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Abstract
Classicalconfidenceintervals areoften misunderstoodby particlephysicists
andthegeneralpublic alike. Theconfusionarisesfrom thetwo differentdefi-
nitionsof probability in commonuse.As a result,thereis generaldissatisfac-
tion whenconfidenceintervalsareemptyor they excludeparametervaluesfor
whichtheexperimentis insensitive. In orderto clarify theseissues,therelation
betweenconfidenceintervals andcredibleintervals is explored. A methodto
identify problematicconfidenceintervalsis demonstratedfor two cases.

1 INTRODUCTION

Resultsfromparticlephysicsexperimentsaretypically reportedin termsof classicalconfidenceintervals.
Theconstructionof theseintervals is a well definedprocess,following themethodof confidencebelts
first describedby Neyman[1]. In the limit of a large numberof repetitions,a definedfraction of the
intervals will containthe true value of the parameter. In principle, the intervals can be constructed
without theuseof prior informationaboutthevaluesof theparameters,andthereforeit is consideredto
beanobjective methodto reportexperimentalfindings.

Classicalconfidenceintervals, however, do not yield an inferenceaboutthe true valuesof the
parameters,a factnot realizedby a large fractionof particlephysicists.The intervals areformedusing
probability asdefinedby relative frequency, in contrastto inferencestatementsthat useprobability as
definedby degreeof belief.

Intervals that containthe true valuesof parameterswith a stateddegreeof belief areknown as
credibleintervals. They areconstructedby applyingBayes’Theoremandrequirethespecificationof a
prior degreeof belief for theparameters[2].

Misinterpretingclassicalconfidenceintervals ascredibleintervals can result in incorrectinfer-
ences.This problemcanbeparticularlyseverewhenanexperimentexploresa physicalboundaryfor a
parameter, whichoftenoccursin frontier experiments.Confidenceintervals from suchexperimentscan

– beempty;or

– reducein sizefor increasingbackgroundestimates(evenwhennoeventsareobserved);or

– happento besmallerfor thepoorerof two experiments;or

– excludeparametersfor whichanexperimentis insensitive.

Thereis concern,within theparticlephysicscommunity, aboutthemisleadingnatureof suchintervals,
andthereforethesewill bereferredto hereasproblematic intervals. Theproblemdoesnot lie with the
intervals themselves(evenfor emptyintervals),but only asa resultof their misuse.

Thereis significantfreedomin thedefinitionof theconfidencebelts. Severalapproaches,devel-
opedrecentlywithin theparticlephysicscommunity, usethisfreedomto reducethefrequency or severity
of problematicconfidenceintervals [3,4]. Applying thesemethods,therefore,is oneway to reducethe
impactof problematicintervals.

A secondway to addressproblematicintervals is to improve theawarenessin theparticlephysics
communityof thedistinctionbetweenconfidenceandcredibleintervals. Well written textbookson data
analysisfor particlephysicists[5] andconferencessuchasthis oneaddressthis importanteducational
aspect.�
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Fig. 1: Theprocessfor determininga centralconfidenceinterval: (a) Theprobabilitydensityfunctionsfor theobservable, � ,

areshown for differentchoicesof the parameter,
�
. (b) The pdfs aretruncated,with only the central68% portion retained.

For any truevalueof theparameter
�
, the(frequentist)probabilitythata randomobservation � , will bewithin therangeof the

correspondingtruncatedpdf is 68%.(c) As viewedfrom above from above, thetruncatedpdfsform a confidencebelt. With an

observationof ����� , theconfidenceinterval for
�

is all valuesof
�

for which thebelt intersectswith ���	� . The(frequentist)

probabilityfor this randominterval to containthetrueparameteris 68%.

A third approachis to definea quantity that indicatesthe severity of the problemfor a given
confidenceinterval. By reportingthequantityalongwith theconfidenceinterval, problematicintervals
canbeidentified.Thisapproachis thefocusof thispaper.

2 CLASSICAL CONFIDENCE INTERVALS

Theprocedurefor definingthe68%centralconfidenceinterval for asingleparameterfrom acontinuous
observableis summarizedin Fig 1. Othertypesof confidenceintervalscanbeformedby selectingother
regionsof the pdf’s to includein the confidencebelt. For example,to definea 90% confidenceupper
limit, the90%upperregion of thepdf’s arechosento form theconfidencebelt.

3 CREDIBLE INTERVALS

Credibleintervals are formedby applyingBayes’Theorem. If 
���
�� is the pdf representingthe prior
densityfor theparameter
 , and ��������
�� is thelikelihoodof observing� , thenBayes’Theoremstatesthat
theposteriordensityfor theparameter
 is givenby
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Thereis somefreedomto definethe credibleinterval from the posteriorpdf. A naturalchoiceis the
highestposteriordensitycredibleinterval, in which for all 
 , � ��
'���"�)(+* .

4 RELATIONSHIP BETWEEN CONFIDENCE AND CREDIBLE INTERVALS

Therearesituationsin which theconfidenceandcredibleintervalsarenumericallyidentical.For exam-
ple, if 
 is a locationparameterfor � , andtheprior pdf for 
 is uniform,thenthe68%centralconfidence
interval will beidenticalto the68%highestposteriordensitycredibleinterval. Fig. 2 indicateshow this
comesabout.By usingthefact that 
 is a locationparameterfor � , theintegral of theposteriordensity
canbeeasilyevaluated:
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Fig. 2: (a) If
�

is a locationparameterfor � thenthecontoursof constantprobabilitydensity h�ij��k �ml arediagonallines. The

boundariesof the 68% centralconfidencebelt are thereforetwo diagonallines, for examplethe two shown in (b). If �Hn is

observed,thepointestimateis o� andthecentralconfidenceinterval is p � 1�q � /sr .

Therelationshipbetweenconfidenceandcredibleintervals is similar to therelationshipbetween
Bayesianandfiducialapproaches,asexploredby Lindley [6]. Theconfidenceandcredibleintervalswill
beidenticalaslong as � and 
 canbetransformedto t and u sothat u is a locationparameterfor t and
the prior distribution for u is uniform. The processby which a confidenceinterval is misinterpreteda
credibleinterval is thereforeequivalent to an applicationof Bayes’Theoremwith the assumptionthat
theseconditionson � and 
 hold.

5 QUANTIFYING PROBLEMATIC CONFIDENCE INTERVALS

The situationwhereconfidenceand credibleintervals are identical frequentlyarisesin physicsmea-
surements,for examplewhen the responsefunction of the apparatusis Gaussianwith fixed standard
deviation. If, in addition,theuniform distribution expressestheprior degreeof belief for theparameter,
then therewill be no error in the inferenceaboutthe parameter, whena confidenceinterval from the
experimentis misinterpretedasa credibleinterval. Suchaconfidenceinterval is clearlynotproblematic
in thesensedefinedin thispaper.

Now considera modificationto this examplesuchthat the prior belief is not uniform, perhaps
becauseof a previous experimentalresultor becausethereis a preferredvaluefor the parameter. The
confidenceinterval from suchan experimentshouldstill not be declaredproblematic. Therefore,one
methodto quantify the degreeto which a confidenceinterval is problematicmight be to evaluatethe
differencebetweenthestatedconfidencelevel andtheposteriorprobabilitycontent,assumingauniform
prior, evenif theuniform prior doesnot representtheprior degreeof belief.

A commonsituationin frontier experiments,in which problematicconfidenceintervals arise,is
thecasewheretheparameterhasaphysicalboundary, suchas 
X(vC , andtheconfidenceinterval includes
theboundarypoint. In this case,: ������
��xw� : ���zy9
�� andtheprior distribution mustbezeroin thenon-
physicalregion, 
|{}C , andthereforecannotbe completelyuniform. At mostit canbe semi-uniform,
wherebyit is constantin thephysicallyallowed region (andzeroelsewhere). Theposteriorprobability
contentfor thisexampleis givenby:
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For problematicconfidencelimits, the pseudo-credibility, ~ , will be significantly lessthan the stated
confidencelevel. The differencebetween~ and the confidencelevel is a quantity that indicatesthe
degreeto whichaconfidenceinterval is problematic.
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Anotherquantityrecommendfor this purposeis the sensitivity, definedasthe averagelimit for
the experiment[3]. This quantity is, however, not optimal becausethereis no scaleto decideif the
differencebetweenthe observed limit andthesensitivity is significant. Furthermore,an experimentin
which eventshave unequalweightscanresult in a limit muchbetterthanaverage,without the interval
beingproblematic.In thatcase,thesensitivity identifiestheinterval asbeingproblematic,whenin fact
it is not.

The following sectionsconsidersituationsin which problematicintervals ariseanddemonstrate
theutility of thepseudo-credibility.

5.1 Example 1: Gaussian with boundary

Considertwo experiments,labelled� and � , designedto estimatethevalueof theparameter
 which is
physicallyboundedto benon-negative. For bothexperiments,theobservable � is anunbiasedestimator
for the parameter
 andthe probability densityfunctionsfor the observablesareGaussiandistributed
with fixedstandarddeviations, �R����� & C and �7����� & C . Experiment� is significantlymoreaccurate
thanexperiment� .

Two measurementsaremadeby experiment� , �3�����DC &F� and �7�3����y�� & C . Onemeasurementis
madeby experiment� , �7����y�� & C . The90%confidenceupperlimits for 
 areshown in Table1.

Table1: Gaussianexperimentswith boundary.

exp � 90%C.L. pseudo- 90%C.L. pseudo-
upperlim. credibility unifiedint. credibility

�5� 0.5 [0, 1.78] 0.85 [0, 2.14] 0.93
��� -2.0 empty 0. [0, 0.40] 0.64
��� -3.0 [0, 0.85] 0.37 [0, 3.30] 0.78

The90%C.L. upperlimits demonstratesomeof thecharacteristicsof problematicintervals. The
limit from experiment �I� is much larger than the limit from the poorerexperiment, � . The pseudo-
credibility identifiestheconfidenceinterval from � asbeingproblematic,sinceits valueis significantly
lessthan0.9.Theconfidenceinterval for experiment��� is emptywhichnaturallyresultsin zeropseudo-
credibility for theinterval.

The90%C.L. unifiedintervals [3] arelessproblematic,in thesensethat thepseudo-credibilities
arelargerandcloserto 0.9 for thethreemeasurements.Likewise,theinterval for experiment� is now
largerthanthatfor experiment�5� .
5.2 Example 2: Counting experiment in presence of background

Consideranexperimentwhichcounts� events,in thepresenceof backgroundwith anexpectationvalue
of �>����� . Table2 showsthe90%upperlimits andthe90%unifiedintervalsfor thesignalstrength�H� for
differentobservations, � , alongwith their correspondingpseudo-credibilities. Again, for this example,
thepseudo-credibilityappearsto beusefulto identify problematicconfidenceintervals.

Table2: Countingexperimentwith background

� 90%C.L. pseudo- 90%C.L. pseudo-
upperlim. credibility unifiedint. credibility

0 empty 0. [0, 1.08] 0.66
1 [0, 0.89] 0.50 [0, 1.88] 0.78
3 [0, 3.68] 0.85 [0, 4.42] 0.90
6 [0, 7.53] 0.90 [0.15,8.47] 0.93
10 [0, 12.41] 0.90 [2.63,13.50] 0.91
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6 SUMMARY

Confidenceintervalsarewell definedbut arefrequentlymisinterpretedascredibleintervals.Problematic
confidenceintervals arethosefor which this practiceis particularlydangerous.This paperintroduces
thestatisticpseudo-credibility in anattemptto diagnoseproblematicconfidenceintervals. If thepseudo-
credibility is significantlylessthanthestatedconfidenceinterval, it indicatesthat themisinterpretation
of theconfidenceinterval asa credibleinterval will leadto erroneousconclusions.

Thedefinitionof thestatisticis motivatedby theconditionsunderwhich a confidenceinterval is
identicalto a credibleinterval. As a result,a uniform (or semi-uniform)prior is usedin thecalculation
of the pseudo-credibility. It is importantto rememberthat the pseudo-credibilitydoesnot necessarily
representthe actualcredibility, sincethe uniform prior might not representthe prior degreeof belief.
Furthermore,thestatisticis metric-dependent.This is expected,sincethedegreeto which a confidence
interval is problematiccandependon themetricin which it is reported.

By reportingthisancillarystatistic,theconsumeris warnedagainstmakinginferencesonthebasis
of the interval aloneandis remindedof the two definitionsof probabilities.Furthermore,its existence
wouldencouragetheuseof methodsin whichproblematicconfidenceintervalsarelesslikely to occur.
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