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Abstract
KernelProbabilityDensityEstimationtechniquesarefastgrowing in popular-
ity in the particlephysicscommunity. This notegivesan overview of these
techniques,andcomparestheirsignal/backgrounddiscriminationperformance
to thatof anartificial neuralnetwork.

1 Introduction

Over thepasttenyears,theparticlephysicscommunityhasbecomeconversantwith a numberof quite
sophisticatedmultivariatetechniquesthatexploit higher-ordercorrelationsbetweenvariablesto achieve
optimumseparationbetweensignalandbackground.

KernelProbabilityDensityEstimation(PDE)methodshave recentlybecomepartof this arsenal
(see,for instance,references[1] and[2]), andarebasedon thepremisethat continuous,differentiable
functionscan be exactly modelledby the infinite sum of someother, appropriatelychosen,‘kernel’
function[3]. Fourierseriesareafamiliarexampleof thisconcept;all periodicfunctionscanbeexpressed
asinfinite sumsof sineandcosineterms.

We will restrict this overview to non-parametricPDE methodsthat usea Gaussiankernel. The
choiceof a Gaussiankernelis a naturalonefor particlephysicsapplications,sincenearlyall variables
weanalysehavebeenGaussiansmearedby detectorresolution,or othereffects.‘Non-parametric’simply
meansthat no assumptionsaremadeaboutthe form of the probabilitydensityfunctions(PDF’s) from
which thesamplesaredrawn.

A typical applicationof GaussiankernelPDE’s begins with a sampleof
�

Monte Carlo events
generatedin a � -dimensionalparameterspace.TheMonteCarloeventsaredistributedaccordingto some
(unknown) PDF, ������
	 . A GaussiankernelPDEmethodestimatesthevalueof thePDFat a point �� by
thesumof Gaussianscentredat theMonteCarlogeneratedpoints, ��������������� ��� :� �����	�� ������ �"!�#%$ �'&�(*) 	,+ #%$ -. ��/1032 4%5 �687� �:9 ! �6 �&�) $ ; � (1)

where �6 �<� ���� 5 ���=	 , � is acovariancematrix,and ) is anadditionalscalingfactor.

Theoptimalformsof
�

and ) areamatterof debate.Wewill discusstwo optionshere:

The static-kernel PDE Method determines
�

from thecovariancematrixof theoverall
sample.Thescalefactor ) is setto

�>9 !�#@? +BADCFE [1]. Becausetheparametersof theresulting
Gaussiankernelarethesamefor all points,this is known asastatickernelmethod.

The Gaussian Expansion Method (GEM), developedby theauthor, determines
�

from
thecovariancematrix of the

�HG
pointsin theMonteCarlosamplethatarespatiallyclosest

to �� in thenormalisedparameterspace(whereall variablesarenormalisedto lie between0
and1). Theparameter) is setto one.

In general,thearbitraryparameter
�HG

mustbelargeenoughthat theelementsof
�

are
approximatelyGaussiandistributed aboutthe true value, but small enoughthat the localI
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structureof the original PDF closeto �� is imitated by
� �K��D	 . The authorhasfound that�HGML &�N is a reasonablechoice,andthat the quality of the simulationof �������	 doesnot

stronglydependon theexactvalueof
� G

.
Sincethecovariancematrix

�
dependson thedensityof pointsin theparameterspace,

the parametersof the Gaussiankernelwill changefor different �� . Thusthis techniqueis
known asadynamic,or adaptive, kernelmethod.

Thestatisticalvarianceof theGEM PDFestimateis�'O � 	 $ � . �QPSR �R �� R
�
R �P � �QP��

to yield:

�'O � ����
	�	 $ � T�U$V���W� � T ( 	,+ -. � � �6 7� � 9 ! �6 �X	 /1032ZY 5 �6 7� � 9 ! �6 �\[�] (2)

Note that thereareonly oneor two free parametersof both methods,and they are ratherintuitive in
nature. This is in sharpcontrastto a typical neuralnetwork, which usually hasa numberof tuning
parameters,themeaningof which is usuallynot transparentto theaverageuser.

Both static-kernelPDEandGEM have relative advantagesanddisadvantages,which we will ex-
plorein thenext section.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-8 -6 -4 -2 0 2
^

4 6 8
PDF (as estimated by alphaPDE)
_

ar
bi

tr
ar

y 
no

rm
al

is
at

io
n

analytic PDF`
estimated PDFa
Monte Carlo generated with analytic PDF
b (a)

c

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

-8 -6 -4 -2 0 2 4 6 8
PDF (as estimated by GEM)

ar
bi

tr
ar

y 
no

rm
al

is
at

io
n

(b)
c

Fig. 1: A comparisionof theperformanceof the static-kernelPDEmethodto thatof GEM. Both figuresdisplayan analytic

PDF(dashedline), which is usedto generate1000eventsrandomlysampledfrom thedistribution (points). (a) and(b) show

thestatic-kernelPDEandGEM estimatesof thePDF, respectively (solid lines),basedon therandomlygeneratedsample.The

estimatefrom the static-kernelPDE methodhasa smallervariancethan that of the GEM method,but is morebiased. The

shadedregion in (b) indicatesthestatisticalvarianceof theGEM estimate,asprovidedby Equation2. Notethatneithermethod

usesbinneddatato estimatethePDF. Thedataarebinnedherefor displaypurposesonly.
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2 Comparison of static-kernel PDE and GEM

A contrived examplebestshows the primary differencesbetweenthe static-kernel PDE methodand
GEM. Figure1 displaysananalyticPDF(indicatedby thedashedline), thatboththestatic-kernelPDE
methodand GEM estimateusing the samesampleof 1000 eventsrandomlysampledfrom the PDF
(thepoints). Thestatic-kernelPDEmethodclearlygivesa muchsmootherestimatethanthatof GEM.
However, thestatic-kernelPDEestimateis biased,whereastheGEM estimateis nearlyunbiased.The
old adage“you can’t getsomethingfor nothing”applieswell here;thestatic-kernelPDEestimateof any
PDFwill alwaysbebiased(althoughin the limit of infinite MonteCarlostatisticsthebiasdisappears),
but will alwayshave a smallerstatisticalvariancethanthe GEM estimate.The biasis mostprevalent
in caseswherethe true PDF is non-differentiable,or hasvalleys. The varianceof the GEM estimate,
indicatedby theshadedregion in (b), is comparableto thevarianceof thebinnedMonteCarlogenerated
events. In the limit of infinite statistics,thevariancegoesto zero,andbothGEM andthestatic-kernel
PDEmethodthenperformequally.

While we know a priori the form of the true PDF in this case,in generalit is unknown. Thus,
in a real analysissituation,whenMonte Carlo samplesof limited sizeareusedfor training, it may be
difficult to assessthebiasinherentin thestatic-kernelPDEmethod.However, thespeedof application
of thestatic-kernelPDEmethodrelative to thatof GEM maymake its usedesirableif very large sam-
plesof MonteCarloareinvolved (theGEM methodis slower thanstatic-kernelPDE,becausethe local
covariancematrixmustbecalculatedfor eachpoint in theMonteCarlosamples).
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Fig. 2: A comparisionof the performanceof PDE methodsto that of an artificial neuralnetwork for the ‘signal’ and‘back-

ground’ distributionsdisplayedin the vignette. The training of the neuralnetwork fails in this casebecausethe correlations

in the parameterspacearehighly non-linear, andthe numberof eventsusedin the training samplesis relatively small (500

eventseachfor signalandbackground).Basedon thesamesmalltrainingsamples,however, theperformanceof GEM andthe

static-kernelPDEmethodaresimilar, andcloseto theideal(shown in black).
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3 Comparison of PDE performance to that of a Neural Network

Theauthorhasfound,for themostpart,thatnearlyall signal/backgrounddiscriminationproblemscon-
frontedin actualanalysissituationsarehandledequallywell bybothartificial neuralnetworksandPDE’s.
Oneadvantageof usingPDE’s is thatit easilyprovidesanintuitivevisualmeansof determiningwhatthe
PDFlookslike in themulti-dimensionalparameterspace.

Thereare, in addition,a few typesof discriminationproblemsthat arebettersuitedto the PDE
approach,ratherthanthat of neuralnetworks. Take, for instance,the contrived examplepresentedin
thevignetteof Figure2. The‘signal’ is a distributedaccordingto a 2D Gaussiansmearedannularring
PDF, while the ‘background’is similarly distributedexceptthewidth of thesmearingis muchbroader.
Becausethe correlationsin the parameterspacearehighly non-linearin this situation,it canbe quite
difficult to successfullytrainaneuralnetwork to discriminatebetweensignalandbackground,especially
if the statisticsof the signalandbackgroundtraining samplesaresparse.The backgroundefficiency
versussignalefficiency curvesareshown for static-kernelPDE,GEM, andaneuralnetwork, MLPfit[4],
all basedon trainingsamplesof 500eventseachof signalandbackground.Both static-kernelPDEand
GEM attaindiscriminationperformancethat is closeto the ideal,but thetrainingof theneuralnetwork
fails in thiscase.
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Fig. 3: A comparisionof the performanceof PDE methodsto that of an artificial neuralnetwork for the ‘signal’ and‘back-

ground’distributionsdisplayedin thevignette.Thecorrelationsin theparameterspacearesomewhatnon-linearfor theback-

ground,andthesizeof thetrainingsamplesis againrelatively small,but thediscriminationperformanceof theneuralnetwork

nonethelessapproachesthatof thePDEmethods.In mostrealanalysissituations,thediscriminationperformanceof artificial

neuralnetworksandPDEmethodsis comparable.

An exampleof acasewherebothPDE’sandneuralnetworksperformcomparablywell is givenin
Figure3. In this examplethe‘signal’ and‘background’areslightly separatedin bothdimensionsof the
parameterspace.The two dimensionsareuncorrelatedfor thesignal,while thebackgroundis slightly
kidney shaped(which is perhapsnot obvious in thevignettedisplayedin the figure). Thebackground
efficiency versussignalefficiency curvesareshown for static-kernelPDE,GEM, andMLPfit. Despite
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thesparsetrainingstatistics,thediscriminationperformaceof theneuralnetwork is comparableto that
of thePDEmethods.

4 Summary

GaussiankernelPDEmethodsarequiteeasyto implement,andyieldconvenientgraphicalinterpretations
of thePDFin themulti-dimensionalparameterspace.Themethodsareeasyto understand,andthefew
parametersneededto tunethemethodsarequiteintuitive in nature.

Thediscriminationperformanceof themethodsis comparableto thatof artificial neuralnetworks,
andthusthey offer aninterestingalternative to theuseof neuralnetworksin amultivariateanalysis.
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