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Abstract
We connectthe power of ConfidenceIntervals in differentFrequentistmeth-
ods to their reliability. We show that in the caseof a boundedparametera
biasedmethodwhich near the boundaryhas large power in testingthe pa-
rameteragainstlarger alternatives and small power in testingthe parameter
againstsmalleralternatives is desirable. Consideringthe recentlyproposed
methodswith correctcoverage,we show that theMaximumLikelihoodEsti-
matormethod[1, 2] hasoptimalbias.

It is well known thatthemostimportantpropertyof FrequentistConfidenceIntervalsis coverage:
a 
�����
�
�������� ConfidenceInterval belongto asetof intervals thatcover thetruevalueof themeasured
quantity � with Frequentistprobability 
���� . Neyman’s methodobtainsConfidenceIntervals with
correctcoveragethroughthe constructionfor eachpossiblevalueof � of an acceptanceinterval with
probability 
���� for anestimator�� of � . Theunionof all acceptanceintervalsin the �� –� planeis called
theConfidenceBelt. TheConfidenceInterval for � resultingfrom a measurement���� � � of theestimator
is thesetof all valuesof � whoseacceptanceinterval for �� include ���� � � .

Coverageis not the only propertyof ConfidenceIntervals, becausemany methodsfor the con-
structionof aConfidenceBelt with exactcoverageareavailable(seeRefs.[3, 4, 5,1, 2]). Thesemethods
differ by power[6], a quantitywhich is obtainedconsideringtheconstructionof acceptanceintervalsas
hypothesistesting.Coverageandpower areconnected,respectively, with theso-calledTypeI andType
II errorsin testinga simplestatisticalhypothesis!#" againsta simplealternative hypothesis!%$ (see
Ref. [3], section20.9):

Type I error: Rejectthenull hypothesis!#" whenit is true. Theprobabilityof a TypeI error is called
sizeof thetestandit is usuallydenotedby � .

Type II error: Acceptthenull hypothesis!#" whenthealternative hypothesis!&$ is true.Theprobabil-
ity of a TypeII error is usuallydenotedby ' . Thepower of a testis theprobability (*)+
��,' to
reject !#" if !%$ is true. A testis MostPowerful if its power is the largestoneamongall possible
tests.This is clearlythebestchoice.

Unfortunately, the power associatedwith a confidencebelt is not easyto evaluate,becausefor
eachpossiblevalue �-" of � consideredasanull hypothesisthereis nosimplealternative hypothesisthat
allows to calculatetheprobability ' of a TypeII error. Instead,we have thealternative hypothesis!%$ :��$/.)0�-" , which is composite.For eachvalueof ��$/.)1�-" onecancalculatetheprobability '�2435
6��$7� of
a TypeII errorassociatedwith a givenacceptanceinterval correspondingto � " . A methodthatgivesan
acceptanceregion for �-" whichhasthelargestpossiblepower (�283�
6��$9�:);
<�='�283�
6��$ � is MostPowerful
with respectto the alternative ��$ . Clearly, it would be desirableto find a Uniformly Most Powerful
test,i.e. a testthatgivesanacceptanceregion for �-" which hasthe largestpossiblepower (�243>
6��$ � for
any valueof ��$ . Unfortunately, theNeyman-Pearsonlemmaimplies that in generala Uniformly Most
Powerful testdoesnotexist if thealternative hypothesisis two-sided, i.e. both � $@? � " and � $�A � " are
possible,andthederivative of theLikelihoodwith respectto � is continuousin �-" (seeRef. [3], section
20.18).Nevertheless,it is possibleto find aUniformly MostPowerful testif theclassof testsis restricted
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Fig. 1: A: Power � in theCentralIntervalsmethodfor anestimator�� of � thathasaGaussiandistribution. B: Reliability of the

ConfidenceIntervalsobtainedwith theCentralIntervalsmethodfor a bounded���/� . Seetext for details.

in appropriateways. A classof teststhathassomemerit is thatof unbiasedtests,suchthat thepower( 243 
6� $ � for any valueof � $ is largeror equalto thesize � of thetest,

(�283�
6��$9� �¡� for all ��$-¢ (1)

In otherwords,the probability of rejecting �-" whenit is falseis at leastaslarge asthe probability of
rejecting � " whenit is true. The equal-tail testusedin the CentralIntervals methodis unbiasedand
Uniformly Most Powerful Unbiasedfor distributionsbelongingto the exponentialfamily, suchas, for
example,theGaussianandPoissondistributions(seeRef. [3], section21.31).

Therefore,theCentralIntervalsmethodis widely usedbecauseit correspondsto aUniformly Most
Powerful Unbiasedtest.Othermethodsbasedon asymmetrictestsunavoidably introducesomebias.

Figure1A illustratesthepower ( in theCentralIntervalsmethodfor anestimator�� of � thathas
a Gaussiandistribution. TheGaussiandistribution of �� for �£)+�-" is depictedqualitatively above the
horizontalline for �¤);� " . The 
�����
�
d�¥����� acceptanceinterval correspondingto thenull hypothesis�-" is limited by thetwo vertical lines. Theareaof thetwo dark-shadedtails of thedistribution is equal
to � .

Let usconsiderfor examplethealternative hypothesis�§¦ $ A �-" (similar considerationsapply to
thealternative hypothesis��¨$ ? �-" ). TheGaussiandistribution of �� for �©)ª� ¦ $ is depictedqualitatively
above the horizontalline for �«)¬� ¦ $ in Fig. 1A. The probability ' ¦ of a Type II error in testing � "
against�§¦ $ is given by the integral of thedistribution of �� for �­)+�§¦$ in the interval betweenthe two
horizontallines. The correspondingareais shown dark-shadedin Fig. 1A. The power to test the null
hypothesis�-" againstthelargeralternative � ¦ $ A �-" , is givenby theintegral of thedistribution of �� for�®)1�§¦$ in the two semi-infiniteintervals of �� externalto the two horizontallines. Thecorresponding
areasareshown light-shadedin Fig. 1A (only theoneon theright is largeenoughto bevisible).

From Fig. 1A onecanseethat the power correspondingto alternative hypotheses� ¨$ and �§¦ $ ,
respectively smallerand larger than the null hypothesis� " , is equal. The Central Intervals method
producesthemostreliableresultsin thecaseof anunbounded� , becausethepower is perfectlybalanced.
Problemsariseif oneconsidersthemeasurementof a boundedquantity � . As illustratedin Fig. 1B for
the caseof a bounded�1�¯� , the balancedpower in the CentralIntervals methodis not appropriate.
Indeed,ahighpower to test �-" against� ¨$ ? �-" when �-" is neartheboundaryis notneeded,becausethe
alternatives � ¨$ ? �-" arelimited. As a result,theCentralIntervalsmethodproducesin this caseclearly
unreliableConfidenceIntervals if the value of ���� � � lies on the left-handside of Fig. 1B. Sometimes
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Fig. 2: A: Power � in theUpperLimits methodfor anestimator�� of �±�/� thathasa Gaussiandistribution. B: Reliability.
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Fig. 3: A: Power � in theUnifiedApproachfor anestimator�� of ��� � thathasa Gaussiandistribution. B: Reliability.

the ConfidenceInterval canbe empty, giving no information. Sometimesonecanget a very stringent
upperlimit, muchsmallerthantheexclusionpotentialof theexperiment[4, 7]. This possibility is very
dangerous,becauseit canleadto wrongconclusionsif interpretedin inappropriateways. In any caseit
givesno usefulinformationon thevalueof � .

In thepasttheUpperLimits methodwasratherpopular. Figures2A and2B show that theUpper
Limits methodis actually worsethan the CentralIntervals methodbecauseit is biasedin the wrong
direction. As a consequence,it produceslimits that are practically always unreliable,except maybe
whenby chance���� � �ih � .

Themethodbiasedin the right directionthathasbeenproposedfirst is theUnified Approachof
FeldmanandCousins[4], which,asillustratedin Fig. 3A, givesmorepower to test �-" against� ¦ $ A �-"
thanto test �-" against��¨$ ? �-" when �-" is nearthe boundary. However, the bias is still insufficient
to producereliableresultsif ���� � �kj � : from Fig. 3B onecanseethatwhen ���� �Z�lj � theConfidence
Interval givesanupperlimit for � that is unphysicallytoo small [5, 8, 2, 9, 10], muchsmallerthanthe
exclusionpotentialof theexperiment[4, 7].

Figure4A illustratesthecalculationof thepower in theMaximumLikelihoodEstimatormethod
proposedindependentlyby Ciampolillo in Ref. [1] and Mandelkern and Schultz in Ref. [2]. In this
methodtheestimatorof � is not �� , but themaximumlikelihoodvalue �nm of � . Sincetherangeof �nm is
equalto therangeof � , theestimate� m� � � alwayslies in thephysicalrangeof � . In thecaseof aGaussian
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Fig. 4: A: Power � in the Maximum Likelihoodmethodfor an estimator �� of ���¡� that hasa Gaussiandistribution. B:

Reliability.

distribution for �� illustratedin Fig. 4A, �nm@)ª�� for ����®� and �nm )ª� for ��»º¡� . Therefore,asshown in
Fig.4A, theupperlimit for � obtainedfor any ���� �Z� ? � is equalto theupperlimit obtainedfor ���� �Z� )ª� .

As onecanseefrom Fig. 4A, theMaximumLikelihoodEstimatormethodhasoptimalbias.As a
consequence,thismethodproducesreliableresultsfor any valueof ���� � � , asshown in Fig. 4B.

Let us emphasizethat the biasis needednearthe boundaryandboth the Maximum Likelihood
EstimatormethodandtheUnifiedApproachproduceConfidenceIntervalsthatpracticallycoincidewith
thoseobtainedwith theCentralIntervalsmethodwhen ���� � �½¼ � .

In conclusion,wehaveshown thattheMaximumLikelihoodEstimatormethod[1, 2] haveoptimal
power in thecaseof measurementof aboundedquantityandproducesalwaysreliableConfidenceInter-
vals. For thesereasons,it shouldbe preferredover theUnified Approach[4], which is however better
thantheCentralIntervalsmethod.Worseof all is themethodof UpperLimits.
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