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Abstract
Wediscusstheproblemof selectinganoptimalcutandthenfindingconfidence
limits basedon thatcut. Evenwhenperforminga blind analysisthis maylead
to abiasin thelimits becausethecutselectedmaybeoptimalfor arealor sim-
ulateddatasetwith limited statisticsandthusmaybesensitive to fluctuations
in this dataset.We proposeto usea variantof thebootstrapto find thelimits.
A MonteCarlostudyshows thatthesenew limits have correctcoverage.

1 Introduction

In recentyearsresearchersin highenergy physicshavecometo realizethatsomeof thestandardanalysis
techniquescarrywith themthedangerof introducinga bias. Onemajorexampleis thesearchfor a cut
combinationwhich eliminatesbackgroundeventsbut retainsasmany signaleventsaspossible. This
can leadto usinga cut combinationwhich is optimal for the datasetat hand,but not for the process
thatgeneratedthedataset,andthat thereforedependstoo muchon randomfluctuationsin thedata. A
goodwayto lower therisk of introducingthisbiasis by performingablind analysis,wherebythechoice
of cut is solely basedon the backgroundsidebandsor on simulatedbackground. It shouldbe clear,
though,thatthisonly alleviateshalf theproblem:weno longeraresubjectto upfluctuationsin thesignal
region,but wearestill in dangerof optimizingourcutonadownfluctuationin thesidebandor simulated
background.

Thesourceof theremainingproblemcanbeunderstoodto bethefactthatwe areusingthesame
datato do two things:to choosethecutsetandto estimatethebackgroundlevel. Oneattemptatdealing
with this is to usesplit samples:randomlydivide thedatainto two parts,useonepartto find theoptimal
cut combination,usetheotherto find the limits. This approachhastwo major flaws: first thereis the
questionof what the relative size of the two partsshouldbe, and then thereis the problemthat the
partshave evenlower statisticsthanthewhole,thusworseningtheeffectsof fluctuations.In this paper
we proposeto usea differentmethodto minimize this bias. Our methodis a variantof a well known
techniquein Statistics,thebootstrap.We will show that this methodhasneitherof thetwo problemsof
split samplesandthatit leadsto unbiasedestimatesof thebranchingratio.

When we choosea cut combinationwe needan optimality criterion. In this work we usethe
experimentalsensitivity, avariablewhich is derivedfrom thesensitivity definedin FeldmanandCousins
[1] andin Review of ParticlePhysics[2]. Theexperimentalsensitivity is definedastheaverageof the
upperlimits thatwould bequotedfor anensembleof experimentswith no truesignal. It canbethought
of asa measurefor thesizeof aneffect that couldbediscoveredby a certainexperiment.Thesmaller
theexperimentalsensitivity of acutset,themorelikely we areto discover asignalthatis truly present.

2 Why there might be a bias

Thebiasintroducedby combininga minimizationandanevaluationstepinto oneprocedureis actually
quite common. As one example,considerthe problemof fitting a parametriccurve to a histogram.
Herewe usuallystartby estimatingtheparametersof theparametricfunction to befit, for exampleby
finding theestimatesof theparametersthatyield the lowest ��� . Thenwe wantto know whetherour fit
is sufficiently good,sowe proceedto find theconfidencelevel of the � � statistic.But in factthe � � , and
thereforetheconfidencelevel, will bebiasedbecausetheparameterestimateswerechosento make the
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� � assmallaspossible.In thenext sectionwewill give theresultsof aMonteCarlostudythatshows the
presenceof this typeof biasin thesearchfor smallsignals.

Of coursewe have known for almosta centuryhow to adjustfor this biasin thecaseof the ��� ,
namelyby adjustingthedegreesof freedomof the � � distribution. Unfortunately, in generalit is very
difficult to find thiskind of ananalyticcorrection.

Oneimportantquestionis whetherthis biasis largeor smallcomparedto thestatisticalerror. In
theanalysisof smallsignalstheendresultis typically a confidencelimit, eithera two sidedconfidence
interval or justanupperlimit. Whetheror notamethodto computeconfidenceintervalsworkscorrectly
hasto bejudgedsolelybasedonthetruecoveragerateof thelimits. If two or moremethodswith correct
coverageareavailable, thenonemay useothercriteria to make the choiceof method. For example,
in physicsonemight preferto usea methodthatnever yieldsan emptyinterval, or onemight prefera
methodthat yields on averagethe shortestintervals. Sucha choicehasto madebeforeexaminingthe
data,of course.

We will usethemethodof Rolke andLópez[3] to computetheconfidenceintervals. This is the
only methodcurrentlyknown thattreatstheuncertaintyin thebackgroundrateasastatisticalerror. Feld-
manandCousins[4] independentlysolved this problem,andproposeda modificationto their solution.
Like FeldmanandCousins[1] the Rolke-Lopezmethodsolves the ”flip-flop” problem,andit always
resultsin physicallymeaningfullimits. Theproblemdescribedhereaswell asits solution,though,do
not dependon what methodof computationis usedfor eitherthe sensitivity or the limits. As long as
thereis someuncertaintyin the backgroundratethe biaswould be equallypresentif we hadusedfor
exampleFeldmanandCousins[1] or aBayesianmethod.

To get an ideaof the sizeof the biaswe performeda Monte Carlo studyof the analysisof the�����	��
��
�
decayusingdatafrom FOCUS[5]. Oneproblemin doing this MC is obtaininga large

sampleof backgroundevents. In our studythis samplewasobtainedby assumingthebackgroundwas
dueto otherparticlesbeingmisidentifiedasmuons.

Fake datasetsweregeneratedby randomlychoosing� eventsfrom thesimulatedsignalsetand�
eventsfrom thebackgroundset. For thepurposesof this studywe chosethenumberof background

events
�

from a Poissondistribution with rate ��� asin therealdimuondata,and � waschosenfrom a
Poissondistribution with rate � , where � wasvariedfrom � (meaningno signalwaspresent)to � . For
eachvalueof the rate � we generated������� fake datasetsin this manner. To eachof thesedatasets
we appliedeachof ��������� cuts.Thecutsusedfor this simulationwerethesamecutsthathadpreviously
beenchosenasappropriatefor thisanalysis.Thecutthathadthelowestexperimentalsensitivity wasthen
appliedto thesignalregion andtheRolke-Lópezmethodwasusedto find thecorrespondingconfidence
limits. Finally those������� confidencelimits wereusedto calculatethetruecoveragerates.To makesure
thatany observedbiasis really dueto theminimization-estimationproblem,we alsorandomlychose�
individual cutsandalwaysappliedthosesamecutsto thefake data.Clearlyin thiscasenominimization
takesplace,andsothereshouldbenobias.

Theresultsof this MC studyareshown in figure1. As expectedthelimits for theindividual cuts
have correctcoverage,with thetruecoveragenot droppingmuchbelow thenominalrateof ����� . Thata
few of thecoverageratesontheright sideof thegrapharebelow the0.9line is dueto randomfluctuations
in theMC aswell asthediscretenatureof thePoissondistribution. Theapparentdrop in thecoverage
ratesfrom the left to the right doesnot continue,with the ratesfor ���! larger than � all just above ����� .
Thiswasverifiedby runningtheMC for variousvaluesof � up to ��"#��� .

Correctcoverageis not the only characteristica goodmethodshouldhave. It is alsoimportant
to obtainthestrictestlimits possible.That is what the minimum sensitivity cut methodologyattempts
to do but usingthe limits from this methodresultsin true coveragerateswell below the nominalrate.
Thegraphis basedon just ��� differentvaluesfor �%$ andit would bepurecoincidenceif thelowesttrue
coveragewereobtainedfor oneof thosevalues.Thereforetheworstcoverageshouldbeexpectedto be
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Fig. 1: True coverageratesfor individual cuts (dottedline) and for minimum sensitivity cut (solid line). The ratesfor the

individual cutsarealwayslarger thanthenominalrateasis desired,wherasthe truecoveragefor theminimum sensitivity is

oftenwell below thenominalrateof 0.9.

well below theworstoneobservedof about����&(')� . Wecanthereforeconcludethatwehaveasizablebias
in ourconfidencelimits dueto thecut selectionbias.

3 The Bootstrap

The statisticalbootstrapmethodis a non-parametricalternative for finding error andbiasestimatesin
situationswherethe assumptionof a Gaussiandistribution is not satisfiedandwhereit is difficult or
even impossibleto developananalyticsolution. In this sectionwe will show thereasoningbehindthe
bootstrapmethodandhow it is appliedin practice.

Let usassumewe areinterestedin estimatinga certainparameter* suchasthewidth of a signal
or a branchingratio. Let usalsoassumethatwe have observations +-,�$.�/�/$0+21 from a distribution 3 that
dependson * . Furthermorewehave amethodfor findinganestimate

4
* of * , say

4
*5"7698:+-,�$.�/�/$0+21�; . The

estimator6 might beassimpleascomputingthemeanof theobservationsor ascomplicatedasfitting a
Dalitz plot.

Now, in addition to
4
* we will alsoneedan error estimateaswell asan ideaof the bias in the

estimator6 . If 6 is fairly simplewe might be ableto find its distribution andget an error anda bias
estimateanalytically. If the situationis morecomplicatedwe might insteadtry a Monte Carlo study.
To do this we would simulatesamplingfrom the distribution 3 , generatingmany (say < ) independent
samplesof size = , apply theestimator6 to eachandtherebygeta sampleof estimators

4
*),>$.�/�/$

4
*(? . Then

we canlook atahistogramof theestimators,computetheir standarddeviation,andsoon.
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But whatcanwedo if wedonotknow thedistribution 3 ? In thatcasethedata+-,�$.�/�/$0+21 is all we
have,andany analysishasto bebasedon theseobservations.Thebestestimateof thedistribution func-
tion 3@8:AB; is theempiricaldistributionfunction

4
3�8:AB; givenby

4
3�8:AB;C" ,1ED 8 numberof observations +2FEGHAB; ,

AJILKM$ that is thepercentageof eventssmallerthan A . Thebasicideaof thebootstrapis to replacethe
distribution 3 in theMC studyabove by its empiricaldistribution function

4
3 .

It canbe shown that samplingfrom theempiricaldistribution functionmeanssamplingwith re-
placementfrom theobservations+-,.$.�/�/$0+21 . A bootstrapsamplehasthesamesamplesizeastheoriginal
data.It is madeupoutof theoriginalobservations,someof whichmightappearmorethanoncewhereas
othersmight not be includedat all. As in theMC study, we will draw many (say N ) of thesebootstrap
samples,apply theestimator6 to eachof themandtherebygetbootstrapestimates

4
*PO, $.�/�/$

4
*)OQ of * . We

canthenstudythesebootstrapestimatesto getanideaof theerrorandthebiasof 6 .

The bootstrapmethodasdescribedabove wasfirst developedby B. Efron in [6]. Sincethena
greatdealof theoreticalwork hasbeendoneto show why andwhenthebootstrapmethodworks,seefor
exampleHall [7], andit hasbeensuccessfullyusedin a wide varietyof areas.Previousapplicationsof
thebootstrapin High Energy Physicscanbefoundin Hayes,PerlandEfron [8] andin Alfieri et al. [9].
For avery readableintroductionto thesubjectseeEfron andTibshirani[10].
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Fig. 2: True coverageratesfor the limits of the signalratebasedon the cut setwith the smallestsensitivity (solid line) and

for thedualbootstrapmethod.Clearly thedualbootstrapcorrectlyadjuststhelimits andyieldscorrectlimits with thecorrect

coveragerate.

4 The Dual Bootstrap and Bias Corrected Limits

As discussedin the introduction,theusualapproachfor dealingwith this bias,namelythesplit sample
method,hassomeseriousproblemsof its own. Insteadwe will usea variantof thebootstrap:we will
draw onebootstrapsamplefrom thedataandfind thecut with thesmallestsensitivity for this bootstrap
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sample,thenwe will draw anotherbootstrapsample,independentfrom thefirst, to find thelimits. This
procedurewill thenberepeatedN times,with a N of about ������� . In this mannerwe will get N lower
andupperlimits. Finally we will usethe medianof the lower and the medianof the upperlimits as
our estimates.We usethe medianbecauseit is lesssensitive than the meanto a few unusuallylarge
observations.Also, in thecasewherethesignalrateis zero,if evena few of the N bootstrapestimates
of thelower limit arepositive, themeanwould alsobepositive (andwrong),whereasthemedianis still
zero(andthereforecorrect).

In thisway for eachbootstrapsamplewegetacutsetthatis optimalfor thefirst bootstrapsample
but notnecessarilyfor thesecond,whichis representativeof theunderlyingdistribution. Wecantherefore
expectto getunbiasedestimatesfor thelimits or, in otherwords,limits with thecorrectcoveragerate.

We repeatedtheMC studydiscussedin section2, now usingthedualbootstrapmethod.Figure2
shows that the dual bootstrapmethodyields limits with thecorrectcoverage,effectively removing the
minimization-evaluationbias. Similar MC studieswith differentnominalcoverageratesanddifferent
backgroundrates,bothsmallerandlargerthantherateof ��� shown here,haveconfirmedthisconclusion.

5 Conclusion

Wehave shown thatperformingablind analysisis notenoughto eliminatethecut selectionbias.A MC
studyof the

� � � � 
 � �
decayindicatesthat this bias is quite large. We have developeda method

basedon thebootstraptechniquefrom Statisticsthatcorrectsfor this typeof bias. A MC studyfor the� � �R� 
 � �
decayshows thatthisnew methodperformsvery well.

FORTRAN routinesfor thedualbootstrapmethodaswell asfor computingtheRolke-Lópezlimits
areavailablefrom theauthorsby sendinganemailto w rolke@rumac.uprm.edu.
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