COSMO-03 International Workshop on Particle Physics and the Early Universe Ambleside, Lake District, England 25-29 August 2003

Conformal Bulk Matter and Brane Dynamics

Rui Neves and Cenalo Vaz

Faculdade de Ciências e Tecnologia, Universidade do Algarve Campus de Gambelas, 8000-117 Faro, Portugal E-mail: rneves@ualg.pt and cvaz@ualg.pt Based on R. Neves and C. Vaz, Phys. Rev. D 68, 024007 (2003)

Summary

• Randall-Sundrum (RS) scenario: dynamics of a spherically symmetric 3-brane embedded in a Z_2 symmetric 5D AdS space with bulk matter fields.

• Exact 5D solutions: dynamics of inhomogeneous dust and dark radiation on the brane with localized gravity. Geometries correspond to a certain conformal class of bulk matter fields. Static marginally bound limits.

• Effective 4D dynamics: conditions for singular or globally regular behavior.

1. Introduction

RS brane world scenario Observable Universe: 3-brane world embedded in a Z_2 symmetric 5D AdS space.

• RS1 Model: Localization of gravity on hidden positive tension brane and decay towards visible negative tension brane. Exponential hierarchy.

• RS2 Model: Exponential localization of gravity in a single positive tension brane. Infinite fifth dimension.

Vaccum solutions

ds̃^2_5 = l^2 (|z − z_0| + z_0)^2 ( dz^2 + ds^2_4^) .

ds^2_4 → Ricci flat. AdS radius l = 1/^√−Λ_Bκ^2_5/6. κ^2_5 = 8π/M^3_5 , M_5 → fundamental 5D Planck mass.

Bulk cosmological constant Λ_B = −κ^2_5λ^2/6, λ → brane tension.

• Low energy brane gravity: 4D general relativity. • Brane cosmology: Friedmann-Robertson-Walker. • Gravitational collapse: Static black holes localized on a brane: 2-brane in 4D AdS bulk. Physically realistic exact 5D collapse solutions not yet found. The difficulty: simultaneous localization of gravity and matter ⇒ Emparan-Fabbri-Kaloper Conjecture: 5D classical black holes localized on the 3-brane correspond to quantum corrected 4D black holes on the brane.

• 4D effective Gauss-Codazzi approach: More cosmological and gravitational collapse solutions. Non-static brane world vaccum. Embedding in exact 5D spacetimes frequently unknown.

2. Einstein Equations

Dynamical metric, coordinates (t, r, θ, ϕ, z) Z_2 symmetry and 4D spherical symmetry

ds̃^2_5 = Ω^2ds^2_5, ds^2_5 = −e^{2A}dt^2 + e^{2B}dr^2 + R^2dΩ^2 + dz^2.

Ω → warp factor, R → physical radius of the 2-spheres. Ω = Ω(t, r, z), A = A(t, r, z), B = B(t, r, z), R = R(t, r, z) are Z_2 symmetric functions.

Classical 5D Einstein equations G̃^ν_μ = −κ^2_5^[Λ_Bδ^ν_μ − T̃^ν_{bμ} − T̃^ν_μ^] .

T̃^ν_{bμ} = − 1√ g̃_{55}

[λδ(z − z_0) + λ^′δ(z − z_1)]^(δ^ν_μ − δ^ν_5 δ^5_μ^)

Stress-energy tensor T̃^ν_μ conserved in the bulk ~∇_μT̃^μ_ν = 0.

Assume conformal bulk matter of weight s T̃^ν_μ = Ω^{s+2}T^ν_μ .

Then the Einstein and conservation equations transform to

G^ν_μ = −κ^2_5Ω^{2 [}Λ_Bδ^ν_μ − Ω^{−1}T^ν_{bμ} − Ω^{s+2}T^ν_μ^] −6Ω^{−2} (∇_μΩ) g^{νρ}∇_ρΩ − 3Ω^{−1}δ^ν_μg^{ρσ}∇_ρ∇_σΩ +3Ω^{−1}g^{νρ}∇_ρ∇_μΩ and ∇_μT^μ_ν + Ω^{−1 [}(s + 7)T^μ_ν ∂_μΩ − T^μ_μ ∂_νΩ^] = 0.

Assume further T̃^ν_μ = Ω^{−2}T^ν_μ , T^ν_μ = T^ν_μ (t, r)

Then separate to obtain G^ν_μ = κ^2_5T^ν_μ ,

and

6Ω^{−2}∇_μΩ∇_ρΩg^{ρν} − 3Ω^{−1}∇_μ∇_ρΩg^{ρν} + 3Ω^{−1}∇_ρ∇_σΩg^{ρσ}δ^ν_μ = −κ^2_5Ω^{2 [}Λ_Bδ^ν_μ − Ω^{−1}T^ν_{bμ}^] .

Similarly for the conservation equation

∇_μT^μ_ν = 0, 3T^μ_ν ∂_μΩ − T^μ_μ ∂_νΩ = 0.

Now if A = A(t, r), B = B(t, r), R = R(t, r), Ω = Ω(z)

then obtain G^b_a = κ^2_5T^b_a , ∇_aT^a_b = 0, G^z = κ^2_5T^z_z ,

6Ω^{−2}(∂_zΩ)^2 = −κ^2_5Ω^2Λ_B, 3Ω^{−1}∂^2_z Ω = −κ^2_5Ω^{2 [}Λ_B − Ω^{−1}T^ν_{bμ}^]

and 2T^z_z = T^c_c .

3. Dust Dynamics

Equations of state

T^ν_μ = diag(−ρ, p_r, p_T , p_T , p_z), ρ = ρ_D + Λ κ^2_5

, p_r = p_T = − Λ κ^2_5 , p_z = − 1 2 ρ_D + 4 Λ κ^2_5 .

ρ_D → dust energy density. Λ ∼ 4D cosmological constant

Conservation equations

ρ̇_D + Ḃ + 2 Ṙ R ρ_D = 0, A^′ρ_D = 0.

Solution of conservation equations

ρ_D = ρ_D(t, r), A(t, r) = 0, G^r_t = 0 → e^B = R^′ H ,

H = H(r) → arbitrary function of r. ↓

ρ_D =

2G_N M^′ κ^2_5R^2R^′ ,

G_N → Newton’s gravitational constant. M = M(r) → arbitrary function of r, dust mass inside shell labelled by r.

Solution of diagonal Einstein equations

−G^t + G^r + 2G^θ = −2 R̈′ R^′ − 4 R̈ R = 2G_N M^′ R^2R^′ − 2Λ.

↓ Ṙ^2 = 2G^N M R + Λ 3 R^2 + f

f = f(r) → arbitrary function of r, energy inside a shell labelled by r.

On the initial hypersurface t = 0, R(0, r) = r

±t + ψ =^∫ dR √ 2GN M R +^Λ_3 R^2 + f .

Applying the radial equation

G^r = −2 R̈ R + H^2 R^2 − 1 R^2 − Ṙ2 R^2

= −Λ

↓ H = √ 1 + f → f > −1 Then

G^z = − R̈′ R^′ − 2 R̈ R + f − Ṙ^2 R^2 + (f − Ṙ^2)^′ RR^′ = − G_N M^′ R^2R^′

− 2Λ = κ^2_5p_z.

With the RS warp

Ω = Ω_{RS} = l |z − z_0| + z_0

obtain dynamical and inhomogeneous 5D dust solutions on the brane with localized gravity

ds̃^2_5 = Ω^2_{RS} −dt^2 + R^{′2} 1 + f dr^2 + R^2dΩ^2 + dz^2 .

Marginally bound limit: f = 0 ↓

T = t +^∫ dR √ Λ 3 R^4 + 2G_N MR Λ 3 R^3 − R + 2G_N M .

↓ AdS/dS-Schwarzschild black string

ds̃^2_5 = Ω^2_{RS}^(dz^2 + ds^2_4^) ,

ds^2_4 = − 1 − 2G_N M R − Λ 3 R^2 dT^2 + 1 − 2G_N M R − Λ 3 R^2 −1 dR^2 + R^2dΩ^2.

3. Dark Radiation Dynamics

Equations of state

T^ν_μ = diag(−ρ, p_r, p_T , p_T , p_z), ρ + p_r = 0, p_T + ηρ + Λ κ^2_5

(1 − η) = 0,

ρ = ρ_{DR} + Λ κ^2_5 , p_z = −(1 + η)ρ − Λ κ^2_5 (1 − η) .

ρ_{DR} → dark radiation energy density. η → dark radiation model parameter Usual dark radiation form: η = −1. If Λ = 0 then T^a_a = 2p_z = 0 Conservation equations

ρ̇_{DR} + 2(1 − η) Ṙ R ρ_{DR} = 0,

ρ_{DR}^′ + 2(1 − η) R^′ R ρ_{DR} = 0.

Solution of conservation equations

ρ_{DR} = Q_η κ^2_5 R^{2η−2}.

Q_η → dark radiation tidal charge

If Q_η > 0 then 4D weak, dominant and strong energy conditions ↓ η ≤ 1, |η| ≤ 1 and η ≤ 0 5D weak, dominant and strong energy conditions ↓ η ≤ 0, −2 ≤ η ≤ 0 and η ≤ −1/3 If Q_η < 0 then all energy conditions are violated.

Solution of diagonal Einstein equations

−G^t + G^r + 2G^θ = −2 R̈′ R^′ − 4 R̈ R = −2ηQ_ηR^{2η−2} − 2Λ.

↓ Ṙ^2 = Q^η 2η + 1

R^{2η} + Λ 3 R^2 + f

On the initial hypersurface t = 0, R(0, r) = r

±t + ψ =^∫ dR √ Λ 3 R^2 + f +^{Qη}_{2η+1}R^{2η} .

Applying the radial equation

G^r = −2 R̈ R + H^2 R^2 − 1 R^2 − Ṙ2 R^2

= −Q_ηR^{2η−2} − Λ

↓ H = √ 1 + f → f > −1 Then

G^z = − R̈′ R^′ − 2 R̈ R + f − Ṙ^2 R^2 + (f − Ṙ^2)^′ RR^′ = − (1 + η) Q_ηR^{2η−2} − 2Λ = κ^2_5p_z.

With the RS warp

Ω = Ω_{RS} = l |z − z_0| + z_0

obtain dynamical and inhomogeneous 5D dark radiation solutions on the brane with localized gravity

ds̃^2_5 = Ω^2_{RS} −dt^2 + R^{′2} 1 + f dr^2 + R^2dΩ^2 + dz^2 .

Marginally bound limits: f = 0 ↓

T = t +^∫ dR √ Λ 3 R^2 +^{Qη}_{2η+1}R^{2η} Λ 3 R^2 − 1 +^{Qη}_{2η+1}R^{2η} .

↓

ds̃^2_5 = Ω^2_{RS}^(dz^2 + ds^2_4^) ,

ds^2_4 = − 1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 dT^2 + 1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 −1 dR^2 + R^2dΩ^2.

Horizons

1 − Q_η 2η + 1 R^{2η} − Λ 3 R^2 = 0

↓

Λ = 0 → R_h =

2η + 1 Q_η 1 2η .

Exact Dynamical Solutions

Example: η = 1/2, Λ > 0

Solutions organized by β =^3_Λ ( 3Q2_{1/2}

16Λ − f )

a) β > 0 → −1 < f < 3Q^2_{1/2} /(16Λ) | | | | |R + 3Q_{1/2} 4Λ | | | | | =^√β cosh ± Λ 3 t + cosh^{−1} | | | |r +^{3Q1/2}_{4Λ}^| √ β .

b) β < 0 → f > 3Q^2_{1/2}/(16Λ)

R + 3Q_{1/2} 4Λ =^√−β sinh ± Λ 3 t + sinh^{−1} r +^{3Q1/2}_{4Λ} √ −β .

c) β = 0 → f = 3Q^2_{1/2}/(16Λ) | | | | |R + 3Q_{1/2} 4Λ | | | | | = | | | | |r + 3Q_{1/2} 4Λ | | | | | exp ± Λ 3 t .

Singularities and Rebounces

V = V (R, r) = Q_η 2η + 1

R^{2η} + Λ 3 R^2 + f.

∀R ≥ 0, V (R) > 0 → shell focusing singularity at R = R_s = 0

∃R = R_∗ > 0 : V = 0 → regular rebounce point at R = R_∗

Example: η = 1/2, Λ > 0 V = Λ 3 R^2 +

Q_{1/2} 2 R + f = Λ 3 ( Y^2 − β^) , Y = R +

3Q_{1/2} 4Λ .

a) β < 0, f > 3Q^2_{1/2} /(16Λ)

Figure 1: Plots of V for Q_{1/2} > 0. At the singular origin V (0, r) = f. b) β > 0, −1 < f < 0

Figure 2: Plots of V for Q_{1/2} > 0. Rebounce points at R∗ = −

3Q_{1/2}

4Λ + √ β. Globally regular solutions in 4D.

c) β > 0, 0 < f < 3Q^2_{1/2}/(16Λ)

Figure 3: Plots of V for Q_{1/2} < 0. Rebounce points at R∗± = −

3Q_{1/2}

4Λ ± √ β. At the singular origin V (0, r) = f.

d) β = 0, f = 3Q^2_{1/2} /(16Λ)

Figure 4: Plot of V for Q_{1/2} < 0. Rebounce points at R∗ = − 3Q^{1/2}4Λ . At the

singular origin V (0, r) = f.

4. Conclusions

• Exact 5D solutions for which gravity is localized near the brane and the dynamics of the bulk fields on the brane is that of inhomogeneous dust and dark radiation.

• Conformal fields in the AdS bulk with stress-energy tensor of weight -4.

• Dynamical phase space with evolution of dust and dark radiation shells on the brane. Conditions for singular or globally regular behavior.

• Bulk fields are not localized near the brane. The density and pressures increase with z and become singular at the AdS horizon. This is not a problem in the RS1 model as space-time is cut before the AdS horizon is reached. Within the RS2 model a solution to this problem requires the simultaneous localization of gravity and matter near the brane, an open problem for future research.

Some References

• L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); Phys.

Rev. Lett. 83, 4690 (1999).

• N. Kaloper, Phys. Rev. D 60, 123506 (1999). • T. Nihei, Phys. Lett. B 465, 81 (1999).

• C. Csáki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999).

• J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999).

• W. D. Goldberger and M. B. Wise, Phys. Rev. D. 60, 107505 (1999);

Phys. Rev. Lett. 83, 4922 (1999); Phys. Lett. B 475, 275 (2000). • O. DeWolf, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D 62, 046008 (2000).

• A. Chamblin, S. W. Hawking and H. S. Reall, Phys. Rev. D 61, 065007 (2000).

• P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Lett. B 468, 31 (1999); Phys. Rev. D 61, 106004 (2000).

• T. Shiromizu, K. I. Maeda and M. Sasaki, Phys. Rev. D 62, 024012 (2000).

• P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000).

• R. Emparan, G. T. Horowitz and R. C. Myers, J. High Energy Phys.

0001, 007 (2000); J. High Energy Phys. 0001, 021 (2000).

• J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000). • C. Csáki, M. Graesser, L. Randall and J. Terning, Phys. Rev. D 62, 045015 (2000).

• J. Garriga and M. Sasaki, Phys. Rev. D 62, 043523 (2000). • R. Maartens, D. Wands, B. A. Bassett and I. P. C. Heard, Phys. Rev.

D 62, 041301 (2000).

• T. Tanaka and X. Montes, Nucl. Phys. B582, 259 (2000). • S. Giddings, E. Katz and L. Randall, J. High Energy Phys. 03, 023 (2000).

• P. Kanti, K. A. Olive and M. Pospelov, Phys. Lett. B 481, 386 (2000). • N. Dadhich, R. Maartens, P. Papadopoulos and V. Rezania, Phys. Lett.

B 487, 1 (2000).

• R. Maartens, Phys. Rev. D 62, 084023 (2000). • H. Lü and C. N. Pope, Nucl. Phys. B598, 492 (2001). • M. Bruni, C. Germani and R. Maartens, Phys. Rev. Lett. 87, 231302 (2001).

• P. Kanti and K. Tamvakis, Phys. Rev. D 65, 084010 (2002). • R. Emparan, A. Fabbri and N. Kaloper, J. High Energy Phys. 0208, 043 (2002).

• R. Neves and C. Vaz, Phys. Rev. D 66, 124002 (2002); Phys. Rev. D 68, 024007 (2003); Phys. Lett. B 568 153 (2003).