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Solutions to previous control questions

Solutions to previous control questions

12.1 (a) Use the definition of the Levi-Civita tensor to obtain

1 o {ik} = {123, 231, 312}
=14 —1 : {ijk}={132, 213, 321}
0 . else.
and therefore
0 0 O 0 0 1 0 -1 0
G=in| 0 0 —1 |,G=i] 0O 0O O |,&=xl 1 0 O
01 0 -1 0 O 0 0 O

Note that they can be identified with G123 = R.,..(ih).

F. Krauss
Theoretical Physics Il B — Quantum Mechanics[1cm] Lecture 13



Solutions to previous control questions

Solutions to previous control questions

(b) Obviously, the commutators could be calculated directly or by just
looking up the commutator relations from lecture 10. Here, we do
something else instead; using

€ijk€kim = 0it0jm — Oim0j1

we find, e.g.

(G = [@1, C2] = —R(eyjiean — ji€1i)
= *h2(61k5j2 — 0120jk — 62k0j1 + 9210k )
0 10 A
= | -1 0 0 | =inGs,
0 0 O

and similarly for the other pairs, such that

[G,-, GJ} — ihie G .
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Solutions to previous control questions

Solutions to previous control questions

12.2 Use Z,- = €jjkX; Pk yields

{[1, LAQ] = [%oP3 — P2X3, X3P1 — P3ka]
= [Xp3, 3p1] — [P25s, 3p1] — [Rebs, Pski] + [P2X3, B3]
= [Reps, X3p1] + [P2Xs, Pski] = X [Ps, Xs] 1 + P2 [X3, B3] X
= —ih(Xp — p2X1) = ih[X1, po] = ihls.

and similarly for the other commutators such that indeed
|:L,', L_,:| == ihG/jkLk .

Note that on the way we used that commuting operators can be
pushed outside the commutaotr bracket and that [X;, ;] = ihdj;.
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Eigenvalues and eigenstates of angular momentum

Reminder: properties of J

@ Remember, from lecture 10, that we have identified a generalised
form of angular momentum as the generator for rotations.

@ In particular, introducing three operators jxyy’z forming a vector J,
rotations around an axis n with an infinitesimal angle d¢ have been
written as

@ The three generators enjoy the commutation relation

[j,-, jj} = ihejdi .
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Eigenvalues and eigenstates of angular momentum

: 2
Invariant operator J

@ Define an operator

which commutes with any of the three Js:
[f, K] =0vke{123}

- a2 .
@ Because all J, commute with J , but do not commute with each

~2
other, one can pick one to be diagonalised together with J .
By convention, J, is picked.
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Eigenvalues and eigenstates of angular momentum

. . . ~2 ~
Joint eigenvalues and eigenvectors of J and J,

A2 ~
o We define eigenvalues a and b of J and J,, respectively:

“la,b) = ala, b)

la, b
|a, b) = bla, b)

(S (.

z

@ Of course we denote the joint eigenkets with both eigenvalues, and
we also note that they will be demanded to span a basis for all kets

in rotation space.
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Eigenvalues and eigenstates of angular momentum

Ladder operators

@ Introduce ladder operators (remember the harmonic oscillator!)
Jy =T+,
with commutation relations

[L 3,] — 21, [J ]i] — +h), and [ji, f} —0.

@ Obviously,
J, (ji la, b>) - (jijz + [jz,ji]) la, b) = (b+ h) Jy |a, b)
s (3i|a, b>) = .07 a, by =ali|a, b) .
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Eigenvalues and eigenstates of angular momentum

@ So, applying the ladder operator to an .A/Z—eigenket results in another
J,-eigenket, but with corresponding J,-eigenvalue shifted by A, while

~2
the J -eigenvalue remains the same:
Jila, b) =cila, b+ h)

@ So for each set of eigenvalues and eigenkets with respect to J, but

~2 .. .. .
to the same J -eigenvalue, this is very similar to the action of the
ladder operators on the eigenkets of the number operator N for the
harmonic oscillator!

@ This means that there will only be a limited set of such different J,
states for each value a.
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Eigenvalues and eigenstates of angular momentum

Eigenvalues of f and J,

o Explicit calculation shows that

>

2 A 1/~ A PR 1 /n mt man
° Lji and jl:’+ must have non-negative expectation values, because
~t A T A ~t i
(a, b| J1 = <J+ la, b)) and (a, b|J, = (J+ la, b)) .

@ As a consequence,

(o8] 2)]8) 20,

implying that a > b2, and therefore, there must be a maximal,
a-dependent b, which will be deonted as by ax.
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Eigenvalues and eigenstates of angular momentum

o For this by.x we copy a trick from the harmonic oscillator, namely
3+ |a, bmax) =0 and, of course J_J. |a, bmax) =0.
Re-expressing this through f and hJ, yields
D0 =R i (30 -00,) = T2 - n.
implying that
(37 =22 13) 13, i) = (2= o = hbinas) |2, binax) = 0
@ Therefore

a= bmax (bmax + h)
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Eigenvalues and eigenstates of angular momentum

@ Similarly, there must also be a by, such that
J |a, bmin) = 0 and, of course .7+.7_ |a, bmin) =0.

@ Repeating the same steps as before results in

a= bmin (bmin - h) and brnin - _bmax
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Eigenvalues and eigenstates of angular momentum

@ Therefore, for positive by,.x we have a costraint for b:
b S [*bmaxa bmax] .

@ Since the ladder operators add integer multiples to the b value,
there must be n steps between by, and byax,

h
B = buin + 1B s bax = % = jh.

@ This means that for me {—j, —j+ 1, —j + 2, dots, j — 1, j}:

a=j(j+1)h% and b= mh
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Eigenvalues and eigenstates of angular momentum

Eigenkets |j, m) and their matrix elements

@ Labelling the eigenkets with j and m yields

2

(S (-

J, m) = j(j+1)Rj, m)
Z|j7m = mﬁ|./a m>

with j being an integer or half-integer.

@ Since these states form an orthonormal base,

~2
y's m'[ L [j, m)
'y m'| 3, lj, m)

JG + 1R G
mhéjj/ (Sm,,-,/
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Eigenvalues and eigenstates of angular momentum

@ Use the equations for the ladder operators
Ji|j, m) = caym i, m+1)
to obtain, for ¢t jm,
(Ctgml” Gy mlj, m) = (G, m| T3], m)
(|- 210 5. )
= [0 +1) = m(m+ ]G, mlj, m)

and therefore

e jml® = B2 LG +1) = m(m + 1)] = B(j = m)(j + m+1).

F. Krauss
Theoretical Physics Il B — Quantum Mechanics[1cm] Lecture 13



Eigenvalues and eigenstates of angular momentum

@ Choosing cy jm to be real and positive, we arrive at

Iy ljy m)y =G =mG+m+1)hj, m+1)

and, similarly,

leading to

(72 o | 3] m) = /G m)G & m 1) ot
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Learning outcomes & control questions

Learning outcomes

° [f, JAk} = 0 and construction of eigenstates as simultaneous

eigenstates of f and J,:
f j, m) = h%(j + 1) |j, m) and J, |j, m) = mh|j, m).
o Ladder operators J1 and their commutators:
o J] =onl, [, 2] = #00s, [, P =0
@ Range of eigenvalues:

o j (all positive integers or half-integers) and
e mE¢g {7.]7 7J+15 7J717J}
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Learning outcomes & control questions

Control questions

13.1 (a) Check the following commutator relations from the lecture:

(2 4] = o,

[ ] = 21,

G d] = [h &) =0,
23] = o

(b) Check that

and derive |c_ jm|* from

J- lji, m) =c— jm|j, m—1)
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Learning outcomes & control questions

13.2 The algebra obtained in this lecture is also valid for the orbital
angular momentum, i.e. for the identification J— 1
Suppose a spin-less particle in a spherically symmetric potential is
known to be in an eigenstate of f and L,, [¢) = |Im) with
eigenvalues h2/(/ + 1) and im, respectively. Show that the
expectation values with respect to this state satisfy

I(14+1) — m?
(L) jmy = (Lydjmy =0 and (L3}, = (L3) = =————— "

Hint: Express the operators Zm, through the ladder operators L.
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