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Abstract

I discussthe issueof uncertaintiesn partondistributionsandin the physical
guantitieswhich aredeterminedn termsof them. While therehasbeensig-
nificant progresson the uncertaintiesassociatedvith errorson experimental
data,therearestill outstandingquestions.Also, | demonstratehatin mary
circumstanceshis sourceof errorsmay be lessimportantthan errorsdueto
underlyingassumptiongn thefitting procedureanddueto theincompletena-
ture of thetheoreticakalculations.

1 Introduction to Global Fits

The fundamentaljuantitiesone requiresin the calculationof scatteringprocessesvolving hadronic
particlesarethe partondistributions. Thesecanbe derived from QCD andthenusedwithin it. Usingthe
FactorizationTheoremthe cross-sectioffor this processanbewrittenin thefactorizedform

olep = eX) = Z Cf (2, 05(Q%)) ® fil, Q% 2(Q%)) (1)

up to correctionsof order Ao, /Q?, known ashighertwist. The coeficient functionsC;” (z, os(Q%))
describingthe hardscatteringorocessare processdependenbut arecalculableasa powver-seriesin the
strongcouplingconstaniy, (Q?).

cF(z, a5(Q ZCP’“ ok (Q?). 2)

The f;(z, Q?, as(Q?)) arethe partondistributions, i.e the probability of finding a partonof typei car
rying afractionz of the momentunof the hadron.Becausehey dependon the nonperturbatie way in
which partonsareboundinto the hadron,thesepartondistributionsare not calculablefrom first princi-
ples.However, they do evolve with Q? in a perturbatie manner

2
dfi(z, c?]ngg <) ZPZJ z,0,5(Q7)) ® fi(z, Q*, a5(Q?)) (3)

wherethe splitting functions P;; (x, @2, as(Q?)) are calculableorder by orderin perturbationtheory
Sincethe partondistributions f; (z, Q?, a5 (Q?)) areprocess-independegri.e. universal,oncethey have
beenmeasuredit oneexperiment,onecanpredictmary otherscatteringorocesses.

In orderto determinethe partondistributions one can use a rangeof available data— largely
ep — eX (structurefunctions),andthe mostup-to-dateQCD calculationswhich arecurrentlyNLO-in-
as(Q?). (NNLO coeficientfunctionsareknown for someprocesse.g. structurefunctions,andNNLO
splitting functionshave considerablénformation,andmay be knowvn within a yearor so.) Perturbation
theoryis assumedo be valid if a;(Q?) < 0.3 soonly datawith Q? > 2GeV? or moreareused. This
cutshouldalsoremove theinfluenceof highertwists.

Theglobalfit [1]-[8] usuallyproceeddby startingthepartonevolutionatalow scaleQ3 ~ 1GeV?,
andevolving partonsupwardsusingNLO DGLAP equations.In principle thereare 11 differentparton
distributionsto consider(Isospinsymmetryis assumedi.e. if p — n, d(z) — u(z) andu(z) — d(z).)

/U/, 17’7 d’ J’ 87 §7 C7 67 b7 67 g' (4)
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In practicem., my > Aqcp sothe heay partondistributionsaredeterminedperturbatiely. Also it is
currentlyassumedhats = s. The6 independenpartonsetsarethen

uy =u—1u, dy=d—d, sea=2x(i+d+3), d—1u, g (5)
Theinput partonsare parameterizeth a particularform, e.qg.
zf(z,QF) = A1 — 2)"(1 + ez + yz)a’. 6)

Thepartonsarethenconstrainedy anumberof sumrules:

/01 wy () do =2 /01 dv(z)dz =1 /01 rX(z) + zg(z) dr = 1, 7)

i.e. conserationof thenumberof valencequarks,andconserationof themomentuncarriedby partons.
Thelatteris animportantconstrainton the form of the gluonwhichis only probedindirectly.

In determiningpartonsone needsto considerthat not only arethere6 differentcombinationsof
partons,but thereis also a wide distribution of z from 0.75 to 0.00003. One needsmary different
typesof experimentfor full determinationThefull setof datausuallyusedis H1 andZEUS FY (z, Q?)
data[9, 10] which coverssmall z anda wide rangeof Q?; E665F2’”d(x,Q2) data[11] at mediumz;
BCDMSandSLAC F?%(z, Q?) data[12]-[13] atlargez; NMC F¥*(z, Q?) [14] atmediumandlargez;
CCFRFQ"(ﬁ)p(a:, Q?) andFé’('j)p(:c, Q?) data[15] atlarge z which probethe singletandvalencequarks
independentlyZEUS andH1 Fﬁcharm(w, Q?) data[16, 17]; E605pN — puji + X [18] constraining
thelarge z sea;E866Drell-Yanasymmetry19] which determines! — @; CDF W-asymmetrydata[20]
which constrainghe «/d ratio at large z; CDF and DO inclusie jet data[21, 22] which tie down the
high z gluon;andCCFRandNuTev Dimuondata[23, 24] which constrainthe strangesea.Note that|
discussunpolarizedpartondistributions. Therearefar fewer datafor polarizeddistributions, thoughfits
with errordeterminationslo exist, e.g.[25].

1.1 Quality of theFit

This is determinedby the x? of thefit to data,which may be calculatedn variousways. The simplest
is to addstatisticaland systematicerrorsin quadrature.This ignorescorrelationsbetweendatapoints,
but is sometimegyuite effective. Also, theinformationon the dataoften meanghatonly this methodis
available.

However, moreproperlyoneusesthefull covariancematrix whichis constructedis
n
Cij = 8ij07 stat + D, PYTk,iOk,j» 8)
k=1
wherek runsover eachsourceof correlatedsystematicerrorandpfj arethecorrelationcoeficients. The
x? is definedoy
N N
X* =2 (Di—Ti(a))C;; (D; — Tj(a)), ©)
i=1j=1

where N is the numberof datapoints, D; is the measuremenandT;(a) is the theoreticalprediction
dependingon partoninput parametera. Unfortunatelythis methodrelieson invertinglarge matrices.

An alternatve which producesidentical resultsto the correlationmatrix definition of x? if the
errorsaresmallis to incorporatethe correlatederrorsinto thetheoryprediction

fila,s) = Ti(a) + Y splik, (10)
k=1

188



whereA;;, is the one-sigmacorrelatecerrorfor points from sourcek. In this casethe x? is definedoy
D; a,s
N = 3 (1)
i_1 Oi,unc

wherethe secondermimposesa penaltyfor varying the s;, awvay from zero. Onecansolve for the s,
analytically[26, 3]. Defining

N . P— .
Bk: _ Z Azk(DlZ Tz(a))’ Akl _ 6kl + Z zkAzl (12)
i=1 O unc =1 zunc
oneobtains
8X2 = —1
— =0 - si(a) = Z(A )lel- (13)
sy =1
This leadsto the exactly equivalentx? definition
D;, —T;(a n _
X => (4> Z > Bi(A B (14)
i=1 Tisunc k=11=1

This approacthasthe doubleadwantagethatsmallermatricesneedinverting andoneseesxplicitly the
shift of datarelative to theory However, it is possiblethat this shift could simply compensatéor the
shortcomingof aninadequateéheory Indeed,MRST find thatfor HERA dataincrementsn x? using
this methodarethe sameasfor addingin quadratureandthatthe datamove towardstheoryratherthan
viceversa [2]. Henceit is questionablén practicequitehow muchof animprovementhis approachs in
mary casesHowever, for Tevatronjet data,wherecorrelatedsystemati@rrorsdominate a sophisticated
treatmenbf correlatecerrorsis essential.

Using someparticularmethodof calculatingx? the global fit procedurecompletelydetermines
partondistributions at present. In generalthe total fit is of reasonablygood quality, asillustratedfor
the major datasets,andthe CTEQ6fit (which assumesys(M32) fixed at 0.118) in table1. The total
x? = 1954/1811. For MRST ag(M%) is determinedto be 0.119, andthe total x? = 2328/2097.
However, the x? perpoint of morethanonesuggestsomepossibleshortcomingsandit maybe argued
thattherearesomeareasvherethetheoryperhapsieedgo beimproved.

A tableof x? versusno. of datapointsfor the CTEQ6fit.

Dataset No.of x?
datapts
Hlep 230 228
ZEUSep 229 263
BCDMS up 339 378
BCDMS ud 251 280
NMC up 201 305
E605(Drell-Yan) 119 95
DO Jets 90 65
CDF Jets 33 49

2 Uncertaintiesin Parton Distribution Parameters
Therearea numberof differentapproachefor obtainingpartonuncertainties.
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2.1 Hessian (Error Matrix) Approach
Thiswasfirst usedby H1 andhasrecentlybeenextendedby CTEQ.Onedefineshe Hessiamrmatrix by
X2 = Xin = AX% = 3" Hijlai — a{”)(a; - §0)) (15)
2
TheHessiarmatrix H is relatedto the covariancematrix of the parameterby
Cijla) = AX*(H )y (16)
We canthenusethe standardormulafor linearerror propagation:

L oF

il Pa; (17)

oF
AF)? =Ax*S —(H
(AF) = 83 5 ()
This hasbeenusedto find partonswith errorsby H1 [4] andAlekhin [5], eachwith restricteddatasets.
In practiceit is problematicdueto extremevariationsin Ay? in differentdirectionsin parametespace.

2-dim (i,j) rendition of d-dim (~20) PDF parameter space

contours of constant y?2 global
u,: eigenvector in the l-direction ’
1

p(i): point of largest a; with tolerance T

(i) Sy global minimum

diagonalization and

rescaling by
the iterative method
o Hessian eigenvector basis sets

(a) (b)

Original parameter basis Orthonormal eigenvector basis

Fig. 1. Representationf diagonalizatiorof Hessiarmatrix.
Thisis solvedby finding andrescalingeigewectorsof H leadingto thediagonalform
Ax? = Z 22, (18)
i
Themethodhasbeenimplementedy CTEQ|[28, 27, 3]. Theuncertaintyon a physicalquantityis

(AF)? =Y (F(5) - F(SS))2, (19)

i

WhereSZ-(H andSZ-(_) are PDF setsdisplacedalongeigevector directionsby the given Ax?. Thereis
uncertaintyin choosinghe“correct” Ax? (in principleoneunit) giventhe complicationsof a full global
fit. CTEQchooseAx? ~ 100 [26]. A discussiorof this problemis foundin [29].

2.2 TheOffset Method.
Thisis the standardbropagatiorof errors.In this casethe bestfit is obtainedoy minimizing

o %((Di — fila,s = 0))>2, (20)

. g;
im1 1,unc

i.e. the bestfit and parametersy are obtainedby consideringonly uncorrelatederrors. This forces
the theoryto be closeto unshifteddata. The quality of the fit is then estimatedoy addingerrorsin

190



Gluon distribution 1
8 |
<@ § \\
\Efw \\ \Q=2Gev |
g v
© \ \ \
] Ay
\:.\ \
a=100GevYy Y, \ —
\i\I\ \ \
N
RN
\'“'zé\b*_s
1010 01.02 05 .1 2 5 1

X
Fig. 2: Resultsof CTEQHessiamapproactfor gluonuncertainty

quadrature.The systematicerrorson the a; are determinedby letting eachs, = +1 andaddingthe
deviationsin quadratureln practiceonecalculate® Hessiammatrices
82 2 82 2
Oa;0a; 0a;0s;

M;; = (21)

anddefinescovariancematrices
Cstat = M_l Csys = M_1VVTM_1 Ciot = Cstat + Csys- (22)

to achieve the sameresult. This methodwasusedin early H1 fits [30] andby ZEUS. A discussiorand
presentatiorof this methodandof ZEUS resultscanbe foundin [31]. It leadsto a biggeruncertainty
thanthe Hessiarmethodfor the sameAx? [32], sinceit doesnot useall statisticalpower available.

2.3 Bayesian Approach[8]

In this partondistributions labelledby F are assumedo have a Bayesianprobability P({F}). The

prior form of theinputsfor thesefunctionsis takento be uniform in the partonparameterandhasthe

form in eq.(6). Thesearemodifiedby experimentaldata,incorporatingfull informationaboutmeasure-
mentsandtheir error correlations. The probability distribution for any function canthen,in principle,

be reconstructedby integrating over the spaceof . In practice,oneinsteadgeneratesV,,; different

distributionswith unit weightbut distributedin a suitablemanneyrwhereN,4; canbe madeassmallas

100. For, example themeanuo anddeviation oo of obserableO arethengivenby

1 Npaf Npaf

:EZO{}'} a?):—z {F}) — po)* (23)

Currentlytheauthorsof [8] useonly protonDIS datasetsin orderto avoid complicateduncertainty
issuessuchasshadwing effectsfor nucleartargets. Using strict confidencdimits they find it difficult
to obtain consisteng betweenmary differentDIS experiments. Also the lack of importantdatasets
leadsto “unusual” valuesfor someparametersillustrating the importanceof using a wide variety of
data.However, theapproactdoesnotrely on the standardapproximatiorof linear propagatiorof errors
in calculatingobsenables,andfig. 3 shaws that indeedthis approximationis sometimesot good.
Neverthelessit would beinterestingto studythe effectsof changesn the prior ontheresults.
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Fig. 3: Onesetof partonparametersbtainedfrom [8]. The histogram/recturve is the Gaussiarapproximationandthe blue
vertical line the MRST value. The greencure for a.s is the LEP result. The greencurvesfor the lastfive plotsarethe prior
probability distributionsfor the detectomodelparametersf H1.

24 Lagrange Multiplier

Onecanlook atthe uncertaintyon a given physicalquantityusingthe LagrangeMultiplier method first
suggestetty CTEQ[26] andalsousedby MRST[33, 34]. Oneperformstheglobalfit while constraining
thevalueof somephysicalquantity i.e. minimizing

(A, a) = Xoopa(@) + AF(a) (24)

for variousvaluesof A. This givesthe setof bestfits for particularvaluesof the parametei'(a) without
relying on the quadraticapproximatiorfor Ax?. A usefulexampleis the W cross-sectiomt Tevatron
whichis illustratedin fig. 4. Theuncertaintyin a quantityis determinedy decidinganallowed valueof
Ax?.

W production at the Tevatron

1350
1320
£ 1290
= 1260
1230
1200

bal

21 21.5 22 22.5
ow (nb)

Fig. 4: Variationof oy with total x2 for the CTEQfit.

Althoughstrictly oneshoulduseAx? = 1, thisleadsto unrealisticallysmallerrorsandCTEQuse
Ax? = 100 (sameasfor the Hessiamapproach) They obtainfor ag = 0.118 [3]

Aow (LHC) = +4% Aow(Tev) = £5%
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Aoy(LHC) ~ +5%. (25)

Theprocedurds alsousedby MRST for awider rangeof data,andusingAx? ~ 50. They find thatfor
as = 0.119 [34]

Aow(Tev) = £1.2% Aow(LHC) =~ +2%
Aoy (Tev) = +4% Aop(LHC) = £2%. (26)
If ag alsovaries,Aoyy is quite stablebut Aoz almostdoubles.The x? profile is shavn in fig. 5. One

canrepeatfor otherprocesses.g. HERA chagedcurrentdataaresensitve to very high z quarks,the
Tevatronjet datais sensitve to high = gluonetc..

Overalloneconcludeghattheuncertaintydueto experimentakrrorsis rathersmall,howvever they
aredealtwith. It only exceedsafew % for quantitiesrelatedto the high = gluonor very high z quarks.
However, thereareothersourcef error.

)(2 increase in global analysis as the
W and H cross sections are varied at the TEVATRON

x2 increase in global analysis as the
W and H cross sections are varied at the LHC

Per cent change in H cross section

Per cent change in H cross section

I T I T T R
-4 -3 2 -1 0 1 2 3 4 -4 -3 2
Per cent change in W cross section

-1 0 1 2 3
Per cent change in W cross section

Fig. 5: Ax2-plotfor W andHiggsproductionat the TevatronandLHC with a s free. Contoursshav incrementf 50in Ay 2.

3 Other Errors.

To obtaina completeestimateof errors,one alsoneedsto considerthe effect of the decisionsandas-
sumptiongnadewhenperformingthe fit. Theseincludethe cutsmadeon the data,the datasetsfit, the
parameterizatiofior the input sets,the form of strangesea,the assumptiorof no isospinviolation, etc..
It is known thatmary of thesecanbeasimportantasthe experimentakrrorson dataused(or evenmore
s0). A moresystematistudyis needed.

It is alsovital to considersourcesof theoreticalerror Theseincludehighertwist atlow Q2 and
higherordersin ag. The latter are due not only to NNLO corrections,but alsoto enhancementat
large andsmallz becausef termsof theform o In"~*(1/z) anda? In?"~1(1 — z) in the perturbatie
expansion. This meansthat renormalizatiorandfactorizationscalevariationare not a reliable way of
estimatinghigherordereffects,e.g.,atsmallx

2
a
Ply~as(l) Py~ @)

whereas

Pn o (n?) 11?:2(1/15). (28)

andscalevariationsof qug, Png never give anindicationof theseterms.Hence n orderto investigatehe
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truetheoreticakrrorwe mustconsidersomeway of performingcorrectlargeandsmallz resummations,
and/orusewhatwe alreadyknow aboutNNLO. The latter approachimplies that somequantitiesmay
acquirelarge higherordercorrectiond35].

Alternatively, one canusethe empiricalapproachof investigatingin detail the effect of cutson
data. In orderto investigatethe real quality of the fits andthe regionswith potentialproblemswe try
changingW?,;, @?,; andz., re-fitting andseeingif thefit to the remainingdataimprovesand/orthe

input parametergshangedramatically[36]. (Similarto a previoussuggestionn termsof datasetsrather
thanregion of parametespacg37].) Thisis continueduntil thefit quality andthe partonsstabilize.

MRST(2001) NLO fit, x=0.02 - 0.08 MRST(2001) NLO fit, x= 0.0032 - 0.0175
T T T T *
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Fig. 6: Comparisorof MRST(2001)anda fit with z¢,; = 0.005.
For W2, raisingfrom 12.5GeV? hasno effect. RaisingQ?,; from 2GeV? thereis aslow continu-

ousimprovementfor higherQ? upto > 12GeV?, suggestindiigherordercorrectionsnaybeimportant,
Thesmallz gluondecreaseslightly asdoesas (M2) as@?,; is raised.The predictionsfor mostquan-
tities remainquite stable. Raisingz.,; from 0 to 0.005 leadsto continuousmprovement- Ay? = 51

for the datasurviing the cut. Theimprovementin thefit to structurefunction datais shavn in fig. 6,

andthefit to Tevatronjet dataalsoimproves. For z.,; = 0.005 thereis muchreducedensionbetween
differentdatasets. The small z gluon (outsidethe rangeof the fit) decreasesignificantly allowing it

to increasefor higherz, facilitating the improved fit. ag(M%) falls slightly to 0.118. This resultsug-
gestgthathigherordercorrectionswith largeln(1/z) termscouldbesignificantbelov z = 0.005. With

zet = 0.005 predictionsfor Tevatroncross-sectionarestill possibleandthereis a large changecom-
paredto thedefaultfit, asseenin fig. 7. The new predictionis well outsidethelimit setby experimental
errors,suggestinghatthetheoryerrormay easilybe dominantfor thesequantities.

4 Conclusions

Onecanperformglobalfits to dataover awide rangeof parametespacedetermininghe partondistribu-

tionsvery precisely Thefit quality is generallygood,but therearesomeslightworries. Therearevarious
waysof looking at the uncertaintie®n partonsdueto errorson the data. Althoughtherehasbeenmuch
progressecently thereis no universallypreferredapproacheachhaving strengthsandweaknessed he
errorson partonsandrelatedquantitiesfrom this sourcearerathersmall,i.e. ~ 1 — 5%.
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)(2 increase in global analysis as the
W and H cross sections are varied at the TEVATRON
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Fig. 7: Ax?-plotfor W andHiggsproductionat the Tevatronwith as free,alongwith predictionsfor fits with differenta .

However, the uncertaintiedrom input assumption®.g. cutson data,parameterizationstc., are
comparableand possiblylarger. Also, the errorsfrom higherorderscorrectionsare potentially large,
particularlyin someregions of parametespace,anddueto correlationsbetweenpartonsin different
regionsof phasespacethesefeedinto all regions(e.g. the small z gluoninfluencedarge x gluon). For
some/man processetheoryis probablythe dominantsourceof uncertaintyat present Systematictudy
of assumption/theorgrrorsis neededaswell as studiesof uncertaintiedueto errors. This is much
hardeyandis justbeginning.
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