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Abstract

TheBelle collaboratioroperates general-purposeetectormtthe KEKB asym-
metric enegy eTe~ collider, performinga wide rangeof measurements
beauty charm,tauand2-photonphysics.In this paperthetreatmenbf statis-
tical problemsn pastandpresenBelle measuremenis reviewed. Someopen
guestionssuchasthe preferredmethodfor quotingraredecayresults,andthe
statisticaltreatmenof the new B /EO — 't~ analysisarediscussed.

1 INTRODUCTION

My ambitionsfor this conferenceareto recorer my luggage which wentmissingfour daysago,andto
find answergo somequestionsaboutstatisticalpracticeat Belle! | suspect’m not the only onewith
anagendan this area.Fromthe point of view of the Belle spolesmen|t would be far betterif | could
articulateworkableguidelinesfor our useof statisticalmethods. .. ratherthanfinding fault with our
presenpracticecase-by-caseds | hopeto shaw, it is mucheasietto criticise our statisticalpracticethan
it is to suggestlternatves,althoughl have madesometentatve stepsin thatdirection.

Analysesat Belle arenot all of the samekind, andthe “statisticalervironment” variesfrom one
studyto another After reviewing the experimentitself (section2) andsomegeneralissuegsection3),
I hopeto give you a feeling for the main typesof analysis,andthe statisticalissuesin eachcase(sec-
tion 4). Of particularinterestarethe searchegor rare B-mesondecays(section4.2), wherethereis a
tradeof between‘purist” statisticalconcernsandimportantpracticalissues;and our nenv analysisof
B°/B° — ntn— decays(section5). Interpretationof this resultis surprisinglydifficult, dueto the
unusualconfigurationof the parametespaceaswell assomefeaturesof the analysis. The first Belle
paperon this topic is two weeksfrom journal submissionsoyou may have the chanceo influenceour
statisticalpracticein realtime!

2 THE BELLE EXPERIMENT

The main“point” of Belle is to testthe Kobayashi-Maskaa model of CP-violation[1], in which the
phenomenois entirelydueto theirreduciblecomplex phaseof the quarkmixing matrix. Thesimplicity
of this modelmalkesit highly predictive. In the absenceof extra generationr isosingletquarks,we
have thefamiliar3 x 3 matrix

Vud Vus Vub
Vea Ves Ve
Via Vis Vi

(the so-calledCKM matrix), and unitarity gives a numberof relationsof the form V4V, + VgV +
VudVy, = 0. Thisparticular‘unitarity triangle” (seefig. 1) is especiallyinteresting:all its interiorangles
¢1,2,3 arebelievedto befar from 0° and180°, andmaybe measuredisingtime-dependerssymmetries
betweerB? andB " decaysto appropriatestates. In otherwords: CP-violatingasymmetriesn these
decaysare expectedto be large. The recentmeasurementf sin2¢; by Belle [2] confirmsthat this

My luggagearrived onthe Thursdaymorning,about30 hoursbeforel left Durham.Someof my questionsvereanswered,
atleastin part. More of thisanon.
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Fig. 1: Theunitarity trianglerelevantto B decaysIn all unitarity triangles theanglediffer from 0° and180° if theKM phase
is norvanishing.In this triangle,the anglesareexpectedo befar from 0° and180°, leadingto readily measurableffects.

is true, at leastregarding,: basedon a studyof B, B" — J/¥ K% andrelateddecayswe found
sin2¢; = 0.99 £+ 0.14 £ 0.06. (Thisis thefirst obseration of a CP-violatingeffect outsidethe neutral
kaonsystem.In a spirit of friendlinesslet me alsocite the similar, andessentiallysimultaneoustesult
from BaBar[3].) TheBO/EO — T~ analysisdiscussedn section5 is sensitve to theanglegs.

The Belle detector[4] is a classicsolenoidaltracking detector(|§| = 1.5T) with someextra
features Most notableis its asymmetryto optimizeacceptancef eventswith a centre-of-masboosted
by By = 0.425 in the lab frame. (The storagerings of KEKB collide 8 GeV e~ on 3.5GeV e™,
i.e. /s = 10.58 GeV, yielding T(4S) — BB decaysor nonresonantg, 777~ etc) The drift of
the BO/EO prior to decayis measuredisinga silicon vertex detectoy allowing measuremenf time-
dependenasymmetriegseesection4.1). Particle ID over the full momentumrangefor B-daughters
is obtainedusing aerogeléerenlov countersaswell asthe moretraditionald £/dz andtime-of-flight
measurementsthis improves B flavourtagging,andallows identificationof rare B decayswherewe
hopeto find evidenceof “direct” CP violation (section4.2). Theflux returnis instrumentedvith RPCs
to identify u* (asmatchedracks),improving the efficiency andpurity of .J/+) — ptu~ reconstruction,
andK! (asneutralclusters)allowing measurementf sin 2¢; using.J/4 K% andrelatedmodes.

Thecollaborationitself is of order250physicistsfrom over 50 institutesin 12 countries.Perhaps
half of the analysiseffort is directedtowardsheadlinestudieslike .J/v K® andzt#—, with the rest
thinly spreadover rare B decays,CKM matrix elementgvia measurementsf semileptonicdecays),
charmstudies,r and2~y physics. Most of this work proceedghroughsomemix of local “specialties”
andindividualinitiative, with fairly light coordinationfrom thecentre.Which bringsusto my next point.

3 ABOUT STATISTICAL PRACTICE AT BELLE

In thosedaysthere wasnokingin Israel; everyonedid whatwasright in his owneyes.
Judge=21:25

Thekey to understandingtatisticalpracticeat Belle is thatthere is no official policy. Partly asaresult
of this, our practiceis inconsistentThefollowing is my own take on this stateof affairs.
¢ Thisis notnearlyasbadasit sounds:

— Most of our proceduresire motivated,eitherby principle or tradition. In someplacestradi-
tional methodshave perhapseenmistalen for rigorousformulae,but this is a higherorder
problem:oneof educationnotdiscipline.

— We do describeour proceduresn our papers,andthis is moreimportantthan consisteng
Thedescriptionis sometimesncomplete put | hopewe arebecomingmoresensitve to this.

e Thereare thingswhich should,andmay changel will mentionsomeof thembelow.

¢ In avoiding anarchywe do notwantto becomeanauthoritariarstate.
Thelastof thesepointsis worth stressingMost of us spendour time goingaboutour own businessand
mary of us have significantfreedomto definewhatthatbusinesss. In partthis is our way of working:
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250 physicistsmay soundlike alot, but the numberof potentialphysicstopicsis vast,andindividuals
“fanningout” opportunisticallyis a goodway to cover them. But it is amodusvivendiaswell. We live
with eachothers’egos,andsatisfyour own, by spendingnostof our time on our own affairs.

Prescriptve policieshave a way of cuttingacrosshis, andwe tendto avoid them. Of coursewe
setstandardgor papergourad hocpapermrefereeingcommitteesarealmostthe only committeesvorthy
of the name)andareasof analysisarerun by corveners,who actasfacilitatorsand clearinghousefor
information;occasionallywe alsocommissionvork. But to write a recipe-boolor statisticalpractice,
whichall publishedanalysesvereexpectedo follow—thiswouldbeunprecedented.don't think people
would be happy with it, andl doubt“the authorities”would exertthemselesto enforceit . .. changejf
it occurs,is morelikely to proceedvia thewinning of heartsandminds.| suspectonsciousness-raigj
in analysisgroups andamongthe individualswho sit on thoserefereeingcommitteesis the key.?

4 THE BELLE ANALYSES

The analyseghemseles, by which | meananalysesve have written up andpublished(or have under
review), canbedividedinto four broadcateyories:

1. theflagshiptime-distritution fit analysegusuallyconcerningCPV);
2. searche$or rarehadronicB decays;

3. fits overaflattishbackground;

4. systematic-dominateghalyses.

This is a groupingaccordingto statisticalproblems,ratherthancommonwork. The secondcateory
correspondsoughly to one of our analysisgroups,which doesleadto a certainuniformity of method.
OtherwisethesecatgyoriescutacrosBelle’s administratve divisions.| will considethemin turn, with

theaid of anexamplein eachcase.

4.1 The flagshiptime-distrib ution fits

Theunitarityanglemeasurementsientionecabore, basednB® /B ® — J/4 K® etc.[2] andr* 7~ [5],
areperformedby fitting decay-timedistributions. To illustratethe methodl have choserasimpleranaly-
sis,which (for our purposehasthesamefeaturesameasuremertdf theD? — D 0 mixing parameteycp,
throughthelifetime differenceof neutralD-mesonglecayingo K~ KT (aCPeigenstateandK =" [6].

After selectingD? — K-K+ andK~ =t decay8 (imposingparticlelD anddecayanglecuts,and
amomentuncutto vetoB-daughtersyve fit thetracksto acommonvertex, andextrapolatetheresulting
D-momentunypp to theinteractionregion: this givesustheflight lengthandthusthedecaytime. Thanks
to ourgoodkaon/pionseparatiothe D-decaysamplesarefairly clean,sowe avoid D*(2010)* — D%z +
tagging, keepingthe samplesas large as possible. Of coursesomecombinatorialK"K* /K==t is
acceptedandwe estimatethe probabilityfor eachcandidate to beatrue D-decayusing

Nsig(M?)

fg'IG = (NSIG(Mi) +NBKG(M7:))’ (1)

whereM" is themassof thecandidateandsignalandbackgroundractionsNs;q(M?) andNg g (M?)
aretakenfrom afit to the massdistribution of all candidatesThe distributionsareuncomplicatedand
double-Gaussiafits over linear backgroundsresuficient for the purpose.We accepteventswell into
thetail—outto 6o in the mass—foreasonghatshouldbecomeclear

2When| beganpreparingthis study | thoughta setof usablepublic tools wasthe key. While thesehave their place,and
I haven't abandonedhe ambitionof providing some,I’ ve cometo believe thatissuesof principle,andsomegenuinelyopen
guestionsmustbeaddressefirst. Theremaindelof this talk hopefully shavs why.

®*Hereandin general] imply theinclusionof chage-conjugatenodes.
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We thenperformanunbinnedmaximumlik elihoodfit to the events,usingthefunction

BG BG
L(Ts1G, S, Staits frail, TBG, freas SBG Stait s fiail)

, o0 1 —t . .
= | | [ffgzc/ dt' e7sic R(t' — t'; 0}, S, Stait, ftail) 2)
: 0
2

TSIG

i < I— _ ' i BG [BG
+(1 fSIG)/O dt {fTBGTBGe 86 + (1 — frp4)0(t)}R(E" — 15 0%, SBG, Stail » fail)
which we alsouseto terrify small children. It is muchlesscomplicatedthanit looks. The first and
secondlines arethe signaland backgroundpartsrespectiely: the underlyingtime-distritution of the
signalis exponential,while that of the backgrounds modelledby a fraction (f,,.) with lifetime (e.g.
charmdaughters)following e */78¢ | anda fraction without, following §(¢'); R is a double-Gaussian
resolutionfunction. The nine parametershavn arefloatedin thefit, sothe backgroundpropertiesare
fitted alongwith the signal: thisis the reasorfor includingtheregion 3o < |M* — mp| < 60 in thefit,
providing abackground-rictsamplewhich largely determineshe backgroungparameters.

(In factthereareeighteerfitted quantitiespecauséherearetwo functions(2): oneeachfor K~z
andK K™ decaysOurfit maximiseghegrandlikelihood£ = Lk, - Lkk, replacinghe KK lifetime
by Tkk = Tk /(1 + ycp). Wefind anull result,by theway: ycp = (—0.5 £ 1.0 £ 0.8)%.)

If youlook closelyattheresolutionterm,you’ll noticethatthe propertime errorfor eacheventis
givenby o%: anevent-dependerdquantity Dueto variationsin trackandD-vertex quality, the estimated
vertexing andthereforepropertime errorsvary from eventto event, by a factorof a few. (Kinematic
variationsalsoplay arole.) We scaletheseerrorsby globalfactorsS (for the core Gaussiancloseto
1) andSy,; (for thetail Gaussian;> 1), but thefull function R variesevent-to-@ent, asdoesthe signal
fraction fglG. Any binnedfit to the datawould thereforeneedto have multidimensionabins—many
dimensionalfor acomplicatedanalysidik e sin 2¢py—andto avoid this, we resortto unbinnedfits.

And soto the statisticalissuegaisedby the timing-distrikution fits:

1. How do we estimategoodness-of-fito our timing distributions? While standardneasuresxist
for binnedfits, thereis no acceptedjoodness-of-fitestfor unbinnedmaximumlikelihood. Some
effort hasrecentlygoneinto finding a method. .. if indeedit’s possiblg[7]. In the meantimethe
lack of sucha methodis a nuisance sincewe have nontriial resolutionfunctionswhich we fit
from the data.How would we know if thefunctionalform werewrong;andwouldit matter?

(a) Inthecaseof ycp, we performextensve systematichecksby varyingcuts,signal-to-backgrouh
ratiosandthe like; andtracesomebiasego their origin by turning effectson andoff in our
detectorMonte Carlo. This doesnt so muchassureusthatthefit is good,asthatary varia-
tionsof thefit, or problemswith it, have a controlledeffect on ycp.

(b) Forsin2¢4, we testthe (very complicatedyesolutionfunction by usingit in the measure-
mentof B-lifetime: a simpler andmuch-highesstatisics task, thanthe asymmetryfit. We
checkfor biassedy fitting null-asymmetrysamplesvhich aresimilarto our signal: Bt —
J/9p KT, for example. And we compareour resultsto ensemblesf fits to toy Monte
Carlodatasets.. althoughtheremay be lessinformationin this last checkthanwe once
thought[7].

This is all good and necessaryand helpsus (and our journal referees)o sleepat night. But if
a decentgoodness-of-fitestexisted, we would obviously wantto usethataswell, andl for one
would begladif someonalevelopedsuchathing. Or could corvince menotto worry aboutit.

2. Howshouldwe combineour errors? Thisis a problemwe have largely postponedasour unitarity
angleanalysesrestill statisticallylimited. For ycp, statisticalandsystematierrorsareof equal
magnitude,and we estimatethe total error A using the familiar A2 = o2 (stat.) + 62 (syst.)
Familiaris, of course notthe sameas*“correct”.
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3. Howshouldwe estimateconfidencéntervals?For ycp, whatwe dois to treatthe A justdefinedas
a Gaussian-distritederror (Yes,| know that's anassumption.}or the unitarity angleanalyses,
confidencantenals. .. areacanof worms. Seesection5

4.2 Searchesfor rarehadronic B decays

Raredecayanalysesaresimpler at leaston the surface. Thesestudiesare motivatedby the searchfor
“direct” CP violation, i.e. CP asymmetryof decayamplitudes. Decayswhich are Cabibbo,CKM or
coloursuppressedr proceedvia loop diagramsarea goodplaceto look for direct CPV: mechanisms
with differentCKM structure(suchasPenguinsandV,, treediagrams)ancompetewith similar mag-
nitudes;interferencecanleadto CPviolation. For similar reasons;New Physics”(non-Standard/odel
effects)canbeexpectedo contritute, sincethe competingStandardModel processearesuppressed.

Therearemary (possibleyaredecaymodesput theanalysesendto follow the patternestablished
in [8]. As anexample let’s take the somavhatsimplerpublicationonB — 'K andn’w decayq9].

4.21 Whatwedo: theB — n'K (n'w) analysis

Events / 20MeV

(o]
5.2 5.25 5.3 —0.2 o 0.2

M, (GeV/S AE(GeV)

Fig. 2: Fromthen'h paper[9]: M. and AE projectionsfor ' K™, o'zt andn’ K2 events. The shadedhistogramsshov
7' = ot 7~ eventswhile the openhistogramshav ' — pr 7~ andy’ — py combined.The superimposeduresshav
thefits to M;. andA E (solid) andthe backgroundccomponenin thefit (dashed)Notethe negligible ' = yield.

After makinganeventselectioncontinuum(i.e. ete™ — gq) backgroundsresuppressedsinga
likelihoodratioformedfrom (i) aFisherdiscriminantof eventshapevariables(ii) theproductionangleof
theB-candidateand(iii) for y’ — py decaysahelicity variable.A cutonthelikelihoodratio getsrid of
70-90%0f the backgroundvhile keepingmostof the signal. The signalis thenisolatedin M. andAE
(beam-constrainethassand enegy-difference, which exploit the constraineckinematicsof ete™ —
T(4S) — BB events:theresultsareshavn in Fig. 2 for Bt — #'K*, 5’2zt andB® — #'K°. Signal
eventsappeaiin Gaussiarpeaksat M. = 5.28 GeV/c? and AE = 0; continuumbackgroundgollow
a phase-space-kkfunctiondueto ARGUS[10] in M,,., anda linearformin AE. (Backgroundshape
parametersresetfrom appropriatesidebandlata,andcross-cheakd in the Monte Carlo simulation.)

Note thatn'K° is nearthe edgeof our sensitvity, andthatwe seeno n'zt peak. We assesshe
significanceof ayield using® = \/—21In(Lo/Lmaz ), WhereL ., is themaximumlikelihoodreturned
by thefit (here,anunbinnedit to (M., AFE)), andL, is thelikelihoodat zeroyield. For thecases

¥ > 3 = “significant”. we quoteacential value but no confidenceantenal (e.g. B® — n'K™);
¥ < 3 =“not significant”: we quoteanupperlimit, but no centralvalue(e.g. B® — n'zt).
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Table1: Fromthen'h paper[9]: Branchingfraction (BF) or 90% C.L. limit, andsignificance(X) for Belle, comparedwith
CLEO[11] andBABAR [12] results,andtheoreticakxpectationg13, 14]. The branchingfractionsarein unitsof 1076,

Mode This measuremeniF’) by CLEO BABAR  Theory
BT - 'K+ 79T £9 12.0 807" +7 62+18+8 21-53
BT 'zt <7 0.0 <12 - 1-3

BY - o'K° 55710 + 8 54 89T 18+9 <112 20-50

Therearesomefull-reportingissueshere,but let’s setthemaside. The upperlimit (usuallyat90%¢C.L.)
is calculatedusingthe notoriousmethodof “integrating the likelihoodfunction”, followed by addition
of oneunit of systematierror! (Theresultsareshavn in Tablel.) Wherewe measureCP-asymmetries
betweer(say)B+ andB~ decaysintenalsareconstructedn the samespirit: for Acp(B* — n’K*) =

xjgf (stat.)jgir (syst.) weseta90%C.L. intenal (z — 1.640~ — 6, = + 1.640T + 7).

4.22 Whywhatwedois notsobad

Like mary of you, | have little goodto sayaboutthis technique.A likelihood £(u; =) for parameter(s)
p given measurement(s) is nothing otherthanthe probability densityp(z; i) to obtainthe obsered
data,if the underlyingparametereally werep. It is thusa densityin x, andto “integrate” a densityin
the wrong variableis confused.(Try this with a Gaussianp(z; 1) = (2702) /2 exp(—(z — p)/202),
integrating | du p(z; p) for fixed z—asopposedo integratingit over z—andyou’ll seewhat! mean.)
And do not getme startedon the additionof oneunit of systematierror. .. atleastuntil section6.

Having gotthatout of theway, | now wantto explain why this methodis notasbadasit looks:

1. It is easyand fast, and can be donewith informationalready“in hand”. All you needis the
likelihoodfunction. This is important,sincethe typical raredecayanalysisneedso be published
with someurgeng: eitherbecauset is a first obseration, or becausesomeissuehangson the
measuremen(s'K(r) is of thiskind: thereis atheory/dataliscrepang which mightbeafirst hint
of somethingexciting; seeTablel.) Thereis akind of built-in obsolescence thesemeasurements
too, dueto continuingimprovementsn our luminosity: Physicd_etterspublishedour paper{9] on
4th October2001: nine monthsafterthatdate,we will have atleasteighttimesits dataontape.

2. For branding fraction measuementsjt correspondsoughlyto a Bayesiannterval. If we have
someprior degreeof belief p(u) concerninga parameterhere,yu = By, the true branching
fraction),thenafterthe measurement we may updatethis belief usingBayes'Theorem

p(ulz) = p(z|p) - p(p)/p(z), 3)

wherep(z|u) = L(u; z) is thelikelihoodfunction,andp(z) may be recoveredfrom the normal-
ization. Theposteriomprobability p(u|z)—our updatedbeliefabouty, following themeasurement
x—is a densityin u by constructionandthereforecan be integratedon p; and“integratingthe
likelihoodfunction” is equivalentto integrating(3) if the prior probabilityp(y) is constant.
Now a constantfunction is hardto defendasa seriousprior, but thereis a more subtleproblemwith
this approachto do with the specialpoint . = 0. If our prior p(u) is truly constantthis meanswe are
committedin adwvanceto the belief that the branchingfraction doesnot vanish sinceS = {0} is a set
of measurezero: [, dup(p) = 0 for ary finite p(x). If we werederving a properBayesiancredible
intenval for x we might well assigna delta functionto the origin, allowing a (say) 10% belief thatthe
decayis forbidden;the posteriorfor 1 = 0 would thenbenonzerd® Theupperlimit calculatedvia

5’ dup(aln) - p(w) /p(@)] /[f5" dup(eln) - p(w) /p(x)] = 0.9 (4)

“For P(0|z) = fs dpp(p|z) < 0.1, thepoint x = 0 might lie outsidethe 90% interval, althoughnaively integrating
p(z|p) would nevertell youthat: (4) alwaysyieldsanupperlimit. Thatis, (4) is notaunifiedmethodfor interval construction.
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special case:

decay forbiddenB =0 “upper limit”

unphysical 3
regionB <0

B

measurement

Fig. 3: A branchingfraction measurementThe region B < 0 is unphysical;B = 0 is a specialcase. For a measurement
* = Bneas, “integrationof thelikelihoodfunction” (cf. (4)) over the shadedegionyieldsanupperlimit asshawvn.

would fall, but this is just a specialcaseof the dependencef the limit on the prior. The specialpoint
1 = 0 is benignbecausét coincideswith thephysicalboundary(Fig. 3) andis alwaysontheedg of an
intenval, if it belongsto it atall. In section5, we will seeanexamplewherethisis notthecase.

Upper limits derived in this way might differ by a factorof ~ 2 from thosewe would obtain
by a morerigorous(Bayesian}echnique.Wherethereis alreadya tradition of quotingsuchlimits, so
that everyone“knows” what they mean(just aswe know that“3 sigma”and“5 sigma” do not really
mean99.7%and99.994%confidence)it would be hardto justify declaringwar onthemethod.And the
frequentisialternatve is messy:it would requirethe constructiorof toy Monte Carlosfor eachandevery
decaymodeandanalysis(all of themdiffer subtly),to determinecoverage. .. andwe would probably
find limits (again)within afactor2, atthe price of makinglots of work (in parallel!) for lots of students.

4.3 Fits over a “flattish” background

Theseanalysesare (to my mind) more straightforvard: they involve fitting a lineshapeover a smooth
backgroundor at worst, interpretingthe resultof a backgroundsubtraction. Our analysisof prompt
charmoniunproduction[15] is anexample.Selecting//+ eventswith centre-of-masmomentunp;;) >
2.0 GeV /¢, above thekinematiclimit for B — J/¢ X, we measureheyield in themain“on-resonance”
data,andin thesmaller‘off-resonancesamplewhere,/s is justbelav BB threshold:toolow to produce
anY (4S) meson After scaling,correctionandcross-checksye subtractheyieldsto find thenetnumber
of T(4S) — J/¢ X decaydo be —37 £ 156: i.e. consistentvith vanishingB(Y (4S) — J/¢ X).

Theerroris dominatedy theuncertaintyontheoff-resonancgield. We assuméhatthis—andthe
full error—is distributedasa Gaussiananduse[16, tableX] to determingheupperlimit. Thisallowsthe
negative yield to betreatedin arigorousway. Someapproximations involved by assumingGaussian
behaiour, andin principle we could modelthe subtractionin a toy Monte Carlo, and determinethe
limit usinglikelihood-ratioorderingfrom first principles.In my view the utility of spending30 seconds
looking up atable,andreferringreaderdo anaccessibl@apey outweighsissuesof principle here.

Having setanupperlimit for B(T(4S) — J/v¢ X)), we assumehatthe obsered prompt.J/+ are
producedirectly from eTe~ annihilation.We look for promptproductionof othercharmoniaandfind
a significantyield for (2S), but not x.1 c2: seeFig. 4. For x.1 2 we setupperlimits ono(ete™ —
Xc1,c2 X)) usingthe Feldman-Cousintablesfor Gaussiansthe assumptiorof Gaussiarerrorsis clearly
reasonableThe sametechniques usedwhentreatingsmallyieldson abackgroundn [17].

The searchfor (factorization-forillden) B — x.2 X decayq17] is unusuafor Belle: a B-decay
analysisvherewefit a peakoveralarge,smoothbackgroundsostatisticalquestionsareunproblematic.
(Becauseof the inclusive natureof the decay we cannotusethe M;., AE variablesto wipe away the
background.) Thereis however an interestingguestionconcerningsystematicerrors. Becauseof the
complicatedandoverlapping)lineshapesisedto fit x.1,.2c — 7vJ/1, andtherelatively large x.: yield,
the systematicerror on the .2 yield is substantial: B(B — x.2 X) = (1.80703% + 0.26) x 1075.
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Fig. 4: Fromthe promptcharmoniurmpaper[15]: fits for theyield of 1(25) — J/v 7T~ (upperplot) andye.1,c2 — vJ/%
(lower plot) for p* > 2.0 GeV /¢, above thelimit for B — (¢¢)res decays.

The systematicerror +0.26 is dominatedby the choiceof the fit function: we estimatethe associated
uncertaintyusinga large sampleof reasonabléandsomeun-reasonableyariationsto the fitting model.
How shouldwe “combine” the statisticalandsystematierrorsin this case, for one,dont know.

We cananswerthe following, moresharplyposedquestion:is the yield “significant” evenwhen
the systematicsare taken into account? (Phys. Rev. Lett. insistson “50” significancebeforeyou
are allowed to call somethingan “obsenation”.) All attemptedvariationsto the fit gave yields with
significance> 50, andwe take this to be the relevanttest: the statementhat “the yield is inconsistent
with fluctuationsof thebackgrounddoesnot dependon someaccidentafeatureof thefit, butis robust.

4.4 Systematic-dominatedanalyses

Whenon the otherhandsystematierrorsaredominant,we do not quoteintenals. .. andquestionsof

“significance”tendnot to arise. An exampleis our measuremendf B — X,y decayq18], wherewe
find the underlyingquarktransition—thetheoreticallyinterestingprocess—tdave a branchingB(b —

s7) = (3.36 £ 0.53 (stat.) £ 0.42 (syst.) 7029 (th.)) x 10~. Thereareplentyof issuesof interpretation
in suchcasegthey areanalysegroperly-so-calledbut they arebeyondthe scopeof this review.

5 THE NEW BO/E0 — mt7~ ANALYSIS

As afinal example let's considemvery difficult problem:theinterpretatiorof ournew BO/E0 —ataT

result[5]. Likethesin 2¢, analysisthisis ameasuremerdf atime-dependentP-violatingasymmetry
with two differencest«~ is sensitve to the unitarity angleg,; andtheremay be direct CP violation
in thedecay We fit

oAt /75

R,(At) = i [1+4q-{Arrcos(AmAL) + Syprsin(AmAt)}] (5)
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special case:
no direct CP +1 _ _
(Anr,Snr) = (0, y) physical region:
/\IAﬂ2ﬂ+ S‘1'2[1'[ < 1
- “~ >AT[T[
-1 - +1

special case:

no CP asymrmetry Belle measurement!

(Arr, Sre) = (0,0) -1 @ :

V

Fig. 5: The parametespacefor the B° /B O 4 rtam asymmetryanalysiswith the Belle measurement.

to the decay-timedistribution for B® (¢ = 1) andB" (g = —1), whereTg and Am arethelifetime and
mass-splittingf the eigenstatefB..) = p|B°) + q|§0). Thecoeficientsaregivenby

! 28 N, A(E0 - atrT)
TR+ T N2+ p ABO = atwo)

(6)

A value A, # 0 correspond$o directCPviolationin thedecay

The parametespaceFig. 5, is wonderfully complicated. Therearetwo kinds of specialregion:
thenull asymmetrypoint (A, Szx) = (0,0), andtheline (A, Sz=) = (0,y), wherethereis nodirect
CPV (Azr = 0). Thephysicalboundary,/ A2+ S2. = 1 formsaring aroundtheseregions... and
the Belle measurementl, = +0.94152% +0.09, Syr = —1.217033 T0-1¢ lies outsideit!® If we want

to determinea confidencentenal in thetrue parameter$a ., s ), weimmediatelyruninto difficulty:

1. Frequentistmethod: If we studythe fit using Monte Carlo events,we find that the fitted error
on (A, Srr) variesfrom virtual experimentto virtual experiment,by a factorof afew. Soin
constructingatoy Monte Carloto modelthefit—anddetermineconfidencentervals—hav dowe
generateheobsered (A;r, Szx), givensomeunderlyingparameter§a ., Srr)?

(a) If we usethemeasued errors,whatif we “getlucky” andthey areunusuallysmall?Canwe
trustaresultthatsaysour valueis “inconsistent’with fluctuationsfrom (0, 0)?

(b) If we usethedistribution of errorsfrom thefull Monte Carlo,thenthe actualerrorsreturned
by thefit arenever usedin theanalysis.It seemgaradoxicato “throw away” afitted error.

2. Bayesianmethod: Herethe communityexpectationis lessdefinite thanfor BO/EO — J/pKY,
so ary explicit prior would be controversial. But becausef the configurationof the physically
interestingpointsandthe physicalboundaryanexplicit prior seemsunavoidable.For supposeve
tried to form a pseudo-Bayesiamtenal by “integratingthe likelihoodfunction” on the physical
region, expandingoutwardsfrom the measuredialue (Fig. 6). We wantto know if we reachthe
pointof null asymmetry(0, 0) beforeor afterwe have exhaustedsay)99.7%of theintegral: if the

5Sincetheexperimentabjuantityis anasymmetrythis is notpossiblefor puresignal;cf. a 8-decayendpointanalysisyhere
resolutioneffectscangive m? < 0. In the presencef backgrouncevents,valuesoutsidethe physicalboundarycanoccut
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99.7%intenval doesnotinclude(0, 0), surelywe cansaythatwe excludeit atsomelevel ... and
write off theimpropertreatmenbf the prior asa minor detail (cf. section4.22)?

This is not possiblein general becausef the specialregion A, = 0. If we allow someprior
probabilityfor indirectCPV (S # 0) in theabsencef directCP violation, thereis a“delta-line
function” é(a) - f(s) runningalongthe S, axis. In generala credibleintenal will intersecthis
function befoe readiing (0,0). Thusthereis no way to determinethe probability contentof the
intenal without makingan explicit commitmentasto theprior §(a) - f(s). (A “flat” prior means
f(s) =0.) | canseenoway aroundthis problem:ary prior mustbe explicit.

measurement

Fig. 6: Detail of Fig. 5, shawving anintenal (shadedfonstructedvith a“flat prior” onthephysicalregion. Notethattheinteral
intersectshe specialregion A, = 0 beforereachingthe null asymmetrypoint (0, 0).

6 SOME OPEN QUESTIONS
6.1 How do we quoterare decayresults?

In section4.2, in all the excitementaboutpriors, | almostforgot to noticea glaringinconsisteng We
requiresignificanceX > 3 beforewe will quotea centralvalue,correspondindo a 99.7%confidence
requirement .. but we quote90% C.L. upperlimits! If a valuefalls betweenthesetwo levels, we
shouldnot be ableto sayanything at all: in factwe arelet off the hook becauseur intenal-settingis
not unified. (As notedabove, the integral method(4) alwaysgivesanupperlimit.) In defenceof Belle,
we arefollowing communitypracticeandexpectationdhere,andthoseexpectationsareincoherent My
provisionalideafor away aroundthe problemis to
¢ alwaysquotethecentralvalue;
e construct99.7%C.L. intenalsin aunifiedmanner(i.e. goingover continuouslyfrom upperlimits
to centralintervals, the way the so-calledrFeldman-Cousinsitenals[16] do);
e usethesentenalsin placeof theX > 3 test;
e quote90%C.L. intenalsaswell, becausgeopleexpectthem;
o if peoplequerytheuseof 3 numbers/interals, ratherthanl, explain;
¢ if peopleobjectto theuseof 3 numbersyesortto violence.
This would be consistentput it is a utopianscheme... and| suspecit would take a dictator
to implementit (cf. section3). | will try to raiseconsciousnesan this issueat Belle, but it really is a
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communityproblem,andwe shouldtry to think up someway for all of usto getto “there” from “here”.
Thethree-aluesapproacH’ ve suggesteanay not bethe bestway.

Notealsothataunifiedtreatmenbf “significance”andconfidencentervalsbegsanothemuestion:

6.2 How do we combinestatistical and systematicerrors?

In sectiongt.1and4.31 notedcasesvherewe areableto avoid this questionput thisis notgeneral. The
techniqueusedfor the raredecaygsection4.2) is peculiar:the integrationmethodis pseudo-Bayesian,
asdiscusseat somelength;it may not be quite so obvious, but the practiceof inflating the confidence
intenvals by “one sigma”of the systematicerroris pseudo-Frequentislkt treatsthe systematierrorasa
nuisancearametewith range[—4—, +41], anddemandshatour confidencentenal providescoverage
for all valuesin thatregion. To my mind this is almostexactly thewrongway around:

e | think our prior beliefsaboutbranchingfractionsand CP violation arenot of interest(or atleast,
donotbelongin papers)which suggests Frequentisapproachwhereas

e ourbeliefsaboutour systematierrorssurelyarerelevant—ereryoneknows they comedown to a
questionof judgement—whictsuggests Bayesiarapproach.

A complicatingfactoris thatnotall “systematicerrors”arethe samekind of thing:

e ParticleID efficienciesare measuredn control sampleswhich have statisticaluncertainties:it
seemgeasonabléo usesomeaveragingmethodwhenassessinthe effect on ary final interval.

e Theunknavn phase®f resonancesn Dalitz plots(for example)areattheotherextreme:we have
no businessmaking assumptiongaboutthem, andif they significantly affect a resultwe should
requireary confidencenterval to provide coveragefor all possiblevalues.

e Thechoiceof parameterizatiofor afit functionis unlike bothof the previousexamples.

Needlesgo say thesemusingsdo not constitutea policy, muchlessa recipe.| suspecthatintenals of
theform (z — 1.640~ — 6, = + 1.640™ + 61) will remainwith usfor sometime.

6.3 What shouldwe do about the =7~ analysis?

The consensufrom the floor duringthis talk wasthatin a problemof this difficulty, rigour is essential:
only thetwo extremeapproachemale senseyiz.

1. aFrequentistalculationfrom first principles,and

2. afull, openlysubjectve Bayesiamanalysis.

Regardingthesecondf these)] amalreadycorvinced(seesectionb). As for the Frequentistalculation,
I amindebtedo my colleaguesttheconferencdor someingenioussuggestionsnthepropertreatment
of theerrors.l hopeto experimentwith them,togethewith my Belle colleaguesbeforethe summer

7 CONCLUSION

TheBelle collaboratiorperformsalarge rangeof analysesusingarangeof statisticalapproachessSome
of the methodsare opento question,althoughthereis a cleartrade-of betweenutility and statistical
rigour in somecases.The expectationsof the broaderphysicscommunityalsoplay arole. In the case
of theBY/B O & rta analysisthe statisticalervironmentis unusuallydifficult, andrigorous(rather
thanapproximate)nethodsarerequired.
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