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Abstract

Classicalconfidencentervals are often misunderstoody particle physicists
andthegeneralpublic alike. The confusionarisesfrom the two differentdefi-

nitions of probabilityin commonuse.As aresult,thereis generaldissatishc-

tion whenconfidencentenalsareemptyor they excludeparametewraluesfor

whichtheexperiments insensitve. In orderto clarify theseissuestherelation
betweenconfidencentenals andcredibleintenalsis explored. A methodto

identify problematicconfidencantenalsis demonstratedbr two cases.

1 INTRODUCTION

Resultsfrom particlephysicsexperimentsaretypically reportedn termsof classicatonfidencentenals.
The constructionof theseintenalsis a well definedprocessfollowing the methodof confidencebelts
first describedby Neyman([1]. In thelimit of a large numberof repetitions,a definedfraction of the
intenals will containthe true value of the parameter In principle, the intenals can be constructed
withoutthe useof prior informationaboutthe valuesof the parametersandthereforeit is consideredo
beanobjective methodto reportexperimentafindings.

Classicalconfidenceintenals, hovever, do not yield an inferenceaboutthe true valuesof the
parametersa fact not realizedby a large fraction of particle physicists.The intervals areformedusing
probability as definedby relative frequeng, in contrastto inferencestatementshat useprobability as
definedby degreeof belief.

Intervals that containthe true valuesof parametersvith a stateddegreeof belief are known as
credibleintervals. They areconstructedy applyingBayes’ Theoremandrequirethe specificationof a
prior degreeof belieffor the parameter§?].

Misinterpretingclassicalconfidenceinterals as credibleintervals canresultin incorrectinfer-
ences.This problemcanbe particularly severewhenan experimentexploresa physicalboundaryfor a
parameterwhich oftenoccursin frontier experiments Confidenceantenals from suchexperimentsan

— beempty;or

— reducen sizefor increasingobackgroundestimategevenwhenno eventsareobsenred); or

— happerto be smallerfor the poorerof two experimentspr

— excludeparametergor which anexperiments insensitve.
Thereis concernwithin the particlephysicscommunity aboutthe misleadingnatureof suchintenals,
andthereforethesewill bereferredto hereasproblematic intervals. The problemdoesnotlie with the
intenalsthemseles(evenfor emptyintervals), but only asaresultof their misuse.

Thereis significantfreedomin the definition of the confidencebelts. Sereral approachegjevel-
opedrecentlywithin theparticlephysicscommunity usethis freedomto reducethefrequeng or severity
of problematicconfidenceantenals [3,4]. Applying thesemethodsthereforeis oneway to reducethe
impactof problematianterals.

A secondwvay to addresgproblematidantenalsis to improve the awvarenessn the particlephysics
communityof the distinctionbetweerconfidenceandcredibleintervals. Well written textbookson data
analysisfor particle physicists[5] andconferencesuchasthis oneaddresghis importanteducational
aspect.
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Fig. 1: The processor determininga centralconfidencentenal: (a) The probability densityfunctionsfor the obserable, z,

are shavn for differentchoicesof the parameterf. (b) The pdfs aretruncatedwith only the central68% portion retained.
For ary truevalueof the paramete#, the (frequentist)probabilitythata randomobsenation z, will bewithin therangeof the
correspondingruncatedpdf is 68%. (c) As viewedfrom above from above, the truncatedpdfsform a confidenceoelt. With an
obsenrationof z = 2, theconfidencenterval for 8 is all valuesof 8 for which thebeltintersectavith x = 2. The (frequentist)
probability for this randomintenal to containthetrue parameteis 68%.

A third approachis to definea quantity that indicatesthe severity of the problemfor a given
confidencantenal. By reportingthe quantityalongwith the confidencdanterval, problematicintenals
canbeidentified. This approacthis the focusof this paper

2 CLASSICAL CONFIDENCE INTERVALS

Theprocedurdor definingthe 68% centralconfidencentenal for a singleparametefrom a continuous
obserableis summarizedn Fig 1. Othertypesof confidencantervals canbeformedby selectingother
regionsof the pdf's to includein the confidencebelt. For example,to definea 90% confidenceupper
limit, the 90% upperregion of the pdf's arechoserto form the confidencebelt.

3 CREDIBLEINTERVALS

Credibleintenals are formedby applying Bayes’ Theorem. If 7(0) is the pdf representinghe prior
densityfor the paramete#, andL(z; 0) is thelikelihoodof observinge, thenBayes'Theorenstateghat
the posteriordensityfor the paramete# is givenby

L(x;0)m(0)

PO = 1 L oy da @

Thereis somefreedomto definethe credibleintenal from the posteriorpdf. A naturalchoiceis the
highestposteriordensitycredibleintenal, in whichfor all , p(8; =) > c.

4 RELATIONSHIP BETWEEN CONFIDENCE AND CREDIBLE INTERVALS

Therearesituationsin which the confidenceandcredibleintervals arenumericallyidentical. For exam-

ple,if 6 is alocationparametefor z, andtheprior pdf for 8 is uniform, thenthe 68%centralconfidence
intenal will beidenticalto the 68% highestposteriordensitycredibleintenal. Fig. 2 indicateshow this

comesabout. By usingthefactthat# is alocationparametefor z, theintegral of the posteriordensity
canbeeasilyevaluated:

/, O 00 o — S0 L OO A gy fai0)dd [y} [(a:0) d

0 T L(zo; 0)m(0)d6 — [, [(20:0)d8  [*_ f(z:0)dz 0.68. (2
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Fig. 2: (a) If 6 is alocationparametefor z thenthe contoursof constaniprobability density f(z; ) arediagonallines. The
boundarief the 68% centralconfidencebelt are thereforetwo diagonallines, for examplethe two shavn in (b). If zo is
obsered, the pointestimateis § andthe centralconfidencénterval is [0, 62].

Therelationshipbetweenconfidenceandcredibleintervalsis similar to the relationshipbetween
Bayesiamandfiducialapproachessexploredby Lindley [6]. Theconfidenceandcredibleintervalswill
beidenticalaslong asz andf canbetransformedo v andr sothat is alocationparametefor v and
the prior distribution for 7 is uniform. The processy which a confidencantenal is misinterpreteca
credibleintenal is thereforeequialentto an applicationof Bayes’' Theoremwith the assumptiorthat
theseconditionson z andé hold.

5 QUANTIFYING PROBLEMATIC CONFIDENCE INTERVALS

The situationwhere confidenceand credibleintenals are identical frequentlyarisesin physicsmea-
surementsfor examplewhen the responsdunction of the apparatuss Gaussiarwith fixed standard
deviation. If, in addition,the uniform distribution expresseshe prior degreeof belieffor the parameter
thentherewill be no errorin the inferenceaboutthe parameterwhena confidencentenal from the
experimentis misinterpretedsa credibleinterval. Sucha confidencentenal is clearlynot problematic
in the sensadefinedin this paper

Now considera modificationto this examplesuchthat the prior belief is not uniform, perhaps
becausef a previous experimentalresultor becausehereis a preferredvalue for the parameter The
confidenceinterval from suchan experimentshouldstill not be declaredproblematic. Therefore,one
methodto quantify the degreeto which a confidencenterval is problematicmight be to evaluatethe
differencebetweerthe statedconfidencdevel andthe posteriorprobability contentassuminga uniform
prior, evenif theuniform prior doesnotrepresenthe prior degreeof belief.

A commonsituationin frontier experiments,jn which problematicconfidencentenals arise,is
thecasewherethe parametehasa physicalboundarysuchasf > 0, andtheconfidencentenal includes
the boundarypoint. In this casef (z;0) # f(z — 6) andthe prior distribution mustbe zeroin the non-
physicalregion, § < 0, andthereforecannotbe completelyuniform. At mostit canbe semi-uniform,
wherebyit is constanin the physicallyallowed region (andzeroelsavhere). The posteriorprobability
contentfor this exampleis givenby:

62 V2 f(20;6) do
= 0;x9)do = %o# .
IR A CEDE e
For problematicconfidencdimits, the pseudo-credibility, v, will be significantly lessthanthe stated
confidencelevel. The differencebetweeryy andthe confidencelevel is a quantity that indicatesthe

degreeto which a confidencentenal is problematic.

()
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Another quantity recommendor this purposeis the sensitvity, definedasthe averagelimit for
the experiment[3]. This quantityis, however, not optimal becausehereis no scaleto decideif the
differencebetweerthe obsered limit andthe sensitvity is significant. Furthermorean experimentin
which eventshave unequalweightscanresultin a limit muchbetterthanaverage without the interval
beingproblematic.In thatcase the sensitvity identifiestheintenal asbeingproblematicwhenin fact
it is not.

The following sectionsconsidersituationsin which problematicintervals ariseand demonstrate
the utility of the pseudo-credibility.

51 Example1l: Gaussian with boundary

Considertwo experimentsjabelledA and B, designedo estimatethevalueof the parametef whichis
physicallyboundedo be non-ngative. For bothexperimentsthe obserablex is anunbiasedestimator
for the paramete andthe probability densityfunctionsfor the obserablesare Gaussiardistributed
with fixed standarddeviations,o4 = 1.0 andop = 3.0. ExperimentA is significantlymoreaccurate
thanexperimentB.

Two measuremen@@remadeby experimentA, z 41 = 0.5 andz 40 = —2.0. Onemeasuremeris
madeby experimentB, zp = —3.0. The 90% confidenceupperlimits for § areshavn in Tablel.

Tablel: Gaussiarexperimentswith boundary

exp| = | 90%C.L. | pseudo- | 90%C.L. | pseudo-
upperlim. | credibility | unifiedint. | credibility
Al | 0.5 [0,1.78] 0.85 [0, 2.14] 0.93
A2 | -2.0| empty 0. [0, 0.40] 0.64
A3 | -3.0| [0,0.85] 0.37 [0, 3.30] 0.78

The90% C.L. upperlimits demonstratsomeof the characteristicef problematicntenals. The
limit from experimentA1l is muchlarger thanthe limit from the poorerexperiment,B. The pseudo-
credibility identifiesthe confidencantenal from B asbeingproblematic sinceits valueis significantly
lessthan0.9. Theconfidencentenal for experimentA2 is emptywhich naturallyresultsin zeropseudo-
credibility for theinterval.

The 90% C.L. unifiedintenvals [3] arelessproblematic,n the sensdhatthe pseudo-credibilies
arelargerandcloserto 0.9 for the threemeasurementd.ik ewise, the interval for experimentB is now
largerthanthatfor experimentAl.

5.2 Example2: Counting experiment in presence of background

Consideranexperimentwhich countsn events,in the presencef backgroundvith anexpectationvalue
of v, = 3. Table2 shavsthe90%upperlimits andthe 90%unifiedintenvalsfor thesignalstrengthy, for
differentobserations,n, alongwith their correspondingseudo-credibiligs. Again, for this example,
the pseudo-credibilityappeardo be usefulto identify problematicconfidencentenals.

Table2: Countingexperimentwith background

n | 90%C.L. | pseudo- 90%C.L. pseudo-
upperlim. | credibility | unifiedint. | credibility

0 empty 0. [0, 1.08] 0.66
1 [0, 0.89] 0.50 [0, 1.88] 0.78
3 [0, 3.68] 0.85 [0, 4.42] 0.90
6 [0, 7.53] 0.90 [0.15,8.47] 0.93

10| [0,12.41]| 0.90 | [2.63,1350]] 0.91
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6 SUMMARY

Confidencantenalsarewell definedbut arefrequentlymisinterpretecscredibleintervals. Problematic
confidencentenals arethosefor which this practiceis particularly dangerous.This paperintroduces
the statisticpseudo-credibility in anattemptto diagnoseproblematicconfidencentenals. If the pseudo-
credibility is significantlylessthanthe statedconfidenceantenal, it indicatesthatthe misinterpretation
of theconfidencenterval asa credibleintenal will leadto erroneousonclusions.

The definition of the statisticis motivatedby the conditionsunderwhich a confidenceantenal is
identicalto a credibleinterval. As aresult,a uniform (or semi-uniform)prior is usedin the calculation
of the pseudo-credibility It is importantto remembertthat the pseudo-credibilitydoesnot necessarily
representhe actualcredibility, sincethe uniform prior might not representhe prior degreeof belief.
Furthermorethe statisticis metric-dependentThis is expected sincethe degreeto which a confidence
intenal is problematiccandepenconthe metricin whichit is reported.

By reportingthis ancillarystatistic,the consumers warnedagainsimakinginferencenthebasis
of theinterval aloneandis remindedof the two definitionsof probabilities. Furthermorejts existence
would encouragé¢he useof methodsn which problematicconfidencantenals arelesslikely to occur
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