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Exercise 8

1. Chirality

Consider the Dirac v#-matrices with the properties
(=" (N)'=—" =20
(a) Prove that the chirality 5 = i7%y!92~3 fulfills
() =2, ()?>=1, {¥"}=0.
(b) For the projectors P, = 1(1 — v5) and Pr = (1 + 75) show that
P}=P,, P=Pgp, PLPr=PrP,=0.

(c¢) The left- and right handed parts of a Dirac spinor ¢ are defined by ¢, = Ppy
and Y = Prtp. What is the result of applying 75 on ¢;/r? Show that

Yr=sv(1+9s), Yr=

5 @/3(1 —5)

DO | —

and
VL + vry' bR = Uy, YR + Ui = YU

(d) Starting from the Dirac equation (i — m) 1 = 0, derive two coupled equations

for 41, r. Under which circumstances chirality is a conserved quantity?

2. Chirality vs. Helicity

The free Dirac equation in natural units reads

(i) —m) ¥ = 0.

w _ ( (bo ) efip-:v’
X0

with ¢g, xo being two-component spinors, deduce the relation

(a) Using the ansatz

- =

_ 9P b
XO_E—i—m 0 -

How does this simplify for helicity eigenstates? Determine the relation of y

and ¢q for eigenstates of chirality and compare the two results.

(b) For arbitrary E and m, decompose the positive helicity state into pieces with
left and right chirality. What is the probability to measure left chirality?

Especially consider the cases £/m — oo and E/m — 1.
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3. Charge conjugation
In presence of an electromagnetic field the Dirac equation is modified by the minimal
replacement i0, — ¢D,, = 10, — eA,, using the real electromagnetic four-potential
A,,. The factor e = *|e| represents the charge of the particle in question. We define
the charge-conjugated spinor 1. by

e = CYT = Cy Y™ = iy
(a) Determine the equation of motion for ). and interprete the result.

(b) Confirm the basic properties of the charge conjugation operator C
P, S R e S W T )
and compute the following expressions

(wc)c ) @EC,@Z)C 9 @Ec’yuwc .

(c) Determine the expectations values

with 3 = (

in terms of (O).
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