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Abstract

ThestandardBayesiartreatmenbf systematiaincertaintiess to integrateout
the correspondingiuisancgparametergérom thejoint posteriordensityfor all
parametersWe apply this formalismto measurements which the datacan-
not distinguishbetweennuisanceparameterand parameter®f interest,and
shaw thatit leadsto posteriordensitieswith undesirablgroperties.To solve
this problem, we proposeto introducecorrelationsbetweenthe parameters
of interestand the nuisanceparametersn the prior, in sucha way thatthe
nuisanceparameteinformationdoesnotgetupdatediy the measurementi-
nally, we describea methodto replaceBayesiammarginalizationintegralsover
nuisanceparametersy corvolutions over the parameter®of interest. Such
corvolutionsarecomputationallynoretractableandprovide insightinto some
usefulapproximations.

1 INTRODUCTION

The Review of Particle Physics[1] describeshe following methodfor incorporatingsystematicun-
certaintiesn a Bayesiananalysis. Supposewe have a likelihood £(z | 6, v) expressingthe probability
densityof thedataz givena parametepof interestd anda nuisanceparameter. Becausdhe datacor
relater and@, alack of knowvledgeaboutr givesriseto a systematiauncertaintyon §. If (6, v) is the
prior density Bayes’'theoremgivesthe posteriorprobability densityas:

1

O,v|z) = L(z|0,v)7(0,v), 1
p(0,v|z) p(m)(l)() 1
wherep(z) is themaginal probability densityof thedata:

p(z) = / dv / d6 L(x | 6,v) 7 (6, v). @)

To obtaina probability densityfor & only, onesimply integratesout the nuisanceparameter from the
joint posterior:

p6]2) = [dvp(o.v]o) )

Systematiaincertaintiesreoftensuchthatthe dataalonecannotprovide independeninformation
aboutboth# andv, asfor examplein the caseof a crosssectionmeasuremerih the presencef accep-
tanceuncertaintiesWe discusghis example andthedifficultiesit presentsin section2. Section3 offers
a solutionbasedon introducingcorrelationsbetweerparametersf interestandnuisancgparameterén
the prior. Finally, a methodby which integrals over nuisanceparametersrereplacedoy convolutions
over parametersf interestis describedn section4.

2 CASE STUDY OF A CROSSSECTION MEASUREMENT WITH ACCEPTANCE UNCER-
TAINTIES

We apply the maginalizationformalismto the measuremertf a signalcrosssections in the presence
of n obsered events,b expectedbackgroundevents,an acceptanced with uncertaintyA A, and an
integratediuminosity L. Thelikelihoodis givenby the Poissorprobabilityfor observingn events:

(cLA+b)" o OLAb.

L(n|o,A) = py

(4)
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For obvious reasonsve considero the parametenof interestand A the nuisanceparameter Thesepa-
rametersaregenerallytreatedasbeinga priori uncorrelatedsothattheir combinedprior factorizesWe
will furtherassumehatthe prior for A is atruncatedsaussianwhereaghatfor o is flat:

1(A=Ag)\2

A 1 = e—a(w) "
m(0,A) = n(o)m(4) = H(o) m
whereH is Heaviside’s stepfunction (H(z) = 1 if z > 0, and0 otherwise)and K is a normalization
constantNotethattheabove prior is improper(i.e. non-inteyrable)with respecto o.

Accordingto eq. (1), thecalculationof posteriofintenals or upperlimits ono requiresamamginal
datadensitythatis finite. In the presentasewe have from eq. (2):

(4) H(1 - A), (5)

1 n_pi /1 135 )’

1 o]
—_ = _e_b 1l A~ KAA
p(n) = /OdA/O do L(n|o,A) (0, 4) = ZZ o “Avimraa O

Unfortunately becauseof the 1/A factorin the integrand, this integral divergesat its lower limit (ex-
changingthe order of integration doesnot remove the divergence). The posteriordensityis therefore
improperandcannotbe usedto extractintervals[2]. An obvioussolutionis to regularizethe crosssec-
tion prior by introducinga cut-off omax. Therequirement < o attheprior level thenguaranteea
properposteriordensity but posteriorintervalsandupperlimits will dependon op,.x. Regrettably users
of this methoddo not alwaysquotetheir choiceof omax, makingit difficult to interprettheir results.

In the next subsectionsve consideralternatve choicesof prior to illustratesomeissuesandmoti-
vatea somevhatdifferenttreatmenf systematiancertaintiesn section3.

2.1 Alternative prior 1: log-normalin A, flat in o

Sincethe integrandof the maginal datadensity(6) hasa non-intgrable1/A divegenceat A = 0, a
betterchoiceof prior might be onewhichis 0in A = 0, soasto cancelthe1/A factor A corvenient
choiceof prior which satisfiesthe abase condition and characterizepositve parametersis the log-
normal(normalizedto 1 overtherange) < A < 1):

e_%(mAfm)2

T

)

wherem andr arefunctionsof themeanA andstandardieviation A A of A:
A -
m = In _—  and T = \/ln 1+ (84/4)%). )
1+ (AA/A)?

m(o0,A) = 7(o) 7(A) = H(o) \/% e H(A) H1 - A), (7)

It is easyto verify that the resultingposteriordensityis proper even thoughthe prior densityis still
improperwith respecto o.

Althoughoneis usuallyonly interestedn themaginal posteriordensityfor thecrosssection,it is
instructve to look atthe maginal posteriordensityfor the acceptancet canbe calculatedexplicitly:

2 5 8_%(111‘47"1)2

p(A|n) = \ﬁ T H(A) H(1 - A). (9)
WV T e e (2]

This expressionhastwo striking aspectsit doesnot dependon the datan, andis a differentfunction

of A thanthe prior (7). No matterhow weakthe information containedin the data,the posteriorwill
never matchthe prior. Thislack of consisteng is dueto theimproprietyof the prior with respecto the
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crosssectiono. If we regularizethe prior by introducinganuppercutoff onax Onthe crosssection the
posteriorbecomes:

(10)

2bt— e omaxlA (g LA + D)
A A —b max
p(Aln) o m(A) e {Z (0maxLA) ! ’

1=0

anddependsiow explicitly onthedatan. Forlow integrateduminosity L onerecoversp(A | n) =~ w(A),
asexpected.

2.2 Alternative prior 2: Gaussianin A, Gaussianin o

Herewe setthe prior for (o, A) to the productof a truncatedGaussiarfor ¢ anda truncatedGaussian
for A. Sucha prior is properwith respectto both A andgo. It is not a very commonchoice,sincein
generalonewill selecta non-informatve prior for the crosssection. However, it providesa corvenient
modelto studyhow informationflows from the priorsto the posterior In particular we wantto contrast
situationswherethe prior informationagreeswith the dataandsituationswherethe two arein conflict.
For theexamplesbelov we setn = 5, b = 2, Ay = 0.02, AA = 0.006, andL = 100 pb~*.

For thereto be no conflict betweenpriors and data, the crosssectionprior shouldbe centered
aroundoy = (n — b)/(LAg) = 1.5 ph. Thisis illustratedin the top two entriesof Table 1 for two
differentprior uncertaintien the crosssection,30% and5%. In both caseshe measuremeraffects
only theuncertaintiesnotthemeanvalues.For thebottomtwo entriesof thetable,thecrosssectionprior
wasgivenameanof 7 pbin orderto demonstraté¢he effect of a conflict betweerpriorsanddata. Both
posteriorsare now shiftedwith respecto the priors. Comparingmeasurement3 and4, oneobseres
thattheacceptancshift increasessthe prior uncertaintyon the crosssectionis reduced.

Table1l: Summaryof four measurementsf a crosssection,basedon 5 eventsobsened over an expectedbackgroundof 2
eventsin a datasampleof 100pb~!. TheacceptancandcrosssectionpriorsaretruncatedGaussiansMeasurements and2
illustratethe effect on the posteriorof areinforcemenbetweerdataandpriors,whereasneasurement3 and4 shav theeffect
of aconflict betweerthetwo.

Mean RMS/mean(%)
Measurement Prior Posterior Prior Posterior

1: Acceptance 0.02 0.02 30.0 27.9
Crosssection(pb) 1.5 1.5 30.0 27.9

2. Acceptance 0.02 0.02 30.0 27.6
Crosssection(pb) 1.5 15 5.0 5.0

3. Acceptance 0.020 0.014 30.0 41.3
Crosssection(pb) 7.0 4.9 30.0 41.3

4: Acceptance 0.020 0.010 30.0 39.2
Crosssection(pb) 7.0 6.9 5.0 5.1

2.3 Summary of prior study

Ourfirsttwo choicesof prior, egs.(5) and(7), shav thatimproperpriorscanleadto posteriompathologies
suchasdivergenceor inconsisteng. Neverthelessimproperpriors arewidely usedasappoximations
to properdistributionsrepresentingveakinformation. This is justified on the groundsthat“if the prior
informationis weakrelative to the informationin the data,then posteriorinferenceswill be robustto
mis-specificatiorof the prior” (section4.35in [3]). Fromour exampleit would thereforeappeathatan
impropercrosssectionprior is notagoodrepresentationf weakinformationwhenthe acceptancerior
givesnon-zergprobabilityto zeroacceptance.

147



Ontheotherhandi,it is possibleto approactthis problemdifferently namelyasthe combination
of two independentneasurementneof theacceptancel, summarizedy the prior 7(A), andoneof
the expectednumberof signaleventsu, summarizedy a posteriorp(i | n). Thelatteris obtainedvia
Bayes'theorenfrom thelikelihood(u +b)"e~#~° /n! andaprior (). A simpleconvolution of p(u | n)
with 7(A) thenyieldsthe crosssectionposteriorp(o | n). Now, it turnsoutthatp(o | n) remainsproper
evenif w(A) is atruncatedGaussiarand () is uniform andimproper This suggestshata different
parametrizatiorof the problemof section2 at the prior level, in termsof ; and A insteadof o and 4,
would yield amorerobustsolution.

Our lastchoiceof prior, in section2.2,demonstrateRon measurementsanupdatethe nuisance
parameteren away thatdependsiot only on the data,but alsoon prior beliefsaboutthe parametersf
interest.Thisis of coursethe primaryreasonwhy onenever careso look at updatechuisanceparameter
information,evenwhenthe nuisanceparameters asinterestingasthe reusablecalibrationor efficiency
of aninstrument.If updatingnuisanceparametemformationsenesno purposeijt seemgshenlegitimate
to wonderwhetherit is possibleto avoid this featurein a Bayesiarnanalysis sothatall the information
in the datais appliedonly to the parametersf interest. We look at this issuein moredetailin the next
section.

3 THE METHOD OF POSTERIOR AVERAGING

A salientfeatureof the examplediscussedh section2 is thatthedataonly depend®nthe productof the
crosssectionandtheacceptancen this sectionwe generalizehis featureby consideringneasurements
in which the datacannotdistinguishbetweerthe parametenf interestd andthe nuisanceparameter .
In mathematicaterms,we assumehat thereexists a functionn (6, v), independenbf the dataz, such
thatthelikelihooddepend®n 8 andv only throughn:

L(z|0,v) = L(z|n(6,v)). (11)

If thereis morethanoneparametenf interestor morethanonenuisanceparameterwe assumehaty is
avectorwith thesamedimensionasé, andthatthe Jacobiarof thetransformatior® — 7 is non-singular

In orderto addresghe lastissueraisedin section2, we would like to setup the measurement
problemin sucha way thatnuisanceparameterslo not getupdatedoy the measurementThus,givena
nuisanceorior (), we searchfor acombinedprior (6, v) suchthat:

/%WWw):W@) and  p(v|z) = (). (12)
With the helpof Bayes'theoremthe equationon theright canberewritten as:

Jdo Liz|6.)mn0.0) _
Jdv ]9 Lz |0, x@,0) ~ "

(13)

Next, we note that undera changeof variabled — 1 = n(6,v), probabilitiesremaininvariant; in
particular:w(0,v) d0 = =(n,v) dn. Equation(13) canthereforebe rewritten as:

Jdn L(z|n) n(n,v)
Jdv [dn L(z|n) 7(n,v)

andis satisfiedby ary (7, v) thatfactorizesnto = (n) n(v). Transformingbackto (8, v), the solution
is:

= n(v), (14)

w(0,0) = n(n(0,)) 7(v) G,

wheredn /96 is ashorthandor the Jacobiarof thetransformatiord — 7.

(15)
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UsingBayes'theoremthe maginal posteriorprobabilityfor § canbewritten asfollows:

(z[n(9,v)) =(n(d,v)) o -
Jdn' L(z|n') n(n') 90

The expressionbetweensquarebracletsis the posteriordensityof n given z, written asa function of

6 andv with the help of the Jacobiardn/00. The maginal posteriorfor 6 is thenthe averageof this

n posteriorover the nuisanceparameterand we will thereforerefer to this methodfor gettingrid of

nuisanceparameterss “posterior averaging”. In a typical applicationof this formalism, one would

identify the function n(é,v), choosea prior for i, calculatethe posteriordensityfor  and expressit

in termsof § andv, andfinally averagethis posteriorover the prior nuisancedistribution. An alternate
methodappropriatavhenonehassignificantprior informationabouttheparameteof interes®, consists
in solvingthefollowing integral equationfor the prior:

pOl2) = [avp0]va)pv|a) = [av [‘C 0. @)

w(0) = [dv n(0(6,0) W(u)%. (17)

Thisy prior is thenhandledn the sameway asin thefirst method.

Whencomparedvith thestandardnethodfor gettingrid of nuisanceparametersyosterioraverag-
ing hastwo mainadwantagesFirst, it involvesonelessintegrationin the calculationof themaginal data
densityp(z), makingit lesslikely to yield divergentresultswhenimproperpriors areused. Secondjt
exploits thefactthatthe datacannotdistinguishbetweerparametersf interestandnuisanceparameters
by channelinall the datainformationinto the parametersf interest.

We emphasizeéhat posterioraveragingis derived from Bayes’theoremusingthe rulesof proba-
bility without ary additional,externalprinciple, otherthanour methodfor choosinga prior. It canbe
appliedwheneer the conditionembodiedn eq. (11) is satisfied.

3.1 Example

We apply the posterioraveragirg formalismto the exampleof section2. Fromthe likelihood (4) it is
clearthatthe datan cannotdistinguishbetweenthe crosssections andthe acceptanced. A natural
choicefor the function n is thereforen(o, A) = oLA + b, i.e. the expectednumberof events. An
arguablynon-informatve prior for 7 is atruncatedlat distribution from = b upto n = nyax. FOrthe
acceptancwve keepthetruncatedGaussiarprior of eq. (5). Usingeq. (15), the combinedprior for ¢ and
Als:

— H(U) H(nmax—O'LA—b) 67%(%)2 B
m(o,A) = p— o KAA H(A) H(1—A) LA, (18)

which doesnot factorizeasa functionof o and A. Themauwginal prior for o however, canbe calculated
explicitly:

,( Ag )2 7(1&(0)—140)2
e V2AA —e V2AA

w(o) = C H(o) -I-erf( Ao )-I—erf(w) , (19)

VT2 (Ag/AA) V2AA V2AA
. _ LAy . Nmax — b
with C = o — DK and wu(o) = min (1, oL ) .

In the limit of small A A this expressionreducedo a stepfunctionthatis non-zerofrom o = 0 up to
o = (Mmax — b)/(LAp). Themaginal posteriordensityfor o is givenby:

~(45)’
e—(thL—i—b) AL e 2\ a4

1 AL + b)"
n! V2t K AA’

u(o)
plo|n) = —H(a)/o ia |

S (20)
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n
with § = ) Zl—, [e*”bi - e*"maxnfnax] .

i=0
Although the priors (18) and (19) dependon the expectedbackgroundb, this dependencés hardly
visible for large valuesof .. In ary case,if thisis a problemone canalwayschoosea o prior that
is independenof b andthenuseeq. (17) to extractthe n prior. An easiersolutionis to choosea flat
improperprior for n by removing (nmax — b) from the denominatoiin eq. (18) and taking the limit
Nmax — 00. Themanginal prior for o thenbecomeslsoimproper while its posteriorsimplifiesto:

_1(A-4g)?
1 L (GAL+b)" e3(%5)
= —H AT (o AL o Z T T 21
pln) = o (a>/0d paaLp — (21)
n

7
with Sy = e*bzb—.

Thanksto thefactor A in theintegrandthis posterioris proper in contrastwith the calculationof section
2. Inref. [4], eq. (21) s incorrectlyderved asa simpleapplicationof thetechniqueof maiginalization.
The authorstartswith a properlynormalizedprobability densityfor the parametersf interest,condi-
tional onthenuisancearametersThis densityis thenaveragedver the nuisancerior. However, asthe
first equalityin eq. (16) indicates Bayes’theorenrequiresthatthe posteriordensityfor the parameters
of interestbe averagedover the nuisanceposterioy notits prior. Only in specialcircumstancessuchas
thoseoutlinedat the beginning of section3, canthetwo be madeequal.

4 THE CONVOLUTION METHOD

In this sectionwe briefly investigatewaysto simplify computatiorof the posterioraveragingintegral of

eqg. (16). Often, the only prior information available aboutthe nuisanceparameteis its meanv, and
standarddeviation Av, anda Gaussiarprior is thenassumedThe posterioraveragingintegral therefore
takestheform:

e_%(u;:o)z
p(0l2) = [dvp(o]v.a) <o

Whenthedependencef p(f | v, z) onv is notaseasilyobtainableasits dependencen, it is tempting
to replaceeq. (22) by a Gaussiarconvolution over @, with somewidth ¢ to bedeterminedisafunctionof
Av. A convolution will automatically'widen” the probability densityfor 8, which is the desiredeffect
of asystematiancertainty To derive sucha procedurepneintroducesa shift function py (), definedas
follows:

(22)

POfve+e,2) = PO+ py(e) |vo,z), (23)

whereP(0 |v,z) = ffoo d0'p(0' | v, x). After performingthe substitutionv — ( = 6 + py(v — vs), the
averagingintegral (22) becomes:

*%(—aig,i)f C—0 00(6,0)
e (6,
p(9|$) = /dC P(C‘me) m 1+ 0(9’ C) 90 ) (24)
where: c_o
0, = _; Av. 25
o0 = =5 (25)

Equation(24) is a goodstartingpoint for approximations First, notethatdueto the Gaussiarfactorin
eq.(22),eq.(23)only needgo holdfor e valuesof theorderof afew Av’s. If Av issmallenoughpy(e)
canbeassumedo beapproximatelylinearin ¢, sothateq. (25) simplifiesto o(0, ¢) = pg(Av).
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A furthersimplificationoccurswhenconsideringa systematiaincertaintywhosemaineffectis to
shiftthewholedensityp(@ | v, ) alongé without(toomuch)distortingits shapeln thatcasepy(e) = c-e,
with ¢ a constanindependentf 8, andthe posteriordensitybecomes:

e 35as)’

V2rcAv'

If onthe otherhandthe systematiauncertaintyunderconsideratiormainly affects the width of
p(60|v,z), thenpy(e) ~ (0 — 6,), with 8, thelocationparameteof p(é | v, z), and:

p(6|a) ~ [dCp(Clves) (26)

I/o+€

_l[ 6— ]2
e 2 L ({—0o0)Av/vo
V21 (¢ = 60.)Av/v,

Systematiaincertaintieghataffect both thelocationandwidth of p(8 | v, z), suchasacceptancencer
tainties,will give riseto non-trivial Jacobiarfactorsin the convolution integral.

p(6l) ~ [dCp(Clve,) @7

Finally, we notethatin the aborve discussionve have ignoredthe transformationof integration
limits. This obviously needgo betakeninto accountn specificapplications.
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