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Motivation

After the Higgs discovery the SM still leaves some fundamental questions
unanswered:

It accommodates v = 246 GeV and mh ' 125 GeV essentially as input
parameters, but the SM does not explain the origin and smallness of the
EWSB scale {v , mh} ⌧ MPl

There is no Dark Matter in the SM

The Generation of the matter-anti-matter asymmetry of the Universe
(BAU) is impossible within the SM

Need to include Neutrino masses and oscillations

Robust particle physics implementation of Cosmological Inflation is
missing

The minimal SM Higgs potential is unstable at high scale

Strong CP problem, axions, etc.
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1. Minimal BSM-ing: Higgs Portals to New Physics

There is just a single occurrence of a non-dynamical scale in the Standard
Model: the µ2

SM parameter.

V SM
cl (H) = �1

2
µ2
SM H†H + �h(H

†H)2

Replace µ2
SM by a Higgs portal interaction with a new scalar �:

Vcl(H,�) = �h(H
†H)2 + ��(�

†�)2 � �P(H
†H)(�†�)

Vcl is now scale-invariant.

If the VEV of � , i.e. 1p
2
h�i, can be generated quantum mechanically, it will

trigger the electro-weak symmetry breaking (EWSB):

µ2
SM = �P|h�i|2 = m2

h = 2�h v
2
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1. Minimal BSM-ing: Higgs Portals to New Physics

Coleman-Weinberg mechanism (1973) – 1st example of the dimensional
transmutation:

a massless scalar field � coupled to a gauge field dynamically generates a
non-trivial h�i via a dimensional transmutation of the log-running couplings.
h�i is generated before the self-coupling �� becomes negative in the IR
[tracing ��(µ) with a positive beta function from the UV to the IR].

Classical scale invariance is not an exact symmetry. It is broken
anomalously by running couplings in a controlled way.

The symmetry-breaking order parameter is the dynamical scale
h�i ⌧ MUV which then feeds into the EWSB and other features.

Generic UV regularisation would introduce large e↵ects ⇠ ↵M2
UV . To

maintain the anomalously broken scale invariance, one should choose a
scale-invariance-preserving regularisation scheme – dimensional
regularisation – Bardeen 1995.
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1. Minimal BSM-ing: Higgs Portals to New Physics

A powerful principle for the BSM model building. No vastly di↵erent scales
can co-exist in such a theory:

Scale invariance requires that all scales associated with new physics are
generated dynamically. No large input scales are allowed; i.e. no thermal
Leptogenesis with ⇠ 109 GeV Majorana masses; not GUT scale, etc.

The BSM theory is a minimal extension of the SM which should address all
the sub-Planckian shortcomings of the SM without introducing scales higher
than h�i which itself is not much higher the electroweak scale.

1 Link between CW scale and the Higgs scale (EWSB)

2 Link with the Leptogenesis scale (BAU)

3 Link with the Dark Matter scale (DM)

DM $ BAU $ EWSB
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Classically Scale Invariant Extended Standard Model

Study di↵erent examples of GCW : U(1)CW , U(1)B�L, SU(2)CW ;
also can add more singlets in the Higgs portal;
(can include strongly-coupled hidden sectors, not only weakly-coupled
CW)

Minimal CSI SM⇥GCW models have only two free parameters, the portal
coupling, �P and the hidden gauge coupling gCW .

H and � scalars mix, giving two higgs mass-eigenstates mh1 ' 125 GeV
and mh2 (which can be > or < mh1).

There is always Z 0 with MZ 0 > mh2 . Both, mh2 and MZ 0 can be
determined in terms of �P and gCW .

If mh1 > 2mh2 the SM Higgs can decay into two hidden Higgses which
constrains �P . 10�5.

For mh2 > mh1/2 the coupling �P is much less constrained.

Collider production of Z 0 possible if SM quarks couple to the hidden GCW

- as in the U(1)B�L example - but not otherwise.
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Light mh2 < (1/2)mh1 states are constrained by �h1!h2h2

C. Englert, J. Jaeckel, V. V. Khoze and M. Spannowsky

Red region is excluded by LHC Run 1. Cyan will be probed by HL LHC.
Orange region is a projection for a combination of a HL LHC with an LC.
Green region is allowed.
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Upper bounds on |sin↵| for heavier h
2

2 [130, 1000]GeV

T. Robens and T. Stefaniak, 1601.07880;
D. Lopez-Val and T. Robens, 1406.1043
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The Higgs singlet extension at LHC Run 2 T. Robens
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Figure 1: Maximal allowed values for |sina| in the high mass region, mH 2 [130,1000]GeV, from preci-
sion calculations of the W -boson mass (red, solid) [13], electroweak precision observables (EWPOs) tested
via the oblique parameters S, T and U (orange, dashed), perturbativity of the RG-evolved coupling l1 (blue,
dotted), evaluated for an exemplary choice tanb = 0.1, perturbative unitarity (grey, dash-dotted), direct
LHC Higgs searches (green, dashed), and the Higgs signal strength (magenta, dash-dotted). Taken from
[7]. More recent collider results (see e.g. [14, 15]) are not included and can potentially influence the region
where mH . 400GeV.
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Figure 2: NLO corrections to the H ! hh partial decay width, for fixed sina, tanb values and mh (left) or
mH (right) being the 125 GeV resonance measured at the LHC, as a function of the second scalar mass. We
display the total decay width for H ! hh, we display the total decay width, along with its relative one-loop
correction. The yellow region is excluded by perturbativity. Note: tanb is defined as vs

v in this case, in
contrast to the definitions given above. Taken from [16].
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Stabilisation of the Higgs potential

The SM Higgs potential is unstable as the Higgs self-coupling � turns < 0.
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G. Degrassi, S. Di Vita, J. Elias-Miro, J.R. Espinosa, G.F. Giudice.
G. Isidori, A. Strumia, 1205.6497
D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice, F. Sala, A. Salvio
and A. Strumia, 1307.3536
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Stabilisation of the Higgs potential
A minimal and robust way to repair the EW vacuum stability is provided by
the Higgs portal extension of the SM – just what we have in our theory.

Two e↵ects to stabilise the vacuum:

1 The portal coupling gives a positive contribution to the beta function of
the Higgs quartic coupling, ��� ⇠ +�2

P

2 The vev of the second scalar, h�i > v , leads to mixing between � and
the Higgs resulting in a threshold correction lifting the SM Higgs �H

O. Lebedev, 1203.0156

J. Elias-Miro, J. R. Espinosa, G. F. Giudice, H. M. Lee and A. Strumia,
1203.0237; T. Hambye and A. Strumia, 1306.2329

We will also consider extending the model by adding a real singlet:

CSI SM ⇥GCW � singlet s(x)

The singlet gives the inflaton and the Dark Matter candidate plus helps with
the Higgs vacuum stabilisation. Values of �Hs & 0.35 are su�cient to stabilise
the Higgs by this e↵ect alone.
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Dark Matter

Adding a scalar singlet s(x) to the SM x SU(2)CW model:

Vcl(H,�, s) =
�Hs

2
|H|2s2 +

��s

2
|�|2s2 +

�s

4
s4 + Vcl(H,�)

There are two immediate DM candidates (and one can add more):

1 The SU(2)CW gauge bosons give vector DM. They are stable due to an
SO(3) symmetry and no kinetic mixing

T. Hambye 2008, T. Hambye and A. Strumia 1306.2329

2 The singlet scalar s(x), if present, is stable due to a Z2 symmetry which
is automatic due to CSI and gauge invariance

The origin of the dark matter scale is the same as the origin of the EW scale
as mDM ⇠ h�i. Relic abundance produced by standard freeze out mechanism.

VVK, C. McCabe and G. Ro, arXiv:1403.4953
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More references: DM in the Higgs portal:

A. Djouadi, O. Lebedev, Y. Mambrini and J. Quevillon, 1112.3299 –
Higgs Portal DM

A. Djouadi, A. Falkowski, Y. Mambrini and J. Quevillon, 1205.3169

T. Hambye 2008, T. Hambye and A. Strumia 1306.2329 – Vector DM

VVK, C. McCabe and G. Ro, 1403.4953 – SU(2) Vector & Scalar DM

G. Arcadi, C. Gross, O. Lebedev, Y. Mambrini, S. Pokorski and T. Toma,
1611.00365 – Multi-component incl SU(3) DM

G. Arcadi, C. Gross, O. Lebedev, S. Pokorski and T. Toma, 1611.09675 –
SU(N) Vector DM

A. Karam and K. Tamvakis, 1508.03031 and 1607.01001.

VVK and A.. Plascencia, 1605.06834 – Leptogenesis + Vector DM
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SU(2)CW Vector Dark Matter annihilation and semi-annihilation:
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The SM Higgs potential (with no  
additional singlets present) is  
stabilised inside the wedge



Scalar singlet Dark Matter

Scalar Dark Matter annihilation diagrams include:

s

s
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U(1)B�L⇥ SM � singlet model

VVK, C. McCabe and G. Ro, arXiv:1403.4953
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Leptogenesis via neutrino oscillations

An attractive scenario for generating BAU is Leptogenesis:

Standard approach: Lepton asymmetry is generated by out-of-equilibrium
decays of heavy sterile Majorana neutrinos into SM leptons at T much
above the electroweak scale. The lepton asymmetry is then reprocessed
into the baryon asymmetry by electroweak sphalerons.

Requires extremely heavy masses for sterile neutrinos, MN & 109 GeV.
Inconsistent with the classical scale-invariance.

We adopt an alternative ARS approach to leptogenesis: the lepton
flavour asymmetry is produced during oscillations of Majorana neutrinos
with masses 200MeV . MN . 500GeV.

E. K. Akhmedov, V. A. Rubakov and A. Y. Smirnov, 9803255
T. Asaka and M. Shaposhnikov, 0505013
M. Drewes and B. Garbrecht, 1206.5537

Fits perfectly with classical scale-invariance settings.

V. V. Khoze and G. Ro, 1307.3764 – Neutrinos 3 CW sector
V. V. Khoze and A. Plascencia, 1605.06834 – Neutrinos not gauged
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Leptogenesis: Neutrinos � CW sector

Couple sterile Majorana neutrinos N to a singlet scalar �

LN = �1
2

⇣
YM

ij �Ni
c
Nj + YM†

ij �NiN
c
j

⌘
� Y D

ia Ni ("H)lLa � Y D†
ai lLa("H)†Ni

the first two terms give rise to the Majorana masses, Mij = YM
ij h�i.

The Yukawa matrices are responsible for CP-violating oscillations of Ni .

Then add the Coleman-Weinberg gauge sector with the scalar � as a
separate sector with the portal couplings:

Vcl = ��|�|4 + �h|H|4 + ��

4
�4 � �h�|H|2|�|2 � ���

2
|�|2�2 +

�h�

2
|H|2�2

Here need to use the Gildener-Weinberg formalism for generating the
vevs of multiple scalars.

E. Gildener and S. Weinberg, Phys. Rev. D13 (1976) 3333
A. Karam and K. Tamvakis, 1508.03031
V. V. Khoze and A. Plascencia, 1605.06834
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Leptogenesis via neutrino oscillations

The right-handed neutrinos are produced thermally in the early Universe.

After being produced, they begin to oscillate, Ni $ Nj , between the
three di↵erent flavour states i , j = 1, 2, 3 in the expanding Universe.

The lepton number of individual flavours is not conserved: complex
non-diagonal Majorana matrices induce CP-violating flavour oscillations
followed by out-of-equilibrium – due to small Yukawas – decays

Ni $ Nj ! ⌫Lj h

Require that by the time the temperature cools down to TEW , where
electroweak sphaleron processes freeze out, only two out of three
neutrino flavours equilibrate with their Standard Model counterparts

�2(TEW ) > H(TEW ) , �3(TEW ) > H(TEW ) , �1(TEW ) < H(TEW )

where H is the Hubble constant, H(T ) = T 2

MP
and MP ' 1018 GeV.

Therefore:

�1(TEW) =
1
2

X

i

YD †
ei YD

ie �av TEW < H(TEW) , �av ⇡ 3⇥ 10�3
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Leptogenenis vs Dark Matter

After having performed a scan over all free parameters in the model we find:
(1) h�i < 17 TeV in order for dark matter not to overclose the universe, and
(2) h�i > 2.5 TeV in order for leptogenesis to explain the BAU.

1 h�i ⇡ h�i ⇠ TeV. Here there is a strong mixing between the scalar states
� and �. Some fine-tuning of �MNi is required for leptogenesis to work.

2 h�i � h�i ⇠ TeV. In this region � overlaps maximally with h2 and is the
CW scalar. The radiative symmetry breaking is induced by �� ⌧ 1 and
we get Mh2 ⌧Mh3 . Most points have MDM > Mh2 . Large values of h�i
require almost no fine-tuning in �MNi for leptogenesis to work.
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Leptogenenis vs Dark Matter
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Vector Dark Matter
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Inflation in the Higgs portal

Cosmological Inflation was proposed in the 80s to solve the flatness,
isotropy, homogeneity, horizon and relic problems in cosmology.

Confirmed by observations, including the recent Planck data, which
favour a simple inflationary scenario with one slow rolling scalar field.

Relevant energy scales are far higher than can be probed at colliders, the
underlying particle physics implementation of inflation is still unknown.

We will focus on the approach based on renormalisable QFT Lagrangians

Include a non-minimal coupling of a scalar field to gravity, in addition to
the usual Einstein-Hilbert term

By taking the non-minimal coupling ⇠ to be (moderately) large ⇠ 104, a
slow-roll potential for the scalar is generated and inflation takes place

Original approach based on non-minimal scalar-to-gravity coupling:

D. S. Salopek, J. R. Bond and J. M. Bardeen, Phys. Rev. D 40 (1989)
F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659 (2008) 703
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Inflation in the Higgs portal

Start with the scalar potential V (H,�) of the SM-CW model

Add a real scalar singlet s(x) coupled in the portal to the Higgs and �

Couple the theory to gravity with the non-minimal coupling (⇠s/2) s2R:

LJ =
p
�gJ

✓
�
M2R

2
� ⇠s

s2R

2
+

1

2
gµ⌫
J @µs @⌫s + gµ⌫

J (DµH)†D⌫H +
1

2
gµ⌫
J (Dµ�)

†D⌫�

�
�s

4
s4 �

�hs

2
|H|2s2 �

��s

4
|�|2s2 � V (H,�) �

1

4
Fµ⌫Fµ⌫ + Fermions + Yukawas

◆

M ' 1018 GeV denotes the reduced Planck mass; it appears only in the
Einstein-Hilbert term and does not couple directly to non-gravitational d.o.f’s.

(⇠s/2) s2R is the non-minimal coupling of the singlet s(x) to gravity, R is the
scalar curvature. For successful inflation ⇠s should be relatively large, ⇠s ⇠ 104.

Hence we will treat ⇠s and
p
⇠s as large parameters � 1. In this sense, s(x) is

distinguished from the two other scalars, H and �, which in our case have
either vanishing or small loop-induced non-minimal gravitational couplings.
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Remove the non-minimal scalar-gravity interaction with a transformation

to the Einstein frame: gµ⌫ ! ⌦�2 gµ⌫ , where ⌦2 := 1 + ⇠s s
2

M2 .

Now the kinetic term for s(x) is no longer normalised canonically

Perform a field redefinition s(x) ! �(x) so that it gives back the
canonically normalised kinetic term:

✓
1
⌦2

+
6⇠ss2

M2⌦4

◆
gµ⌫
E @µs @⌫s

2
=

1
2
gµ⌫
E @µ� @⌫� .

At low field values, s . 1014 GeV, the redefinition is s(x) ⇡ �(x)

At higher values of s, the solution for s in terms of � is exponential,

s(x) =
Mp
⇠s

⇥ exp

✓
�(x)p
6M

◆
, for s � Mp

⇠s

The Einstein frame potential for the canonically normalised singlet �(x)
is now exponentially flat and well-suited for the slow-roll inflation:

VE (s[�]) =
�s

4
s4(x)
⌦4

=
�sM

4

4 ⇠2s

✓
1� exp


�2�(x)p

6M

�◆2

, for s � M

⇠s
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Everything follows from this V (�). The slow-roll inflation parameter is

✏ :=
M2

2

✓
V (�)/d�
V (�)

◆2

=
4M4

3 ⇠2s s2

Inflation starts at s0 ' 9.14M/
p
⇠s . The CMB normalisation condition

at s0 determines the value of the non-minimal singlet coupling to gravity

⇠s ' 4.7⇥ 104
p
�s

Inflation ends when ✏ = 1 which corresponds to send = (4/3)1/4M/
p
⇠s .

The spectral index and the tensor-to-scalar perturbation ratios in this
model are the same as computed in the Bezrukov-Shaposhnikov
Higgs-inflation. They are in agreement with the Planck measurements.

This is a one-field slow-roll inflation model. The singlet� is the inflaton; other
scalars decouple during inflation, they are much heavier than the Hubble const.

This realisation of inflation does not require inclusion of new physics
d.o.f’s at the the ‘low’ M/⇠s and ‘intermediate’ scale M/

p
⇠s .

H and �, are already canonically normalised and there are no
non-renormalisable interactions involving sub-Planckian scales.

VVK 1308.6338
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Conclusions: Higgs Portals to New Physics

Classical scale invariance: a powerful principle for BSM model building. No
vastly di↵erent scales can co-exist in such a theory:

The BSM theory is a minimal extension of the SM which should address a
multitude of sub-Planckian shortcomings of the SM without introducing scales
higher than h�i which itself is not much higher the electroweak scale.

1 Link between CW scale and the Higgs scale (EWSB)

2 Link with the Dark Matter scale (DM)

3 Link with the Leptogenesis scale (BAU)

DM $ BAU $ EWSB

4 Higgs stability

5 Consistent implementation of the singlet scalar field slow-roll inflation.
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2. SM multi-Higgs production at very high (FCC) energies

29

         L. Brown 9209203

L(h) =

1

2

(@h)2 � �

4

�
h2 � v2

�2
,

The classical equation for the spatially uniform field h(t),

d2th = ��h3
+ �v2 h ,

again has a closed-form solution with correct initial conditions hcl = v+ z+ . . .

hcl(t) = v
1 +

z(t)
2v

1� z(t)
2v

, where z(t) = z0 e
iMht

= z0 e
i
p
2� v t

hcl(t) = 2v
1X

n=0

✓
z(t)

2v

◆n

dn = v + 2v
1X

n=1

✓
z(t)

2v

◆n

,

i.e. with d0 = 1/2 and all dn�1 = 1.

A1!n =

✓
@

@z

◆n

hcl

����
z=0

= n! (2v)1�n
Factorial growth!!

         Factorial growth of large-n scalar amplitudes on mass threshold 
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• VVK 1411.2925

An(p1 . . . pn) = n! (2v)1�n

✓
1� 7

6

n " � 1

6

n

n� 1

"+O("2)

◆
.

An important observation is that by exponentiating the order-n" contribution,

one obtains the expression for the amplitude which solves the original recursion

relation to all orders in (n")m in the large-n non-relativistic limit,

An(p1 . . . pn) = n! (2v)1�n
exp


�7

6

n "

�
, n ! 1 , " ! 0 , n" = fixed .

Simple corrections of order ", with coe�cients that are not-enhanced by n are

expected, but the expression is correct to all orders n" in the double scaling

large-n limit. The exponential factor can be absorbed into the z variable so

that

'(z) =
1X

n=1

dn
⇣
z e�

7
6 "

⌘n
,

remains a solution to the classical equation and the original recursion relations.

         Off-threshold in phi^4 with SSB (Higgs-like)

19

� (@

µ
@µ +M

2
h)' = 3�v '

2
+ �'

3

This classical equation for '(x) = h(x)� v determines directly the structure of

the recursion relation for tree-level scattering amplitudes:

(P

2
in �M

2
h)An(p1 . . . pn) = 3�v

nX

n1,n2

�

n
n1+n2

X

P
An1(p

(1)
1 , . . . , p

(1)
n1

)An2(p
(2)
1 . . . p

(2)
n2

)

+�

nX

n1,n2,n3

�

n
n1+n2+n3

X

P
An1(p

(1)
1 . . . p

(1)
n1

)An2(p
(2)
1 . . . p

(2)
n2

)An3(p
(3)
1 . . . p

(3)
n2

)

Away from the multi-particle threshold, the external particles 3-momenta ~pi are

non-vanishing. In the non-relativistic limit, the leading momentum-dependent

contribution to the amplitudes is proportional to E

kin
n (Galilean Symmetry),

An(p1 . . . pn) = An + Mn E
kin
n := An + Mn n " ,

" =

1

nMh
E

kin
n =

1

n

1

2M

2
h

nX

i=1

~p

2
i .

In the non-relativistic limit we have " ⌧ 1.

        Can now integrate over the phase-space

Above the n-particle thresholds:  
solution of the recursion relations



• Degrande-VVK-Mattelaer 1605.06372

bosons would become unsuppressed and dominate the total rates may be potentially
within the reach of the next generation of colliders.

We will address the two problems listed above in stages: first we will consider the polygon
contributions to the multi-Higgs cross-sections by working in the high-energy limit

p
s ! 1

with a fixed number of Higgses, k =fixed. Then we will combine these fixed-multiplicity loop-
level results in the ultra-high-energy limit with the subsequent tree-level branchings. Here each
intermediate highly energetic Higgs particle h⇤

i

emitted at the end of the polygon-production
stage, undergoes the tree-level production h⇤

i

! n
i

⇥ h into the high multiplicity n-Higgs final
state, n =

P
i

n
i

. The full amplitude chain for this process is,

A
gg!n⇥h

=
X

polygons

Apolygons
gg!k⇥h

⇤

X

n1+...+nk=n

kY

i=1

A
h

⇤
i!ni⇥h

. (1.1)

The 1⇤
i

! n
i

amplitudes1 appearing as the right-most factor in (1.1) can be computed very
e�ciently for all n

i

using the classical generating functions technique. For convenience and
future reference in we will now present the result for these amplitudes on multi-Higgs mass
thresholds.

The computation of polygons contributions to the processes (1.1) combined with the sub-
sequent branchings and the resulting estimate for the multi-Higgs production cross-sections,
which is the main motivation of this paper, will be addressed in Sections 2-4.

1.1 A
h

⇤!n⇥h

from classical solutions

At tree-level, all n-point scattering amplitudes for an o↵-shell field h to produce n Higgs par-
ticles, A1!n

, can be obtained from a classical solution of the Euler-Lagrange equations corre-
sponding to the Higgs Lagrangian

L
h

=
1

2
@µh @

µ

h � �

4

�
h2 � v2

�2
, (1.2)

following the generating functions technique initiated in Ref. [7] (� is the Higgs self-coupling
and v the vacuum expectation value). For an overview of the classical generating functions
technique and its applications, the interested Reader can consult the Appendix. In the rest of
the current section we will simply state the features of this approach which are relevant for our
study.

As the final state is made out of the outgoing particles, the relevant solution hcl(x) should
contain only the positive frequency modes, e+inMht where M

h

=
p
2� v is the Higgs boson mass.

This specifies the initial conditions, or equivalently the analytic structure of the solution – its
time-dependence is described by the complex variable z,

z(t) = z0 e
iMht , (1.3)

on which the configuration hcl depends holomorphically,

hcl(~x, t) = v +
1X

n=1

a
n

(~x) z(t)n . (1.4)

1We will always adopt the short-hand convention that the propagator for the incoming virtual Higgs was not
LSZ amputated, i.e. Ah⇤

i !ni⇥h := 1
si�M2

h
ALHZ

h⇤
i !ni⇥h.

2

1-loop polygons: 
triangles, boxes, 

pentagons, hexagons, etc 
Compute numerically  

in the high-energy limit 

Gluon fusion process

Tree-level 1->n multi-Higgs 
processes. Compute at fixed 

multiplicities n=5,6,7 at all energies 
(i.e. arbitrary epsilon) 
and scale to large n 

using known n-dependence  
of the holy grail function.

closed-form expressions for such O(3) symmetric solutions are presently unknown even in the
simplest scalar QFT models.

Alternatively, one can derive the amplitudes and cross-sections dependence on the external
states kinematics at tree-level by solving the full (3 + 1)-dimensional Euler-Lagrange equations
recursively in n. This is achieved by writing down the perturbative recursion relations corre-
sponding to the classical solutions, as explained in Refs. [9, 21, 22], and solving them first in
the non-relativistic limit, and then in general kinematics. The latter step is required to enable
the integration over the n-particle phase space to obtain the cross-section. This programme
was carried out in Ref. [5] using MadGraph5 aMC@NLO [23, 24]. The approach followed in
this paper will not require the knowledge of the ~x-dependent singular solutions, instead we will
use the formalism and results of [5] based on combining the known scaling behaviour at large
n inferred from the mass-threshold amplitude (1.8), with a numerical computation of tree-level
cross-sections at fixed n directly.

This paper is organised as follows. In Section 2 we will compute the gluon fusion cross-
sections for the double, triple, and quadruple Higgs production at fixed center-of-mass gluon
energies in the range between 10 and 160 TeV. We will identify the contributions coming from
the triangles, boxes, pentagons and hexagons and represent them in the high-energy regime
in terms of e↵ective vertices with energy-dependent form-factors. We will demonstrate that
this approximation is well-justified in the high-energy kinematics where

p
s is much greater

than masses of the Higgs and the top quark. We will then combine the e↵ective vertices with
the classical generating functions for tree-level amplitudes describing the subsequent multi-
Higgs branchings. In this way we will obtain the generating functions for scattering amplitudes
describing gg ! n ⇥ h processes in the high multiplicity regime near the multi-particle mass
thresholds. We will use these results in Section 3 to estimate the multi-particle cross-sections
based on their scaling behaviour with multiplicity and energy [9, 5]. Finally in Section 4 we
will convolute the partonic cross-sections with the parton distribution functions (PDFs) of the
gluons. Our projections for the high-multiplicity Higgs production cross-sections at proton-
proton colliders are summarised in Fig. 6 and our conclusions are presented in Section 5.

2 Polygons and e↵ective vertices in the
p
s ! 1 limit

We now consider the first stage of the process (1.1) involving the high-energy fixed multiplicity

k-Higgs production Apolygons
gg!k⇥h

⇤ . The double and triple Higgs production at colliders was studied
in Refs.[25, 26, 27, 28] and [29, 30, 31, 32] and is rather suppressed at the LHC and the
FCC energies. Our main goal, however, is to determine whether the high multiplicity rates
with n � 2, 3 Higgses can become unsuppressed in perturbation theory. As explained in the
Introduction, we will address the large-n limit by computing the fixed multiplicity gg ! k ⇥ h⇤

1-loop processes in the high-energy limit and combine them with the subsequent h⇤ ! n
i

⇥ h
branchings, cf. Eq. (1.1).

Using the MadGraph5 aMC@NLO framework [34] we computed the double, triple and
quadruple Higgs production cross-sections in the gluon fusion channel at 1-loop level in the
high-energy regime. Specifically, with the applications to the FCC hadronic colliders in mind,
we concentrate on the centre of mass energies

p
s much greater than the Higgs and top quark

masses.
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Figure 1: Cross-sections for the 2-Higgs, 3-Higgs and 4-Higgs production in the gluon fusion
process separated into contributions from triangles, boxes, pentagons and hexagons, as indi-
cated. Gluons are scattered at fixed energy (i.e. no gluon PDFs included) in order to simplify
the s-dependence of these cross-sections at partonic level.

The first panel in Figure 1 shows our results for the Higgs pair production and the triple
Higgs production, and the second panel gives the cross-sections for the quadruple Higgs. The
contributions from each type of polygons are shown separately (and we do not compute the
interference terms between di↵erent polygon types). For example, the triangles category corre-
sponds to the sum of all Feynman diagrams containing the gg ! h⇤ 1-loop triangles contributing
to the gg ! h⇤ ! n⇥ h amplitude for n = 2, 3, 4. The resulting amplitude is squared and inte-
grated over the phase space to obtain the cross-section contributions induced by the triangles.
The process is then repeated for higher polygons: boxes, pentagons and hexagons.3

The interference terms between polygons with di↵erent numbers of sides (e.g. interferences
between the triangles-induced and the boxes-induced contributions to the cross-sections) are
not accounted in the computation presented in Fig. 1. However, based on the fact that di↵erent
polygon types give a very clear numerical hierarchy of the cross-sections values, as seen from
Fig. 1, (and similarly have the di↵erent analytic dependence on the parameters, as will be seen
in Tables 1 and 2 below) we expect that the missing interference terms will not modify our
results dramatically.

Varying the Higgs and top masses as well as the centre of mass energy
p
s we can extract

from these data the analytic scaling properties for di↵erent polygonal contributions to the
cross-sections applicable in the high-energy regime. These scaling properties are summarised
in Table 1. The polygons with di↵erent numbers of edges are treated separately, so that the
di↵erent entries in the Table do not mix e.g. triangles with boxes; each horizontal entry is
specific to a particular type of polygons as indicated and contains no cross-terms between
polygons with di↵erent numbers of edges. We have also fixed the energy of the gluon (i.e.
we are considering partonic cross-sections with no gluon PDFs) in order to focus on the s-
dependence of the cross-sections at partonic level.4 It follows that all even polygons (boxes,
hexagons, etc) exhibit the same 1/s scaling in the high-energy limit

p
s � M

h

, m
t

. At the

3To be clear, in our notation the polygon ranks (i.e. the number of polygon edges) is 2 + k where 1  k  n
so that e.g. pentagons (k = 3) contribute to gg ! 3⇥ h⇤ ! n⇥ h processes with n = 3, 4, . . .

4The proton-proton collisions and the convolution of the partonic cross-sections with gluon PDFs will be
discussed in Section 4.
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Table 1: High-energy scaling behaviour of each polygon-type contributions to the gluon fusion
multi-Higgs production cross-sections, extracted from numerical data as in Fig. 1, and shown
as the function of s, M

h

and m
t

and y
t

:=
p
2m

t

/v in the s � m
t

, M
h

limit. All cross-sections
also contain the common factor of ↵2

s

(
p
s). Gluon PDFs are not included.

same time the odd polygons (triangles, pentagons, and so on) are sub-dominant and go as
1/s2 log4(m

t

/
p
s) (with the exception of the leading double-Higgs case where the suppression

is even stronger).
The high-energy behaviour of the leading-rank polygons in Table 1 can now be easily gen-

eralised to higher multiplicities and higher polygon ranks following the same pattern. For
polygons with 2 + k edges their contribution to the gg ! n⇥ h process is:

(2 + k)�polygons : �
gg!n⇥h

/ 1

s
y2k
t

✓
M

h

v

◆2(n�k)

⇥
(
1 : k = even
m

2
t
s

log4
⇣
mtp
s

⌘
: k = odd .

(2.1)

The only exception from this rule is the k = 1, n = 2 case, i.e. left-most triangle in Table 1,
which has an additional factor of M2

h

/s. As a matter of fact, the squared amplitude in multi-
Higgs production with a odd number of three Higgs vertices is enhanced compared to a naive
counting by a factor s/M2

h

when the invariant mass appearing in the propagator is close to its
minimal value of order M

h

. In the case of pair production, the only invariant mass is fixed atp
s and therefore such enhancement is absent.

The pattern established in Table 1 and Eq. (2.1) enables us to simplify the full 1-loop
Feynman diagrams-based computation in Fig. 1 by reducing it to contributions from e↵ective
multi-Higgs vertices of the form

V eft
k

⇠ ↵
s

tr(G
µ⌫

Gµ⌫)hk , (2.2)

where ⇠ indicates that the dimension-(4 + k) operators on the right hand side should be mul-
tiplied by the appropriate energy-dependent form-factors F

k

(s). These form-factors will be
determined momentarily.

To proceed we first consider the contributions to cross-sections from the bare e↵ective op-
erators (2.2), i.e. not including the form-factors. The corresponding cross-sections are found
to grow with s, as summarised in Table 2, and this is of course also consistent with a simple
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is even stronger).
The high-energy behaviour of the leading-rank polygons in Table 1 can now be easily gen-
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The only exception from this rule is the k = 1, n = 2 case, i.e. left-most triangle in Table 1,
which has an additional factor of M2

h

/s. As a matter of fact, the squared amplitude in multi-
Higgs production with a odd number of three Higgs vertices is enhanced compared to a naive
counting by a factor s/M2

h

when the invariant mass appearing in the propagator is close to its
minimal value of order M

h

. In the case of pair production, the only invariant mass is fixed atp
s and therefore such enhancement is absent.

The pattern established in Table 1 and Eq. (2.1) enables us to simplify the full 1-loop
Feynman diagrams-based computation in Fig. 1 by reducing it to contributions from e↵ective
multi-Higgs vertices of the form

V eft
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⇠ ↵
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tr(G
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Gµ⌫)hk , (2.2)

where ⇠ indicates that the dimension-(4 + k) operators on the right hand side should be mul-
tiplied by the appropriate energy-dependent form-factors F

k

(s). These form-factors will be
determined momentarily.

To proceed we first consider the contributions to cross-sections from the bare e↵ective op-
erators (2.2), i.e. not including the form-factors. The corresponding cross-sections are found
to grow with s, as summarised in Table 2, and this is of course also consistent with a simple
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Figure 6: Left panel: Cross-sections for multi-Higgs production (3.6) at proton colliders includ-
ing the PDFs for di↵erent energies of the proton-proton collisions plotted as the function of
the Higgs multiplicity. Only the contributions from the boxes are included. The right panel
illustrates the dependence on average energy variable " by applying a sequence of cuts on " at
100 TeV.

5 Conclusions

We have carried out a detailed study of multi-Higgs production processes in the gluon fusion
channel in the high energy regime relevant to Future Circular hadron colliders and in the high-
Higgs-multiplicity limit. Our results are based on the computation of the leading polygons –
the triangles, boxes, pentagons and hexagons – to the scattering processes, further combined
with the subsequent branchings to reach high final state multiplicities.

We find that the characteristic energy and multiplicity scales where these perturbative rates
become observable and grow exponentially with increasing energy are within the 50 and 100
TeV regime with of order of 130 Higgses (or more) in the final state. This is the regime
where a dramatic change away from the usual weakly-coupled perturbative description of the
electro-weak physics should occur. One can speculate that this is related to transitioning to a
classicalization regime [36, 37] (albeit in non-gravitational QFT settings) where the dominant
processes above the critical energy scale correspond to the higher and higher numbers of the
relatively soft Higgs and vector bosons appearing in the final state (before their decay). It is
not expected that the perturbation theory would be a valid description in this regime, but it
does provide an indication for the critical values of the energy and occupation numbers.
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Summary: multi-Higgs production
• At (not too high) high energies perturbative Standard Model 

exhibits a formal breakdown. Perturbative unitarity is broken.                
OPTIONS: 

• At high energies (multiplicities) the Standard Model is 
fundamentally non-perturbative (?)    

• The theory classicalizes: the ultra-high multiplicity processes will 
completely dominate everything else (?)                         

• New physics beyond the Standard Model has to set in before the 
cross-sections become large, i.e. as early as at ~50 TeV (?) 

• New theoretical approaches & computational techniques have to 
be developed to determine the relevant energy scale                                  


