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Entanglement
Explicitly proposed by Schrödinger (“Vershränkung”) in 1935 in a letter to Einstein. 

When two (or more) quantum systems are ‘entangled’ with one other we can no 
longer assign an individual existence to the sub-systems: entangled systems are 

‘greater than the sum of their parts’ 

!

!

!

!

!



Entanglement is a genuinely quantum mechanical phenomenon: 

• no analogue in classical mechanics, more fundamental than correlation 

• challenges the ‘atomic’ approach to physics (and even language) 

• ‘atoms’ are outside one another; quantum states can flow together 

• better reflects the Aristotelian and Cartesian concepts of matter 

!

!

!

!

Leucippus and Democritus 
(5th Century BC)

Henry Percy and the 
Northumberland Circle (late 

16th Century)

John Dalton (early 19th 
Century)



Consider a system composed of two quantum states, e.g. electrons 

• Hilbert space for the total system, spanned by a basis 

!

• if not entangled, we can write total state as product of two states 

!

• if entangled then we cannot factorize the state 

!

• no longer meaningful to refer to “electron 1” or “electron 2” independently
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Entanglement of states is achieved by interaction: 

e.g. consider the interaction Hamiltonian 

!

and an initially factorized state (no entanglement) 

!

the Schrödinger equation gives the time evolution operator 

!

after interacting for a time T we get the entangled state 
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A famous example is the EPRB singlet state: 

consider two spin-1/2 electrons with Hilbert space 

!

and a basis provided by “spin along the z axis” 

!

the EPRB state is an entangled state 

!

• spins of the “electrons” are anti-correlated 

• total state is a non-factorizable superposition
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Aside: Schmidt 
decomposition

For a system decomposed into two sub-systems we can 
always find a diagonal “Schmidt basis” for the state 

!

this decomposition is only unique if all coefficients are distinct 

Similarly for a system decomposed into N sub-systems,  

!

this is always unique for N>2 but does not always exist
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some observations
• entanglement defines a new and completely non-classical 

way for physical states to relate to one another 

• arises very naturally from Schrödinger evolution whenever 
isolated systems interact 

• entangled sub-systems lose their individual identity 

• different ‘parts’ of the entangled state may be very far 
apart in ordinary space yet be fundamentally inseparable 

• entanglement is not a quirky phenomenon, it is a very 
general feature of how quantum states are defined



Disentanglement?
• entanglement should be happening 

all the time 

• world should be getting more and 
more entangled 

!

!

• but we live in a world of relatively 
autonomous objects 

• can we build a world of ‘objects’ 
from a hopelessly entangled 
quantum world?
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Measurements
Recipe of QM says that: 

• quantum states are superpositions of outcomes 

• “measurement” causes a “collapse” to a single observed 
outcome 

but what is measurement and why does it do this? 

• measuring devices made from quantum states (atoms etc) 

• measurement is an interaction between quantum states 

• interacting quantum states become entangled



mathematically we have a sub-system S, and an “apparatus”, A, 
in the joint Hilbert space 

!

• S & A’s basis states are in 1-1 correspondence 

• S becomes entangled with A via time evolution 

!

• resulting state is an entangled superposition of correlated states 

• the device “records” the measurement faithfully 

“premeasurement”
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Premeasurement is necessary but not sufficient: 

!

• system-apparatus state is still in a superposition! 

• we have “amplified" interference between outcomes 

• premeasurement state is not generally unique; can’t 
actually say what is being measured by A! 

!

• no single outcome has been actualized
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The environment
“The environment” is ubiquitous: 

• air molecules, CMB radiation, thermal radiation, light, magnetic fields 
etc 

• composed of interacting, entangled, quantum states… a huge mess 

!

!

!

• environmental basis states not necessarily orthogonal 

• as number of entangled states increases, states cease to overlap
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How does adding the environment affect our picture? 

!

• A is immersed in the environment and rapidly entangles 

• 3-fold Schmidt decomposition does not generally exist… selects a 
special set of interaction Hamiltonians 

• if no such Hamiltonian exists then can’t perform a measurement 

• if it exists then 3-fold Schmidt decomposition is unique… the A-E 
interaction fixes what is being measured 

only premeasurement states which are robust to entanglement with 
the environment can constitute a measurement; the environment 

records the measurement
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Criterion for selecting a “good” observable: 

!

generally true if  

Environmental interactions usually depend on distance (scattering) 

• selects position as the preferred macroscopic observable 

• classical mechanics is completely characterized by position 

• some chiral molecules only ever found in position eigenstates 
(rather than energy) because of thermal scattering 

• in the microscopic domain we’re not worried about measurements 
and system displays basis indifference, just like QM

[Ô, ĤAE ] = 0

ĤAE = ĤAE(Ô)



Density matrix
A (pure) quantum state defines a ‘density matrix’ 

!

contains all information about what can be known about that state 

!

for our system-apparatus premeasurement state 

!

!

non-diagonal terms represent interference effects between outcomes
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Adding the environment to this picture: 

!

• entanglement with environment unavoidable in a measurement context 

• we have no access to the whole environment’s state 

If we restrict our attention to a sub-system of the total state then we can define a 
“reduced” density matrix by “tracing over” the environment 

!

!

• environmental states are approximately orthogonal due to size of Hilbert space 

• environment kills all interference effects between outcomes (decoherence) 

• mathematically equivalent to S-A being in one definite (unknown) state with 
probability 
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e.g. A Rydberg atom in a microwave cavity coupled to radiation [Brune et al, 
PhysRevLett Vol 77 Iss 24]  

• radiation field acts as an environment and measuring device 

• increasing radiation gradually decoheres atomic state 

!

!

!

!

!
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cavity C storing a small coherent field jal. The coupling
between the atom and the cavity is measured by the “Rabi
frequency” V [13]. The e ! g atomic transition and the
cavity frequencies are slightly off resonance (detuning d),
so that the atom and the field cannot exchange energy
but only undergo 1yd dispersive frequency shifts (single
atom index effect). The atom-field coupling during time t
produces an atomic-level dependent dephasing of the field
and generates an entangled state given (for Vyd ø 1) by
Eq. (1) with f ≠ V2tyd [13].
The states e and g are circular Rydberg levels with

principal quantum numbers 51 and 50 (transition fre-
quency n0 ≠ 51.099 GHz). They have a long radiative
lifetime (30 ms) and a very strong coupling to radiation.
The cavity C is a Fabry-Pérot resonator with its axis nor-
mal to the atomic trajectory. It is made of two supercon-
ducting niobium mirrors (mirror distance 2.7 cm; mode
waist 6 mm). Vy2p is 24 kHz [14]. The cavity Q factor
is 5.1 3 107 (photon lifetime Tr ≠ 160 ms). The cavity
is tuned by adjusting the mirror separation, thus varying
dy2p between 70 and 800 kHz. The effective interaction
time t is set to 19 ms by selecting atoms with a velocity
of 400 mys. For d ≠ 100 kHz, f is 0.69 radian which is
an unusually large single atom index effect.
The setup is sketched in Fig. 2. It is cooled to 0.6 K

by a He4-He3 cryostat making thermal radiation negligible
(mean blackbody photon number in C: 0.05). All Rb
atoms effusing from the oven O are pumped out of the
F ≠ 3 ground hyperfine level by a diode laser L1 and
optically repumped into this level by a diode laser beam
L0

1 oriented at 58± relative to the atomic beam. With a
proper tuning of L0

1 in the Doppler profile, only atoms at
400 6 6 mys are prepared in F ≠ 3. The atoms are then
excited into the circular state e in box B [15]. This pulsed
process involves laser excitation from F ≠ 3 (lasers L2)
and prepares, on the average, 0.5 atom within a 2 ms time
window, every 1.5 ms.
Each circular atom is prepared in a superposition of e

and g by a resonant microwave py2 pulse in a low Q
cavity R1. It then crosses C in which a small coherent
field with an average photon number n varying from

FIG. 2. Sketch of the experimental setup.

0 to 10 is injected by a pulsed source S (see below
how n is measured). The field, which evolves freely
while each atom crosses C, relaxes to vacuum before
being regenerated for the next atom (Tr ø 1.5 ms). We
make sure that the field is coherent by checking that
n is proportional to the square of the injection pulse
duration. After leaving C, each atom undergoes another
py2 pulse in a cavity R2 identical to R1. R1 and R2 are
fed by a cw source S0 whose frequency n is swept across
n0. The atoms are finally counted in e and g by two
field ionization detectors (De, Dg; detection efficiency
40 6 15%). With 50 000 events recorded in 10 min, the
probability P

s1d
g snd to find the atom in g as a function of

n is reconstructed.
Figure 3(a) shows the signal obtained when C is empty

(dy2p ≠ 712 kHz). P
s1d
g snd exhibits Ramsey fringes [16]

typical of atoms subjected to two pulses separated by a time
interval T ≠ 230 ms. The fringes result from a quantum
interference. The e ! g transition can occur either in
R1 or in R2 (atom crossing C in g or e). These two
“paths” are indistinguishable, leading, in the final transition
rate, to an interference term between the corresponding
probability amplitudes. The phase difference between
these amplitudes is 2psn 2 n0dT so that Ps1d

g snd oscillates
with the period 1yT ≠ 4.2 kHz. The fringe contrast,

FIG. 3. Ps1d
g snd signal exhibiting Ramsey fringes: (a) C

empty, dy2p ≠ 712 kHz; (b)–(d) C stores a coherent field
with jaj ≠

p
9.5 ≠ 3.1, dy2p ≠ 712, 347, and 104 kHz, re-

spectively. Points are experimental and curves are sinusoidal
fits. Insets show the phase space representation of the field
components left in C.
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no radiation (coherence)   —>

lots of radiation (decoherence)   —>

quantum to 
classical 
transition



Conversely: if we can limit the impact of the environment then there’s no limit to what 
can be a quantum object! 

e.g. Buckminsterfullerene (C60) or C
70 molecules 

!

!

!

• experiment actually carried out in Vienna, 1999, by Zeilinger et al. 

• has now been pushed even further, “TPPF152” molecule (C168H94F152O8N4S4) 

!

!

!

!



e.g. Superconducting QUantum Interference Device (SQUID) 

• superconducting material below Tc (persistent currents) 

• d.o.fs (cooper pairs) Bose-Einstein condense 

• condensate has single macroscopic wave function 

• energy eigenstates are superpositions of super-current eigenstates 

!

• measurable (Rabi) oscillations between energy states demonstrate 
quantum interference effects at the macroscopic level 

!

!
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Summary
• Interacting quantum states generally become entangled 

• entangled states are highly non-classical, non-‘atomic’ concept of matter 

• interaction with a measuring device leads to non-unique 
“premeasurement” entangled state 

• emersion in a quantum environment selects what can be measured and 
locally kills interference between outcomes 

• decoherence is only apparent; interference effects delocalized, total state 
is a huge entangled system 

• the classical world of autonomous objects with positions arises because 
states are entangled and we only have access to a portion of the system



Outstanding issues

• which outcome do we actually perceive? 

• where does probability in QM come from? 

• are there other ways to formulate QM? 

• what about the universe as a whole?
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