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Abstract

Multivariate data analysistechniqueshave the potentialto improve physics
analysesn mary ways. Thecommonclassificatiorproblemof signal/background
discriminationis oneexample.A comparisorof a corventionalmethodanda
SupportVectorMachinealgorithmis presentedherefor the caseof identifying

top quarksignaleventsin thedileptondecaychannebmidstalarge numberof
backgroundevents.

1 INTRODUCTION

A commonproblemin high enegy physicsis thatof classification.Is it a signalor backgroundevent?
Doesthe enegy depositcorrespondo a tau particle or not? Thereare mary problemsfor which no
explicit methodexiststo determinehe correctoutputfrom theinput data. Oneapproactis to devise an
algorithmwhich finds andexploits comple patternsn input/outputexamples(labeledtraining data)to
learnthe solutionto the problem.Thisis called“supervisedearning”. Suchanalgorithmcanmapeach
training exampleonto two cateyories (“binary classification”),morethantwo cateyories(“multi-class
classification”),or continuousreal-\aluedoutput(“regression”).

Onepossiblegoalis to modify the learningalgorithmin aniteratve procedureuntil all training
dataareclassifiedcorrectly(i.e. no mistales). A potentialproblemwith this goalis noisytraining data.
Theremay be no correctunderlyingclassificationfunction. Two similar training examplesmay be in
differentcategyories. An exampleis distinguishinga photondepositin a calorimeterfrom a 7° — v
deposit. Anotherproblemmay be thatthe resultingalgorithmmisclassifiesinseerdatabecauset has
“overfit” thetrainingdata.A bettergoalis to optimize“generalization™ theability to correctlyclassify
unseendata. In this approachwe shouldnot add extra complity unlessit causesa significantim-
provementin performancePotentialproblemsncludemakingmistalesdueto local minima, overfitting
whenusinga complex mappingfunctionon a smalltraining set,andhaving a large numberof tunable
parametersvhich makesthealgorithmdifficult to use.

Section2 of this papershavs how the SupportVectorMachinelearningmethodologyaddresses
theseproblems.The descriptioncloselyfollows that of severalreferenceén theliterature[l1, 2, 3]. The
useof hyperplaneclassifieran SVMs is describedirst for the linear, separablease. This is followed
by the extensionto nonlinearSVMs andto nonseparabldata. In section3, the resultsof a studyusing
SVMsin ananalysisof top quarkproductionarepresented.

2 SUPPORT VECTOR MACHINE METHODOLOGY

2.1 Overview

In the early 1960sthe supportvector methodwas developedto constructseparatinghyperplanedor
patternrecognitionproblemd4, 5]. In the 1990sit wasgeneralizedor constructinghonlinearseparating
functions[6, 7] andfor estimatingreal-valuedfunctions(regression)8]. Currentactvities[9] includea
specialSVM issueof thejournalNeurocomputing2002),aNATO AdvancedStudylnstituteon Learning
TheoryandPractice(July, 2002),an InternationaM/orkshopon PracticalApplication of SupportVector
Machinesin PatternRecognition(August,2002),anda SpecialSessioron SupportVectorMachinesat
the InternationalConferenceon NeuralinformationProcessingNovembey 2002).
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Applicationsof SVMs includetext categyorization,characterecognition bioinformaticsandface
detection.Themainideaof the SVM approachs to mapthetrainingdatainto ahigh dimensionafeature
spacein which a decisionboundaryis determinedoy constructingthe optimal separatinghyperplane.
Computationsn the featurespaceareavoidedby usinga kernelfunction. This approachusesconcepts
from statisticallearningtheoryto describewhich factorshave to be controlledfor goodgeneralization.

2.2 Generalizationand Capacity
Theformal goalis to estimatethe function f : R — {41} usinginput/outputtrainingdata

(-/Elayl)a ey (féayf) € ERN X {:t]‘}

suchthat f will correctlyclassifyunseerexamples(Z,y), i.e. f(Z) = y. £ is the numberof training
examples.Thereis a tensionbetweerthe function's compleity andthe resultingaccurag. According
to statisticalearningtheory for goodgeneralizationwe shouldrestrictthe classof functionsfrom which
f is chosen Simply minimizing thetrainingerror,

(1/6) 32 | £(Zi) — i |,

doesnot necessarilyresultin goodgeneralization More precisely we restrictthe classof functionsto
onewith a“capacity” suitablefor theamountof availabletrainingdata. The“capacity”is therichnessor
flexibility of thefunctionclass.Low capacityleadsto goodgeneralizationregardlesof thedimension-
ality of the spaceassuminghefunctiondescribeshe datawell. Controllingthe capacityis oneway to
improve generalizatioraccurag.

2.3 Hyperplane Classifiers
SupportVectorclassifiersarebasedn the classof hyperplanes

(W-Z)+b=0
with @ € RV, b € R andcorrespondingo thedecisionfunction
f(&) = sign(w - Z) + b].

0 is calledthe“weight vector” andb the“threshold”. « andb arethe parametersontrollingthefunction
andmustbe learnedfrom the data. For pedagogicapurposesve areconsiderindirst thelinear, separa-
ble, binary classificatiorcase,.e. f(Z) is alinearfunctionof # andtherearetwo classesvhich canbe
separated¢ompletely

The uniquehyperplanavith maximalmaigin of separatiorbetweerthe two classess calledthe
optimalhyperplanelt canbe shavn thatit hasthelowestcapacityof any hyperplanewhich minimizes
therisk of overfitting. The optimizationproblemthusbecomesne of finding the optimal hyperplane.
This is differentthanthe “intuitive” way of decreasingapacityby reducingthe numberof degreesof
freedom(e.g. decreasinghe numberof nodesor layersin aneuralnetwork). A geometridnterpretation
is thatthe hyperplanesplits the input spaceinto two parts,eachonecorrespondindo a differentclass.
Figure lashavs a two dimensionakxamplewith two classedenotedby solid circles(y; = +1) and
opencircles(y; = —1). Theoptimal hyperplanas shavn by the solid line betweerthe two classes.

Thesizeof themamin is inverselyproportionalto thenormof «. To find the optimalhyperplane,
||4]|2 mustbe minimizedsubjectto constraintsy;[(1 - #;) + b] > 1 fori = 1,...£. TheZ; for whichthe
equalityholdsarecalled“supportvectors”. They carryall informationaboutthe problem.They lie ona
hyperplanalefiningthe maigin andtheir removal would changehesolution.In FigurelaZz; andzs are
examplesof supportvectors.

To solwe this constrainedquadraticoptimization problem, we first reformulateit in termsof a
Lagrangian,
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Fig. 1. (a) Geometrianterpretatiorof hyperplaneclassifierin two dimensions(b) Cartoonshaving how a nonlinearproblem
in input spaces mappedntoa linearproblemin featurespace.

L(@,b, o) = (1/2)|0]|* — X; cilyi (& - @) + b) — 1].

This reformulationis donebecausét is easierto handleconstraintson the Lagrangemultipliers, «;
(a; > 0), andthetraining datawill only appeaiin the form of dot productsbetweenvectors. This will
allow usto generalizeo thenonlinearcase Notethatthenumberof freeparametergr anSVM increases
asthenumberof trainingexamplesincreases.

Generalizationheoryindicateshow to controlthecapacityby controllingthemaigin of separation.
Specifically we needto find the optimal hyperplane.Optimizationtheory provides mathematicatools
to find this hyperplaneWe needto minimize £ with respecto « andb (primal variables) andmaximize
L with respecto «; (dual variables). Thesolutionhasanexpansionn termsof asubsebdf inputvectors
(with «; # 0) calledSupportVectors,

W= YT

«; correspondso thedifficulty in classifyingthe point. Smallo; meanseasyclassificationln dual form
the optimizationproblembecome®neof finding the a;; which maximize

L=73%,0—(1/2) ¥, ; cijyiy;Ti - T
subjectto theconstraintsy; > 0 and}"; o;y; = 0. Thedecisionfunctionis
f(&) = signy; yici (& - 75) + 0]

Boththeoptimizationproblemandthefinal decisionfunctiondepencdbnly ondot productsetweerinput
vectors.Thisis crucialfor thesuccessfugeneralizatiorio the nonlinearcase.

2.4 Feature Spacesand Kernels

If f(#) is a nonlinearfunction of # one possibleapproachis to usea neuralnetwork, which consists
of a network of simple linear classifiers. Problemswith this approachinclude mary parameterand
the existenceof local minima. The SVM approachs to maptheinput datainto a high, possiblyinfinite

dimensionafeaturespace,F, viaanonlineamap® : RN — F. Thentheoptimalhyperplanealgorithm
canbeusedn F (seeFigurelb). Thishighdimensionalitynayleadto apracticalcomputationaproblem
in featurespace.Sincethe input vectorsappeatin the problemonly inside dot products,however, we

only needto usedot productsn featurespaceIf we canfind a kernelfunction, K, suchthat

K(Z1,72) = ®(Z1) - 2(Z2)
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thenwe don't needto know @ explicitly. Mercers Theoremtells usthata function X(Z, ) is akernel,
i.e. thereexistsamapping® suchthat

K(Z1,72) = ®(&1) - 2(72)

[ K@ De@g(@)didg > 0

for all g suchthat/g(g‘a’)de' is finite. Mercers Theoremdoesnot tell us how to construct® but this

explicit mappingis notneededo solve the problem.Ratherthancreatinga functionandtestingwhether
it is a kernelfunction,we canchoosdrom known kernelfunctions:
- K(Z,9) = (&- )
(polynomialof degreed)
- K(@,9) =exp(— | Z -7 /(20%))
(GaussiarRadialBasisFunction)
- K(Z,y) =tanhk(Z - §) + 6)
(sigmoid)
Differentkernelfunctionsleadto similar classificatioraccuraciegandSupportVectorsets.

2.5 Nonlinear SVMs

To extendthemethodologydescribedabore to nonlineamproblemswe substituted (Z;) for eachtraining
examplez; andsubstitutehe kernelfor dot productsof ®. The decisionfunctionthenbecomes

f(&) = sign>"; vio K(Z, Z;) + b]
andthe optimizationproblemis oneof maximizing
L=7%ai—(1/2) 3 ; cicyiy; K(Ti, T5)

subjectto constraintsa; > 0 and)”; a;y; = 0. Dueto Mercers conditionson the kernel, the corre-
spondingoptimizationproblemis a well definedconvex quadraticprogrammingproblemwhich means
thereis aglobalminimum. Thisis anadwantageof SVMs comparedo neuralnetworks,which mayonly

find alocal minimum.

2.6 NonseparableData

Section2.3 describedhe SVM approactor linear, separablg@roblems.Sections2.4 and2.5 described
the extensionto nonlineay separablgroblems.Realworld applications however, tendto have a large
overlapof thetwo classesi.e. honseparabldata. In generalfor theseproblemsa linear separatiorin

featurespaceis not possibleunlessa very comple kernelis usedwhich may leadto overfitting. The
Lagrangiarwill grow arbitrarily large andthe optimizationproblemwill not corverge. Sowe introduce
slackvariables((; > 0) to allow for the possibility of pointsviolating the constraints Recallthatin the
separableasethereis notrainingerror The new, relaxed contraintsare

Yi((0 - ) +b) > 1 -G

¢; > 0 meansZz; is misclassified.Figure 2a shavs an examplein which the points#; andZ, areon

the wrong side of the decisionboundary The slackvariablesallow for somenumberof errorsin the

optimizationproblem.Goodgeneralizations now achiezed by controllingtwo things— the capacity as
before(i.e. controlmamgin sizevia ||«||) andthe numberof training errors.We canredothe Lagrangian
formulation,addingatermC}_, ¢; whereparameteC controlstheerrorpenalty A large C causesilarge

penalty C is the only userchosernparametersidefrom the kernelparametersThis leadsto the same
dualoptimizationproblemandconstraintsasfor the separableaseexcept
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(@) (b)

Fig. 2: (a) Two dimensionakxampleof nonseparabldatain which two pointsaremisclassified(b) t¢ eventtopologies.

a;>0 - 0< o <C.

This completeghe brief descriptionof the SVM approacho nonlineay nonseparableyinary classifi-
cation problems. The extensionto regressionis not includedherebut canbe found in the literature
[1, 2, 8].

3 SVM USEIN TOP QUARK ANALYSIS

Onepossibleapplicationof SVMs in HEP is improving signalvs. backgroundiscriminationin the t¢
dileptonchannel All directmeasurementsf thetop quarkarefrom the Fermilabpp colliderRun1[10].

Accordingto the StandardModel, thetop quarkis producedatthe Tevatronmainly via ¢t pair production.
The two main processearethe ¢gg annihilationdiagram(qqg — tt) andgluon-gluonfusion (gg — tt).

Thesecontritute about90% and 10% respectiely to the t¢ crosssectionat the Tevatron,which hasa
StandardModel predictedvalueof 4.7-5.5pb [11]. The expectedtt crosssectionof ~5.0 pbis asmall
fractionof thetotal crosssection;from morethan10'? pp collisionsin Run 1, thetop measurementare
basedn ~100events.

In orderto identify eventsin which top quarksareproducedthe decayproductsmustbe detected.
Accordingto the Standardviodel, the top quarkdecaysto Wb with a branchingratio of nearly 100%
(Figure2b). Theindividual branchingratiosfor W decayareBR(W* — e*v) = 1/9,BR(W" — pTv) =
1/9,BR(WT — 77v) =1/9, BR(WT — ¢q) = 6/9. This leadsto four maintt eventtopologies:dilepton
(5%), lepton +jet (30%), all-hadronic(44%) andeventswith taus(21%). The all-hadronicchannehas
large QCD backgroundgpp — six jets). Thedileptonchannels themostpurebut hasthefewestnumber
of eventsbecaus®f thelow branchingratio. In this studywe try to increasehe signalefficieng in the
ep dileptonchannel.Backgroundsnclude WW productionandZ— 7+7~. We consideronly WW in
this study

The signatureof an ey dileptoneventis two highpr isolatedleptonsof differentflavor, two b
quarkjets,andlarge missingEr. We try to usevariableswhich have this information. The Monte Carlo
samplesconsistof ~1500WW events(backgroundand~3400tt events(signal). The generatiorwas
doneusing CompHEP[12]+ Pythia hadronization[1B+ PGS[14]. The following cuts were madeto
producethesamplesisedfor trainingandtesting: ES. > 15 GeV, Ef. > 15 GeV, missingEr > 15 GeV,
andtwo jetseachwith Er > 15 GeV. Theleptonsandjets arerequiredto be centrallylocated.Figure
3a shaws the four variableschosenbecauseof their potentialdiscriminatingpower in a corventional
cut-basecanalysis. An exhaustve study of possibleinput variableswas not done. A training sample
with thesefour variableswasusedto train the SVM algorithmusingthe packagd.IBSVM [15] with a
Gaussiarkernelfunction. Thetargetwas0.0 for the WW eventsand1.0for ¢t events. The SVM output
on an independensampleof events,shavn in Figure 3b, peaksnearzerofor WW andcloserto one
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Fig. 3: (a) A comparisorof thett andWW distributionsfor the four input variables.(b) Signalefficiengy versusbackground
efficiengy for SVM comparedvith conventionalcuts.

for t¢. The figure alsoshaws the performanceof the SVM comparedo conventionalcuts. The SVM
performances aboutequalto the bestperformancef the cut-basedpproach.

Figure 4a comparesSVM performancewith a Gaussiarkerneland a sigmoid kernel. Thereis
no significantdifference. Similarly, Figure 4b shaws that thereis no significant SVM performance
differenceasthe numberof the trainingexamplesvariesfrom 2000to 200.

Training time mustbe consideredor ary supervisedearningalgorithm. A very long training
time would malke it difficult to thoroughlytestthe algorithm. The tablebelov shavs thetraining time
in seconddor differentsamplesizes. Theright columnshaws thetimesfor thett + WW Monte Carlo
samplesTheleft columnshaws timesfor atoy Monte Carlosamplewith higherstatistics.Thetraining
wasdonewith a gaussiarkernelon a 1000MHz Pentiumlll PCrunningthe Linux operatingsystem.
LIBSVM [15] usesa modifiedSequentiaMinimal Optimization(SMO) algorithmthatis known to bea
fastmethodto train SVMs. The time scalesoughly asthe squareof the numberof training examples.
For thetop quarkstudy trainingtime wasnegligible.

numberof events | toy MC time (sec) tt MC time (sec)

200 <1 <1

400 <1 <1

1000 <1 1

2000 15 2

3000 4 6

4000 8

8000 38

16000 149
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Fig. 4: (a) SVM performancef Gaussiarkernelversussigmoidkernel.(b) SVM performancédor differentnumbersof training
examples.

4 CONCLUSION

SVMs provide nonlinearfunction approximationsoy mappinginput vectorsinto a high dimensional
featurespacewhereahyperplanas constructedo separatelassesn thedata.Computationallyntensve
calculationsn the featurespaceare avoidedthroughthe useof kernelfunctions. SVMs correspondo
a linear methodin featurespacewhich makes themtheoreticallyeasyto analyze. The groundingin
statisticallearningtheoryleadsto optimizedgeneralizationAdvantage®f SVMs includethe existence
of only oneuserchosenparamete asidefrom kernelparametersanda unique,global minimum. In
an applicationof SVMs to top quarkanalysiswe found that a straightforvard applicationof the SVM
algorithm quickly reproducedhe bestperformanceof a cut-basedapproach.SVMs area nen way to
tacklecomplicatedproblemsn high enegy physicsandotherfieldsandshouldbeconsideredsanother
techniquefor our multivariateanalysistool box.
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