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Abstract
Multivariatedataanalysistechniqueshave the potential to improve physics
analysesin many ways.Thecommonclassificationproblemof signal/background
discriminationis oneexample.A comparisonof a conventionalmethodanda
SupportVectorMachinealgorithmis presentedherefor thecaseof identifying
topquarksignaleventsin thedileptondecaychannelamidsta largenumberof
backgroundevents.

1 INTR ODUCTION

A commonproblemin high energy physicsis thatof classification.Is it a signalor backgroundevent?
Doesthe energy depositcorrespondto a tau particleor not? Therearemany problemsfor which no
explicit methodexiststo determinethecorrectoutputfrom theinput data.Oneapproachis to devisean
algorithmwhich findsandexploits complex patternsin input/outputexamples(labeledtrainingdata)to
learnthesolutionto theproblem.This is called“supervisedlearning”.Suchanalgorithmcanmapeach
training exampleonto two categories(“binary classification”),more thantwo categories(“multi-class
classification”),or continuous,real-valuedoutput(“regression”).

Onepossiblegoal is to modify the learningalgorithmin an iterative procedureuntil all training
dataareclassifiedcorrectly(i.e. no mistakes).A potentialproblemwith this goal is noisytrainingdata.
Theremay be no correctunderlyingclassificationfunction. Two similar training examplesmay be in
differentcategories. An exampleis distinguishinga photondepositin a calorimeterfrom a ���������
deposit.Anotherproblemmay be that the resultingalgorithmmisclassifiesunseendatabecauseit has
“overfit” thetrainingdata.A bettergoalis to optimize“generalization”– theability to correctlyclassify
unseendata. In this approachwe shouldnot add extra complexity unlessit causesa significantim-
provementin performance.Potentialproblemsincludemakingmistakesdueto localminima,overfitting
whenusinga complex mappingfunctionon a small trainingset,andhaving a large numberof tunable
parameterswhichmakesthealgorithmdifficult to use.

Section2 of this papershows how theSupportVectorMachinelearningmethodologyaddresses
theseproblems.Thedescriptioncloselyfollows thatof severalreferencesin theliterature[1, 2, 3]. The
useof hyperplaneclassifiersin SVMs is describedfirst for the linear, separablecase.This is followed
by theextensionto nonlinearSVMs andto nonseparabledata.In section3, theresultsof a studyusing
SVMs in ananalysisof topquarkproductionarepresented.

2 SUPPORT VECTOR MACHINE METHODOLOGY

2.1 Overview

In the early 1960sthe supportvector methodwas developedto constructseparatinghyperplanesfor
patternrecognitionproblems[4, 5]. In the1990sit wasgeneralizedfor constructingnonlinearseparating
functions[6, 7] andfor estimatingreal-valuedfunctions(regression)[8]. Currentactivities [9] includea
specialSVM issueof thejournalNeurocomputing(2002),aNATOAdvancedStudyInstituteonLearning
TheoryandPractice(July, 2002),anInternationalWorkshoponPracticalApplicationof SupportVector
Machinesin PatternRecognition(August,2002),anda SpecialSessionon SupportVectorMachinesat
theInternationalConferenceonNeuralInformationProcessing(November, 2002).
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Applicationsof SVMs includetext categorization,characterrecognition,bioinformaticsandface
detection.Themainideaof theSVM approachis to mapthetrainingdatainto ahighdimensionalfeature
spacein which a decisionboundaryis determinedby constructingthe optimal separatinghyperplane.
Computationsin thefeaturespaceareavoidedby usinga kernelfunction. This approachusesconcepts
from statisticallearningtheoryto describewhich factorshave to becontrolledfor goodgeneralization.

2.2 Generalizationand Capacity

Theformalgoalis to estimatethefunction �
	���
 ��������� usinginput/outputtrainingdata���������� �"!"�$#%#%#%� ����'&(����&)!+* � 
-, ���.���
suchthat � will correctlyclassifyunseenexamples

����/���0! , i.e. � ����1!324� . 5 is the numberof training
examples.Thereis a tensionbetweenthefunction’s complexity andthe resultingaccuracy. According
to statisticallearningtheory, for goodgeneralizationweshouldrestricttheclassof functionsfrom which� is chosen.Simplyminimizing thetrainingerror,� ��6 5 !0798;: � ���� 8 !/<=� 8 : ,
doesnot necessarilyresultin goodgeneralization.More precisely, we restricttheclassof functionsto
onewith a“capacity”suitablefor theamountof availabletrainingdata.The“capacity” is therichnessor
flexibility of thefunctionclass.Low capacityleadsto goodgeneralization,regardlessof thedimension-
ality of thespace,assumingthefunctiondescribesthedatawell. Controllingthecapacityis oneway to
improve generalizationaccuracy.

2.3 HyperplaneClassifiers

SupportVectorclassifiersarebasedon theclassof hyperplanes�1�>@? ���!�ACB�2ED
with

�>F* � 
 �GBH* � andcorrespondingto thedecisionfunction

� ����1!I2 signJ ���>K? ��1!�ACB)L .�> is calledthe“weight vector”andb the“threshold”.
�> andb aretheparameterscontrollingthefunction

andmustbelearnedfrom thedata.For pedagogicalpurposeswe areconsideringfirst thelinear, separa-
ble,binaryclassificationcase,i.e. � �����! is a linear functionof

�� andtherearetwo classeswhich canbe
separatedcompletely.

Theuniquehyperplanewith maximalmargin of separationbetweenthe two classesis calledthe
optimalhyperplane.It canbeshown thatit hasthelowestcapacityof any hyperplane,which minimizes
the risk of overfitting. Theoptimizationproblemthusbecomesoneof finding theoptimalhyperplane.
This is differentthanthe “intuiti ve” way of decreasingcapacityby reducingthe numberof degreesof
freedom(e.g.decreasingthenumberof nodesor layersin aneuralnetwork). A geometricinterpretation
is that thehyperplanesplits the input spaceinto two parts,eachonecorrespondingto a differentclass.
Figure1a shows a two dimensionalexamplewith two classesdenotedby solid circles( � 8 2MA � ) and
opencircles( � 8 2N< � ). Theoptimalhyperplaneis shown by thesolid line betweenthetwo classes.

Thesizeof themargin is inverselyproportionalto thenormof
�> . To find theoptimalhyperplane,OP�> O)Q

mustbeminimizedsubjectto constraints� 8 J �1�>@? �� 8 !�ARB)L/S � for T 2 � �$#%#%# 5 . The
�� 8 for which the

equalityholdsarecalled“supportvectors”.They carryall informationabouttheproblem.They lie on a
hyperplanedefiningthemargin andtheir removal wouldchangethesolution.In Figure1a

���� and
�� Q are

examplesof supportvectors.

To solve this constrainedquadraticoptimizationproblem,we first reformulateit in termsof a
Lagrangian,
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Fig. 1: (a) Geometricinterpretationof hyperplaneclassifierin two dimensions.(b) Cartoonshowing how a nonlinearproblem

in inputspaceis mappedontoa linearproblemin featurespace.

V �1�>3�)B(�)W 8 !P2 � ��6YX ! OP�> O Q <Z7 8 W 8 J � 8 ������ 8 ? �>[!�ACB$!\< � L .
This reformulationis donebecauseit is easierto handleconstraintson the Lagrangemultipliers, W 8
( W 8 S]D ), andthetrainingdatawill only appearin the form of dot productsbetweenvectors.This will
allow usto generalizeto thenonlinearcase.Notethatthenumberof freeparametersin anSVM increases
asthenumberof trainingexamplesincreases.

Generalizationtheoryindicateshow tocontrolthecapacityby controllingthemargin of separation.
Specifically, we needto find theoptimalhyperplane.Optimizationtheoryprovidesmathematicaltools
to find thishyperplane.Weneedto minimize

V
with respectto

�> andb (primal variables) andmaximizeV
with respectto W 8 (dual variables). Thesolutionhasanexpansionin termsof asubsetof inputvectors

(with W 8+^2ED ) calledSupportVectors,

�>K2 7 8 W 8 � 8 �� 8 .
W 8 correspondsto thedifficulty in classifyingthepoint. Small W 8 meanseasyclassification.In dual form
theoptimizationproblembecomesoneof finding the W 8 whichmaximize

V 2 7 8YW 8 < � ��6YX ! 7 8`_ a�W 8 W a � 8 � a �� 8 ? �� a
subjectto theconstraintsW 8 SRD and 7 8 W 8 � 8 2ED . Thedecisionfunctionis

� ����1!I2 signJ 7 8 � 8 W 8 ����b? �� 8 !cACB)L
Boththeoptimizationproblemandthefinal decisionfunctiondependonly ondotproductsbetweeninput
vectors.This is crucialfor thesuccessfulgeneralizationto thenonlinearcase.

2.4 FeatureSpacesand Kernels

If � �����! is a nonlinearfunction of
�� onepossibleapproachis to usea neuralnetwork, which consists

of a network of simple linear classifiers. Problemswith this approachinclude many parametersand
theexistenceof local minima. TheSVM approachis to maptheinput datainto a high,possiblyinfinite
dimensionalfeaturespace,d , via anonlinearmap e@	gf 
 � d . Thentheoptimalhyperplanealgorithm
canbeusedin d (seeFigure1b). Thishighdimensionalitymayleadtoapracticalcomputationalproblem
in featurespace.Sincethe input vectorsappearin the problemonly insidedot products,however, we
only needto usedotproductsin featurespace.If we canfind akernelfunction, h , suchthat

h ����c��� �� Q !I2 e ������"!/? e ���� Q !
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thenwe don’t needto know e explicitly. Mercer’s Theoremtells usthata function h ����/� ��'! is a kernel,
i.e. thereexistsamappinge suchthat

h ����c��� �� Q !I2 e ������"!/? e ���� Q !
if i

h ����/� ��0!kj ����c!kj �����!ml ��nl ��oSRD
for all g suchthat

i j �����! Q l �� is finite. Mercer’s Theoremdoesnot tell us how to constructe but this

explicit mappingis notneededto solve theproblem.Ratherthancreatinga functionandtestingwhether
it is akernelfunction,we canchoosefrom known kernelfunctions:

– h ����/� ��'!I2 �����? ��0!mp
(polynomialof degreed)

– h ����/� ��'!I2 exp
� < O���o< �� O)Q 6 � XYq Q !�!

(GaussianRadialBasisFunction)

– h ����/� ��'!I2 tanh
�srt����u? ��'!�Awv�!

(sigmoid)
Differentkernelfunctionsleadto similar classificationaccuraciesandSupportVectorsets.

2.5 Nonlinear SVMs

To extendthemethodologydescribedabove to nonlinearproblems,wesubstitutee ���� 8 ! for eachtraining
example

�� 8 andsubstitutethekernelfor dotproductsof e . Thedecisionfunctionthenbecomes

� ����1!;2 signJ 7 8 � 8 W 8 h ����/� �� 8 !�ACB)L
andtheoptimizationproblemis oneof maximizing

V 2 7 8GW 8 < � ��6YX ! 7 8`_ a�W 8 W a � 8 � a h ���� 8 � �� a !
subjectto constraintsW 8 SxD and 7=8YW 8 � 8 2yD . Due to Mercer’s conditionson the kernel, the corre-
spondingoptimizationproblemis a well definedconvex quadraticprogrammingproblemwhich means
thereis aglobalminimum.This is anadvantageof SVMscomparedto neuralnetworks,whichmayonly
find a local minimum.

2.6 NonseparableData

Section2.3describedtheSVM approachfor linear, separableproblems.Sections2.4and2.5described
theextensionto nonlinear, separableproblems.Realworld applications,however, tendto have a large
overlapof the two classes,i.e. nonseparabledata. In generalfor theseproblems,a linearseparationin
featurespaceis not possibleunlessa very complex kernel is usedwhich may leadto overfitting. The
Lagrangianwill grow arbitrarily largeandtheoptimizationproblemwill not converge. Sowe introduce
slackvariables( z 8 S@D ) to allow for thepossibilityof pointsviolating theconstraints.Recallthat in the
separablecase,thereis no trainingerror. Thenew, relaxedcontraintsare

� 8 ���1�>E? �� 8 !�ACB$!{S � < z 8 .
z 83| D means

�� 8 is misclassified.Figure2a shows an examplein which the points
�� � and

�� Q areon
the wrong sideof the decisionboundary. The slackvariablesallow for somenumberof errorsin the
optimizationproblem.Goodgeneralizationis now achievedby controllingtwo things– thecapacity, as
before(i.e. controlmargin sizevia

OP�> O
) andthenumberof trainingerrors.WecanredotheLagrangian

formulation,addingatermC7 8 z 8 whereparameterC controlstheerrorpenalty. A largeC causesalarge
penalty. C is theonly userchosenparameterasidefrom thekernelparameters.This leadsto thesame
dualoptimizationproblemandconstraintsasfor theseparablecaseexcept
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Fig. 2: (a) Two dimensionalexampleof nonseparabledatain which two pointsaremisclassified.(b) ���� eventtopologies.

W 8 SRD � D���W 8 ��� .

This completesthe brief descriptionof the SVM approachto nonlinear, nonseparable,binary classifi-
cation problems. The extensionto regressionis not includedherebut can be found in the literature
[1, 2, 8].

3 SVM USE IN TOP QUARK ANALYSIS

Onepossibleapplicationof SVMs in HEPis improving signalvs. backgrounddiscriminationin the ����
dileptonchannel.All directmeasurementsof thetopquarkarefrom theFermilab� �� colliderRun1 [10].
Accordingto theStandardModel,thetopquarkis producedattheTevatronmainlyvia � �� pairproduction.
The two main processesarethe � �� annihilationdiagram( � �� � � �� ) andgluon-gluonfusion ( jgj � � �� ).
Thesecontribute about90% and10% respectively to the � �� crosssectionat the Tevatron,which hasa
StandardModel predictedvalueof 4.7-5.5pb [11]. Theexpected� �� crosssectionof � 5.0pb is a small
fractionof thetotal crosssection;from morethan10

� Q � �� collisionsin Run1, thetopmeasurementsare
basedon � 100events.

In orderto identify eventsin which topquarksareproduced,thedecayproductsmustbedetected.
Accordingto the StandardModel, the top quarkdecaysto Wb with a branchingratio of nearly100%
(Figure2b). Theindividualbranchingratiosfor W decayareBR(W� ��� �;� ) = 1/9,BR(W� ��� �t� ) =
1/9,BR(W� ��� � � ) = 1/9,BR(W� � � �� ) = 6/9. This leadsto four main � �� eventtopologies:dilepton
(5%), lepton+jet (30%),all-hadronic(44%)andeventswith taus(21%). Theall-hadronicchannelhas
largeQCDbackgrounds(� �� � six jets).Thedileptonchannelis themostpurebut hasthefewestnumber
of eventsbecauseof thelow branchingratio. In this studywe try to increasethesignalefficiency in the�$� dileptonchannel.BackgroundsincludeWW productionandZ ��� � �n� . We consideronly WW in
thisstudy.

The signatureof an �$� dileptonevent is two high-�'� isolatedleptonsof differentflavor, two b
quarkjets,andlargemissing��� . Wetry to usevariableswhichhave this information.TheMonteCarlo
samplesconsistof � 1500WW events(background)and � 3400 ���� events(signal). Thegenerationwas
doneusing CompHEP[12]+ Pythiahadronization[13] + PGS[14]. The following cutsweremadeto
producethesamplesusedfor trainingandtesting: �3�� | ��� GeV, �[ � | ��� GeV, missing� � | ��� GeV,
andtwo jetseachwith ��� | ��� GeV. The leptonsandjetsarerequiredto becentrallylocated.Figure
3a shows the four variableschosenbecauseof their potentialdiscriminatingpower in a conventional
cut-basedanalysis. An exhaustive studyof possibleinput variableswasnot done. A training sample
with thesefour variableswasusedto train theSVM algorithmusingthepackageLIBSVM [15] with a
Gaussiankernelfunction.Thetargetwas0.0 for theWW eventsand1.0 for � �� events.TheSVM output
on an independentsampleof events,shown in Figure3b, peaksnearzero for WW andcloserto one
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Fig. 3: (a) A comparisonof the � �� andWW distributionsfor thefour input variables.(b) Signalefficiency versusbackground

efficiency for SVM comparedwith conventionalcuts.

for � �� . The figure alsoshows the performanceof the SVM comparedto conventionalcuts. The SVM
performanceis aboutequalto thebestperformanceof thecut-basedapproach.

Figure4a comparesSVM performancewith a Gaussiankernelanda sigmoidkernel. Thereis
no significantdifference. Similarly, Figure 4b shows that there is no significantSVM performance
differenceasthenumberof thetrainingexamplesvariesfrom 2000to 200.

Training time mustbe consideredfor any supervisedlearningalgorithm. A very long training
time would make it difficult to thoroughlytestthealgorithm. The tablebelow shows the training time
in secondsfor differentsamplesizes.Theright columnshows thetimesfor the � �� + WW MonteCarlo
samples.Theleft columnshows timesfor a toy MonteCarlosamplewith higherstatistics.Thetraining
wasdonewith a gaussiankernelon a 1000MHz PentiumIII PC runningtheLinux operatingsystem.
LIBSVM [15] usesamodifiedSequentialMinimal Optimization(SMO)algorithmthatis known to bea
fastmethodto train SVMs. The time scalesroughlyasthesquareof thenumberof trainingexamples.
For thetopquarkstudy, trainingtime wasnegligible.

numberof events toy MC time (sec) � �� MC time(sec)
200 ´ � ´ �
400 ´ � ´ �
1000 ´ � 1
2000 1.5 2
3000 4 6
4000 8
8000 38
16000 149
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Fig.4: (a)SVM performanceof Gaussiankernelversussigmoidkernel.(b) SVM performancefor differentnumbersof training

examples.

4 CONCLUSION

SVMs provide nonlinearfunction approximationsby mappinginput vectorsinto a high dimensional
featurespacewhereahyperplaneis constructedto separateclassesin thedata.Computationallyintensive
calculationsin the featurespaceareavoidedthroughtheuseof kernelfunctions. SVMs correspondto
a linear methodin featurespacewhich makes them theoreticallyeasyto analyze. The groundingin
statisticallearningtheoryleadsto optimizedgeneralization.Advantagesof SVMs includetheexistence
of only oneuserchosenparameter(asidefrom kernelparameters)anda unique,global minimum. In
an applicationof SVMs to top quarkanalysiswe found thata straightforward applicationof the SVM
algorithmquickly reproducedthe bestperformanceof a cut-basedapproach.SVMs area new way to
tacklecomplicatedproblemsin highenergy physicsandotherfieldsandshouldbeconsideredasanother
techniquefor ourmultivariateanalysistool box.
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[13] T. Sjöstrand,P. Eden,C. Friberg, L. Lönnblad,G. Miu, S. Mrennaand E. Norrbin, Computer
PhysicsCommun.,135:238(2001).

[14] http://www.phys ic s. ru tg ers .e du/˜ jc onway /s of t/ pgs /p gs .h tml

[15] Chih-ChungChangand Chih-JenLin, LIBSVM: a library for supportvector machines(2001).
Softwareavailableat
http://www.csie .n tu .e du.tw /˜ cj li n/ lib sv m/

123


