This does not mean that shadowing
effects go away as 1/Q?. On the contrary, in order to determine g(z, Q%)
in terms of, say, g(z/, Q3) one must integrate the DGLAP equation be-
tween Q3 and Q*. If the correction term is effective anywhere in that

interval shadowing effects will have been included.

Therefore the CTEQ PDFs, with input scale Q% = 1.69 GeV?, will not be free of the
effects of absorptive corrections even at large Q? and so they should not be taken
as input to GLRMQ evolution. It is necessary to refit the input PDFs in a global
parton analysis, preferably using NLO QCD rather than just LO QCD.

Using the GLRMQ equation to study absorptive corrections has several limita-
tions. The non-linear terms in the evolution equation lead to a violation of momen-

tum conservation. There is some uncertainty in the two-gluon distribution, taken

to be [176]

2

2
PG (w, @) = o [, @)

in (6.2) and (6.3), and in the value of the R parameter. In the next section, we

(6.4)

show that the absorptive corrections to F; can be extracted from DDIS data using
the formalism of Chapter 5. We will then perform a NLO QCD parton analysis of
F5 including these absorptive corrections, originating from sea quark recombination

as well as gluon recombination.
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Figure 6.1: The total F5, measured by experiment, can be approximated by the sum
of the one-Pomeron and two-Pomeron exchange contributions.
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Figure 6.2: The two-Pomeron exchange contribution to F5. The equality shows the
application of the AGK cutting rules, and the relative magnitudes of the cut dia-
grams. All the permutations of the two gluon ladders (forming Pomeron exchange)
are implied.

6.2 Absorptive corrections to Fj

The total proton structure function, F§*'?(z 5, Q?), as measured by experiment, can
be approximately written as a sum of the one-Pomeron? (DGLAP) contribution and

absorptive corrections due to two-Pomeron exchange. That is,
FQdata(xB’ Q2) ~ F2DGLAP (xB’ QQ) 4 AFQabS(SCB, Q2>7 (65)

illustrated in Fig. 6.1. A brief insight into the equality (6.1) may be obtained from
Fig. 6.2, which shows the leading absorptive correction (the two-Pomeron exchange
contribution) to Fy. For simplicity, the upper parton ladder, shown in the right-hand
diagram of Fig. 6.1, is hidden inside the upper blob in each diagram of Fig. 6.2.
Applying the AGK cutting rules [174] to the IP ® IP contribution, we obtain the
relative contributions of +1, —4, and +2 according to whether neither Pomeron,

one Pomeron, or both Pomerons are cut. The first contribution is just FP, which

2Here, we are interpreting the perturbative Pomeron to be a NLO DGLAP parton ladder, rather
than the more usual interpretation of the QCD Pomeron as being a BFKL gluon ladder.
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enters with the same magnitude, but the opposite sign, in the total AF#*. Hence
the equality shown in (6.1). In this way, we are able to estimate the absorptive
corrections, AFEP (5, Q% p?), as a function of u, from the perturbative component
of FzD ®) determined from the fit to the DDIS data. Integrating (6.1) over u? from
Q3 to Q* we obtain

2

AR @) == [ i P (o0, QPs4?) (6.6
Q8
That is, the leading absorptive correction is given by minus the diffractive compo-
nent arising from Pomeron scales greater than (), where )y is the scale that the
input PDFs are parameterised at in a DGLAP fit to DIS data. (Note that the same
negative sign was given in (4.5) for the IP ® IP contribution in Regge theory.) The
1 < Qo contributions to the absorptive corrections are already included in the input
parameterisations. To fit F5 purely using the DGLAP formalism, we first need to

‘correct’ the data for absorptive corrections,

FPOUAP (1 Q%) ~ F% (1, Q%) — AF (25, Q%)

(6.7)
(2, Q) + |AFS (4 Q1))

Basically, the (negative) screening corrections have to be subtracted from the Fj
data, before the DGLAP analysis is performed. At small =, the effective F; ‘data’
are therefore appreciably enhanced. Notice that the original fit to the DDIS data in
Chapter 5 required knowledge of the gluon and sea quark distributions, xp g(zp, u?)
and zp S(zp, 4?), in the perturbative Pomeron flux factors. Since the new DIS fit
yields modified parton distributions, we therefore have to repeat the fit to the DDIS
data. Fortunately, the successive iterations between the DDIS and DIS fits rapidly

converge, as we shall demonstrate.

6.2.1 Connection to GLRMQ approach

It is illuminating to show how our approach of ‘correcting’ the data then performing
linear DGLAP evolution is related to the GLRMQ approach of including a non-linear
term in the evolution equation.

Assuming that @2, the scale that the input PDFs are taken at, has the same
value as that used in Chapter 5 to separate the perturbative and non-perturbative

contributions to DDIS, then the absorptive corrections are

1
AR (e @) == [ dop [F (o 5.00) + F (e 5.0 (09

B
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%) is the leading-twist contribution (5.5) and F' 5 S’) is the twist-four contri-

where FQI? PE
bution (5.19). Recall that the notation IP = G, S, G\S denotes that the perturbative
Pomeron is represented by two t-channel gluons, two ¢-channel sea quarks, or the
interference between these, respectively. Considering only the IP = GG contribution,

then

Pdu® 1
) 2 =
Fyp” (e, 5,Q%) = /Q , it 2 Los(e) apg(am i) ] BO6,Q% 0%, (69)

1 [ du? 1 -
LY (ap., B, P = / M—”; — L) wnglap.p®) |* FEO(). (610

where FIP=C%(3, Q% p?) and FF=C(3) are defined in (5.9) and (5.20) respectively.

Neglecting the logarithmic scaling violations of FII'=%(3, Q?; u?) and differentiating
(6.5) with respect to In Q? we obtain

8F2data N 8F2DGLAP &%<Q2) /1 dxlp [
Oln@?  JlnQ? Q? .

wpg(ar, Q)] {FF=9(3,Q% Q%) + FI=¢(3)} .
(6.11)

This equation could be used to derive a more precise form of the GLRMQ equation,

xp

where the non-linear terms were calculated in the DLLA, that is, assuming that
B < [ < 1 where § = x5 /xp — 0. In this limit,

BYP=Y(8,Q% Q%) — 0, (6.12)
g3, Q% Q%) — cyc, (6.13)
FI=4(8) — 0, (6.14)

so the Pomeron structure function (5.9) is

FP(5.0% Q) “Sﬁ/ 5 0530<ﬁ)cg/a

/2 /
ﬁd & (6.15)
_ Gs x NLO
= %ZL‘B /;);B 2 < >C ( T ) Cq/G
since # = z/xp. A similar equation holds for the proton structure function, as-

suming that gluons give the dominant contribution at small z. Neglecting the scale

dependence of ag(Q?) and differentiating with respect to In Q? gives

oF: o U dx x5\ Oxg(z,Q?
2 :—SxB/ = (o (?) dg(@, Q") (6.16)

olnQ@? 27 x? 0ln Q?
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Hence (6.11) becomes

epg(ep, Q%)]7,  (6.17)

Oxg(z, Q%)  Oxg(x,Q?) a3(Q%) /1d3?zp [

~ — C
d1n Q? ImQ? |pear V¢ Q@ TP

which is the GLRMQ equation for the gluon evolution (6.2) with ¢y = 3/R>.
The GLRMQ equation for the sea quark evolution (6.3) can be obtained from
(6.11) by assuming light quark flavour symmetry and neglecting valence quarks

(since we are assuming small x),

OFy (x5, Q%) .2 0 S (25, Q%)
“oma D " omer .
and replacing the Pomeron structure function in (6.11) with?
- B 1
(0.5 + ()} = (800 -0) g (619)

assuming that the struck quark carries all the Pomeron’s momentum. Then (6.11)

becomes

OrpS(5,Q%)  OxpS(zs,Q%) 1 a3(@) [ds

= [apg(er, Q)] B6(1—5)

onQ?  — 9lnQ@* |puap 10 R2Q® J,, B
o afBS("EBan) 1 O‘%(Qz) 2172
= TQQ LA — E R [5539(3737@ )] .

(6.20)

While our approach is qualitatively equivalent to the GLRMQ approach it goes
beyond the DLLA keeping the full § dependence in the Pomeron structure function
and introducing sea quark recombination in addition to gluon recombination.

We repeat that the factor of 1/Q? in the non-linear term of the evolution equa-
tions does not mean that shadowing effects disappear at large Q2. The absorptive
corrections accumulate evolving from a scale Q3 up to Q?; however, the increase in
absorptive corrections does fall off as 1/u? as the scale p increases. Thus, the com-
monly held belief that the PDF's obtained from a parton analysis are independent of
the input scale Q2 that they are parameterised at is incorrect for a fit which neglects
absorptive corrections; larger absorptive corrections will be obtained the smaller the
value of Q3. This fact might explain why MRST, who take Q2 = 1 GeV?, obtain a
smaller gluon distribution at small z than CTEQ, who take Q2 = 1.69 GeV?; see,
for example, Fig. 5.3. It is interesting that this hypothesis is further corroborated

3This replacement is needed to reproduce the GLRMQ equation for the sea quark evolution
(6.3). Keeping the exact 5 dependence would give a more precise version of the GLRMQ equation.
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Figure 6.3: Gluon distribution at Q% = 100 GeV? from four different PDF sets. The
size at small x increases with the input scale Q3.

by considering the ZEUS2002 PDFs [183] with Q3 = 7 GeV? and the Alekhin02
PDFs [184] with Q2 = 9 GeV?. The gluon distributions at Q* = 100 GeV? are
compared in Fig. 6.3. It is seen that the ordering of the size of the small-x gluon

distribution,
MRST < CTEQ < ZEUS < Alekhin, (6.21)

reflects the ordering in Q2. However, since there are many other differences between
these four parton analyses besides the value of Q% taken, a controlled study of the

effect of absorptive corrections is called for.

6.3 Theoretical calculation of FCM4AP

Having explained how the data can be corrected for absorptive effects to extract the

F213GLAP F2DGLAP is calculated at

‘experimental’ , we now explain how the theoretical
NLO. Heavy quarks are treated in the light quark variable flavour number scheme.

The DGLAP equation for the evolution of the quark singlet and gluon distributions
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of the proton is

(B Josi@ '
0InQ? \ g(z, Q%) 2r ), =z

X(qu< as(@?) 2ns Py (= as<@2>>) (2(%@2)) (6.2
Py (z,05(Q%) Py (2, 0s(Q%)) g(2.Q%) )"

where the quark singlet distribution is

S#,Q) = > e, Q) +alx,Q%)], (6.23)
f=u,d,s,c,b
with s = 5, ¢ = ¢ and b = b. The non-singlet distributions ¢*(x, Q?) are defined as
v (z,Q%) = ¢ (z,Q%) = q(z, Q%) — (=, Q%), (6.24)
1

q+(ZL‘, QQ) = Q(x7 QQ) + (j(f, QQ) - n_fz(xv QQ) (625)

Since ¢(z, Q?), ¢(z, Q?), and X(z, Q?) are continuous functions of @2, the change in
nys across flavour thresholds must be compensated by a discontinuity in ¢*(z, Q?).
It follows that

1

q+<x7mg>‘nf:4 = qu(SL’ m )‘nf =3 + Ez<x7mz)7 (626>
1

g, = ()], o). (6.27)

The heavy quarks do not contribute below the relevant flavour threshold, that is,

+ 2\ _%Z(vaQ) Q < me 6.98
N R (6.29
1 2(z, Q%) Q =me
b+( 2) o —iZ(ZE,CQQ) Q < my (6 29)
x, =9 . , _ . )
52(5{?,@ ) Q my

The evolution of the non-singlet distributions does not depend on the gluon distri-

bution:

CP(nas@) ¢ (5.@2). (630)

z z

g (z,Q*) QS(Q2)/
om@?  2r J,

We define

(2, Q%) = e} [a(x, Q) + a4z, Q%)) = ()B(x, Q%) + ¢l (z,.Q%),  (6.31)
f
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where (e3) = (1/ny) 3, €}, and

G (r, Q%) = Z efc g (z,Q%). (6.32)
f

Again, ¢).P(z,Q?) is discontinuous across the flavour thresholds:

* * ].

qgsp(xamz)’nf:4 = qgsp(xamz)’nfzg - 1_82(x7 mg)v (633)
* * 1

)], = e )], + e md). (6.34)

The proton structure function is then

27 T

[CNLO( ) TP (2,Q) + (€2)CHLO (%) g (z, Q2)}, (6.35)

2 1
* d
FPGLAP (1 02) — ¢7"P(2,, Q%) + as(Q )903/ x

where the coefficient functions and are calculated in the MS scheme
[159], as in (5.9).

Since we are primarily interested in the effect of absorptive corrections, it is

NLO NLO
C2,q C2,g

sufficient to consider the description of the small z,; data. We therefore fit to
the ZEUS [111,185] and H1 [186-188] inclusive Fy(xy, Q%) data with z, < 0.01,
2 < Q% < 500 GeV? and W? > 12.5 GeV?. These are the same HERA data
sets fitted in the MRST2001 NLO analysis [127]. We take MRST-like parametric
forms [127] for the starting gluon and sea quark distributions at Q2 = 1 GeV*%:

rg(r. Q) = Ayr (1 — P+ /T +9y1) — Az (1—2)°,  (6.36)
S(z, Q%) = Asx (1 — )11 + egv/T + v57), (6.37)

where the powers of the (1 — x) factors are taken from [127], together with the

valence quark distributions, uy and dy, and A = d — @

vuy (2, Q%) = 0.1572%% (1 — 2)>3 (1 +5.61v/z + 55.49z), (6.38)
wdy(r,Q3) = 0.0412%% (1 — 2)*% (1 + 52.73/x + 30.657), (6.39)
Az, Q3) = 1.2012"%* (1 — 2)°1° (1 4 14.05z — 45.522%). (6.40)

The A\g, €5, A_, 0_, Ag, Mg, and €g are taken as free parameters, v, and ~g are fixed

at zero since they are unconstrained by the small z, data, and A, is determined
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from the momentum sum rule,

/0 dz [25(z, QF) + zg(z, QF)] =1, (6.41)

where ¥ = S + uy + dy. The integral (6.41) can be done analytically, with the
solution expressed in terms of gamma functions. At the initial scale Q)g, the flavour
structure of the light quark sea is taken to be 2u = 0.4S — A, 2d = 0.4S + A and
25 = 25 = 0.25. The values of ag(M%) and the charm and bottom quark masses are
taken to be the same as in the MRST2001 NLO parton set [127]. Since we do not
fit to DIS data with x5 > 0.01, we constrain the gluon and sea quark distributions
to agree with the MRST2001 NLO parton set [127] at © = 0.2. This is done by
including the value of these parton distributions at « = 0.2 in the DIS fit with an
error of 10%.

As in Chapter 5 we use the QCDNUM program [166] to perform the NLO DGLAP
evolution and calculate the structure functions, and the MINUIT program [167] to

find the optimal parameters.

6.4 Simultaneous QCD analysis of DDIS and DIS
data

The ‘simultaneous’ fit of DDIS and DIS data proceeds as follows:
(i) Start by fitting ZEUS [111,185] and H1 [186-188] F, data (279 points) with
no absorptive corrections, similar to the MRST2001 NLO analysis [127].

(i) Fit ZEUS [157,158] and H1 [148] F® data (404 points) using g(zp, 42) and
S(xp, u?) from the previous Fy fit.

(iii) Fit FPGLAP = pidata 4 ’AF;bS , with AF2bs from the previous F2D(3) fit.

(iv) Go to (ii).

As we will demonstrate, convergence is achieved after only a few iterations. In
practice, we allow four iterations of steps (ii) and (iii) for all the results presented

in this chapter. To allow for the contribution of proton dissociation in (6.6) we take

2

AF(2,,Q%) = —2 / dp? (x5, Q% p%) = =2 ) (24, Q7), (6.42)
Q2

where the factor 2 enhancement of the (elastic) proton contribution was estimated

from the normalisation factors found in fitting to DDIS data in Chapter 5. It
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accounts for absorptive corrections due to diffractive events involving proton disso-
ciation with My < 6 GeV. Events with a large amount of proton dissociation will
have a small rapidity gap such that I[P — IP ® IP contributions could become im-
portant and so our formalism, which only accounts for [P ® IP — IP contributions,
would not apply. This factor 2 is justified by a ZEUS comparison [189] of LPS data
with Mx data; the My data allowed proton dissociation with My < 6 GeV and a
relative normalisation factor of 1.85 % 0.38(stat.) was found compared to the LPS
data. Of course, there is some uncertainty in this factor 2, but the precise amount
is difficult to justify. The (elastic) proton contribution is obtained by normalising
to the ZEUS LPS data [157], for which there is no proton dissociation.

Since we have taken Qg = 1 GeV, the same value as used in Chapter 5 to separate

the perturbative and non-perturbative contributions to DDIS, then

0.1

FP\(25,Q%) = ©(0.1 — ) / dagp [F£g3>(xp,ﬁ,Q2) + FPO (@, 8,Q%)]

v (6.43)
where le? }@ is the leading-twist contribution (5.5) and F' 5 1&3) is the twist-four con-
tribution (5.19). The upper cutoff of z;p = 0.1 is necessary since the simple formula
we have used for the absorptive corrections is invalid for large xp (small rapidity
gaps) where secondary Reggeon contributions become more important.

In Fig. 6.4 we show a contour plot showing ‘AFf‘bs‘ JFdata a5 a percentage.
The Fy data points [111, 185-188] have been put in 20 bins along each axis and
}AFQabS’ JFdata is averaged over each bin. A percentage increase of more than 50%
would violate the unitarity limit, but this does not happen for any of the data
points. By definition |AF#™| is zero at the input scale of 1 GeV? and grows to an
approximately constant value at large Q?. Since F§? increases at large Q?, this
means that the fractional size of the absorptive corrections relative to the data falls
away at large Q2. This behaviour can be seen more clearly in Fig. 6.5, which shows
the Iy data at the smallest x, values, before and after the absorptive corrections
have been applied. The predictions of the corresponding fits, shown by the solid
and dashed lines, respectively, are also plotted. The data points have been binned
according to the nearest value of z; (in the last bin only data with x; < 3.6 X 1074
are included).

In Fig. 6.6 we illustrate the convergence of the ‘simultaneous’ fit to DDIS and
DIS data by showing the input parton distributions obtained from a fit to F, with
no absorptive corrections, then after each of 4 iterations with absorptive corrections.
The input gluon and sea quark distributions obtained after the third and after the

fourth iteration are almost identical.
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no absorp. corr.

with absorp. corr.

Fy: x?*/d.of 1.15 1.09
A, 10.6 10.1
Ay —0.50 £ 0.17 —0.49 4 0.10
€ ~1.1402 —1.2+0.1
Y 0 (fixed) 0 (fixed)
A (6+£8)x1072  (246)x 1073
5 0.47 +0.15 0.74 + 0.30
Ag 0.10 £ 0.02 0.14 +0.03
As 0.33 4+ 0.02 0.30 + 0.02
€s 10+3 9.0+2.6
Vs 0 (fixed) 0 (fixed)
FPY 2 dof 1.14 1.15
cy/c (GeV? 0.14 +0.03 0.18 £ 0.04
Cy/G (GGVQ 0 0
crja (GeV? 0.051 £ 0.021 0.074 £ 0.032
cyrs (GeV 0.70 4 0.09 0.37 £ 0.07
cgss (GeV? 1.41+0.09 1.14 4 0.07
crys (GeV? 0.16 4+ 0.05 0.027 £ 0.033
cqnp (GeV™2) 0.87 4+ 0.08 1.00 £ 0.07
cr (GeV™2 6.8+0.5 6.5+0.5
Nz 1.54 4 0.07 1.55 4 0.06
Ny 1.24 +0.05 1.24 4 0.04
Ky 0.84 +0.18 1.08 +0.24
Ky 0 0
Kr/c 14406 2.0+0.9
K,/s 4.340.6 2.5+0.5
Ky/s 3.940.2 34402
Krs 1.14+0.3 0.240.2
R(6.5GeV?), R(90 GeV?) 0.57,0.58 0.56, 0.57

Table 6.1: The parameter values of the ‘simultaneous’ fits to the inclusive F, and
FP® data measured by the ZEUS [111,157,158,185] and H1 [148, 186-188] Col-
laborations. The parameters for the F; fit are defined in (6.36) and (6.37), while
the parameters for the FQD @) fit are defined in Chapter 5. The K-factors (5.29)
are evaluated using Ry(A = 0) = 1 as given by (4.50) and R,(A = Ag) = 4 as
given by (4.91). The last row R(Q?), defined in (5.33), gives the fraction of the
Pomeron’s (plus Reggeon’s) momentum carried by gluons at xp = 0.003. Sample
parton distributions are shown in Fig. 6.7.
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Absorptive corrections as a percentage of FZ(XB,QZ) data
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Figure 6.4: Contour plot of the absorptive corrections as a percentage of Fy (x5, Q?)

data [111,185-188].

The parameter values of this combined description of the DIS and DDIS data are
given in Table 6.1. The thin solid curves in Fig. 6.7 show the parton distributions
obtained from the fit before the absorptive corrections have been included; they
are very similar to those from the MRST2001 NLO parton set [127] shown by the
dotted curves in Fig. 6.7, with the input gluon distribution going negative at small
x < 5x 1073, The small differences between the solid and dotted curves arise due to
the small differences between our analysis of F» and the MRST2001 global analysis,
such as the treatment of heavy quarks (MRST use the Thorne-Roberts [190] variable
flavour number scheme), the fact that we fit only the small-z; HERA F; data, the
fact that we fix the parameters 7, = 75 = 0, and due to the large uncertainty in the
A_ parameter, as shown in Table 6.1.4

The dashed curves in Fig. 6.7 show the final input parton distributions obtained
after four iterations between the fits to the DIS and DDIS data, and also the gluon

4 After the completion of this work, it was realised that MRST let the normalisation of the ZEUS
F, data [111,185] go to its lower limit of 98% in [127], whereas all the fits in this chapter were
obtained assuming that the ZEUS and H1 F; data have the same normalisation. Repeating the
fits presented in Table 6.1 multiplying the ZEUS F, data [111,185] by a factor 0.98 gives x2/d.o.f.
values of 0.92 and 0.88 for the fits to F» without and with absorptive corrections. The parton
distributions obtained from the F5 fit are practically unchanged.
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Figure 6.5: Fy(xy, Q%) data [111,185-188] before and after absorptive corrections
have been included. Only data points included in the fits, shown by the solid and
dashed lines, are plotted.
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Figure 6.6: Convergence of the ‘simultaneous’ fit to DDIS and DIS data.

distribution when evolved up to higher scales. These dashed curves show that the
inclusion of absorptive effects yield an input gluon distribution which is much less
negative, whereas the input sea quark distribution is largely unaffected. Indeed, the
absorptive effects crucially change the input gluon distribution for z < 1073, They
change the input sea quark distribution much less, due to the smaller colour charge
of the quark and, phenomenologically, due to the fact that the quark distributions
are measured directly by Fy, whereas only scaling violations and NLO contributions
constrain the gluon distribution. Thus small changes in the quark distributions can
be accompanied by large changes in the gluon distribution.

In Fig. 6.8 we show the percentage increase in the gluon and sea quark distribu-
tions as a contour plot in the z—-Q? plane. For the gluon distribution, which goes
negative for small z and low @2, the modulus of the denominator has been taken.
The black region of the upper plot in Fig. 6.8, indicating an increase of more than
50% in the gluon distribution, is where the gluon changes sign from negative to
positive. Even for quite moderate x and Q? the inclusion of absorptive corrections
has a significant effect on the PDF's obtained.

A study of the uncertainties due to PDF's on the NLO cross section for SM Higgs
boson production at the LHC has been made in [191]. For Higgs boson production
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Figure 6.7: The gluon and sea quark distributions obtained from a NLO DGLAP
fit to F5, before and after absorptive corrections have been included. The input
at Q3 = 1 GeV? has been chosen to have ‘MRST-like’ parametric forms, with an
explicit term included in the gluon distribution to allow it to go negative, see (6.36).
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Percentage increase in xg(x,Qz) after including absorptive corrections
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Figure 6.8: Contour plots of the percentage increase in the gluon and sea quark
distributions obtained from a NLO DGLAP fit to F, after absorptive corrections

have been included.
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PDF set | o(99 — H) (pb)
MRST2001 NLO 33.48
no absorptive corrections 37.11
with absorptive corrections 37.09

Table 6.2: NLO cross section for SM Higgs boson production (Mg = 125 GeV) at
the LHC via gluon fusion. The results were obtained using the HIGLU [192] program
with different PDFs.

via gluon fusion, uncertainties of O(5%) were found for My < 300 GeV. To study
the effect of absorptive corrections on final state observables we used the HIGLU
program [192] to compute the NLO total cross section at the LHC for SM Higgs
bosons (My = 125 GeV) produced via gluon fusion. This program includes the
full dependence of the top and bottom quark masses of the NLO cross section, not
only the result in the infinite top quark mass limit. The code was run first with
the standard MRST2001 NLO PDFs, then with the PDFs obtained from the two
fits of Table 6.1 (without and with absorptive corrections). The results are shown
in Table 6.2. The MRST2001 NLO result of 33.5 pb is slightly higher than the
MC@NLO [193] result of 32.4 pb given in Fig. 3.11, since the latter was obtained
in the infinite top quark mass limit. The results using the two PDF sets of Table
6.2 are almost identical (37.1 pb). This particular observable is mainly driven by
the gluon distribution at moderate x ~ My /\/s ~ 0.01, where the effect of the
absorptive corrections is small, and where our PDF sets are relatively unconstrained
since we only fit the F; data at small x; < 0.01. Therefore, the absolute value of
the cross section obtained with our PDFs is not as reliable as with the MRST2001
PDFs. An accurately known experimental observable which is sensitive to the small-
x PDF's would play an important role in testing the PDF's obtained with absorptive
corrections. One possibility is the production of Drell-Yan pairs at large rapidity.
For further study, it would also be better to incorporate the absorptive corrections
into a global parton analysis rather than the restricted analysis we have performed

here.

6.5 Diversion: Multi-Pomeron exchange

It is tempting to investigate the effect of absorptive corrections due to more than two
Pomerons being exchanged. Unfortunately, the application of the AGK cutting rules
is not as simple in this case. A speculative estimate of the size of multi-Pomeron
contributions is given here using an eikonal formula.

At high energies, the s-channel unitarity relation is diagonal in the impact pa-
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rameter (bg) basis, such that
2Im Ty (s, bs) = |Tu(s, bs)|> + Ginel(s, by), (6.44)

with oy = 2 [d?by Im T (s, by), 0a = [d?be [Tu(s, by)|*. Neglecting the real part

of the elastic scattering amplitude, then

Tu(s, be) = i [1 — exp (~9s, be)/2)], (6.45)
Ginel(s,bs) =1 —exp (—€2(s, by)) , (6.46)

where © > 0 is the opacity (optical density) or eikonal. For some average value of
the impact parameter (b;)°, the ratio of the diffractive component of F; to the total

I3 is given by

FQD Tel S, bt 2 1
e b e b2 (647

where FP = |AF#| with AFg™ given by (6.42). Solving for /2 gives

2Fp
Q/2=-In <1 - Fdja) : (6.48)
2

The requirement 2 Fi’ / Fda% < 1 is the unitarity limit. The one-Pomeron (DGLAP)

contribution to F5 divided by the multi-Pomeron contribution is given by

JFDGLAP 0/9
2 = / , (6.49)
Fy 1 —exp(—/2)
so that 02
FDGLAP — Fdata 6.5
2 2 1—exp(—9Q/2) (6.50)

with ©/2 given by (6.48). It is a useful check to take the limit of small absorptive
corrections 2 Fi /Fda* <1 <= /2 < 1, then
Q/2 Q/2

1
—en(—02) Q2 Lppr.. T 5(2/2), (6.51)

and from (6.48):

2FP\ _ 2FP
- F2data ~ FQdata’

Q/2=—In (1 (6.52)

°An alternative approach would be to assume some functional form for Q(s,b;), such as a
Gaussian distribution in by.
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Figure 6.9: The gluon and sea quark distributions obtained from a NLO DGLAP
fit to Fy, before and after two-Pomeron and multi-Pomeron absorptive corrections
have been included.

so (6.50) becomes

D
F2
data
F2

FPCOLAP o prdata <1 + ) = Fjeta P, (6.53)
that is, we recover the two-Pomeron exchange formula (6.7).

Repeating the ‘simultaneous’ fit to DDIS and DIS data with the absorptive
corrections given by (6.50) instead of (6.7), we obtain the input PDFs shown by the
dotted curves in Fig. 6.9. The A_ parameter controlling the negative term in the
input gluon distribution has gone to zero, resulting in a positive small-x input gluon
distribution. The final x?/d.o.f. for the F; fit is 0.86 and for the FQD(?’) fit is 1.15;
cf. the values 1.09 and 1.15 given in Table 6.1. Since the two-Pomeron exchange
absorptive corrections, computed using the AGK cutting rules, are on a sounder

theoretical footing, we return to using (6.7) for the remainder of this chapter.
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Figure 6.10: The input gluon and sea quark distributions obtained from a NLO
DGLAP fit to F», before and after absorptive corrections have been included, and
taking a positive input gluon parameterisation. For reference the MRST2001 NLO
input PDFs are also shown.

6.6 Positive input gluons at 1 GeV?

We now return to using the two-Pomeron exchange formula for the absorptive cor-
rections (6.7). Note, from Table 6.1, that the parameter A_ is consistent with zero.
Indeed, repeating the fits with a fixed A_ = 0 gives a description of the Fy data
which is almost as good (x?/d.o.f. = 1.11, compared to 1.09 for a negative input
gluon). By contrast, without any absorptive corrections, the fit to F% is much worse
with a fixed A_ = 0 (x*/d.o.f. = 1.57, compared to 1.15 for a negative input gluon).
We conclude that absorptive corrections remove the need for a negative gluon dis-
tribution at Q? = 1 GeV?2. The fit parameters are shown in Table 6.3 and the input
PDFs are plotted in Fig. 6.10.
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no absorp. corr.

with absorp. corr.

Fy: x2/d.odf. 1.57 1.11
A, 38 16
Ag —1.06 % 0.09 —0.63+0.07
€ —1.39 4 0.04 —1.33 4+ 0.06
Vg 0 (fixed) 0 (fixed)
A_ 0 (fixed) 0 (fixed)
5_ - .
Ag 0.16 £ 0.05 0.15 4 0.03
Ag 0.27 4 0.03 0.29 4 0.02
€s 1244 87423
Vs 0 (fixed) 0 (fixed)
FP% . \2/dof. 1.17 1.14
¢/ (GeV?) 0.45 £ 0.12 0.25 £ 0.07
cg/c (GeV?) 0 0
cra (GeV?) 0.15+ 0.03 0.11£0.05
cqss (GeV?) 0.25 +0.12 0.28 £ 0.08
cyrs (GeV?) 1.04 £ 0.06 1.14 + 0.07
crys (GeV?) (3£8)x107°  (1£20)x 1073
cynp (GeV=2) 1.11 4 0.12 1.06 + 0.07
cr (GeV™2?) 5.240.6 6.24+0.5
Ny 1.54 + 0.06 1.55 + 0.06
Ny 1.23 +0.04 1.24 +0.04
Ky 27+0.7 1.5+04
Ko 0 0
Ko 41408 3.0+£1.4
Kys 1.8+ 0.9 1.940.5
Ky/s 3.34+0.2 3.5+0.2
K1/s (24£6) x 1074 (1£15) x 1072
R(6.5GeV?), R(90 GeV?) 0.53, 0.53 0.56, 0.56

Table 6.3: The parameter values of the ‘simultaneous’ fits to the inclusive Fy and
FZD ® data taking a positive input gluon parameterisation in the F, fit. The K-
factors (5.29) are evaluated using R,(A = 0) = 1 as given by (4.50) and R,(\ =
As) = 4 as given by (4.91). The last row R(Q?), defined in (5.33), gives the fraction
of the Pomeron’s (plus Reggeon’s) momentum carried by gluons at xp = 0.003.
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6.7 Pomeron-like sea quarks but valence-like glu-

ons?

The inclusion of absorptive corrections have enabled the DGLAP-based description
of F, to give a more physical small-z gluon distribution. That is, there is now
no need for a negative input gluon distribution at 1 GeVZ2. However, absorptive
corrections have not removed a long-standing puzzle of the behaviour of parton
distributions at small x and low scales. That is, we still have a valence-like gluon
distribution, whereas the sea quark distribution increases with decreasing x. That
is, since the HERA F5 data have become available, we have had a ‘Pomeron-like’ sea
quark distribution. Indeed, this feature has been present in all the parton analyses
from GRV94 [194] and MRS(A) [195] in 1994, up to the present MRST [34] and
CTEQ [35] global fits. On the other hand, as described in Section 4.1, according
to Regge theory the high energy (small x) behaviour of both gluons and sea quarks
is controlled by the same rightmost singularity in the complex angular momentum
plane, and so we would expect

Ay = s, (6.54)

where the \; are defined in (6.36) and (6.37). If we impose such an equality on the
A; values, we obtain a very poor description of the F, data. We have studied several
possibilities of obtaining a satisfactory fit with this equality imposed, including
saturation-motivated parameterisations or including inverse transverse momentum
ordering (which appears at NNLO) using the calculations of Section 2.3.3, but none
overcame the problem. The only modification which appears consistent with the
data (and with the A, = Ag equality) is the inclusion of power-like corrections.
There may be higher-twist corrections due to the exchange of four gluons in colour
antisymmetric states, which are not connected to F} by the AGK cutting rules, and
also more complicated higher-twist corrections caused by renormalons etc. Here
we exploit the fact that such power-like corrections may slow down the DGLAP
evolution at low Q2. Indeed, it has been argued [196-199] that such corrections
must inhibit the growth of ag and slow down the speed of evolution as ) decreases
below about 1 or 2 GeV?. At present, there is no precise formula to implement
this effect. As noted in Section 3.4, Guffanti and Smye [107] observed that part of
the non-perturbative power corrections to the W and Z Pr distributions, calculated
using the dispersive approach [200], could be interpreted as a shift in the scale at
which the parton distributions are evaluated. We therefore mimic the effect of a

flatter behaviour of ag at low scales by shifting the scale in Fy(z5, Q%) from Q? to
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Q? + m?, where m? = 1 GeV2.% To be consistent we must make the same shift in
the FQD(g) fit, so that (5.5), (5.19), (5.24), and (5.25) become

Ffég)(xﬂ?,ﬁ,@ ) / d/l flp Ip, /JL +m ) Fép(ﬁ’Q2+m2;u2+m2)’
P=G.5,Gs 7 Qb

Q2
FPPap, 5,Q0) =Y ( / dy? gﬁ fip(am; 12 +m2>) FP(8),
P=G.,5,GS
F, 1\(1?3(5511975, Q?) = fip—np(wp) FF=N(8,Q* + m?; Q3 + m?),
F;),n(as)(fcﬂ%ﬁa Q*) = cg fr(zp) (B8, Q% + m?).
(6.55)

This simplified prescription enables us to obtain a satisfactory simultaneous descrip-
tion of the DIS and DDIS data, with the same asymptotic behaviour, A, = Ag (= 0),
of the input gluon and sea quark distributions at a ‘physical’ Q? = 0 GeV? corre-
sponding to a ‘shifted” Q? = (0 + 1) GeV?, as shown in Fig. 6.11; the corresponding
parameter values are listed in Table 6.4. However, we do not have a solid theoretical
justification for fixing A, = Ag = 0 or for the value of m* = 1 GeV? that we shift
the scales by. A more detailed, and more theoretically-motivated, investigation of

the effect of power corrections in DIS is called for.

6.8 Back to diffractive PDF's

Since the PDF's are modified after including absorptive corrections then so are the
DPDFs, which depend on the square of the PDFs. In Fig. 6.12(a) we show the final
DPDFs obtained from the three fits in Tables 6.1 (‘Negative gluon’), 6.3 (‘Positive
gluon’), and 6.4 (‘Shift scale’), compared to the ‘MRST" fit of Chapter 5 and the
DPDFs from the preliminary H1 analysis [148]. The DPDFS from the ‘Negative
gluon’ and ‘Positive gluon’ fits are almost unchanged from those obtained from the
‘MRST” fit, because the fit to DDIS data is driven by the sea quark distribution
at low scales p? ~ Q2 ~ 1 GeV?, and this is almost unchanged after including
absorptive corrections. The DPDFs labelled ‘Shift scale’ are defined as

Q2
P (op, 5,Q%) = ) (/ dp® fip(wp; p1* +m?) a (8, Q* +m?; pi* + m2)>

IP=G,S,GS 3
+ fioexp (zp) 7NV (B, Q% + m*; QF + mP) + ar fr(zp) (B, Q% +m?). (6.56)

6Taking moments involves a factor (Q% + m?)? = (Q?)7(1 + ym?/Q? + ...), where 7 is the
anomalous dimension, and so we see the power corrections suppressed by 1/Q2.
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Figure 6.11: The input gluon and sea quark distributions, (6.36) and (6.37), in which
the parameter A_ = 0 and the equality A, = A\g (= 0) is imposed, as required by
Regge theory. We now include ~; as free parameters in (6.36) and (6.37). To obtain
a satisfactory fit it is necessary to shift the scale in Fy (2, Q%) from Q* to Q* +m?,
where m? = 1 GeV2. As before, the continuous and dashed curves show the parton
distributions before and after absorptive corrections are included. We also show the
‘shifted” parton distributions, at Q% = (1 + 1) GeV?.
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no absorp. corr.

with absorp. corr.

Fy: x*/d.of 1.45 1.15
A, 3.4 x107° 0.82
Ag 0 (fixed) 0 (fixed)
€ (2.74+1.2) x 10° 1041
Yo (—3.24+1.4) x 10° —15+2
A 0 (fixed) 0 (fixed)
5_ S —
Ag 0.82 4 0.03 0.56 4= 0.04
As 0 (fixed) 0 (fixed)
€s 0.72 & 0.46 40412
Ys 28415 —0.04 +2.42
FPY . y2/dof 1.30 1.29
cq/c (GeV?) 0.57 +0.15 0.37 £ 0.03
g/ (GeV?) (1+31) x 1074 (3+£5) %1073
crjc (GeV?) 0.099 + 0.026 0.072 £0.017
cqss (GeV?) 0.028 £ 0.064 0.032 £ 0.007
cgss (GeV?) 46+0.8 3.94+0.7
CL/s (GGVQ) 0 0
cqnp (GeV™2) 1.40 £ 0.07 1.38 4 0.05
cr (GeV~2) 5.6+ 0.5 574 0.5
Ny 1.52 4 0.06 1.53 +0.06
Ny 1.20 4 0.04 1.20 4 0.04
R(6.5GeV?), R(90 GeV?) 0.62, 0.65 0.63, 0.67

Table 6.4: The parameter values of the ‘simultaneous’ fits to the inclusive Fy and
FQD(?’) data with A\, = Ag = 0 imposed and shifting the scale by 1 GeV? to simulate
the effect of power corrections. The last row R(Q?), defined in (5.33), gives the
fraction of the Pomeron’s (plus Reggeon’s) momentum carried by gluons at xp =

0.003.
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It is interesting that the DPDF's obtained from this fit are closer to the H1 DPDF's,
especially at the higher Q? value shown in Fig. 6.12(a); however, the reader should
bear in mind the effect of taking the same value of ag(M%) as H1, as shown in
Fig. 5.5(b). In Fig. 6.12(b) we show the breakdown of the DPDFs from the ‘Shift
scale’ fit. Notice that the two-quark Pomeron contribution is still the dominant one,
although the two-gluon Pomeron contribution is non-negligible, cf. Fig. 5.6(b). As
discussed at the end of Section 5.3, the description of final state observables in DDIS

will help to discriminate between the various DPDFs.

6.9 Discussion and summary

A reasonably satisfactory simultaneous description of DDIS and DIS data was orig-
inally obtained using the dipole saturation model [155,201,202]. However, the de-
scription of the new more precise DDIS data using the BGK model [202] is less
good, with the model predictions tending to lie slightly below the data, especially
at low (8 [157,168]. Moreover, the DGLAP evolution of the Pomeron parton distri-
butions is not accounted for. In the dipole approach, the best fit to DIS data also
has a valence-like input gluon distribution [202,203]. This indicates that we need to
account for the sea quark contribution to the perturbative Pomeron flux factor in
DDIS; indeed, this was one of the new ingredients of the analysis made in Chapter
5. Note that within dipole saturation models the sea quarks are generated solely
from the gluon and therefore both have the same high-energy behaviour. In order
to obtain a good fit to DIS data, the authors of [202,203] were forced to shift the
scale of the gluon distribution by pZ ~ 1 GeV?, the same value we used in (6.55).
Finally, a comment on why we consider partons at low scales. It might be argued
that Q% ~ 1 GeV? is too low a scale to work in terms of quarks and gluons. (Recall
that we only fit F, data with Q% > 2 GeV?.) However, we emphasise that Q* ~ 1
GeV? is the region where the description in terms of hadronic and quark—gluon
degrees of freedom should be matched to each other. Therefore, we would like to
obtain input parton distributions at Q2 = 1 GeV? which are consistent with Regge
theory. An alternative approach is to adopt a hadronic description for Q2 ~ 1 GeV?
(see, for example, [204]); however, this does not confront the issue. Note that within
the OPE, the leading-twist parton distributions are well-defined quantities even at
low scales. Of course, at such low Q?, higher-order aig corrections, power corrections
and other non-perturbative effects are not negligible and need to be accounted for.
Indeed, it was one of the goals of this chapter to see if absorptive (and power)

corrections could cure the anomalous behaviour of the gluon at low Q? and small .
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Figure 6.12: (a) DPDF's obtained from the three ‘simultaneous’ fits in Tables 6.1
(‘Negative gluon’), 6.3 (‘Positive gluon’), and 6.4 (‘Shift scale’), compared to the
‘MRST’ fit of Chapter 5 and the DPDFs from the preliminary H1 analysis [148].
(b) Breakdown of the five separate components of (6.56) for the ‘Shift scale’ fit.
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Note that the characteristic size of instantons, which are a typical example of the
non-perturbative contribution, is about 0.4 GeV? (see, for example, [205]), and down
to this scale it looks reasonable to work with quark and gluon degrees of freedom.
The relevant hadronic (confinement) scale py, is smaller. It is driven by Agep and
the constituent quark mass, that is, uz ~ 0.1 GeV?.

In summary, we have achieved a good simultaneous description of all the DDIS
and small-x; inclusive DIS data, in which the absorptive corrections in the descrip-
tion of the latter data have been identified and incorporated. In this way a more
physical input gluon distribution at Q3 = 1 GeV? has been obtained, which no longer
needs to be negative at small x. However, there remains an outstanding dilemma in
small-x DIS. Either, contrary to expectations, the non-perturbative Pomeron does
not couple to gluons, or DGLAP evolution is frozen at low 2, perhaps by power
corrections. Note, however, that in both scenarios we still have the puzzle that the

secondary Reggeon couples more to gluons than to sea quarks.
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