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QM is strange
So far we’ve noticed some strange things about QM: 

• physical systems can exist in superpositions of outcomes 

• quantum states can become entangled, leading to apparent 
superluminal physics 

• QM is holistic, we can’t consider a system independent of its 
experimental setup 

• we have no way of saying why we only see one outcome, or 
which outcome is realized 

Surely there must be a simpler way to understand quantum physics!



final paragraph, EPR (1935)



Local Hidden Variables
In every other situation, probability is due to ignorance (usually of 
initial conditions) 
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What if the same is true of quantum mechanics? 

• state of the system is fully determined at all times…but we don’t have 
access to all the variables 

• ignorance of the hidden variables leads to quantum mechanical 
uncertainties and probability 

• system really is in a definite eigenstate…measurements reveal 
properties 

• properties are just functions of the state, held locally 

• ‘collapse of the wavefunction’ is really just ‘collapse of our ignorance’ 

no measurement problem, no superluminal physics, no fundamental 
indeterminism… no need to attend lectures on the meaning of QM!



Mathematically, we supplement the quantum state with additional hidden variables 
to make the hidden variable state 

!

each quantum state contains many sub-ensembles, all differing by hidden variables 

!

!

!

!

• each sub-ensemble has definite properties for all observables 

• a density of states describes the mixture of sub-ensembles in the quantum state 

• when we do a measurement, the hidden variable is revealed
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Impossibility “Proofs”
LHV approach is ontologically simple but it was rejected early on due 
to various impossibility proofs 

• von Neumann (1932) (see notes at https://www.ippp.dur.ac.uk/~d40t5n/talks.html) 

• Gleason (1957), Kochen-Specker (1967) 

Proofs rely on some assumptions about the nature of the hidden 
variables 

• claim LHVs unable to reproduce QM expectation values correctly 

• examining their validity tells us about the character of LHV 
theories

https://www.ippp.dur.ac.uk/~d40t5n/talks.html


Hermann-Bell Critique of 
von Neumann’s proof

First pointed out by Grete Hermann (1935) but largely ignored, 
rediscovered independently by John Bell (1965) and not ignored. 

von Neumann’s argument is based on an overly strict assumption: 

hidden variables states are eigenvalues and so have no uncertainty 
associated with observables 

!

this then implied (which was used in von Neumann’s proof) 

!

actually, HV expectation values are averaged over the HVs

E( , O) = v(O)

E( , A+B) = E( , A) + E( , B)| {z }
always true in QM

= v(A) + v(B) = v(A+B)| {z }
false for non-commuting operators



e.g. Consider two operators            with eigenvalues {1,5},{3,1}  

Also a third operator                       with eigenvalues {2,8} 

Consider two sub-ensembles corresponding to 
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von Neumann’s assumption does not have to hold for each sub-ensemble  

!

LHV are not ruled out on this basis!
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Gleason’s corollary
Gleason (1957) obtained a very similar result to von Neumann but 
using only commuting operators if  

Consider a complete basis of projection operators          such that, 

!

The proof is based on the assumption, 
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Each set of operators commute amongst themselves…so 
eigenvalues are linearly additive 

• but, operators do not generally commute between sets 

Gleason requires LHV to satisfy the relation 

!

for each sub-ensemble…but this is too strict! 

• only needs to be satisfied when averaged over hidden 
variables 

• rules out LHV theories that do not depend on details of the set

hP̂�1i+ hP̂�2i = hP̂�0
1
i+ hP̂�0

2
i



e.g. consider two sets of observables with eigenvalues 
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Gleason’s assumption does not have to hold for each sub-ensemble  

!
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Contextuality
For a system with a set of compatible observables  

!

this is called a context, corresponds to possible experimental setup. 

Two contexts may share several common observables, but: 

• the contexts will not, in general, commute 

• eigenvectors of the system are generally different 

Gleason’s theorem excludes non-contextual LHV theories 

• QM is highly contextual… as Bohr already knew in the 1920s!

C = {Ô1, Ô2, Ô3, · · · }



Kochen-Specker
Similar to Gleason but for discrete observables. 

Consider 3-D state space (spin-1 system) with three commuting observables 

!

and the constraint  

In a LHV theory the value observables must be the eigenvalues  {1,1,0} (in 
some order) for each orthogonal triad in the Hilbert space. 

If you can find a direction that cannot be assigned either 0 or 1 in a triad 
whilst satisfying the constraint then you have a no-LHV theorem! 

K-S found 117 such directions

Ĵ2
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2
2 , Ĵ
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3 = s(s+ 1) = 2





Peres (1991) 33 directions



Much simpler in 4-D (Mermin 1993) (two spin-1/2 systems) described by 

we have the relations                            ,                       ,  

Consider the nine observables: 
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• Elements of each row and each column commute  

• the operator for the product of rows or columns is    , except the last column,  

• LHV theory assigns a definite value, given by the eigenvalue of the operator, to the 
state: in this case +1 for the operator       or -1 for  

• product of row eigenvalues =1, product of columns eigenvalues =-1 

• consistent non-contextual value assignment not possible 
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–John Bell

“What is proved by impossibility proofs is lack 
of imagination”



Bell considered simplest 2-D space, EPRB system 

!

!

!

Spin-0 source decaying into two anti-correlated spin-1/2 particles 

Two SG magnets A,B with settings (a,a’), (b,b’) 

Assume a LHV description with definite results 

!

“Local” in this context means 

Bell’s theorem

A(a) = ⌧1a , A(a0) = ⌧1a0 , B(b) = ⌧2b , B(b0) = ⌧2b0

A(a, b) = A(a), B(a, b) = B(b)



Consider the observable: 

!

For the LHV theory, 

  

!

Using 

leads to the Clauser-Horne-Shimony-Holt (CHSH) inequality 

!

Bell’s original inequality is a subset of this inequality 
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In QM expectations given by, 

!

Consider coplanar vectors and  

!

!

CHSH inequality violated by QM! 

• Tsirelson bound in QM - maximal violation 

!

(see notes at https://www.ippp.dur.ac.uk/~d40t5n/talks.html)
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Testing Bell Inequalities
Definitive experiments first performed by Alain Aspect (1981-2) 

• recorded violations of CHSH of over 5 sigma 

Geneva group (1998) performed over 10km separation 

• confirmed QM prediction and showed violations at over 16 sigma 

Innsbruck group (1998) performed random “in-flight” apparatus changes 

• CHSH violation at over 30 sigma! 

At detection efficiency below ~83% QM does not necessarily violate CHSH  

• Rowe et al (2001) closed detection loophole with 90% efficiency using ions 

• Giustina et al (2013) closed detection loophole using photons



Superdeterminism
Can still maintain LHV interpretation if you adopt “superdeterminism” 

• our choice to do an experiment and the outcomes already 
determined by the hidden variables in system and apparatus 

• no superluminal correlation, all pre-determined 

• requires an unimaginable conspiracy in the initial-conditions or 
some extra laws of nature to explain coincidences 

• how are the absurdly special initial conditions set? 

• what does it mean to do an experiment in a superdetermined 
world? Results are already decided, you’re not learning anything!



Recently used light from astronomically separated sources to set 
detector settings (to avoid HVs determining the detector settings) 

[Phys. Rev. Lett. 118, 060401 – Published 7 February 2017] 

!

!

!

!

• found CHSH violation at 7.3 and 11.9 sigma level 

• rules out HVs influencing detector settings by ~600 years!

which easily accounted for the delay of stellar photons due to
the index of refraction of the atmosphere (τatm ≈ 18 ns) [62],
and any small inaccuracies in timing or the distances
between the experimental stations (see the Supplemental
Material [57]).
In Fig. 2, stellar photons arriving parallel to the arrows in

the blue and red shaded space-time regions (corresponding to
the time intervals τkvalid) provide valid basis settings, ensuring
spacelike separation for all relevant events. The darker
shading corresponds to regions actually used in run 1, with
τAused ¼ 2 μs and τBused ¼ 5 μs. In run 1, the fractions of time
with valid settings for Alice andBobwere 24.9%and 40.6%,
respectively, while in run 2 they were 22.0% and 44.6%,
respectively. Duty cycles for each observer differ primarily
due to different values of τkused and different count rates for
each star (see the Supplemental Material [57]).
We preselected candidate stars within the highly restric-

tive azimuth and altitude limits of the stellar photon
receiving telescopes from the Hipparcos catalogue
[63,64] with parallax distances greater than 500 ly, distance
errors less than 50% and HipparcosHp magnitude between
5 and 9. Combined with the geometric configuration of the
sites, selection of these stars ensured sufficient setting
validity times on both sides during each experimental run
of 179 s. To ensure a sufficiently high signal-to-noise ratio,
we chose ∼5–6 magnitude stars (see the Supplemental
Material [57]). Note that to avoid detector saturation, parts
of the entrance aperture of the Rx-SPs had to be covered.
Figure 3 shows a ð2þ 1ÞD space-time diagram for the

stellar emission events from run 1. Events associated with
relevant hidden variables could lie within the past light
cones of stellar emission events A⋆ or B⋆, the most recent of
which originated 604% 35 years ago, accounting for par-
allax distance errors arising primarily from the angular
resolution limits of the Hipparcos mission [63,64].

Analysis and results.—We performed two cosmic Bell
tests, each lasting 179 seconds. In runs 1 and 2, Alice
and Bob’s settings were chosen with photons from
Hipparcos stars in Table I. To analyze the data, we make
the assumptions of fair sampling and fair coincidences [65].
Thus, all data can be postselected to include coincidence
events between Alice’s and Bob’s measurement stations.
We correct for GPS clock drift as in Ref. [66] and identify
coincidences within a 2.5 ns time window.
We then analyze correlations between measurement

outcomes A; B ∈ fþ1;−1g for particular setting choices
ðai; bjÞ, i; j ∈ f1; 2g using the Clauser-Horne-Shimony-
Holt (CHSH) inequality [67]:

S≡ jE11 þ E12 þ E21 − E22j ≤ 2; ð1Þ

where Eij ¼ 2pðA ¼ BjaibjÞ − 1 and pðA ¼ BjaibjÞ is the
probability that Alice and Bob measure the same outcome
given joint settings ðai; bjÞ. While the local-realist bound is
2, the quantum bound is 2

ffiffiffi
2

p
, and the logical (algebraic)

bound is 4. Our run 1 data yield Sexp ¼ 2.425, while for run
2, we observe Sexp ¼ 2.502. Both runs therefore violate the
corresponding local-realist bound. See Fig. 4 and Table I.
Our analysis must further consider that some experi-

mental trials will have “corrupt” settings triggered not by
genuine stellar photons, but by atmospheric airglow,
thermal dark counts, errant dichroic mirror reflections, or
other noise in our detectors. Since these events originate
very recently in the experiments’ past light cone, settings
chosen with them are no better (and no worse) than settings
chosen with conventional random number generators.
To constrain the fraction of experimental runs we can

tolerate in which either or both sides were triggered by a
corrupt event, we conservatively assume that any such
events can produce maximal CHSH correlations (S ¼ 4)
[68], whereas settings triggered by correctly identified
stellar photons are assumed to obey local realism

FIG. 3. ð2þ 1ÞD space-time diagram for run 1 with past light
cones for stellar emission events A⋆ and B⋆. Two spatial
dimensions are shown (x-y plane) with the third suppressed.
The stellar pair’s angular separation on the sky is the angle
between the red and blue vectors. Our data rule out local-realist
models with hidden variables in the gray space-time region. We
do not rule out models with hidden variables in the past light
cones for events A⋆ (blue), B⋆ (red), or their overlap (purple).
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FIG. 4. For run 1, bars show the correlation Eij for each joint
setting combination ðai; bjÞ. CHSH terms are displayed with
negative signs (red) and a positive sign (green), showing that our
data violate the local-realist bound (dashed line, S ¼ 2). The jEijj
values are unequal due to limited state visibility and imperfect
alignment of the polarization measurement bases.
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Lessons
LHV theories are ontologically simple, restore classical intuition to QM: 

• objective reality and definite outcomes 

• properties innate to objects, carried deterministically, revealed by 
experiment 

• states are separable, no “spooky action at a distance” 

But…local, non-contextual HV theories are ruled out: 

• hidden variables must depend on full set of observables, not simply 
carrying along values independent of experimental setup 

• must contain non-local correlations outside the light-cone 

Einstein’s preferred solution was reasonable, but wrong!
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