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Abstract
I discussthe issueof uncertaintiesin partondistributionsandin the physical
quantitieswhich aredeterminedin termsof them. While therehasbeensig-
nificant progresson the uncertaintiesassociatedwith errorson experimental
data,therearestill outstandingquestions.Also, I demonstratethat in many
circumstancesthis sourceof errorsmay be lessimportantthanerrorsdueto
underlyingassumptionsin thefitting procedureanddueto theincompletena-
tureof thetheoreticalcalculations.

1 Introduction to Global Fits

The fundamentalquantitiesone requiresin the calculationof scatteringprocessesinvolving hadronic
particlesarethepartondistributions.Thesecanbederivedfrom QCDandthenusedwithin it. Usingthe
FactorizationTheoremthecross-sectionfor thisprocesscanbewritten in thefactorizedform���������	��
������������ �����������! �"#�$�&%�' � �����( )"*���+�,�! �"#�$� (1)

up to correctionsof order - " .0/2143  " , known ashighertwist. Thecoefficient functions � �� ���������#�! " �$�
describingthehardscatteringprocessareprocessdependentbut arecalculableasa power-seriesin the
strongcouplingconstant���#�! " � .� �� ���+��� � �! " �$��� ��5 � �26 5� ���7��� 5� �! " �(8 (2)

The ' � ���+�( " �����,�! " �$� arethepartondistributions,i.e theprobabilityof finding a partonof type 9 car-
rying a fraction � of themomentumof thehadron.Becausethey dependon thenonperturbative way in
which partonsareboundinto thehadron,thesepartondistributionsarenot calculablefrom first princi-
ples.However, they do evolve with  " in a perturbative manner: ' � ���+�( " �����#�! " �$�:<;>=  " � ���@? �BA ���������#�! )"#�$�&%C' A ���+�( �"*�����#�! �"#�$� (3)

wherethe splitting functions ? �DA ���+�( " ��� � �! " �$� arecalculableorderby order in perturbationtheory.
Sincethepartondistributions ' � �����( " �������! " �$� areprocess-independent, i.e. universal,oncethey have
beenmeasuredat oneexperiment,onecanpredictmany otherscatteringprocesses.

In order to determinethe partondistributions one can usea rangeof available data– largely���E�	��
 (structurefunctions),andthemostup-to-dateQCDcalculations,whicharecurrentlyNLO-in-� � �! " � . (NNLO coefficientfunctionsareknown for someprocesses,e.g.structurefunctions,andNNLO
splitting functionshave considerableinformation,andmaybeknown within a yearor so.) Perturbation
theoryis assumedto bevalid if ���#�! " ��FHGI8KJ soonly datawith  "MLON�PRQ�S�" or moreareused.This
cut shouldalsoremove theinfluenceof highertwists.

Theglobalfit [1]-[8] usuallyproceedsby startingthepartonevolutionatalow scale "TVUOW#PRQ�S " ,
andevolving partonsupwardsusingNLO DGLAP equations.In principle thereare11 differentparton
distributionsto consider(Isospinsymmetryis assumed,i.e. if �X�ZY ,

: ���7�[�]\����0� and \4���7��� : ���7� .)\��_^\�� : � ^: � `a��^`�� b,�,^b*� c,� ^c#� de8 (4)
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In practicef�g � f�hVij- .0/21 sotheheavy partondistributionsaredeterminedperturbatively. Also it is
currentlyassumedthat `k�l^` . The6 independentpartonsetsarethen\nmo�p\rqp^\+� : m@� : q ^: � s Qut � NRv �w^\yx ^: x�^`*�(� ^: qz^\�� de8 (5)

Theinput partonsareparameterizedin aparticularform, e.g.�n'{���+�( "T ���p|}� W q�0��~�� W xC��� Tw� � x@�n�7�����,8 (6)

Thepartonsarethenconstrainedby anumberof sumrules:���T \nmV���7� : ��� N ���T : mV���7� : �E� W ��T �7�����0�&x@��dn���0� : ��� W � (7)

i.e. conservationof thenumberof valencequarks,andconservationof themomentumcarriedby partons.
Thelatteris animportantconstrainton theform of thegluonwhich is only probedindirectly.

In determiningpartonsoneneedsto considerthatnot only arethere6 differentcombinationsof
partons,but there is also a wide distribution of � from GI8��*� to GI8DG_G_G_G�J . One needsmany different
typesof experimentfor full determination.Thefull setof datausuallyusedis H1 andZEUS ���" �����( " �
data[9, 10] which coverssmall � anda wide rangeof  " ; E665 � � 6 �" �����( " � data[11] at medium � ;
BCDMSandSLAC ��� 6 �" ���+�( " � data[12]-[13] at large � ; NMC �V� 6 �" �����( " � [14] atmediumandlarge � ;

CCFR �)�,������ �" �����( " � and �)�,����u� �� �����( " � data[15] at large � whichprobethesingletandvalencequarks
independently;ZEUS andH1 � �"w6 g!�u��� � �����( " � data[16, 17]; E605 �n¡j� ¢V^¢�x£
 [18] constraining
thelarge � sea;E866Drell-Yanasymmetry[19] which determineŝ

: q¤^\ ; CDF W-asymmetrydata[20]
which constrainsthe \ 3 : ratio at large � ; CDF andD0 inclusive jet data[21, 22] which tie down the
high � gluon;andCCFRandNuTev Dimuondata[23, 24] which constrainthestrangesea.Note that I
discussunpolarizedpartondistributions.Therearefar fewer datafor polarizeddistributions,thoughfits
with errordeterminationsdoexist, e.g.[25].

1.1 Quality of the Fit

This is determinedby the ¥ " of thefit to data,which maybecalculatedin variousways. Thesimplest
is to addstatisticalandsystematicerrorsin quadrature.This ignorescorrelationsbetweendatapoints,
but is sometimesquiteeffective. Also, theinformationon thedataoftenmeansthatonly this methodis
available.

However, moreproperlyoneusesthefull covariancematrix which is constructedas� �DA �z¦ �DA � "� 6 �!§ � § x ¨�5�© ��ª 5�DA � 5 6 � � 5 6 A � (8)

where« runsovereachsourceof correlatedsystematicerrorand ª 5�BA arethecorrelationcoefficients.The¥ " is definedby ¥ " �¬�� © � ¬�A © � ��® � q¯ � ��°I�$�$�}± ��DA ��® A q¯ A ��°2�$�(� (9)

where ¡ is the numberof datapoints, ® � is the measurementand ¯ � ��°2� is the theoreticalprediction
dependingon partoninput parameters° . Unfortunatelythismethodrelieson invertinglargematrices.

An alternative which producesidentical resultsto the correlationmatrix definition of ¥ " if the
errorsaresmall is to incorporatethecorrelatederrorsinto thetheoryprediction' � ��°���`��<�²¯ � ��°2�&x ¨�5�© � ` 5�³ � 5 � (10)
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where

³ � 5
is theone-sigmacorrelatederrorfor point 9 from source« . In this casethe ¥ " is definedby¥ " � ¬�� © �2´ ® � qo' � ��°e��`*�� � 6 µ ¨ g ¶ " x ¨�5�© � ` "5 � (11)

wherethesecondtermimposesa penaltyfor varying the ` 5 away from zero. Onecansolve for the ` 5
analytically[26, 3]. Defining· 5 � ¬� � © � ³ � 5 ��® � q¸¯ � ��°2�$�� "� 6 µ ¨ g � | 5�¹ �z¦ 5�¹ x ¬� � © � ³ � 5*³ � ¹� "� 6 µ ¨ g (12)

oneobtains º ¥ "º ` 5 �£G � ` � ��°2��� ¨� ¹�© � ��| ± � � 5�¹
· ¹ 8 (13)

This leadsto theexactlyequivalent ¥ " definition¥ " � ¬� � © � ´ ��® � q�¯ � ��°I�$�� � 6 µ ¨ g ¶ " q ¨�5�© � ¨� ¹»© �
· 5 ��| ± � � 5�¹ · ¹ 8 (14)

This approachhasthedoubleadvantagethatsmallermatricesneedinvertingandoneseesexplicitly the
shift of datarelative to theory. However, it is possiblethat this shift could simply compensatefor the
shortcomingsof an inadequatetheory. Indeed,MRST find that for HERA dataincrementsin ¥ " using
this methodarethesameasfor addingin quadrature,andthat thedatamove towardstheoryratherthan
vice versa [2]. Henceit is questionablein practicequitehow muchof animprovementthisapproachis in
many cases.However, for Tevatronjet data,wherecorrelatedsystematicerrorsdominate,asophisticated
treatmentof correlatederrorsis essential.

Using someparticularmethodof calculating ¥ " the global fit procedurecompletelydetermines
partondistributions at present. In generalthe total fit is of reasonablygoodquality, as illustratedfor
the major datasets,andthe CTEQ6fit (which assumes��¼&��½ "¾ � fixed at GI8 W_Wu¿ ) in table1. The total¥ " � WuÀ ��Á 3�Wu¿IW_W . For MRST � ¼ ��½ "¾ � is determinedto be GI8 W_WuÀ , and the total ¥ " � N J N_¿�3*N G À � .
However, the ¥ " perpoint of morethanonesuggestssomepossibleshortcomings,andit maybeargued
thattherearesomeareaswherethetheoryperhapsneedsto beimproved.

A tableof ÂIÃ versusno. of datapointsfor theCTEQ6fit.

Dataset No. of ¥ "
datapts

H1 ��� 230 228
ZEUS ��� 229 263

BCDMS ¢I� 339 378
BCDMS ¢ : 251 280

NMC ¢I� 201 305
E605(Drell-Yan) 119 95

D0 Jets 90 65
CDFJets 33 49

2 Uncertainties in Parton Distribution Parameters

Therearea numberof differentapproachesfor obtainingpartonuncertainties.
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2.1 Hessian (Error Matrix) Approach

Thiswasfirst usedby H1 andhasrecentlybeenextendedby CTEQ.OnedefinestheHessianmatrixby¥ "Äq ¥ "� � ¨}Å ³ ¥ "V� �B� 6 AÇÆ �DA ��° � qÈ° � T �� ����° A qo° � T �A � (15)

TheHessianmatrix Æ is relatedto thecovariancematrixof theparametersby� �DA ��°2��� ³ ¥ " � Æ ± � � �DA 8 (16)

Wecanthenusethestandardformulafor linearerrorpropagation:� ³ � � " � ³ ¥ " � � 6 A º �º ° � � Æ � ± ��DA º �º ° A 8 (17)

This hasbeenusedto find partonswith errorsby Æ W [4] andAlekhin [5], eachwith restricteddatasets.
In practiceit is problematicdueto extremevariationsin

³ ¥ " in differentdirectionsin parameterspace.

Fig. 1: Representationof diagonalizationof Hessianmatrix.

This is solvedby findingandrescalingeigenvectorsof Æ leadingto thediagonalform³ ¥ " � � �ÊÉ "� 8 (18)

Themethodhasbeenimplementedby CTEQ[28, 27, 3]. Theuncertaintyon aphysicalquantityis� ³ � � " � � �X� � �!Ë �ÍÌ0�� ��q � �!Ë � ± �� �$� " � (19)

where Ë �ÍÌ0�� and Ë � ± �� arePDF setsdisplacedalongeigenvectordirectionsby the given

³ ¥ " . Thereis
uncertaintyin choosingthe“correct”

³ ¥ " (in principleoneunit) giventhecomplicationsof a full global
fit. CTEQchoose

³ ¥ " UOW G_G [26]. A discussionof thisproblemis foundin [29].

2.2 The Offset Method.

This is thestandardpropagationof errors.In thiscasethebestfit is obtainedby minimizing¥ " � ¬� � © �I´ ��® � q@' � ��°���`R�zGa�$�� � 6 µ ¨ g ¶ " � (20)

i.e. the bestfit and parameters° T areobtainedby consideringonly uncorrelatederrors. This forces
the theory to be closeto unshifteddata. The quality of the fit is then estimatedby addingerrorsin
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Fig. 2: Resultsof CTEQHessianapproachfor gluonuncertainty.

quadrature.The systematicerrorson the ° � aredeterminedby letting each ` 5 �]ã W andaddingthe
deviationsin quadrature.In practiceonecalculates2 Hessianmatrices½ �DA � º " ¥ "º ° � º ° A ä �DA � º " ¥ "º ° � º ` A � (21)

anddefinescovariancematrices�Ü�å§ � §+�z½ ± � �Ü�åæw�[��½ ± �wäÇäkç ½ ± � �[§>è §����Ü�å§ � §�xé�Ü�!æ���8 (22)

to achieve thesameresult. This methodwasusedin earlyH1 fits [30] andby ZEUS.A discussionand
presentationof this methodandof ZEUSresultscanbe found in [31]. It leadsto a biggeruncertainty
thantheHessianmethodfor thesame

³ ¥ " [32], sinceit doesnotuseall statisticalpoweravailable.

2.3 Bayesian Approach[8]

In this partondistributions labelledby ê areassumedto have a Bayesianprobability ? ��ë êXì � . The
prior form of the inputsfor thesefunctionsis taken to beuniform in thepartonparametersandhasthe
form in eq.(6).Thesearemodifiedby experimentaldata,incorporatingfull informationaboutmeasure-
mentsandtheir error correlations.The probabilitydistribution for any function canthen,in principle,
be reconstructedby integratingover the spaceof ê . In practice,oneinsteadgenerates¡ � �Íí different
distributionswith unit weightbut distributedin a suitablemanner, where ¡ � �Íí canbemadeassmallas
100.For, example,themean¢�î anddeviation ��î of observable ï arethengivenby¢�îÈ� W¡ � �Íí ¬�ð�ñ»ò� � ï ��ë êXì �(� �0"î � W¡ � �Íí ¬�ð�ñ»ò� � � ï ��ë êXì �<q¢�î{� "*8 (23)

Currentlytheauthorsof [8] useonly protonDIS datasetsin orderto avoid complicateduncertainty
issuessuchasshadowing effectsfor nucleartargets. Usingstrict confidencelimits they find it difficult
to obtainconsistency betweenmany differentDIS experiments. Also the lack of importantdatasets
leadsto “unusual” valuesfor someparameters,illustrating the importanceof usinga wide variety of
data.However, theapproachdoesnot rely on thestandardapproximationof linearpropagationof errors
in calculatingobservables,and fig. 3 shows that indeedthis approximationis sometimesnot good.
Nevertheless,it wouldbeinterestingto studytheeffectsof changesin theprior on theresults.
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Fig. 3: Onesetof partonparametersobtainedfrom [8]. Thehistogram/redcurve is theGaussianapproximationandtheblue

vertical line theMRST value. Thegreencurve for ó�ô is theLEP result. Thegreencurvesfor the lastfive plotsaretheprior

probabilitydistributionsfor thedetectormodelparametersof H1.

2.4 Lagrange Multiplier

Onecanlook at theuncertaintyon agivenphysicalquantityusingtheLagrangeMultiplier method,first
suggestedby CTEQ[26] andalsousedby MRST[33, 34]. Oneperformstheglobalfit while constraining
thevalueof somephysicalquantity, i.e. minimizingõ �!ö&��°I�<� ¥ "÷ ¹ è h � ¹ ��°2�&xøö � ��°2� (24)

for variousvaluesof ö . Thisgivesthesetof bestfits for particularvaluesof theparameter� ��°2� without
relying on thequadraticapproximationfor

³ ¥ " . A usefulexampleis the ù cross-sectionat Tevatron
which is illustratedin fig. 4. Theuncertaintyin aquantityis determinedby decidinganallowedvalueof³ ¥ " .

Fig. 4: Variationof ú�û with total Â Ã for theCTEQfit.

Althoughstrictly oneshoulduse

³ ¥ " � W , this leadsto unrealisticallysmallerrorsandCTEQuse³ ¥ " � W G_G (sameasfor theHessianapproach).They obtainfor � ¼ �pGI8 W_Wu¿ [3]³ �nüÈ��ý�þ�ÿ���� ãkÁ�� ³ ��üo��� Q�� ����ã)�	�
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³ ��
 ��ý�þ�ÿ���� ã)�	�r8 (25)

Theprocedureis alsousedby MRSTfor a wider rangeof data,andusing

³ ¥ " U �*G . They find thatfor� ¼ �pGI8 W_WuÀ [34] ³ �nü��� Q�� ��� ã W 8 N � ³ �nü��ý�þ�ÿ����ã N �³ � 
 ��� Q�� ��� ãRÁ�� ³ � 
 ��ý�þ�ÿ���¤ã N �r8 (26)

If ��¼ alsovaries,

³ � ü is quitestablebut

³ � 
 almostdoubles.The ¥ " profile is shown in fig. 5. One
canrepeatfor otherprocesses,e.g. HERA chargedcurrentdataaresensitive to very high � quarks,the
Tevatronjet datais sensitive to high � gluonetc..

Overalloneconcludesthattheuncertaintydueto experimentalerrorsis rathersmall,however they
aredealtwith. It only exceedsa few � for quantitiesrelatedto thehigh � gluonor very high � quarks.
However, thereareothersourcesof error.
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Fig. 5: �[Â2Ã -plot for � andHiggsproductionat theTevatronandLHC with ó�ô free.Contoursshow incrementsof 50 in �[ÂIÃ .
3 Other Errors.

To obtaina completeestimateof errors,onealsoneedsto considerthe effect of the decisionsandas-
sumptionsmadewhenperformingthefit. Theseincludethecutsmadeon thedata,thedatasetsfit, the
parameterizationfor theinput sets,theform of strangesea,theassumptionof no isospinviolation, etc..
It is known thatmany of thesecanbeasimportantastheexperimentalerrorsondataused(or evenmore
so).A moresystematicstudyis needed.

It is alsovital to considersourcesof theoreticalerror. Theseincludehighertwist at low  " and
higher ordersin ��¼ . The latter are due not only to NNLO corrections,but also to enhancementsat
largeandsmall � becauseof termsof theform � ¨ � ;>= ¨ ± � � W#3 �7� and � ¨ � ;>= " ¨ ± � � W qÈ�0� in theperturbative
expansion.This meansthat renormalizationandfactorizationscalevariationarenot a reliableway of
estimatinghigherordereffects,e.g.,at small �? �� ÷ U � ¼ ��¢ " � ? "� ÷ U ���#��¢ " �� (27)

whereas ? ¨� ÷ U � ¨ ¼ ��¢ " � ;>= ¨ ± " � W#3 �7�� 8 (28)

andscalevariationsof ? �� ÷ � ? "� ÷ nevergiveanindicationof theseterms.Hence,in orderto investigatethe
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truetheoreticalerrorwemustconsidersomewayof performingcorrectlargeandsmall � resummations,
and/orusewhat we alreadyknow aboutNNLO. The latter approachimplies that somequantitiesmay
acquirelargehigherordercorrections[35].

Alternatively, onecanusethe empiricalapproachof investigatingin detail the effect of cutson
data. In orderto investigatethe real quality of the fits andthe regionswith potentialproblemswe try
changingù "g µ § ,  "g µ § and � g µ § , re-fitting andseeingif thefit to the remainingdataimprovesand/orthe
input parameterschangedramatically[36]. (Similar to a previoussuggestionin termsof datasetsrather
thanregion of parameterspace[37].) This is continueduntil thefit qualityandthepartonsstabilize.

MRST(2001) NLO fit , x=0.02 - 0.08
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Fig. 6: Comparisonof MRST(2001)anda fit with #%$�&('*),+.- +/+10 .

For ù "g µ § raisingfrom WuN 8K� PRQ�S " hasnoeffect. Raising "g µ § from N�PRQ�S " thereis aslow continu-
ousimprovementfor higher  " upto LzWuN�PkQ�S " , suggestinghigherordercorrectionsmaybeimportant.
Thesmall � gluondecreasesslightly asdoes� ¼ ��½ "¾ � as  "g µ § is raised.Thepredictionsfor mostquan-
tities remainquitestable.Raising � g µ § from G to GI8DG_G�� leadsto continuousimprovement-

³ ¥ " � � W
for thedatasurviving thecut. The improvementin thefit to structurefunctiondatais shown in fig. 6,
andthefit to Tevatronjet dataalsoimproves. For � g µ §<�OGI8DG_G�� thereis muchreducedtensionbetween
differentdatasets. The small � gluon (outsidethe rangeof the fit) decreasessignificantly, allowing it
to increasefor higher � , facilitating the improved fit. ��¼&��½ "¾ � falls slightly to GI8 W_Wu¿ . This resultsug-
geststhathigherordercorrectionswith large

;>= � W#3 �0� termscouldbesignificantbelow ���zGI8DG_G�� . With� g µ §[�lGI8DG_G�� predictionsfor Tevatroncross-sectionsarestill possibleandthereis a largechangecom-
paredto thedefault fit, asseenin fig. 7. Thenew predictionis well outsidethelimit setby experimental
errors,suggestingthatthetheoryerrormayeasilybedominantfor thesequantities.

4 Conclusions

Onecanperformglobalfits to dataoverawiderangeof parameterspacedeterminingthepartondistribu-
tionsveryprecisely. Thefit quality is generallygood,but therearesomeslightworries.Therearevarious
waysof looking at theuncertaintieson partonsdueto errorson thedata.Althoughtherehasbeenmuch
progressrecently, thereis nouniversallypreferredapproach,eachhaving strengthsandweaknesses.The
errorsonpartonsandrelatedquantitiesfrom thissourcearerathersmall,i.e. UOW qo�	� .
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Fig. 7: �<Â Ã -plot for � andHiggsproductionat theTevatronwith ó�ô free,alongwith predictionsfor fits with different #%$�&(' .

However, theuncertaintiesfrom input assumptionse.g. cutson data,parameterizationsetc., are
comparableandpossiblylarger. Also, the errorsfrom higherorderscorrectionsarepotentially large,
particularly in someregions of parameterspace,anddue to correlationsbetweenpartonsin different
regionsof phasespacethesefeedinto all regions(e.g. thesmall � gluoninfluenceslarge � gluon). For
some/many processestheoryis probablythedominantsourceof uncertaintyatpresent.Systematicstudy
of assumption/theoryerrorsis neededaswell asstudiesof uncertaintiesdue to errors. This is much
harder, andis justbeginning.
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