KERNEL PROBABILITY DENSITY ESTIMATION METHODS*

S Towers
StateUniversityof New York at Story Brook

Abstract

KernelProbabilityDensityEstimationtechniquesrefastgrowing in popular
ity in the particle physicscommunity This note givesan overview of these
techniqguesandcomparesheir signal/backgroundiscriminationperformance
to thatof anartificial neuralnetwork.

1 Introduction

Over the pasttenyears,the particle physicscommunityhasbecomecornversantwith a numberof quite
sophisticateanultivariatetechniqueghatexploit higherordercorrelationsdbetweenvariablesto achieve
optimumseparatiorbetweersignalandbackground.

KernelProbability Density Estimation(PDE) methodshave recentlybecomepart of this arsenal
(see,for instance reference$l] and[2]), and arebasedon the premisethat continuousdifferentiable
functions can be exactly modelledby the infinite sum of someother appropriatelychosen,'’kernel’
function[3]. Fourierseriesareafamiliarexampleof this conceptall periodicfunctionscanbeexpressed
asinfinite sumsof sineandcosineterms.

We will restrictthis overvien to non-parametrid®DE methodsthat usea Gaussiarkernel. The
choiceof a Gaussiarkernelis a naturalonefor particle physicsapplicationssincenearlyall variables
we analysenave beenGaussiarsmearedby detectoresolutionor othereffects. ‘Non-parametric'simply
meanghat no assumptiongsire madeaboutthe form of the probability densityfunctions(PDF’s) from
whichthesamplesaredravn.

A typical applicationof GaussiarkernelPDE’s begins with a sampleof N Monte Carlo events
generatedh ak-dimensionaparametespace.TheMonteCarloeventsaredistributedaccordingo some
(unknawvn) PDF, F(Z). A GaussiarkernelPDE methodestimateghe valueof the PDF ata point Z by
the sumof Gaussiansentredatthe Monte Carlogenerategboints,{#;,s = 1, N}:
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whered; = (Z — ¥;), V is acovariancematrix, andh is anadditionalscalingfactor
Theoptimalformsof V' andh area matterof debate We will discusgwo optionshere:

Thestatic-kernel PDE M ethod determined/ from thecovariancematrix of the overall
sample.The scalefactorh is setto N—/(k+4)[1]. Becausehe parametersf theresulting
Gaussiarkernelarethe samefor all points,thisis knovn asa statickernelmethod.

TheGaussian Expansion M ethod (GEM ), developedby theauthor determined” from
the covariancematrix of the Ny pointsin the Monte Carlo samplethatarespatiallyclosest
to Z in thenormalisechbarametespacgwhereall variablesarenormalisedo lie betweerD
and1l). Theparametefh is setto one.

In generalthe arbitraryparametetVy, mustbelarge enoughthatthe elementf V' are
approximatelyGaussiardistributed aboutthe true value, but small enoughthat the local

*A colourversionof this paperis availableatht t p: / / ww dO. f nal . gov/ "snj t/ dur hant pde. ps
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structureof the original PDF closeto Z is imitated by f(#). The authorhasfound that
Ny > 25 is areasonablehoice,andthat the quality of the simulationof F'(Z) doesnot
stronglydepencdon the exactvalueof Ny.

Sincethe covariancematrix V depend®n the densityof pointsin the parametespace,
the parameter®f the Gaussiarkernelwill changefor differentz. Thusthis techniqueis
known asa dynamic,or adaptve, kernelmethod.

Thestatisticalvarianceof the GEM PDF estimatds
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Note that thereare only one or two free parameter®f both methods,andthey areratherintuitive in
nature. This is in sharpcontrastto a typical neuralnetwork, which usually hasa numberof tuning
parameterghe meaningof whichis usuallynottransparento the averageuser

Both static-lernelPDE andGEM have relatve advantagesanddisadwantagesyhich we will ex-
plorein thenext section.
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Fig. 1: A comparisionof the performanceof the static-lernel PDE methodto that of GEM. Both figuresdisplayan analytic
PDF (dashedine), which is usedto generatel 000 eventsrandomlysampledrom the distribution (points). (a) and (b) shav
thestatic-lernelPDE andGEM estimate®f the PDF, respecitiely (solid lines),basedon therandomlygeneratedample.The
estimatefrom the static-kernel PDE methodhasa smallervariancethan that of the GEM method,but is more biased. The
shadedegionin (b) indicateghe statisticalvarianceof the GEM estimateasprovidedby Equation2. Notethatneithermethod
useshinneddatato estimatehe PDF. The dataarebinnedherefor displaypurposeonly.
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2 Comparison of static-kernel PDE and GEM

A contrived example bestshavs the primary differencesbetweenthe static-lernel PDE methodand
GEM. Figurel displaysananalyticPDF (indicatedby the dashedine), thatboth the static-lernel PDE
methodand GEM estimateusing the samesampleof 1000 eventsrandomly sampledfrom the PDF
(the points). The static-lernel PDE methodclearly givesa muchsmootherestimatethanthat of GEM.
However, the static-lernel PDE estimates biased whereagshe GEM estimates nearlyunbiased.The
old adagée'you cant getsomethingor nothing” applieswell here;the static-lernelPDE estimateof ary
PDFwill alwaysbe biased(althoughin thelimit of infinite Monte Carlo statisticsthe biasdisappears),
but will alwayshave a smallerstatisticalvariancethanthe GEM estimate. The biasis most prevalent
in caseswvherethe true PDF is non-diferentiable,or hasvalleys. The varianceof the GEM estimate,
indicatedby theshadedegionin (b), is comparableo thevarianceof thebinnedMonte Carlogenerated
events. In the limit of infinite statisticsthe variancegoesto zero,andboth GEM andthe static-lernel
PDEmethodthenperformequally

While we know a priori the form of the true PDF in this case,in generalit is unknavn. Thus,
in areal analysissituation,whenMonte Carlo samplesof limited sizeare usedfor training, it may be
difficult to assesshe biasinherentin the static-lernel PDE method. However, the speedof application
of the static-lernel PDE methodrelative to thatof GEM may male its usedesirablef very large sam-
plesof Monte Carloareinvolved (the GEM methodis slowver thanstatic-lernel PDE, becauséhelocal
covariancematrix mustbe calculatedor eachpointin the Monte Carlosamples).
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Fig. 2: A comparisionof the performanceof PDE methodsto that of an artificial neuralnetwork for the ‘signal’ and ‘back-
ground’ distributionsdisplayedin the vignette. The training of the neuralnetwork fails in this casebecausehe correlations
in the parametespaceare highly non-lineay andthe numberof eventsusedin the training sampless relatively small (500
eventseachfor signalandbackground)Basedon the samesmalltrainingsampleshowever, the performancef GEM andthe
static-lernelPDE methodaresimilar, andcloseto theideal (shawvn in black).
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3 Comparison of PDE performanceto that of a Neural Network

Theauthorhasfound,for the mostpart, thatnearlyall signal/backgroundiscriminationproblemscon-
frontedin actualanalysissituationsarehandledcequallywell by bothartificial neuralnetworksandPDE’s.
Oneadwantageof usingPDEsis thatit easilyprovidesanintuitive visualmeanf determiningwhatthe
PDFlookslike in the multi-dimensionaparametespace.

Thereare,in addition, a few typesof discriminationproblemsthat are bettersuitedto the PDE
approachyatherthanthat of neuralnetworks. Take, for instance the contrived example presentedn
thevignetteof Figure2. The'signal’ is a distributedaccordingto a 2D Gaussiarsmearednnularring
PDEF while the ‘background’is similarly distributed exceptthe width of the smearings muchbroader
Becausehe correlationsin the parametesspaceare highly non-linearin this situation,it canbe quite
difficult to successfullftrainaneuralnetwork to discriminatebetweersignalandbackgroundespecially
if the statisticsof the signaland backgroundraining samplesare sparse. The backgroundefficiency
versussignalefficiengy curvesareshavn for static-lernelPDE, GEM, anda neuralnetwork, MLPfit[4],
all basedon training samplesof 500 eventseachof signalandbackgroundBoth static-lernelPDE and
GEM attaindiscriminationperformancehatis closeto the ideal, but the training of the neuralnetwork
failsin this case.
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Fig. 3: A comparisionof the performanceof PDE methodgo that of an artificial neuralnetwork for the ‘signal’ and ‘back-
ground’distributionsdisplayedn thevignette. The correlationsn the parametespaceare somavhatnon-linearfor the back-
ground,andthesizeof thetrainingsampless againrelatively small, but the discriminationperformancef the neuralnetwork
nonethelesapproachethatof the PDE methods.In mostreal analysissituations the discriminationperformanceof artificial
neuralnetworksandPDE methoddss comparable.

An exampleof a casewherebothPDE’s andneuralnetworks performcomparablywell is givenin
Figure3. In this examplethe ‘signal’ and‘background’areslightly separatedh both dimensionf the
parametespace.The two dimensionsareuncorrelatedor the signal,while the backgrounds slightly
kidney shapedwhich is perhapaot obviousin the vignettedisplayedin the figure). The background
efficiengy versussignalefficiengy curvesareshavn for static-lernel PDE, GEM, and MLPfit. Despite
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the sparsdraining statistics the discriminationperformaceof the neuralnetwork is comparabléo that
of the PDE methods.

4 Summary

GaussiakernelPDEmethodsarequiteeasyto implementandyield corvenientgraphicainterpretations
of the PDFin the multi-dimensionaparametespace.The methodsareeasyto understandandthe few
parameterseededo tunethe methodsarequiteintuitive in nature.

Thediscriminationperformancef themethodds comparabldo thatof artificial neuralnetworks,
andthusthey offer aninterestingalternatve to the useof neuralnetworksin a multivariateanalysis.
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