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Abstract
The conceptof the “statisticalsignificance”of an observation, andhow it is
usedin particlephysicsexperimentsis reviewed. More properlyknown asa
“p-value,” thestatisticalfoundationsfor this conceptarereviewedfrom a fre-
quentisticperspective. Thediscoveryof thetopquarkattheFermilabTevatron
Collider anda morerecentanalysisof datarecordedat Fermilabareusedto
illustratepracticalapplicationsof theseconcepts.

1 What Particle PhysicistsMean by Significance

Whenoneof yourcolleaguesapproachesyouanddeclaresthatshehasmadea“significant” observation,
intuitively thatmeansthatshehasobservedsomephenomenawhoseinterpretationallowshertoeliminate
or falsify oneor morehypotheses,andusuallysupportoneor a smallnumberof alternative hypotheses.
We furthermoreexpectthattheobservationhassufficient statisticalpower thatweexpectthatadditional
observationsareunlikely to changetheseconclusions.Scientistshave thereforeattemptedto identify a
consistentstatisticalframework in whichwe canquantifythis conceptof “significance.”

In particlephysics,this conceptof statisticalsignificancehasnot beenemployed consistentlyin
the most importantdiscoveriesmadeover the last quartercentury. Examplesof the major discoveries
madeover an approximately10 yearperiodbetweenthe late 1970’s andthe late 1980’s illustratethis
point.

Let us considerfirst the discovery of the
�

meson(and the � quark) in 1977 by L. Lederman
andcolleagues[1]. This wasmadethroughtheobservationof ������� final statesin high-energy proton-
nucleuscollisionsat Fermilab,wherea large resonantsignalwasobserved on top of a steeplyfalling
backgroundof dimuoncandidates.Theexperimentersestimatedthat they observeda signalof approxi-
mately770eventsontopof anon-resonantbackgroundof 350candidates.They characterizedthesignal
as“significant” but madeno attemptto quantifyor explainexactlywhatthey meant.

The discovery of the �	� bosonat CERN in 1983by the UA1 collaboration[2] wasmadeby
observing6 eventsproducedin proton-antiprotoncollisionswhereahighenergy electronor antielectron
wasobserved in coincidencewith a signaturefor a recoilingenergetic neutrino. The collaborationes-
timatedthe backgroundto these6 eventsasbeing“negligible” andclaimeddiscovery of the expected
charged weak intermediatevector boson. This observation was subsequentlyconfirmedby the UA2
collaboration.

Thediscovery of 
 mesonsin 1983by theCLEO collaboration[3] wasperformedby carefully
reconstructinga varietyof differentdecaymodesandillustratinganinvariantmasspeakat 5.4 �
��������� .
Thecollaborationobserved a total event rateof 17 eventson a backgroundof between4 and7 events.
They claimeddefinitiveobservationof anew particle,but madenostatementthatquantifiedthestatistical
power of theobservation.

As a final example,I note the discovery of 
�� mesonflavour mixing in 1987 by the ARGUS
collaboration[4]. Theexperimentersobserved ����������� ��!"�$#%��� unexpectedsame-signdileptonevents
versusa total of �'&%���
�(&%�*)+�(#%��� opposite-signdileptoncandidates.They characterizedthis asa “3 , ”
observation, namely, that the probability that the observed numberof same-signdileptoneventscould
have beenasgreator greaterthanthe observed valuewasequivalent to the probability of a Gaussian
statisticbeingobserved at least3 standarddeviationsfrom its expectedmean(a probability of -.��#'&0/-�) �21 ).
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Thisbrief review illustratesthatquantifyingthestatisticalsignificanceor power in seminalparticle
physicsmeasurementsis notuniformly done.It alsoillustratesthatin at leasttheonecasein whichit was
done,thesignificancewasdefinedastheprobability1 of the “null hypothesis”having beenresponsible
for theobservation.

In this paper, I will first review briefly theformal conceptof “statisticalsignificance.” I will then
discussseveral examplesthat illustrate the useof this conceptin particle physics. I do not have the
opportunityto review all of the techniquesthat have beenin recentuse,but refer the readerto other
articlesin theseproceedings(for example,thereview of the 3"465 methodby A. Read).

2 Formal Definitions of Significance

2.1 The FrequentistsPerspective

The conceptof statisticalsignficanceis formally introducedin the context of hypothesistesting[5].
Supposethatwe have two hypotheses,7 � and 798 , anda measurementwhosevalueis a teststatistic :
that,asa randomvariable,providessomediscriminationbetweenthesetwo hypotheses.Let ; � < :>= and; 8 < :?= representtheprobabilitydistribution functionsfor : associatedwith thetwo hypotheses.

Prior to makingameasurementof : , wewould identify a“critical region,” @ , suchthatwewould
selecthypothesis7 8 if :BAC@ and 7 � otherwise.Wenow have four possibleoutcomeswhenwemakea
measurementof : . If :DAC@ andthehypothesis798 is true,thenwehaveselectedthecorrecthypothesis.
If :EAC@ and 7 � is true,thenwehave incorrectlyconcludedthat 7 8 is true.This is known asamistake
of thefirst kind, andtheprobabilityfor thisdecisionisF.GIHKJ ; � < :>=%LM: N OP� (1)

Theprobability O is known asthe“significance”of thetest.

We have two otherpossibilities.Thefirst is if we measure:RQA>@ when 7 � is true. In this case,
we wouldhave madethecorrectinference.Finally, we have thecasewhere:SQAC@ and 798 is true.This
is known asamistake of thesecondkind, andtheprobabilityfor thatdecisionisF G�THKJ ; 8 < :?=%LM: N UP� (2)

Theprobability -+VWU is known asthe “power” of the test. Thesituationis illustratedin Fig. 1a). The
significanceO is thereforea measureof theability of a testto avoid mistakesof thefirst kind, whereas
the power -�VXU measuresthe ability of a test to avoid mistakes of the secondkind. In definingan
“optimimum” test, one would like to choose: and the region @ suchthat O and U are as small as
possible.

2.2 Significancein Particle Physicists–The P-Value

The statisticaldefinition of significanceis madein the context of choosingbetweentwo hypotheses.
However, theuseof significancein particlephysicsdiscoveriesis in adifferentcontext. Thetypicalcase
is thatanexperimentmakesa measurementof theteststatistic : , say : � . Furthermore,usingthesame
notationasbefore,weassume: hasaprobabilitydensity; � < :>= if thehypothesis7 � is true.Wefurther
assumethatwe cancategorizeobservationsof : into thosethataremoreandlessconsistentwith 7 �
(for thesake of discussion,I will assumethatvaluesof : greaterthan : � arelesslikely given 7 � ). A
measureof theinconsistency of theobservedvalue : � with thehypothesis7 � is thentheprobabilityF GZY[G�\ ; � < :?=%LM:]� (3)

1Unlessotherwisenoted,“probability” in this articlerefersto thefrequentistdefinitionof thisconcept.
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Fig. 1: A schematicof thehypothesistestdescribedin thetext is shown in a). Theplot shows theprobabilitydensitiesfor u
underthe two hypothesesv \ and vIw andonepossiblechoicefor theregion x . Theuseof theNeyman-PearsonTheoremis

illustratedin b), wheretheratio y{z is plottedasa functionof u .

This is formally identicalto thedefinitionof thesignificancein Eq.1 if wenow definethecritical region
to be @|N~}�:�� : ��: ��� , i.e. the probability of observinga valueof : equalto or greaterthanour
observation. This probability is formally known asthe “p-value” of theobservation, a conventionthat
theParticleDataGroupnow hasadopted[6]. Theadvantageof usingtheformal termfor thisquantityis
that it avoidsconfusionwith theconceptof significancedefinedin hypothesistests,wheretheregion @
is defineda priori, i.e. beforethemeasurementis made.

Thep-valuefor a givenmeasurementanda specifichypothesishasa numberof features.First, it
only dependson themeasurementandtheprobabilitydensityfor thehypothesis.It is not a hypothesis
test.It only providesameasureof theconsistency of thehypothesisandthemeasurement.In thatsense,
it is mostoftenquotedwhenonehasmadea measurementthatappearsto beinconsistentwith a single
hypothesis.A verysmallp-valueis thenusedto supporttheinferencethatthespecifichypothesisshould
berejected.

Referringthento theexampleof thediscovery of 
�� mixing givenin Section1, we cannow say
thatthep-valuefor theobservation for thenon-mixinghypothesiswas -.��#'&�/�-�) �21 . Froma frequentist
perspective, if onerejectedthe non-mixinghypothesisat this p-valueandit wasalwaystrue, thenone
wouldexpectto bewrong(i.e., rejectthecorrecthypothesis)on average1 outof every 740times.

2.3 A FewMore Commentson HypothesisTesting

Althoughtheliteratureusesthep-valueof anobservationasa measureof its statisticalsignificance,the
conceptof hypothesistestingis animportantonein particlephysics.Oneseesit mostoftenusedin the
context whereoneis designingor proposinganexperimentandwishesto characterizetheexperiment’s
ability to distinguishexisting andknown physicsphenomena(suchas that predictedby the Standard
Model) from possiblenew physics[7].

In thosecases,a crucialaspectof theexperimentdesignis theselectionof theoptimalstatistic:
andtheoptimalcritical region. For a specificmeasurement,suchastheobservationof a processabove
someexpectedbackgroundrate,thechoiceof : will dependon themeasurementandthe ingenuityof
theexperimenter. Onewould like to identify teststatisticsthathave quitedifferentprobabilitydensity
functionsfor thehypothesesyou wish to distinguishin orderto beableto definea critical region with
thesmallestpossibleO and U . At thesametime, thedecisionshouldbe informedby theeffect of any
systematicuncertaintiesthat may degradethe separationbetweentwo hypotheses.To that extent, one
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oftenattemptsto identify statisticsthatarenotexpectedto beaffectedby systematicuncertainties.

2.4 Neyman-PearsonTheorem

Hypothesistestinghasanextensive literature,but relatively few generalresultshave beenidentifiedthat
canguideour judgement.Oneresult,known asthe Neyman-PearsonTheorem,is surprisinglyuseful,
andit is worth reviewing herefor theinsightit provides.

Supposewe have two hypotheses,7 � and 7 8 , andwe have defineda teststatistic : . Thenfor
a given significanceO , we candefinethe region @ which givesus optimal U (i.e., the smallestvalue
of U andthereforethe greateststatisticalpower) by choosing@ asfollows. We first form the ratio of
probabilitydensityfunctionsfor thetwo hypotheses��� < :>=S� ; � < :>=; 8 < :>= � (4)

TheNeyman-PearsonTheoremthenconcludesthat theoptimal region @ is theoneover which

��� < :>=
is maximal,namelythatwe find thevalue ��� suchthatwhen@�N�}�:��

��� < :?=������ �M� (5)

theprobabilityof observing:BAC@ is F GZH�J ; � < :?=�L�: N O�� (6)

Thisconstructionis illustratedin Fig. 1b).

The Neyman-Pearsontest hasone signficantlimitation–it is only valid for what are known as
“simple hypotheses,” or hypotheseswherethereareno unknown parametersthat would be estimated
from the data. In addition, sinceit is only applicablewhen comparingtwo hypotheses,it cannotbe
employed in caseswhereyou have multiple alternative hypothesesto consider. However, despitethese
limitations, this theoremgives us considerableinsight into the definition of the critical region. For
example,we canrelatetheratio of probabilitiesto theratioof likelihoodsof thetwo hypotheses:��� < :?=�� ; � < :?=; 8 < :?=�� 4 � < :?=4�8 < :?= � (7)

where 4P� < :>= arethe likelihoodfunctionsdefinedfor the two hypotheses�"N�) and �"N�- . This sug-
geststhatthelikelihoodratio is onesourceof guidancefor definingcritical regionsthathave significant
(thoughperhapsnotoptimal)power.

3 The BayesianPerspective

Ourconsiderationsupto thispointhavebeenfrom afrequentistperspective,usingthestandarddefinition
of a frequentistprobability. In calculatinga p-valuefor a measurement,onehasto assumea hypothesis
andthendeterminetheprobability(or probabilitydensity)for all possibleoutcomesof themeasurement.

A Bayesianstatisticiandoesnot considerdataotherthanthesinglemeasurement.However, for
eachhypothesis,theBayesiancoulddefinea credibility interval that reflectshis or herdegree-of-belief
in eachhypothesis,and the ratio of thesecredibility intervals–whatis called the “Bayesdiscriminant
factor”–becomesameasureof therelative confidenceonehasin thetwo hypothesis.Formally, this ratio
is � < 7 � � :?=� < 7 8 � :?= N 4 � < :?=4 8 < :?= �  � < :?=  8 < :?= � (8)
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where  � < :>= and   8 < :>= aretheprior probabilitiesassociatedwith thetwo hypotheses.

This ratio canbeusedto rejectoneof thetwo hypotheses.TheBayesianswould arguethat there
is no benefitin attemptingto make anything but a relative statementaboutthe degree-of-beliefof the
two hypotheses.Thus,thereis no directanalogyto thep-valuein this framework. Theadvantageof this
perspective is that it avoidstheneedto understandtheprobabilitydensityof all possibleoutcomesfor a
givenhypothesis.It alsohastheadvantagethatany inferencesyoudraw arelesssensitive to anoutcome
thathasa low probabilityregardlessof thehypothesis.In suchcases,theBayesdiscriminantfactorstill
providesinformation,whereasthep-valueis no longervery informative andcouldin factbemisleading.

Thedisadvantageswith this Bayesianapproachare,however, thatonehasto assumeprior distri-
butionsfor eachhypothesis,andoneis only allowed to make relative confidencestatementsabouttwo
hypotheses.For thesereasons,onefinds very limited useof the Bayesdiscriminantfactor in particle
physics.

4 P-Valuesand Experimental Design

The definition of significancein termsof a p-value for an observation immediatelymakes clear the
importanceof a priori decisionsontherandomvariablesonewill measureandhow onewill definethose
observationsthatpreferonehypothesisoveranother. A carefullydesignedexperimentwill identify these
andoptimizetheir choicebeforeany datais analyzed.

However, many particlephysicsexperimentsmake uniquemeasurementsusinggeneral-purpose
apparatusdesignedto studya largeclassof processes.Thus,it is difficult, andoftenimpossible,to antic-
ipatewhatonewill observe andhow. In fact,earlystudiesof thedatawill oftenguidetheexperimenters
to focusin specificfeaturesthatappearunusualor unexpected.In thiscontext, theevaluationof ap-value
mayprove very difficult.

A simpleexampleillustratesthis problem.Supposeonemeasuresan invariantmassspectrumin
a specificregion, say ¡ ¢ 8 � ¢ �¤£ , andoneobservesa narrow enhancementin a small massinterval, say¥ ¢ wide, of ¦¨§ eventsabove an expectedbackgroundof ¦ª© events. In this case,it would be natural
to assumethatthehypothesiswe wish to testis the“null” hypothesiswherewe expect ¦¨© eventsin this
massinterval

¥ ¢ andthendeterminetheprobabilityof observingat least¦ § events.Assumingthatthe
backgroundrateis well known (andso we canignoreits uncertainty),the p-valuefor this observation
wouldbegivenby thePoissonprobabilityfor observingat least¦¨§ eventswhenthemeanrateis ¦¨© , or

O?N «¬­.®
�
¯ ��°²± < V�¦¨©{= < ¦¨©³= ­´¶µ � (9)

However, thisprobabilitydoesnot take into accountthefactthatwe areconsideringall possiblechoices
of massinterval

¥ ¢ in theregion ¡ ¢ 8 � ¢ �·£ .
A properestimateof this p-valuewould thenhave to includethe likelihoodof observingat least¦¨§ eventsin any possibleinterval

¥ ¢ . This increasesthep-valueof theobservation,andchangesthe
possibleinferencesone can make. For example,a Monte Carlo calculationwhere ¸�¢ is 1% of the
interval, ¦ª§¹Nº� eventsand ¦ª©�N�-�)') (i.e., the averagenumberof eventsin any ¸»¢ interval is one)
givesap-valuethatis 500timeslarger thantheresultin Eq.9.

4.1 Blind Analyses

Theprevalenceof thep-valuein makinginferencesrestson theassumptionthatit is possibleto estimate
thefrequency of all observationsof theteststatistic,andthatit is possibleto identify theclassof obser-
vationsthatarelessconsistentwith a givenhypothesis(thecritical region in thelanguageof hypothesis
testing).This is inherentlydifficult in caseswhereoneallows thedefinitionof teststatisticandcritical
region to dependon theactualexperimentaloutcomeitself. A tactic to eliminatesuchbiasis the“blind
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analysis,” whereonedefinesthecritical region andthestatisticwithout knowledgeof the relevantdata
[8].

The ideal experimentis one in which the measurementandany calculationof its p-valuedoes
not have to be informedby the dataitself. No choiceswith regardto selectionof data,modifications
in the teststatisticor choiceof critical region would thenbe allowed oncedatacollectionhasstarted.
This approachavoids thepossibilityof selecting,consciouslyor unconsciously, a critical region or test
statisticthattendto favour or disfavour agivenhypothesisbased on the data observed.

A numberof celebratedfailuresof inferencein particlephysicsover thelasthalf-centuryillustrate
what happenswhenthe experimenterallows the datato guidehis or her choicesin makinginferences
aboutdata[8]. In all thesecases,thequotedp-valuehasbeenassessedincorrectlybecauseit hasfailedto
take into accounthow thefrequency of a givenobservationwould beaffectedby makingchoicesabout
theteststatisticandcritical regionbasedon theactualdistribution of thedataitself.

4.2 Useand Limitations of Blind Experiments

The simpleexampleof “bump hunting” illustratesthe fundamentalproblemin particlephysicswhere
oneis searchingfor evidenceof new phenomena;it is inherentlydifficult to identify a priori whatclass
of observationsonewould expectto usein sucha search.Besidesthedifficulty of definingin advance
all possiblemeansof separating“signal” from “background,” it is alsodifficult to limit accessto data
whenonealsohasto verify thattheinstrumentationis workingcorrectlyandthatany artefactscreatedby
effectssuchasmiscalibrationanderrorsin bookkeeppingareidentifiedandmitigated.Theexperiment
designalsohasto allow theexperimenteraccessto thedatato measuretherateof backgroundeventsin
thesignalsample.

Despitethesechallenges,the eliminationof certainbiasesthat areotherwisedifficut to control
make a blind analysisan attractive approachgiven the benefitsof beingable to make straightforward
estimatesof p-valuesfor thepossibleoutcomes.This techniqueis reviewed in anothercontribution to
theseproceedings[8].

5 P-Valuesin a Counting Experiment

5.1 GeneralConsiderations

A commonparticlephysicsexperimentinvolvesthesearchfor new phenomenaby observinga unique
classof eventsin particleinteractionsthatcannotbedescribedby backgroundhypotheses.Oneusually
canreducethis problemto thatof a “countingexperiment,” whereoneidentifiesa classof eventsusing
well-definedcriteria,countsup thetotal numberof observedevents, ¦¨§ , andestimatestheaveragerate
of events,¦ª© , thatcomefrom thevariousbackgroundprocesses.Onecanthenperformastraightforward
estimateof thep-valueof agivenobservationof ¦ § events,assumingthattheprobabilitydensityfor the
randomvariable ¦ª§ follows aPoissondistribution, i.e. theformulain Eq.9.

Thereareseveral issuesthat even this simpleproblemhasto address.First, onehasto be sure
thatthecriteriausedto selecttheclassof eventswasnot in itself biasedby how ¦ª§ variedasthecriteria
weremodified.Hereis whereablind analysishasits greatestbenefit,sincethisbiasis explicitly guarded
against.Second,onehasto takeinto accountpossibleuncertaintiesin theestimateof thebackgroundrate¦¨© . It is beyondthescopeof this articleto discussthis issue,andtheinterestedreaderis referredto the
growing literatureon this topic [9] (a typical frequentistapproachis to extendtheensembleof possible
measurementsto includethoseexperimentswith differentvaluesof ¦ª© consistentwith theknowledgeof¦¨© ). Third, thecarefulexperimenterhasto make surethatall informationrelevant to thesearchis used
in themeasurement.It is atbestinefficient andat worstmisleadingto ignorerelevantdata(for example,
a possiblechannelin which the numberof observed eventscanprovide additionalinformationon the
processbeingstudied).

As a concreteexampleof the calculationof a p-value for a typical countingexperiment,I will
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FinalState Observation ExpectedBackground ¼¨/ Efficiency ExpectedSignal
(events) (events) (events)

CDF
Lepton+ Jets(SVX � -tags) 6 �%��#Z�½)²��# 0.015 �%�e�
Lepton+ Jets(Soft lepton � -tags) 7 #%�¾-6�½)²��# 0.012 -.��¿
Dileptons 2 )²��!Z�½)²��# 0.008 -.��#

D0/
Lepton+ Jets(Soft lepton � -tags) 2 )²��!Z�½)²��� 0.009 -.�*)
Lepton+ Jets(Topology) 4 -.���Z�½)²��¿ 0.026 �%���
Dileptons 1 )²���Z�½)²�¾- 0.007 )²�À�

Table1: The observed numberof top quarkcandidates,theexpectedbackgroundrate,the overall branchingratio timeseffi-

ciency for thechannel,andtheexpectednumberof signaleventsassuminga top quarkwith a massof 160 ÁÃÂ�Ä%Å{Æ{Ç for each

final state.

summarizethetechniquesusedby theCDF andD0/ collaborationsin their searchfor top quarkproduc-
tion.

5.2 The Top Quark Search

Thetopquarkwasdiscoveredby pair-productionin proton-antiprotoncollisionsatanenergy of 1.8TeV
[10, 11]. Thetop quarkdecayspredominantlyvia theprocessÈPÉÊ�Ë� , with the � bosonsubsequently
decayingeitherleptonicallyvia � ÉÍÌÏÎ.Ð (where“ Ì ” canbeeitheranelectron,muonor tau lepton)or
hadronicallyvia � ÉÒÑÔÓÑ�Õ (thequarkfinal statesareeither Ö ÓL or ��Ó× ). This resultsin threecategoriesof
possiblefinal stateswith differenttopologies,efficienciesandbackgroundrates:

1. thelepton+jetschannel,involving onehigh energy lepton,a neutrinoandthreeor morejets from
thehadronicdecayof the � andthe � quarks,

2. the dileptonchannel,involving two high energy leptons,evidencefor two neutrinos,andtwo or
morejetsfrom the � quarks,and

3. thehadronicchannel,involving at leastsix jets.

In bothexperiments,onehadto useadditionalcriteria to improve thesignal-to-noiseratiosin thefinal
candidateevent samples.For CDF, the mosteffective way to do this wasto requireevidencethat at
leastoneof the jets arosefrom a � quarkusingtwo different“b-tagging” techniques.Thus,onecould
characterizethe final statesby the numberof � tags,with the eventswith one or two � tagshaving
increasingpurity. For D0/, themosteffectivewayto reducebackgroundswasby imposingmorestringent
kinematiccriteria(a topologicalselection)andusingsoftmuon � -tagging.

The searchesuseddatasamplesof increasingsensitivity. The first reporteddatacameafter the
CDF andD0/ collaborationshadrecorded19.6and15.0 ±[Ø � 8 , respectively [12, 13]. At that time, the
experimentshadnotcompletedanalysisof thehadronicchannels,whichwereexpectedto bedominated
by background.The resultsof theseanalysesaresummarizedin Table1, wherewe list thenumberof
observedevents,theestimatedbackgroundrates,andthebranchingratio timesefficiency of observingaÈ È decayin eachmode.

Thecollaborationsevaluatedthestatisticalsignificanceof theirdataby usingaMonteCarlocalcu-
lation to estimatethefrequency thattheexpectedbackgroundprocesseswouldcreateacombinedsignal
thatwasat leastaslargeasthatobserved. TheMonteCarlocalculationcreatedanensembleof experi-
mentsthatmodelledthepossibleobservationsin all channelsassumingtheStandardModelbackground
hypothesis.For a givenchannel,theestimatedbackgroundratewasusedasthemeanof a Poissondis-
tribution of observedevents.In orderto accountfor uncertaintiesin thebackgroundrate,themeanvalue
usedto generatea new memberof theensemblewasobtainedby samplinga Gaussiandistribution with
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FinalState P-Value
CDF

Lepton+ Jets(SVX � -tagging) 0.032
Lepton+ Jets(Soft leptontagging) 0.038
Dileptons 0.012
Combined 0.0026

D0/
Combined 0.072

Table2: Thep-valuesdeterminedfor theobservedeventratesassumingtheStandardModelbackgroundprocessesby theCDF

andD0/ collaborations.TheD0/ collaborationonly reportedap-valuefor theobservationof 7 candidateeventswith anexpected

backgroundof Ù»Ú Û�Ü¹Ý¤Ú�Ý events.

themeanandwidth of theestimatedbackgroundrate[9]. The resultsof thesep-valuecalculationsare
summarizedin Table2. Thecollaborationsconcludedthat the individual observationsdid not provide
sufficient evidenceto excludethebackgroundhypothesis.

The collaborationsproceededto determinehow likely their set of observationswere assuming
the backgroundhypothesisby identifying a statisticthat combinedthe observations in the individual
channels. In the caseof a countingexperimentinvolving several channels,the maximumlikelihood
estimateof therateof theprocessis simply thesumof theeventratesin eachchannel.Thus,thenatural
statisticto evaluatethecombinedsignificanceof theobservationswastheobservedsumof eventsin all
channels.However, theCDFcollaborationnotedthatthemostsensitivemeasureof thecrosssectionwas
not the total numberof observed eventsin their sample,but the total numberof observed � -tags(since
therewasa much larger probability of observingtwo � -tagsin a signalevent thanin an event from a
backgroundprocess).Thus,CDF choseasits statisticthesumof thenumberof � -tagsin thelepton+jet
eventscombinedand the numberof dileptonevents. Sincethe D0/ datarelied lesson � -tagging,the
collaborationchoseto usethetotal numberof observedevents.

The calculationof the p-valueof the observation assumingthe backgroundhypothesiswasper-
formed by a Monte Carlo procedurethat effectively createda set of “pseudo-experiments.” In each
pseudo-experiment,thenumberof � -tagsanddileptoneventsfrom thedifferentbackgroundsourceswas
drawn from a Poissondistribution thathadasits meanvaluetheestimatedbackgroundratefor thepro-
cess.Theuncertaintyin thevariousbackgroundcomponentswastakeninto accountasdescribedabove,
aswasthe correlationin the differentbackgroundsources.This correlationarosefrom the fact that a
numberof backgroundsourcescontributedboth typesof � -tags,whereasothersdid not. In effect, this
increasedthe frequency of observinga larger numberof � -tags(sincenow the fluctuationsin the two
componentswerecorrelated).

Theresultingp-valuesaresummarizedin Table2. Oneseesthatthesinglemostsignificantp-value
was �%��!]/(-�) �21 . If onehadnot taken into accountthe correlationsbetweenthe backgroundsources,
the combinedp-valuewould have been -.��!]/X-�) �21 , or a factorof almosttwo smaller. Alternatively,
the combinedp-valuedeterminedby just countingeventswould have beenapproximately-�)%�2� . This
demonstratesthesensitivity of a p-valuecalculationto theapproximationsusedto determineit. Given
all this information,bothexperimentsconcludedthat theobservationswerenot sufficiently compelling
statisticallyto excludethebackgroundhypothesis.

5.3 SignificanceRequired for Discovery

In thesearchfor the top quark,theCDF andD0/ collaborationsarguedthatobservationswith p-values
of order -�) �21 were not sufficiently significantto be usedto claim discovery of a new phenomenon.
Althoughthis is clearlya matterof opinion,it is roughlyconsistentwith thepracticein thefield, where
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typically the“ &., ” standardisusedasroughruleof thumbtodefinethesensitivity necessaryfor discovery.
This correspondsto a p-valueequivalentto between&%�À�Þ/ß-�) �áà and �%���â/ß-�) �áà , dependingon whether
youaresearchingfor adeviation from ameanor aone-sidedfluctuationfrom themean.

As aconcreteexample,thetwo Tevatroncollaborationsusedanidenticalanalysisprocedurewhen
approximatelya factorof two moredatahadbeenrecordedby bothexperiments.Theresultingp-values
of the CDF andD0/ observationsassumingthe backgroundhypothesiswere -�/X-�)%�2ã and �0/X-�)%�2ã ,
respectively [10, 11]. Both experimentsconcludedthat the backgroundhypothesiscould be excluded
andclaimedobservationof topquarkpairproduction.

6 P-Valuesfor ContinuousTestStatistics

High-energy physicsmeasurementsoftenexaminestatisticalvariablesthatarecontinuousin nature.In
fact, to identify a sampleof eventsenrichedin thesignalprocess,oneoften imposesselectionrequire-
mentson suchcontinuousvariables.Often,it is importantto take into accounttheentiredistribution of
agivenvariablefor asetof events,andnot just whethertheeventslie in agivenrangeof values.

Thegeneralproblemcanbeposedin thefollowing way. Supposewehaveasetof eventdataeach
characterizedby a setof statistics ä: � , where �IN�- to ¦ . In addition,onehasa hypothesisto testthat
predictsthe distribution of ä: , say ; < ä:Wå äO�= , wherewe assumethis function to be normalizedto unity
between:Þæ6� ­ and :Þæ6ç³è , the minimum andmaximumvaluesof : , and äO is a setof parametersthat
areeitherknown or estimateddirectly from the data. Thenthe generalproblemis to definea statistic
that gives a measureof the consistency of the distribution of datawith the distribution given by the
hypothesis.

6.1 PossibleTools

Themostwidely usedsuchstatisticin the1-dimensionalcaseis a form of a “runs test,” whichcompares
thepredictedcumulative distributioné < :>=PN F GGÃêÔë�ì ; < : Õ =%LM: Õ (10)

with theobserved cumulative distribution í < :?= . Themostcommontestis theKolomogorov-Smirnov
(K-S) test[14], whichmakesthiscomparisonby first finding theK-S distance¸�N�îðï�°I}%�

é < :>=�V�í < :?=�� � :ñA < :Þæ6� ­ � :Þæòç{è%= �P� (11)

namelythe largestdifferencebetweenthe two cumulative distributions. This teststatistichasa char-
acteristicdistribution that canbe calculatedanalyticallyto provide onewith a p-value,specificallythe
probability that onewould observe a valueof this teststatisticas large asor larger thanthe observed
value.

The K-S testgivesa distribution-freemeasureof the consistency of a 1-dimensionalcontinuous
variableandis oftenusedin theparticlephysicsliterature.Althoughthereareanumberof otherteststhat
couldbeusedin this case,all with similar properties[15], theK-S testhasbecomea referencestandard
to employ.

6.2 Extensionto Higher Dimensions

TheK-S test(andotherrunstests)arein principle limited to 1-dimensionaldistributions,but thereare
extensionsto thecaseof severaldimensions,thoughwith anumberof restrictions.Theextensionrequires
oneto assumethattheprobabilitydistribution predictedby thehypothesiscanbefactorized,sothat; < ä:?=PNó; 8 < :98·=ô; � < : � =áõ�õ�õ�; ­ < : ­ = � (12)
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where ´ is the numberof continuousvariablesbeing compared. This in effect requireseachof the
variablesto be uncorrelated,a strongassumptionandonethathasto be verified in practice.With this
assumption,however, onecanthendefineasetof independentstatisticş � , ��Nö- to ´ , andtheassociated
p-value for eachobserved K-S statistic ÷2� . Then onecancombinetheseindependentp-valuesinto a
singlemeasureof significance.

6.3 Example: CDF “Superjets”

A concreteexampleof this techniqueis a recentanalysisof hadroncollider dataperformedby theCDF
collaboration.A studywasperformedof eventsthatwereconsistentwith theproductionof oneor more
hadronicjetsanda � bosondecayingto a lepton-neutrinopair. Thecollaborationdefineda subsample
of theseeventswhereat leastonejet wasidentifiedasa “superjet”,namelya � -quarkcandidatejet with
boththepresenceof asecondaryvertex in thejet displacedfrom theinteractionvertex andthepresenceof
asecondleptonassociatedwith thejet consistentwith comingfrom thesemileptonicdecayof a � hadron
[16].

The collaborationfound 13 sucheventsin the 1992-96TevatronCollider data,wherethey esti-
matedthat they would have expected���e���()²��! eventsfrom StandardModel backgroundsources.This
observation hasa p-valueof 0.001,treatingit asa countingexperimentandusingthetechniquesintro-
ducedabove. Theauthorsthenproceededto examinenineseparatekinematicvariablesthathaddistri-
butionsthatwerepredictedto be largely uncorrelated,but thatmight distinguishbetweentheStandard
Model backgroundsanda varietyof exotic sourcesof events.A typical exampleof sucha comparison
is given in Figure2, wheretheobserved distribution of the leptonpseudorapidity( ø?�ùV0ú¾ûýü{ï'û <ÿþ �.�M= ,
where

þ
is the angleof the lepton relative to the incoming proton beamaxis) is comparedwith the

predictedø distribution.2 The plots on the right-handsideare the distributions of the K-S distanceas
determinedfrom aMonteCarlocalculation.

Thep-valuesfrom eachof thedistributionsweredeterminedandrangefrom 0.001to 0.15. The
authorscommentthat “given the a posteriori selectionof the 9 kinematicalvariables,the combined
statisticalsignificancecannotbeunequivocally quantified.” However, we candeterminea combinedp-
valueby calculatingtheproductof the9 p-values,÷��¾§�� , anddetermininghow likely it wouldbeto obtain
thisproductvalueassumingthebackgroundhypothesis.This is givenby� �¾§��ÃN ��æ ® 8

� æ � 8¬� ® � V < ú¾ûÃ÷��¾§�� = �	 µ 
 � (13)

andequals-.��!Þ/�-�)%�2ã assumingyousetasidethereservationsof theauthors.

This estimateof the overall p-value raisesa numberof comments.First, are the variablessuf-
ficiently uncorrelatedthat any residualcorrelationscanbe ignored? Varioustestswere madeof this
assumptionby theauthors,but no rigorousargumentwaspresented.Second,uncertaintiesin theStan-
dardModel predictionshave not beenincorporatedinto thep-valuecalculation.Thesemayhave some
effect on the overall result,but it is unclearhow large this might be. Third, the effect on the p-value
estimateof the a posteriori choiceof variablesis virtually impossibleto assess.A studyof a seriesof
alternatevariablesweremadeby theauthors,but no firm conclusioncouldbedrawn.

Of these,perhapsthethird is themostvexing. It is truethat thechoiceof the9 variablesfor this
analysiswasmadeafter the13 eventdatasamplehadbeenidentifiedasbeingunusual.In thatsense,it
is no longerpossibleto arguethat thequotedp-valueis anunbiasedmeasureof thesignificanceof the
observation.

2Theauthorschosebackgrounddistributionsfor thesefiguresobtainedusingMonteCarlocalculations,but usedbackground
distributionsfor their p-valuecalculationsobtainedby “bootstrapping,” usinga complementarydatasamplethathadno signal
eventsandthat wasarguedto provide a goodcharacterizationof the expectedStandardModel backgrounds.The Standard
Model MonteCarlocalculationsresultedin similarp-valueestimates.
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Fig. 2: The � distribution of the leptonfrom the � bosondecayin the CDF “superjet” eventsis shown in the top-left plot

(points) and comparedwith the StandardModel prediction(shadedhistogram). The top-right distribution is the expected

distributionof K-S distanceof the13dataeventsandtheSM predictionin thetop-leftplot. Theverticalline is theK-S distance

for thetwo distributions.Similarly, thebottom-leftplot is thelepton � distributionfor thecomplementarysampleof dataevents

wherea “superjet” is not detected,andthebottom-rightplot givesthedistribution of thecorrespondingK-S distancebetween

thedataandpredicteddistribution. TheK-S testdistributionsweregeneratedusinga MonteCarlocalculation.
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In this case,the beststrategy is to repeatthe measurementwith an independentdatasampleto
determineif thesameeffect is observed. However, this analysisservesasa goodexampleof theissues
onemustfacein makingsuchamulti-variateestimateof significance.

7 Observations on Curr ent Practiceand Summary

Particlephysicistshave increasinglyreliedon numericalestimatesof statisticalsignificance.Thelitera-
tureis repletewith theuseof thep-value,andthisappearsto havedevelopedinto onecommonmeasure,
asillustratedby theexamplesprovidedabove. Othermeasuresof significanceareoftenquoted,suchas
theequivalentnumberof standarddeviationsameasurementlies from thevaluepredictedby ahypothe-
sis.This is, of course,justap-valueunderadifferentname.

More significantly, thereareconsistentattemptsin the literatureto includein p-valueestimates
morecompleteinformationabouta given measurement,suchasthe sensitivity of the estimateto sys-
tematicuncertaintiesand information from several statistics. The moredifficult problemof avoiding
unconsciousbiasin the selectionof statisticsis addressedthroughthe useof “blind analyses,” but the
effectiveapplicationof suchtechniquesto truly serendipitousdiscoveriesis problematic.Here,thetime-
honouredtechniqueof testingspecifichypothesesdevelopedthroughthestudyof onedatasetby creating
andanalyzinganindependentdatasetwith at leastcomparablestatisticalpower remainsthemosteffec-
tive tool for separatingwhatwe would call the“statisticalfluctations”from first evidencefor truly new
phenomena.

Finally, what is anappropriatecriteria for claiminga discovery on thebasisof thep-valueof the
null hypothesis?The recentliteraturewould suggesta p-value in the rangeof -�) �2ã , comparableto a
“ &., ” observation,providesconvincing evidence.However, thecredibility of sucha claim relieson the
caretaken to avoid unconsciousbiasin theselectionof thedataandthe techniqueschosento calculate
thep-value.
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