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Abstract
We apply a new prescriptionin confidenceinterval estimation,basedon the
frequentistmethodof strongConfidenceLevel ( ����� ), to makeaninferenceon
neutrinooscillationparametersbasedontheresultof theCHOOZexperiment.
Limits areobtainedat ���	� ����� , whichincludealsoexactfrequentisttreatment
of systematics.Neutrinooscillations 
��� 
�� areexcludedfor ������������ ����� �"! � at maximummixing and #%$'& �)(+*�,.- �/��0 �21 at large ��� � values.
Theselimits shouldberegardedassaferthanpreviousquotedlimits anddonot
needto besupplementedby any additionalsensitivity information. Resulting
limits are slightly looser than the previously publishedvaluesthat usedan
approximatetreatmentof systematics.

1 Intr oduction

Weappliedtheconceptof StrongConfidenceandStrongConfidenceLimit [1] to theanalysisof thedata
of theCHOOZexperiment,thefirst longbaselinesearchfor neutrinooscillations,operatedat

�43�5
from

two nuclearreactors.Preliminary[2] andfinal resultsof thisexperiment[3] havealreadybeenpublished.
Thereaderis referredto thosearticlesfor an introductionto theproblemof neutrinooscillations,for a
generaldescriptionof theexperimentandfor adiscussionof its dataanalysis.Previouslimits to neutrino
oscillationswerederivedfollowing theunifiedapproach.New limits arefoundto beslightly looserthan
previous onesbecauseof two effects,aswill bediscussedlater: one,inherentin thestrongconfidence
definition;theotherassociatedwith a rigorousclassicaltreatmentof systematics.

Let us briefly introducethe notationsusedthroughoutthis paper:we will call the observable 6
(neutrinoflux or contentof thevariousenergy bins) and 7 theobservablespace;8 arethe oscillation
parameters( #9$'& �:*�,<; ��� � - to be determinedand = ( 6 - theconfidenceregion for a particularobserved
value 6 .

2 The strong confidencemethod

Thestandarddefinitionof ConfidenceLevel of abelt canbewrittenasfollows:> 8 ? ( 6A@B= ( 6 -DCE 8GF 8 -IH �KJ �L� 0 (1)

A confidencebelt = is saidto have a strongConfidenceLevel[1] equalto ����� if> 8 >NM ? ( 6A@	6�O M ; = ( 6 -PCE 8GF 8 -#%Q<RS ? ( 6�@B6�O M F 8 - H �TJ �U�L� ; (2)

where
M

is a subsetof 7 , thesetof all possibleexperimentaloutcomes.Compareto the definition of
“standard”CL, which is obtainedputting

MWV 7 in (2).

Wedon’t wantto enterhereinto thedetailsandmotivationswhich led to formula(2) andreferthe
readerto references[1] and[4], but wewantjust to stresssomefacts:X
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Y thepresenceof thedenominatorin formula(2),whichdescendsfromtherequirementthatthesetof
possiblelimits mustdependonly ontheshapeof thelikelihoodfunction,assuresthatevenunlikely
experimentalresultsare correctly weightedby taking into accounttheir maximumoccurrence
probability;YZ����� H ��� for a givenconfidencebelt (put

M[V 7 in (2)). In otherwords ����� beltsare“good”
confidencebelts,yet overcoveringfor every valueof 8 ;Y despitethe freedomin the constructionof the StrongBandwe candefinea “core” region of 8 -
valueswhich mustbelongto every band.This is obtainedputting

MZV 6 in (2), implying thatall
valuesof 8 suchthat ? ( 6\F 8 -#%Q�RS ? ( 6\F 8 - � �KJ �U�L� (3)

mustbelongto every = ( 6 - ; asa consequenceof this, it is impossibleto excludeany valueof the
parameterwith a likelihoodcloseto its maximum.

3 Construction of the StrongBelt

Theconstructionof theStrongBelt is ageneralizationof theconstructionof theNeymanbelt [5, 6]. We
divide the 6 J 8 spacein cellsandflagall thecellswhichaccordingto (3) belongto thecore.After that
for each8 wemustincludesomemorecells1 to satisfythe“coveragerequirement”(2). Thiscanbedone
in a numberof waysandthereis theneedof anadditionalprescriptionto supplementthedefinition(2)
in orderto get rid of this arbitrariness.Themostnaturalchoiceis to includeat fixed 8 the 6 J cellsby
decreasinglikelihoodratio (LR), for the coreregion is determinedby a cut on that samequantity(see
eq. (3)). For a given valueof theparameter, every observable 6 outsidethebandhasa LR lower than
every 6 in theband.Thesamepropertyholdsalsofor Feldman–Cousinsconstruction[6], but herethe
LR thresholdis determinedby eq.(2).

All possiblesubsets
M

of non-flaggedcells including thehighestLR cell areconsideredandva-
lidity of eq.(2) is checked. In caseof failure this highest-rankcell is addedto thebandandtheentire
procedureis repeatedwith thenext-higherLR cell, until eq.(2) holdsdefinitely.

3.1 Inclusion of systematicparameters

In real life, thepdf oftendependson additionalparameters(e.g. thenormalizationof absoluteneutrino
flux from reactors,detectorefficienciesandcalibrations),which we will call ] , which aresourcesof
systematicerrors.

A correctway of takinginto accountsystematicsin a purely frequentistframework would corre-
spondto building aconfidenceregion in the 6 J ( 8 ; ] - spaceandthenprojectingtheregiononthe 6 J 8
space;this would assurethepropercoveragefor every valueof ] . This approach(which is flaggedby
“correct systematics”in what follows) is seldom(almostnever) followed in practice,dueto theheavy
computationalresourcesneeded.Thetwo mostcommonlyusedapproximatemethodsare:

1. Bayesianintegrationover thesystematicparameters;

2. replacementof thelikelihoodwith theoneobtainedby maximizingwith respectto ] for every 8
(profile likelihood)[9, 10, 11].

In thefirst caseonemustassumeaprior distribution for ] , whichcanthenbeintegratedout. However, a
classicaltreatmentdoesnotallow suchaBayesiancontamination:in fact,thisprocedureusuallyleadsto
under-coverage.Thesecondmethoddoesnotassurepropercoveragefor everyvalueof ] (this is assured
only for that particularvalue that maximizesthe likelihood for the given valueof 8 ). In many cases

1In generalthecoreis not itself a strongband.
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this doesnot lead to significantunder-coverage,so it canbe considereda reasonableapproximation.
All publishedlimits on neutrinooscillationsderived by theunifiedapproachwereobtainedin this way
[3, 12, 13].

Conversely, the definition of stronglimits is easily generalizedto includenuisanceparameters
consistentlyandwithout approximations.Whentakingsystematicsinto account,eq.(2) is rewritten in
a straightforward mannerby thesubstitution8Z ( 8 ; ] - . Furthermanipulationsallow us to write it in
a moreusefulandclearform which eliminatesthedependenceon ] , sincewe areinterestedin quoting
limits on 8 :Y condition ( 8 ; ] -^CO_= ( 6 -`; > ] impliesthat 8 COW= S ( 6 - , = S beingtheprojectionof thebandon the8 space;Y sincetheinequality(2) musthold

> ] , it is alsotruethat:

> 8 >NM @ #%Q�Ra ? ( 6A@B6bO M ; = S ( 6 -DCE 8GF 8 ; ] -#9Q<RS #%Q<Ra ? ( 6b@)6�O M F 8 ; ] - H �cJ �U�L� 0
(4)

In usingthis formula,it is naturalto order 6 -cellsby decreasingprofile likelihoodratio �Gdfehgjilk , givenby

�mdPehgnilk V #%Q<Ra ? ( 6\F 8 ; ] -#%Q<RS #%Q�Ra ? ( 6\F 8 ; ] -Io (5)

asin eq.(3), a cut on this variableprovidesthecoreof thestrongconfidenceinterval. Therefore,strong
belts with inclusion of systematicsare obtainedby applying the proceduredescribedin the previous
subsectionwith minor modifications.2 The importantpoint is that the pdf is replacedby a new pdf p
which is its maximizationwith respectto ] thuspreservingthedimensionalityof theproblem,unlike the
“correctsystematics”casein whichweaddnew dimensionsfor ] , build thebelt in adim(8 ) + dim(] ) +
dim(6 ) spaceandonly in theendprojecteverythingbackon the 8 -space.This simplification,which is
strictly relatedto theStrongConfidencerequirement,yieldsa muchsimplerexact treatmentthanother
orderingprescriptions.

4 Strong limits for the CHOOZ experiment: total counting rate

As anapplicationof thedescribedprocedurewecalculatedtheStrongLimits for theCHOOZexperiment.
SinceCHOOZis a disappearancesearchfor neutrinooscillations,a positive evidencewould resultboth
in a deficit on the 
�� countingrateexpected.andin a deformationof the 
�� energy spectrum.In this
paperwedealonly with thetotalcountingrate(“integral” analysis).Theprocedurehasbeengeneralized
in [4] to exploit theinformationcontainedin thewholespectrum.

4.1 Lik elihood function

Ourobservable 6 is chosento betheratioof measuredto expected
�� -flux, whichgivesadirectestimate
of theoscillationprobability. Thephysicsparametersto beinferredaretheusualoscillationparameters8 V ( #%$'& �B(+*�,.-`; ��� � - . The expectedflux in absenceof oscillationsis known at a qsrutvruw V * 0 1 % level
[3] which is of thesameorderof magnitudeasthestatisticaluncertainty( q�rnwjxyw V * 0z� %). We arethen
forcedto introducean additional“nuisance”parameter] to accountfor our lack of knowledgeof the
absoluteflux. Othersystematiceffectsrelatedto thespectralshape(energy calibrationfor instance)are

2Anotherpoint worth noting is that the above orderingsomehow minimizesthe width of the confidenceregion in { , by
forcing thebandto expandin | -directionratherthanin { -direction.
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Fig. 1: }v~ % confidencebeltscalculatedusing the integral of the spectrum. Threebeltsareshown: strongbelt (light solid

line), Feldman–Cousinsbelt with “correctsystematics”treatment(dashedline) andFeldman–Cousinsbelt derived by profile

likelihoodratio ordering(darksolid line). In theinsetthedifferencebetweenthecoreandthewholestrongbandis shown.

negligible. Thelikelihoodis thenwritten,apartfrom multiplicative factors,asfollows:

? ( 6\F 8 ; ] -�� �h��R � J �*�� 6 J ] � ( 8 -q rnwjxyw � �v�_�
�h��R � J �*�� ] J��qsrutvruw � �v� ; (6)

� ( 8 - beingthesurvival probabilityaveragedover theenergy spectrum.

We consideredanobservablerangefrom ��0 1�� to
� 0 * � dividedinto

� � cells. Thedomainof oscil-
lation parameters( �W��#%$'& �B(+*�,.- � �

,
� ����������� � � � �"! � ) wasdivided into

� �)� � � �)� cells (with
a constantbinning in ���)�G��� � ); the range��0z� � ��]�� � 0�� � wasdivided into 10 cells3. We computed= S ( 6 - , 6 V � 0�� � beingtheexperimentalresult.It is notnecessaryto computeall themulti-dimensional
bandandto slice it with the 6 V 6 layer but we directly built = S ( 6 - proceedingasfollows: for each8 ( #%$'& � (+*�,.-`; ����� cell) we consideronly the 6 -cells with �Gdfehgjilk ( 6 -�H �GdPevgjilk ( 6 - anduseonly them
to form subsets

M
on which we verify condition(4). If it fails for some

M
, then 8�O�= S ( 6 - . In factwe

shouldtake thehighest�mdPehgjilk cell out of
M

andput it in theband,but thehighest�mdPehgnilk ( 6 - is just 6
which thereforebelongsto thebelt.

Theresultsof our computationareshown in Fig. 1. The limits quotedareslightly looser, asone
expectsfrom the definition of strongconfidence,than thoseobtainedby using the Feldman–Cousins

3We verified that valuesof | outsidethe consideredrangegive no further contribution to the projectionof the bandon{ -space.
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prescriptionwith the correctinclusionof systematics:at large ����� values,the strongupperlimit on
mixing is #%$u& ��(+*�,�-�H ��0 �21 ( ��0 ��� for FC). It is alsoremarkablethat theselimits aresignificantlyhigher
thantheoneobtainedwith theFC+profileprocedure(asymptotically#%$'& �)(+*�,.-�H ��0 �)� ) usedin [3].

5 Computational requirements

CPUtime requiredto performsuchcomputationsis not soheavy asonemight think, althoughonehas
to handlea largeamountof memory. Mostof thejob lies in numericalcomputationof thepdf, whenit is
not known analytically. Of course,dimensionalityandgrainingof bothobservableandparameterspace
heavily affectsbothtime andmemory. Sincecalculationof bothpdf andstrongbandcanbeperformed
independentlyfor eachvalueof the parameter, it is possibleto spreadthe whole computationaleffort
over differentCPU’s.

6 Conclusions

We derived ��� % strongconfidencelimits on neutrinooscillationsin the disappearancemode 
 �  
 �
basedon thecompleteCHOOZdatasample.No evidenceis found in theoscillationparameterregion
with ��� � ���L� � �������"! � at maximummixing and #%$u& ��(+*�,�- ����0 �21 at large ��� � values.Theselimits
arelooserthanpreviouslypublishedonesbecauseof two effects:one,inherentin thedefinitionof strong
confidence;theotherassociatedwith aclassicallycorrecttreatmentof systematics.
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