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Abstract

We connectthe power of Confidencdntenals in different Frequentisimeth-
odsto their reliability. We shav thatin the caseof a boundedparametera
biasedmethodwhich nearthe boundaryhaslarge power in testingthe pa-
rameteragainstlarger alternatves and small power in testingthe parameter
againstsmalleralternatves is desirable. Consideringthe recently proposed
methodswith correctcoverage we shav thatthe Maximum Lik elihood Esti-
matormethod[1, 2] hasoptimalbias.

It is well known thatthe mostimportantpropertyof FrequentisConfidencdntenalsis coverage:
a100(1 — )% Confidencdntenal belongto a setof intenalsthatcover thetruevalueof the measured
quantity u with Frequentistprobability 1 — «. Neyman’s methodobtainsConfidencelntenals with
correctcoveragethroughthe constructionfor eachpossiblevalue of i of an acceptancenterval with
probability1 — « for anestimator of . Theunionof all acceptancentenalsin the i—u planeis called
the ConfidenceBelt The Confidencdntenal for i resultingfrom a measuremerii,,s of the estimator
is the setof all valuesof u whoseacceptancentenal for iz includefiops.

Coverageis not the only propertyof Confidencelntervals, becausanary methodsfor the con-
structionof a ConfidenceBelt with exactcoverageareavailable(seeRefs.[3, 4,5, 1, 2]). Thesemethods
differ by power[6], a quantitywhich is obtainedconsideringhe constructiorof acceptancetenals as
hypothesidesting. Coverageandpower areconnectedrespectiely, with the so-calledTypel and Type
Il errorsin testinga simple statisticalhypothesisH, againsta simple alternatve hypothesisH; (see
Ref.[3], section20.9):

Typel error: Rejectthe null hypothesisH, whenit is true. The probability of a Typel erroris called
sizeof thetestandit is usuallydenotedy a.

Typell error: Acceptthenull hypothesisH, whenthealternatve hypothesis?; is true. Theprobabil-
ity of aTypell erroris usuallydenotedoy 8. The power of atestis the probabilityr =1 — 8 to
reject Hy if Hy istrue. A testis Most Powerfulif its power is the largestoneamongall possible
tests.Thisis clearlythebestchoice.

Unfortunately the powver associatedvith a confidencebelt is not easyto evaluate,becausdor
eachpossiblevaluey of i consideredsanull hypothesighereis no simplealternatve hypothesighat
allows to calculatethe probability 5 of a Typell error Instead we have the alternatve hypothesisH; :
p1 # po, Whichis composite.For eachvalueof 4 # 1o onecancalculatethe probability 5, (141) of
aTypell errorassociateavith a givenacceptancenterval correspondingo u9. A methodthatgivesan
acceptanceegionfor po which hasthelargestpossiblepower m,,, (1) = 1 — By, (¢1) is Most Pawerful
with respectto the alternatve u;. Clearly it would be desirableto find a Uniformly Most Powerful
test,i.e. atestthatgivesanacceptanceegion for po which hasthe largestpossiblepower 7, (1) for
ary valueof p;. Unfortunately the Neyman-Pearsofemmaimpliesthatin generala Uniformly Most
Pawerful testdoesnot exist if the alternatve hypothesiss two-sidedi.e. bothu, < po andu > pg are
possibleandthedervative of the Likelihoodwith respecto 4 is continuousn pg (seeRef. [3], section
20.18).Neverthelessit is possibleto find aUniformly Most Powerful testif theclassof testsis restricted
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Fig. 1: A: Powerr in the Centrallntervals methodfor anestimator of u thathasa Gaussiamistribution. B: Reliability of the
Confidencdntervals obtainedwith the Centralintervals methodfor aboundedu > 0. Seetext for details.

in appropriatevays. A classof teststhathassomemerit is that of unbiasedtests,suchthatthe power
e (p1) for ary valueof ., is largeror equalto thesizea of thetest,

Tuo(p1) > forall pg . 1)

In otherwords, the probability of rejectingu whenit is falseis at leastaslarge asthe probability of
rejectinguo whenit is true. The equal-tail testusedin the Centralintervals methodis unbiasedand
Uniformly Most Powerful Unbiasedfor distributions belongingto the exponentialfamily, suchas, for
example,the GaussiarandPoissordistributions(seeRef. [3], section21.31).

ThereforetheCentralintervalsmethods widely usedbecausé correspondo a Uniformly Most
Powerful Unbiasedest. Othermethodsbasedn asymmetridestsunavoidably introducesomebias.

Figure 1A illustratesthe power 7 in the Centrallntervals methodfor anestimator; of i thathas
a Gaussiardistribution. The Gaussiardistribution of iz for u = pyg is depictedqualitatvely above the
horizontalline for ;. = py. The100(1 — )% acceptancénterval correspondingo the null hypothesis
wo is limited by thetwo verticallines. The areaof the two dark-shadedails of the distribution is equal
to a.

Let us considerfor examplethe alternatve hypothesisu|™ > o (similar considerationgpply to
thealternatve hypothesisu; < po). TheGaussiamistribution of 7 for 4 = u7 is depictedqualitatiely
above the horizontalline for 4 = 7 in Fig. 1A. The probability 3* of a Typell errorin testingu
againstu; is given by theintegral of the distribution of 7i for u = ui in theinterval betweerthe two
horizontallines. The correspondingreais shavn dark-shadedn Fig. 1A. The power to testthe null
hypothesig., againsthe largeralternatve u > po, is givenby theintegral of the distribution of i for
0= uf in the two semi-infiniteintenals of i externalto the two horizontallines. The corresponding
areasareshawn light-shadedn Fig. 1A (only theoneontheright is large enoughto bevisible).

From Fig. 1A one canseethat the power correspondingo alternatve hypotheseg:; and ],
respectrely smallerand larger thanthe null hypothesisug, is equal. The Central Intervals method
produceshemostreliableresultsin thecaseof anunboundedg:, becaus¢éhepoweris perfectlybalanced.
Problemsariseif oneconsidergshe measuremeraf a boundedquantityy. As illustratedin Fig. 1B for
the caseof a boundedy > 0, the balancedpower in the Centralintervals methodis not appropriate.
Indeed ahighpowerto testg againstu; < puo whengy is neartheboundaryis notneededbecausé¢he
alternatvespu; < po arelimited. As aresult,the Centralinternvals methodproducesn this caseclearly
unreliableConfidencelntenals if the value of jiys lies on the left-handside of Fig. 1B. Sometimes
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Fig. 2: A: Pawer « in the UpperLimits methodfor anestimator of p > 0 thathasa Gaussiardistribution. B: Reliability.
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Fig. 3: A: Pawer « in the Unified Approachfor anestimatoriz of p > 0 thathasa Gaussiardistribution. B: Reliability.

the Confidencenterval canbe empty giving no information. Sometimeone cangeta very stringent
upperlimit, muchsmallerthanthe exclusionpotentialof the experiment[4, 7]. This possibilityis very
dangerousbecausédt canleadto wrongconclusionsf interpretedn inappropriatavays. In ary caseit

givesno usefulinformationon thevalueof y.

In the pastthe UpperLimits methodwasratherpopular Figures2A and2B shav thatthe Upper
Limits methodis actually worsethan the Centralintervals methodbecauset is biasedin the wrong
direction. As a consequencdf producedimits that are practically always unreliable,except maybe
whenby chanceiqps =~ 0.

The methodbiasedin the right directionthathasbeenproposedirst is the Unified Approachof
FeldmanandCousing4], which, asillustratedin Fig. 3A, givesmorepower to testyug againstu; > g
thanto testyu againstu; < po whenyyg is nearthe boundary However, the biasis still insufiicient
to producereliableresultsif zi,,s < 0: from Fig. 3B onecanseethatwhenji,,s < 0 the Confidence
Interval givesanupperlimit for x4 thatis unphysicallytoo small[5, 8, 2, 9, 10], muchsmallerthanthe
exclusionpotentialof the experiment4, 7].

Figure4A illustratesthe calculationof the power in the Maximum Lik elihood Estimatormethod
proposedindependentlyby Ciampolillo in Ref. [1] and Mandellern and Schultzin Ref. [2]. In this
methodthe estimatorof y is not jz, but the maximumlikelihoodvaluep* of u. Sincetherangeof p* is
equalto therangeof 1, theestimateu?, . alwaysliesin thephysicalrangeof . In thecaseof aGaussian
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Fig. 4: A: Power 7 in the Maximum Likelihood methodfor an estimatorz of 4 > 0 thathasa Gaussiardistribution. B:
Reliability.

distribution for iz illustratedin Fig. 4A, u* = i for 7 > 0 andp™* = 0 for 7 < 0. Thereforeasshavn in
Fig.4A, theupperlimit for u obtainedor ary ions < 0 is equalto theupperlimit obtainedor zops = 0.

As onecanseefrom Fig. 4A, the Maximum Lik elihood Estimatormethodhasoptimalbias. As a
consequencéhis methodproduceseliableresultsfor any valueof zi,,s, asshavn in Fig. 4B.

Let us emphasizahatthe biasis needednearthe boundaryandboth the Maximum Likelihood
Estimatormethodandthe Unified ApproachproduceConfidencdntenalsthatpracticallycoincidewith
thoseobtainedwith the Centrallntenals methodwhenjiy,s > 0.

In conclusionwe have shavn thattheMaximumLik elihoodEstimatormethod[1, 2] have optimal
powerin the caseof measuremerdf a boundedjuantityandproducesalwaysreliable Confidencdnter
vals. For thesereasonsit shouldbe preferredover the Unified Approach[4], which is however better
thanthe Centralintervals method.Worseof all is the methodof UpperLimits.
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