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Exercise 1

1. (a) Convince yourself that the definition of the Lagrange density

L = −1

4
F µνFµν − jκAκ

is equivalent to

L =
1

2

(
~E2 − ~B2

)
− ρφ+~j · ~A.

Here Aµ = (φ, ~A) and jµ = (ρ,~j) denote the contravariant vector potential and

current, respectively. The field strength tensor is given by F µν = ∂µAν−∂νAµ.

Derive the equations of motion of the electromagnetic fields ~E and ~B.

(b) The dual field strength tensor can be obtained through

F̃ µν =
1

2
εµνρσFρσ ,

with εµνρσ the Levi-Civita tensor. Prove that the homogeneous Maxwell equa-

tions can be written as ∂µF̃
µν = 0 and that FµνF̃

µν = −4 ~E · ~B.

2. (a) Consider the Hamilton operator

ĤF = iωψ̂π̂ ,

where the Hermitian operators ψ̂ and π̂ fulfill the anti-commutation relations

{ψ̂, π̂} = 0 , {ψ̂, ψ̂} = 1̂ , {π̂, π̂} = 1̂ .

In analogy to the bosonic harmonic oscillator, introduce the creation and an-

nihilation operators

f̂ † =
1√
2

(
ψ̂ − iπ̂

)
and f̂ =

1√
2

(
ψ̂ + iπ̂

)

and solve the eigenvalue problem of ĤF .

(b) Determine the spectrum of the supersymmetric Hamilton operator

ĤSUSY = {Q̂†, Q̂} ,

where Q̂† =
√
ωb̂f̂ † and Q̂ =

√
ωb̂†f̂ and b̂(†) the creation and annihilation

operators of the bosonic oscillator.

(turn over)



3. The (anti-) symmetrization-operator is defined by its action on an n-particle wave

function

ŜΨ(x1, .., xN) ≡ 1

N !

∑

σεPN
P̂σΨ(x1, .., xN),

ÂΨ(x1, .., xN) ≡ 1

N !

∑

σεPN
sign(σ)P̂σΨ(x1, .., xN ),

where σ is an element of the permutation group PN and

P̂σΨ(x1, .., xN) ≡ Ψ(xσ(1), .., xσ(N)).

(a) Prove that the relations Ŝ2 = Ŝ, Â2 = Â and ŜÂ = ÂŜ = 0 hold true.

(b) Prove the symmetry postulate, stating that the Hilbert space of a system

of identical particles contains either symmetric or anti-symmetric states only.

4. Compute the integrals

Iee =
e2

2

1

V 2

∫

V

∫

V

d3r d3r′
e−i(

~k1−~k3)·~r e−i(
~k2−~k4)·~r′

|~r − ~r′| e−α|~r−~r
′|,

and

II =
e2

2

N2

V 2

∫

V

∫

V

d3R d3R′
e−α|

~R−~R′|

|~R− ~R′|
,

where α > 0 and

δ~k1,~k2
≡ 1

V

∫

V

d3r e−i(
~k1−~k2)·~r.


