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Abstract
TheBellecollaborationoperatesageneral-purposedetectorattheKEKB asym-
metric energy ������� collider, performinga wide rangeof measurementsin
beauty, charm,tauand2-photonphysics.In this paper, thetreatmentof statis-
tical problemsin pastandpresentBellemeasurementsis reviewed.Someopen
questions,suchasthepreferredmethodfor quotingraredecayresults,andthe
statisticaltreatmentof thenew

���
	 � ����
 � 
 � analysis,arediscussed.

1 INTR ODUCTION

My ambitionsfor this conferenceareto recover my luggage,which wentmissingfour daysago,andto
find answersto somequestionsaboutstatisticalpracticeat Belle.1 I suspectI’m not theonly onewith
anagendain this area.Fromthepoint of view of theBelle spokesmen,it would befar betterif I could
articulateworkableguidelinesfor our useof statisticalmethods����� ratherthanfinding fault with our
presentpracticecase-by-case.As I hopeto show, it is mucheasierto criticiseourstatisticalpracticethan
it is to suggestalternatives,althoughI have madesometentative stepsin thatdirection.

Analysesat Belle arenot all of thesamekind, andthe “statisticalenvironment” variesfrom one
studyto another. After reviewing theexperimentitself (section2) andsomegeneralissues(section3),
I hopeto give you a feeling for themain typesof analysis,andthestatisticalissuesin eachcase(sec-
tion 4). Of particularinterestarethe searchesfor rare

�
-mesondecays(section4.2), wherethereis a

tradeoff between“purist” statisticalconcernsand importantpracticalissues;andour new analysisof���
	 � ��� 
 � 
 � decays(section5). Interpretationof this result is surprisinglydifficult, due to the
unusualconfigurationof the parameterspace,aswell assomefeaturesof theanalysis.The first Belle
paperon this topic is two weeksfrom journalsubmission,soyou mayhave thechanceto influenceour
statisticalpracticein realtime!

2 THE BELLE EXPERIMENT

The main “point” of Belle is to test the Kobayashi-Maskawa modelof CP-violation[1], in which the
phenomenonis entirelydueto theirreduciblecomplex phaseof thequarkmixing matrix. Thesimplicity
of this modelmakesit highly predictive. In the absenceof extra generationsor isosingletquarks,we
have thefamiliar ����� matrix �

�����
��� ��� ���
��! "� �  #� �! "��%$&� � $'� �%$&�
()

(the so-calledCKM matrix), andunitarity givesa numberof relationsof the form ��$&���+*$&�-, �! "�
�.* "�/,���
�
�+*���/021 . Thisparticular“unitarity triangle”(seeFig.1) is especiallyinteresting:all its interiorangles35476 896 :
arebelievedto befar from 1<; and =?> 1<; , andmaybemeasuredusingtime-dependentasymmetries

between
� �

and
� �

decaysto appropriatestates. In otherwords: CP-violatingasymmetriesin these
decaysare expectedto be large. The recentmeasurementof @BA&CED 354 by Belle [2] confirmsthat this

1My luggagearrivedontheThursdaymorning,about30hoursbeforeI left Durham.Someof my questionswereanswered,
at leastin part.More of thisanon.
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Fig. 1: Theunitarity trianglerelevantto P decays.In all unitarity triangles,theanglesdiffer from Q9R and S7TUQVR if theKM phase

is nonvanishing.In this triangle,theanglesareexpectedto befar from Q R and SWT9Q R , leadingto readilymeasurableeffects.

is true, at leastregarding
3X4

: basedon a study of
�Y��Z � �[� \ 	�]_^`�a

and relateddecays,we found@BA&CED 3 4 0b1 �dcecgf 1 �&=Vhif 1 � 1<j . (This is thefirst observationof a CP-violatingeffect outsidetheneutral
kaonsystem.In a spirit of friendlinesslet mealsocite thesimilar, andessentiallysimultaneous,result
from BaBar[3].) The

� � 	 � ����
 � 
 � analysisdiscussedin section5 is sensitive to theangle
3!8

.

The Belle detector[4] is a classicsolenoidaltracking detector( kmln k 0 =��doqp ) with someextra
features.Most notableis its asymmetry, to optimizeacceptanceof eventswith acentre-of-massboosted
by rXs 0t1 �uhmDeo in the lab frame. (The storagerings of KEKB collide >wvyx�z �e� on �{�dowv|x�z �
� ,
i.e. } ~ 0 = 1 �doe>wvyx�z , yielding ����h��/� � ����

decaysor nonresonant� �� , � � � � etc.) The drift of

the
���
	 � �

prior to decayis measuredusinga silicon vertex detector, allowing measurementof time-
dependentasymmetries(seesection4.1). Particle ID over the full momentumrangefor

�
-daughters

is obtainedusingaerogelČerenkov countersaswell asthe moretraditional ��� 	 ��� andtime-of-flight
measurements:this improves

�
flavour-tagging,andallows identificationof rare

�
decayswherewe

hopeto find evidenceof “direct” CPviolation (section4.2). Theflux returnis instrumentedwith RPCs
to identify ��� (asmatchedtracks),improving theefficiency andpurity of

\ 	�] � � � � � reconstruction,
and

^`��
(asneutralclusters),allowing measurementof @BA'CED 3 4 using

\ 	�]_^i��
andrelatedmodes.

Thecollaborationitself is of order250physicists,from over50 institutesin 12countries.Perhaps
half of the analysiseffort is directedtowardsheadlinestudieslike

\ 	�]_^�� *7� and

 � 
 � , with the rest

thinly spreadover rare
�

decays,CKM matrix elements(via measurementsof semileptonicdecays),
charmstudies,� and D�s physics.Most of this work proceedsthroughsomemix of local “specialties”
andindividual initiative,with fairly light coordinationfrom thecentre.Whichbringsusto my next point.

3 ABOUT STATISTICAL PRACTICE AT BELLE

In thosedaysthere wasnoking in Israel; everyonedid whatwasright in his owneyes.
Judges21:25

Thekey to understandingstatisticalpracticeat Belle is that there is no official policy. Partly asa result
of this,ourpracticeis inconsistent.Thefollowing is my own take on thisstateof affairs.� This is notnearlyasbadasit sounds:

– Most of our proceduresare motivated,eitherby principleor tradition. In someplacestradi-
tional methodshave perhapsbeenmistaken for rigorousformulae,but this is a higher-order
problem:oneof education,notdiscipline.

– We do describeour proceduresin our papers,andthis is moreimportantthanconsistency.
Thedescriptionis sometimesincomplete,but I hopewearebecomingmoresensitive to this.� Thereare thingswhichshould,andmaychange.I will mentionsomeof thembelow.� In avoiding anarchy, we donotwantto becomeanauthoritarianstate.

Thelastof thesepointsis worthstressing.Mostof usspendour timegoingaboutourown business,and
many of ushave significantfreedomto definewhat thatbusinessis. In part this is our way of working:
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250physicistsmaysoundlike a lot, but thenumberof potentialphysicstopicsis vast,andindividuals
“f anningout” opportunisticallyis a goodway to cover them.But it is a modusvivendiaswell. We live
with eachothers’egos,andsatisfyourown, by spendingmostof our timeon ourown affairs.

Prescriptive policieshave a way of cuttingacrossthis, andwe tendto avoid them. Of coursewe
setstandardsfor papers(ouradhocpaperrefereeingcommitteesarealmosttheonly committeesworthy
of thename)andareasof analysisarerun by conveners,who actasfacilitatorsandclearinghousesfor
information;occasionally, we alsocommissionwork. But to write a recipe-bookfor statisticalpractice,
whichall publishedanalyseswereexpectedto follow—thiswouldbeunprecedented.I don’t think people
wouldbehappy with it, andI doubt“the authorities”wouldexert themselvesto enforceit ����� change,if
it occurs,is morelikely to proceedvia thewinning of heartsandminds.I suspectconsciousness-raising
in analysisgroups,andamongtheindividualswhosit on thoserefereeingcommittees,is thekey.2

4 THE BELLE ANALYSES

The analysesthemselves,by which I meananalyseswe have written up andpublished(or have under
review), canbedividedinto four broadcategories:

1. theflagshiptime-distribution fit analyses(usuallyconcerningCPV);

2. searchesfor rarehadronic
n

decays;

3. fits over aflattishbackground;

4. systematic-dominatedanalyses.

This is a groupingaccordingto statisticalproblems,ratherthancommonwork. The secondcategory
correspondsroughly to oneof our analysisgroups,which doesleadto a certainuniformity of method.
Otherwise,thesecategoriescutacrossBelle’sadministrative divisions.I will considerthemin turn,with
theaid of anexamplein eachcase.

4.1 The flagship time-distribution fits

Theunitarityanglemeasurementsmentionedabove,basedon
���?	 � ����\ 	�]_^�� *7� etc.[2] and


 � 
 � [5],
areperformedby fitting decay-timedistributions.To illustratethemethodI havechosenasimpleranaly-
sis,which(for ourpurpose)hasthesamefeatures:ameasurementof the � ��� � � mixing parameter� CP,
throughthelifetime differenceof neutral� -mesonsdecayingto

^ � ^ � (aCPeigenstate)and
^ � 
 � [6].

After selecting� � � ^ � ^ � and
^ � 
 � decays3 (imposingparticleID anddecayanglecuts,and

amomentumcut to veto
�

-daughters)wefit thetracksto acommonvertex, andextrapolatetheresulting� -momentuml��� to theinteractionregion: thisgivesustheflight lengthandthusthedecaytime. Thanks
to ourgoodkaon/pionseparationthe � -decaysamplesarefairly clean,soweavoid � * ��D 1 = 1 � � � � � 
 �
tagging,keepingthe samplesas large as possible. Of coursesomecombinatorial

^ � ^ � 	�^ � 
 � is
accepted,andwe estimatetheprobabilityfor eachcandidate� to bea true � -decayusing�� a<¡£¢ 0 ¤ a<¡U¢ ��¥   �� ¤ a<¡U¢ ��¥   � , ¤�¦5§ ¢ ��¥   �7� Z (1)

where¥  
is themassof thecandidate,andsignalandbackgroundfractions

¤ a<¡U¢ ��¥   � and
¤�¦5§ ¢ ��¥   �

aretaken from a fit to themassdistribution of all candidates.Thedistributionsareuncomplicated,and
double-Gaussianfits over linearbackgroundsaresufficient for thepurpose.We accepteventswell into
thetail—out to j�¨ in themass—forreasonsthatshouldbecomeclear.

2WhenI beganpreparingthis studyI thoughta setof usablepublic tools wasthe key. While thesehave their place,and
I haven’t abandonedtheambitionof providing some,I’ve cometo believe that issuesof principle,andsomegenuinelyopen
questions,mustbeaddressedfirst. Theremainderof this talk hopefullyshows why.

3Hereandin general,I imply theinclusionof charge-conjugatemodes.
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Wethenperformanunbinnedmaximumlikelihoodfit to theevents,usingthefunction© �ª� a<¡£¢ Z � Z � $&«  ­¬ Z � $&«  ®¬ Z � ¦ ¢ Z ��¯±°�² Z � ¦ ¢ Z � ¦ ¢$&«  ®¬ Z � ¦ ¢$&«  ®¬ �0´³   µ �� am¡£¢+¶¸·� ¹<ºH» =� am¡£¢ �½¼�¾À¿Á�Â�Ã ²�Ä � º   � º±»�Å ¨  $ Z � Z � $&«  ®¬ Z � $&«  ®¬ � (2)

, �W= � �  a<¡£¢ � ¶¸·� ¹mº »ÇÆ ��¯±°{² =� ¦ ¢ � ¼e¾À¿Á °{² , �W= � ��¯±°{² �WÈ{� º » �£É Ä � º   � º » Å ¨  $ Z � ¦ ¢ Z � ¦ ¢$&«  ­¬ Z � ¦ ¢$&«  ®¬ �#Ê
which we alsouseto terrify small children. It is much lesscomplicatedthan it looks. The first and
secondlines are the signalandbackgroundpartsrespectively: the underlyingtime-distribution of the
signalis exponential,while thatof thebackgroundis modelledby a fraction (

� ¯ °�²
) with lifetime (e.g.

charmdaughters),following � � $ ¿­Ë ¯±°{² , anda fractionwithout, following È{� º » � ; Ä is a double-Gaussian
resolutionfunction. Thenineparametersshown arefloatedin thefit, so thebackgroundpropertiesare
fitted alongwith thesignal: this is thereasonfor includingtheregion � ¨ÍÌ k ¥   �ÏÎ � k ÌÐj�¨ in thefit,
providing abackground-richsamplewhich largely determinesthebackgroundparameters.

(In factthereareeighteenfittedquantities,becausetherearetwo functions(2): oneeachfor
^ � 
 �

and
^ � ^ � decays.Ourfit maximisesthegrandlikelihood

© 0 ©-ÑÓÒ�Ô&©-ÑXÑ
, replacingthe

^ � ^ � lifetime
by � ÑXÑ 0 � ÑÓÒ 	 �W= , � CP� . Wefind anull result,by theway: � CP 0 � � 1 �do�f2=�� 1 f 1 �d><�7ÕÖ�×�If you look closelyat theresolutionterm,you’ll noticethattheproper-time errorfor eacheventis
givenby ¨  $ : anevent-dependentquantity. Dueto variationsin trackand � -vertex quality, theestimated
vertexing andthereforeproper-time errorsvary from event to event, by a factorof a few. (Kinematic
variationsalsoplay a role.) We scaletheseerrorsby global factors � (for the coreGaussian;closeto
1) and � $&«  ­¬ (for thetail Gaussian;Øb= ), but thefull function

Ä
variesevent-to-event,asdoesthesignal

fraction
�  am¡£¢

. Any binnedfit to thedatawould thereforeneedto have multidimensionalbins—many-
dimensional,for acomplicatedanalysislike @BA&CÙD 354 —andto avoid this,weresortto unbinnedfits.

And soto thestatisticalissuesraisedby thetiming-distribution fits:

1. How do we estimategoodness-of-fitto our timing distributions? While standardmeasuresexist
for binnedfits, thereis no acceptedgoodness-of-fittestfor unbinnedmaximumlikelihood.Some
effort hasrecentlygoneinto finding a method ����� if indeedit’s possible[7]. In themeantimethe
lack of sucha methodis a nuisance,sincewe have nontrivial resolutionfunctionswhich we fit
from thedata.How wouldwe know if thefunctionalform werewrong;andwould it matter?

(a) In thecaseof � CP, weperformextensivesystematicchecksbyvaryingcuts,signal-to-background
ratiosandthe like; andtracesomebiasesto their origin by turningeffectson andoff in our
detectorMonteCarlo. This doesn’t somuchassureusthat thefit is good,asthatany varia-
tionsof thefit, or problemswith it, have a controlledeffecton � CP.

(b) For @£A&CÙD 3X4 , we testthe (very complicated)resolutionfunction by usingit in the measure-
mentof

�
-lifetime: a simpler, andmuch-higher-statistics task,thantheasymmetryfit. We

checkfor biassesby fitting null-asymmetrysampleswhich aresimilar to our signal:
� � �\ 	�]Ö^ � , for example. And we compareour resultsto ensemblesof fits to toy Monte

Carlo datasets����� althoughtheremay be lessinformationin this last checkthanwe once
thought[7].

This is all goodandnecessary, andhelpsus (andour journal referees)to sleepat night. But if
a decentgoodness-of-fittestexisted,we would obviously want to usethatas well, andI for one
wouldbegladif someonedevelopedsucha thing. Or couldconvincemenot to worry aboutit.

2. Howshouldwecombineour errors? This is aproblemwehave largelypostponed,asourunitarity
angleanalysesarestill statisticallylimited. For � CP, statisticalandsystematicerrorsareof equal
magnitude,and we estimatethe total error Ú using the familiar Ú 8 0�¨ 8 (stat.) , È 8 (syst.).
Familiar is, of course,not thesameas“correct”.
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3. Howshouldweestimateconfidenceintervals?For � CP, whatwedo is to treatthe Ú justdefinedas
a Gaussian-distributederror. (Yes,I know that’s anassumption.)For theunitarity angleanalyses,
confidenceintervals ����� areacanof worms.Seesection5

4.2 Searchesfor rare hadronic
n

decays

Raredecayanalysesaresimpler, at leaston thesurface. Thesestudiesaremotivatedby thesearchfor
“direct” CP violation, i.e. CP asymmetryof decayamplitudes. Decayswhich areCabibbo,CKM or
colour-suppressed, or proceedvia loop diagrams,area goodplaceto look for directCPV: mechanisms
with differentCKM structure(suchasPenguinsand ���
� treediagrams)cancompete,with similar mag-
nitudes;interferencecanleadto CPviolation. For similar reasons,“New Physics”(non-StandardModel
effects)canbeexpectedto contribute,sincethecompetingStandardModel processesaresuppressed.

Therearemany (possible)raredecaymodes,but theanalysestendto follow thepatternestablished
in [8]. As anexample,let’s take thesomewhatsimplerpublicationon

� �ÜÛ » ^ and
Û » 
 decays[9].

4.21 Whatwedo: the
� �ÜÛ » ^ � Û » 
 � analysis

(a)   ´ (b)   ´

(c)   ´ (d)   ´

(e)   ´
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Fig. 2: From the Ý ¿­Þ paper[9]: ß+à&á and âYã projectionsfor Ý ¿×ä/å , Ý ¿dæçå and Ý ¿×ègéÂ events. The shadedhistogramsshowÝ ¿�ê Ý æ å æ ¼ eventswhile theopenhistogramsshow Ý ¿�ê Ý æ å æ ¼ and Ý ¿�êìë�í combined.Thesuperimposedcurvesshow

thefits to ß+à'á and âYã (solid) andthebackgroundcomponentin thefit (dashed).Notethenegligible Ý ¿dæçå yield.

After makinganeventselection,continuum(i.e. x � x � � � �� ) backgroundsaresuppressedusinga
likelihoodratioformedfrom (i) aFisherdiscriminantof eventshapevariables,(ii) theproductionangleof
the

�
-candidate,and(iii) for

Û » �ïî s decays,ahelicity variable.A cuton thelikelihoodratiogetsrid of
70–90%of thebackgroundwhile keepingmostof thesignal.Thesignalis thenisolatedin ¥ �� and Ú��
(beam-constrainedmassandenergy-difference), which exploit the constrainedkinematicsof x � x � �����h��w� � � �

events: the resultsareshown in Fig. 2 for
� � �ðÛ » ^ � Z Û » 
 � and

��� �ðÛ » ^`� . Signal
eventsappearin Gaussianpeaksat ¥ �� 0 o{�dDe>wvyx�z 	�ñ 8 and Ú�� 0ò1 ; continuumbackgroundsfollow
a phase-space-like functiondueto ARGUS[10] in ¥ �� , anda linear form in Ú�� . (Backgroundshape
parametersaresetfrom appropriatesidebanddata,andcross-checked in theMonteCarlosimulation.)

Note that
Û » ^i� is nearthe edgeof our sensitivity, andthat we seeno

Û » 
 � peak. We assessthe
significanceof a yield using ó¸ôöõ � Dq÷&C5� © � 	 ©/ø «Bù � , where

©-ø «£ù is themaximumlikelihoodreturned
by thefit (here,anunbinnedfit to ��¥ �� Z Ú��+� ), and

© � is thelikelihoodat zeroyield. For thecasesó2úû�.ô “significant”: wequoteacentral value, but noconfidenceinterval (e.g.
� � �ÜÛ » ^ � );ó Ì �.ô “not significant”: wequoteanupperlimit, but nocentralvalue(e.g.

��� �ÜÛ » 
 � ).
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Table1: Fromthe Ý ¿ÀÞ paper[9]: Branchingfraction( ü/ý ) or 90%C.L. limit, andsignificance( þ ) for Belle, comparedwith

CLEO [11] andBABAR [12] results,andtheoreticalexpectations[13, 14]. Thebranchingfractionsarein unitsof SWQ ¼eÿ .
Mode This measurement(

n��
) ó CLEO BABAR Theoryn � �ÜÛ » � � � c � 4#8� 474 f c 12.0 > 1 � 4 ���� f � j D�f2=?>�f > 21–53n � �ÜÛ » 
 � Ì � 0.0 Ì =?D - 1–3n � ��Û » � � oeo � 4 �� 4�� f > 5.4 >ec � 4��� 4�� f¸c Ì =e=?D 20–50

Therearesomefull-reportingissueshere,but let’s setthemaside.Theupperlimit (usuallyat90%C.L.)
is calculatedusingthenotoriousmethodof “integrating the likelihoodfunction”, followedby addition
of oneunit of systematicerror! (Theresultsareshown in Table1.) Wherewe measureCP-asymmetries
between(say)

� � and
� � decays,intervalsareconstructedin thesamespirit: for 	�

��� � � �ÜÛ » ^ � � 0� �
� å��� ¼ (stat.) �
� å��� ¼ (syst.), we seta 90%C.L. interval ��� � =�� j h ¨ � � È � Z � , =�� j h ¨ � , È � � .

4.22 Whywhatwedo is notsobad

Like many of you, I have little goodto sayaboutthis technique.A likelihood
© ��� Å �Ó� for parameter(s)� given measurement(s)� is nothingotherthanthe probability density� ��� Å ��� to obtainthe observed

data,if theunderlyingparameterreally were � . It is thusa densityin x, andto “integrate”a densityin
thewrongvariableis confused.(Try this with a Gaussian� ��� Å ��� 0 ��D 
 ¨ 8 � � 4 Ë 8 x������ � ��� � ��� 	 D ¨ 8 � ,integrating ���%� � ��� Å ��� for fixed � —asopposedto integratingit over � —andyou’ll seewhat I mean.)
And do notgetmestartedon theadditionof oneunit of systematicerror ����� at leastuntil section6.

Having got thatoutof theway, I now wantto explainwhy thismethodis notasbadasit looks:
1. It is easyand fast, and can be donewith informationalready“in hand”. All you needis the

likelihoodfunction. This is important,sincethetypical raredecayanalysisneedsto bepublished
with someurgency: eitherbecauseit is a first observation, or becausesomeissuehangson the
measurement.(

Û » ^ � 
 � is of thiskind: thereis atheory/datadiscrepancy whichmightbeafirst hint
of somethingexciting; seeTable1.) Thereis akind of built-in obsolescencein thesemeasurements
too,dueto continuingimprovementsin our luminosity:PhysicsLetterspublishedourpaper[9] on
4thOctober2001:ninemonthsafterthatdate,we will have at leasteighttimesits dataon tape.

2. For branching fractionmeasurements,it correspondsroughlyto a Bayesianinterval. If we have
someprior degreeof belief � ����� concerninga parameter(here, � 0 n $��W��� , the true branching
fraction),thenafterthemeasurement� we mayupdatethisbelief usingBayes’Theorem� ���-k �Ó� 0 � ���qk ��� Ô � ����� 	 � ���Ó� Z (3)

where� ����k ��� 0 © ��� Å �X� is thelikelihoodfunction,and � ���X� mayberecoveredfrom thenormal-
ization.Theposteriorprobability � ���-k �X� —ourupdatedbeliefabout� , following themeasurement� —is a densityin � by construction,andthereforecan be integratedon � ; and“integratingthe
likelihoodfunction” is equivalentto integrating(3) if theprior probability � ����� is constant.

Now a constantfunction is hard to defendasa seriousprior, but thereis a moresubtleproblemwith
this approach,to do with thespecialpoint � 0 1 . If our prior � ����� is truly constant,this meanswe are
committedin advanceto thebelief that thebranchingfractiondoesnot vanish, since � 0 Æ 1 É is a set
of measurezero: � a �%� � ����� 0 1 for any finite � ����� . If we werederiving a properBayesiancredible
interval for � we might well assigna delta function to the origin, allowing a (say)10% belief that the
decayis forbidden;theposteriorfor � 021 would thenbenonzero.4 Theupperlimit calculatedvia� � ¦� �%� � ����k ��� Ô � ����� 	 � ���X��������� ·� �%� � ����k ��� Ô � ����� 	 � ���Ó�! 021 �dc (4)

4For "$#&Q&% ')($*,+ Â.-�/
0 # / % '1(32 Q�4 S , the point / *ûQ might lie outsidethe 90% interval, althoughnäıvely integrating0 #�'5% / ( wouldnever tell you that: (4) alwaysyieldsanupperlimit. Thatis, (4) is nota unifiedmethodfor interval construction.
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regionB < 0

special case:
decay forbidden, B = 0

unphysical

0 measurement

B

‘‘upper limit’’

Fig. 3: A branchingfraction measurement.The region ü76ÍQ is unphysical; ü8*ûQ is a specialcase.For a measurement'9* ü;:
<>=@? , “integrationof thelikelihoodfunction” (cf. (4)) over theshadedregionyieldsanupperlimit asshown.

would fall, but this is just a specialcaseof thedependenceof the limit on theprior. Thespecialpoint� 021 is benignbecauseit coincideswith thephysicalboundary(Fig. 3) andis alwayson theedge of an
interval, if it belongsto it atall. In section5, wewill seeanexamplewherethis is not thecase.

Upper limits derived in this way might differ by a factor of AïD from thosewe would obtain
by a morerigorous(Bayesian)technique.Wherethereis alreadya traditionof quotingsuchlimits, so
that everyone“knows” what they mean(just aswe know that “3 sigma” and“5 sigma” do not really
mean99.7%and99.994%confidence),it wouldbehardto justify declaringwaron themethod.And the
frequentistalternative is messy:it wouldrequiretheconstructionof toy MonteCarlosfor eachandevery
decaymodeandanalysis(all of themdiffer subtly), to determinecoverage����� andwe would probably
find limits (again)within a factor2, at thepriceof makinglotsof work (in parallel!) for lotsof students.

4.3 Fits over a “flattish” background

Theseanalysesare(to my mind) morestraightforward: they involve fitting a lineshapeover a smooth
background,or at worst, interpretingthe resultof a backgroundsubtraction. Our analysisof prompt
charmoniumproduction[15] is anexample.Selecting

\ 	�]
eventswith centre-of-massmomentum� *B ØD{� 1 v|x�z 	�ñ , above thekinematiclimit for

� ��\ 	�]DC
, wemeasuretheyield in themain“on-resonance”

data,andin thesmaller“off-resonance”sample,where} ~ is justbelow
����

threshold:toolow to produce
an ����h��w� meson.After scaling,correctionandcross-checks,wesubtracttheyieldstofind thenetnumber
of ����h��w� � \ 	�]DC

decaysto be
� � � f2=?o j : i.e. consistentwith vanishingEy�"����h��w� ��\ 	�]FC � .

Theerroris dominatedby theuncertaintyontheoff-resonanceyield. Weassumethatthis—andthe
full error—is distributedasaGaussian,anduse[16, tableX] to determinetheupperlimit. Thisallowsthe
negative yield to be treatedin a rigorousway. Someapproximationis involved by assumingGaussian
behaviour, and in principle we could model the subtractionin a toy Monte Carlo, anddeterminethe
limit usinglikelihood-ratioorderingfrom first principles.In my view theutility of spending30 seconds
looking upa table,andreferringreadersto anaccessiblepaper, outweighsissuesof principlehere.

Having setanupperlimit for Ey�"����h��w� ��\ 	�]DC � , we assumethattheobservedprompt
\ 	�]

are
produceddirectly from x � x � annihilation.We look for promptproductionof othercharmonia,andfind
a significantyield for

] ��D<�w� , but not G  476  8 : seeFig. 4. For G  476  8 we setupperlimits on ¨ ��x � x � �
G  476  8 C � usingtheFeldman-Cousinstablesfor Gaussians:theassumptionof Gaussianerrorsis clearly
reasonable.Thesametechniqueis usedwhentreatingsmallyieldson abackgroundin [17].

Thesearchfor (factorization-forbidden)
� � G  8 C decays[17] is unusualfor Belle: a

�
-decay

analysiswherewefit apeakovera large,smoothbackground,sostatisticalquestionsareunproblematic.
(Becauseof the inclusive natureof the decay, we cannotusethe ¥ �� Z Ú�� variablesto wipe away the
background.)Thereis however an interestingquestionconcerningsystematicerrors. Becauseof the
complicated(andoverlapping)lineshapesusedto fit G  476  8 � s \ 	�] , andtherelatively large G  4 yield,
the systematicerror on the G  8 yield is substantial: Ey� � � G  8 C � 0 �W=��d> 1 � �IH 87:� �IH 8@� f 1 �dD j �+� = 1 � : .
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Fig. 4: Fromthepromptcharmoniumpaper[15]: fits for theyield of P;#RQTSU( êWVYX P æçå{æ ¼ (upperplot) and Z á�[]\ á]^ êbí_VYX P
(lower plot) for 0a`cb Qd4 Qfe;g!h Xji , above thelimit for P ê # i i (lk <l? decays.

The systematicerror f 1 �dD j is dominatedby the choiceof the fit function: we estimatethe associated
uncertaintyusinga largesampleof reasonable(andsomeun-reasonable)variationsto thefitting model.
How shouldwe “combine” thestatisticalandsystematicerrorsin thiscase?I, for one,don’t know.

We cananswerthefollowing, moresharplyposedquestion:is theyield “significant” evenwhen
the systematicsare taken into account? (Phys. Rev. Lett. insistson “ o ¨ ” significancebeforeyou
areallowed to call somethingan “observation”.) All attemptedvariationsto the fit gave yields with
significanceØòo ¨ , andwe take this to be the relevant test: thestatementthat “the yield is inconsistent
with fluctuationsof thebackground”doesnotdependonsomeaccidentalfeatureof thefit, but is robust.

4.4 Systematic-dominatedanalyses

Whenon theotherhandsystematicerrorsaredominant,we do not quoteintervals ����� andquestionsof
“significance”tendnot to arise. An exampleis our measurementof

� � C � s decays[18], wherewe
find theunderlyingquarktransition—thetheoreticallyinterestingprocess—tohave a branchingEy�]m �~?sX� 0 ���{�d� j f 1 �doe� (stat.) f 1 �uhmD (syst.) � �IH n7�� �IH n!o (th.)�-�[= 1 � o � Thereareplentyof issuesof interpretation
in suchcases(they areanalysesproperly-so-called) but they arebeyondthescopeof this review.

5 THE NEW
� � 	 � � ��
 � 
 � ANALYSIS

As afinal example,let’sconsideraverydifficult problem:theinterpretationof ournew
� � 	 � � ��
 � 
 �

result[5]. Like the @BA&CED 354 analysis,this is ameasurementof a time-dependentCP-violatingasymmetry,
with two differences:


 � 
 � is sensitive to theunitarity angle
3 8

; andtheremaybedirectCPviolation
in thedecay. WefitÄ�p ��Ú º � 0 ���rq s $ q Ë ¯±°h<� ¦ t­= , � Ô Æ 	 Ò�Ò$u�v @
��Ú Î Ú º � , � Ò�Ò @BA'C5��Ú Î Ú º �£Édw (5)
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Fig. 5: Theparameterspacefor the P é X P é ê æçå{æ ¼ asymmetryanalysis,with theBellemeasurement.

to thedecay-timedistribution for
�Y�

( � 0 = ) and
� �

( � 0 � = ), where � ¦ and Ú Î arethelifetime and
mass-splittingof theeigenstatesk � �yx 0 � k �Y� x f �%k � � x . Thecoefficientsaregivenby

	 Ò�Ò 0 k{z�k 8 � =k{z�k 8 , = Z � Ò�Ò 0 D)|}zk{z k 8 , = Z z 0 �� Ô 	�� � ����
 � 
 � �	�� � � �ï
 � 
 � � (6)

A value 	 Ò�Ò�~021 correspondsto directCPviolation in thedecay.

Theparameterspace,Fig. 5, is wonderfullycomplicated.Therearetwo kindsof specialregion:
thenull asymmetrypoint �l	 Ò�Ò Z � Ò�Ò � 0 � 1 Z 1 � , andtheline �l	 Ò�Ò Z � Ò�Ò � 0 � 1 Z ��� , wherethereis nodirect
CPV ( 	 Ò�Ò 0ò1 ). Thephysicalboundaryõ 	 8Ò�Ò , � 8Ò�Ò 0 = formsa ring aroundtheseregions ����� and
theBelle measurement	 Ò�Ò 0 , 1 �dc�h � �IH 8 n� �IH :94 f 1 � 1 c , � Ò�Ò 0 � =��dDç= � �IH 8 n� �IH :94 � �IH 4��� �IH 4#: lies outsideit!5 If we want
to determineaconfidenceinterval in thetrueparameters�l� Ò�Ò Z ~ Ò�Ò � , we immediatelyrun into difficulty:

1. Frequentistmethod: If we study the fit using Monte Carlo events,we find that the fitted error
on �l	 Ò�Ò Z � Ò�Ò � varies from virtual experimentto virtual experiment,by a factorof a few. So in
constructinga toy MonteCarloto modelthefit—anddetermineconfidenceintervals—how do we
generatetheobserved �l	 Ò�Ò Z � Ò�Ò � , givensomeunderlyingparameters�l� Ò�Ò Z ~ Ò�Ò � ?

(a) If we usethemeasurederrors,whatif we “get lucky” andthey areunusuallysmall?Canwe
trusta resultthatsaysourvalueis “inconsistent”with fluctuationsfrom � 1 Z 1 � ?(b) If weusethedistribution of errorsfrom thefull MonteCarlo,thentheactualerrorsreturned
by thefit arenever usedin theanalysis.It seemsparadoxicalto “throw away” a fittederror.

2. Bayesianmethod:Herethecommunityexpectationis lessdefinitethanfor
� � 	 � ��� \ 	�]Ö^ �a

,
so any explicit prior would be controversial. But becauseof the configurationof the physically
interestingpointsandthephysicalboundary, anexplicit prior seemsunavoidable.For supposewe
tried to form a pseudo-Bayesianinterval by “integratingthe likelihoodfunction” on thephysical
region, expandingoutwardsfrom themeasuredvalue(Fig. 6). We want to know if we reachthe
pointof null asymmetry� 1 Z 1 � beforeor afterwehaveexhausted(say)99.7%of theintegral: if the

5Sincetheexperimentalquantityis anasymmetry, this is notpossiblefor puresignal;cf. a � -decayendpointanalysis,where
resolutioneffectscangive � ^� 6 Q . In thepresenceof backgroundevents,valuesoutsidethephysicalboundarycanoccur.
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99.7%interval doesnot include � 1 Z 1 � , surelywe cansaythatwe excludeit at somelevel ����� and
write off theimpropertreatmentof theprior asaminor detail(cf. section4.22)?
This is not possiblein general,becauseof the specialregion 	 Ò�Ò 0 1 . If we allow someprior
probabilityfor indirectCPV( � Ò�Ò�~021 ) in theabsenceof directCPviolation, thereis a “delta-line
function” È{�l�ç� Ô�� ��~�� runningalongthe � Ò�Ò axis. In generala credibleinterval will intersectthis
functionbefore reaching � 1 Z 1 � . Thusthereis no way to determinetheprobabilitycontentof the
interval without makinganexplicit commitmentasto theprior È��l�%� Ô�� ��~�� . (A “flat” prior means� ��~�� 021 .) I canseeno wayaroundthisproblem:any prior mustbeexplicit.

Aππ

ππS

Aππ= 0

−1

+1

(0,0)

measurement

Fig.6: Detailof Fig.5, showing aninterval (shaded)constructedwith a“flat prior” onthephysicalregion. Notethattheinterval

intersectsthespecialregion �;�T�$* Q beforereachingthenull asymmetrypoint #&Q��#QI( .
6 SOME OPEN QUESTIONS

6.1 How do we quote rare decayresults?

In section4.2, in all theexcitementaboutpriors, I almostforgot to noticea glaring inconsistency. We
requiresignificanceó Ø � beforewe will quotea centralvalue,correspondingto a 99.7%confidence
requirement����� but we quote90% C.L. upperlimits! If a value falls betweenthesetwo levels, we
shouldnot be ableto sayanything at all: in fact we arelet off thehook becauseour interval-settingis
not unified. (As notedabove, theintegral method(4) alwaysgivesanupperlimit.) In defenceof Belle,
we arefollowing communitypracticeandexpectationshere,andthoseexpectationsareincoherent.My
provisionalideafor away aroundtheproblemis to� alwaysquotethecentralvalue;� construct99.7%C.L. intervalsin aunifiedmanner(i.e. goingovercontinuouslyfrom upperlimits

to centralintervals,theway theso-calledFeldman-Cousinsintervals [16] do);� usetheseintervalsin placeof the ó Øû� test;� quote90%C.L. intervalsaswell, becausepeopleexpectthem;� if peoplequerytheuseof 3 numbers/intervals,ratherthan1, explain;� if peopleobjectto theuseof 3 numbers,resortto violence.

This would be consistent,but it is a utopianscheme����� andI suspectit would take a dictator
to implementit (cf. section3). I will try to raiseconsciousnesson this issueat Belle, but it really is a
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communityproblem,andwe shouldtry to think up someway for all of usto getto “there” from “here”.
Thethree-valuesapproachI’ve suggestedmaynotbethebestway.

Notealsothataunifiedtreatmentof “significance”andconfidenceintervalsbegsanotherquestion:

6.2 How do we combinestatistical and systematicerrors?

In sections4.1and4.3I notedcaseswhereweareableto avoid thisquestion,but this is notgeneral.The
techniqueusedfor theraredecays(section4.2) is peculiar:the integrationmethodis pseudo-Bayesian,
asdiscussedat somelength;it maynot bequitesoobvious,but thepracticeof inflating theconfidence
intervalsby “one sigma”of thesystematicerroris pseudo-Frequentist.It treatsthesystematicerrorasa
nuisanceparameterwith ranget � È � Z , È � w , anddemandsthatourconfidenceinterval providescoverage
for all valuesin thatregion. To my mind this is almostexactly thewrongwayaround:� I think our prior beliefsaboutbranchingfractionsandCPviolation arenot of interest(or at least,

do notbelongin papers),whichsuggestsaFrequentistapproach;whereas� our beliefsaboutour systematicerrorssurelyarerelevant—everyoneknows they comedown to a
questionof judgement—whichsuggestsaBayesianapproach.

A complicatingfactoris thatnotall “systematicerrors”arethesamekind of thing:� Particle ID efficienciesaremeasuredon control samples,which have statisticaluncertainties:it
seemsreasonableto usesomeaveragingmethodwhenassessingtheeffecton any final interval.� Theunknown phasesof resonancesonDalitz plots(for example)areat theotherextreme:wehave
no businessmakingassumptionsaboutthem,andif they significantlyaffect a resultwe should
requireany confidenceinterval to provide coveragefor all possiblevalues.� Thechoiceof parameterizationfor afit functionis unlike bothof thepreviousexamples.

Needlessto say, thesemusingsdo not constitutea policy, muchlessa recipe.I suspectthat intervalsof
theform ��� � =�� j h ¨ � � È � Z � , =�� j h ¨ � , È � � will remainwith usfor sometime.

6.3 What should we do about the

 � 
 � analysis?

Theconsensusfrom thefloor duringthis talk wasthatin a problemof this difficulty, rigour is essential:
only thetwo extremeapproachesmake sense,viz.

1. aFrequentistcalculationfrom first principles,and

2. a full, openlysubjective Bayesiananalysis.

Regardingthesecondof these,I amalreadyconvinced(seesection5). As for theFrequentistcalculation,
I amindebtedto my colleaguesat theconferencefor someingenioussuggestionsonthepropertreatment
of theerrors.I hopeto experimentwith them,togetherwith my Belle colleagues,beforethesummer.

7 CONCLUSION

TheBellecollaborationperformsalargerangeof analyses,usingarangeof statisticalapproaches.Some
of the methodsareopento question,althoughthereis a clear trade-off betweenutility andstatistical
rigour in somecases.Theexpectationsof thebroaderphysicscommunityalsoplay a role. In thecase
of the

���
	 � �.� 
 � 
 � analysis,thestatisticalenvironmentis unusuallydifficult, andrigorous(rather
thanapproximate)methodsarerequired.
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