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Abstract

We discusgheproblemof selectinganoptimalcutandthenfinding confidence
limits basedn thatcut. Evenwhenperforminga blind analysisthis maylead
to abiasin thelimits becauséhe cut selectednaybeoptimalfor arealor sim-
ulateddatasetwith limited statisticsandthusmay be sensitve to fluctuations
in this dataset. We proposeto usea variantof the bootstrapto find thelimits.
A Monte Carlostudyshaws thatthesenew limits have correctcoverage.

1 Introduction

In recentyearsresearcheri highenegy physicshave cometo realizethatsomeof thestandardanalysis
techniquexarrywith themthe dangerof introducinga bias. Onemajor exampleis the searchfor a cut
combinationwhich eliminatesbackgroundeventsbut retainsas mary signaleventsas possible. This
canleadto usinga cut combinationwhich is optimal for the datasetat hand,but not for the process
thatgeneratedhe dataset,andthat thereforedependgoo muchon randomfluctuationsin the data. A
goodway to lowertherisk of introducingthis biasis by performingablind analysiswherebythechoice
of cut is solely basedon the backgroundsidebandsor on simulatedbackground. It shouldbe clear
though thatthis only alleviateshalf the problem:we nolongeraresubjectto upfluctuationsn the signal
region, but we arestill in dangerof optimizingour cuton adownfluctuationin the sidebandr simulated
background.

The sourceof theremainingproblemcanbe understoodo bethe factthatwe areusingthe same
datato dotwo things:to chooseahe cut setandto estimatehe backgroundevel. Oneattemptat dealing
with thisis to usesplit samplesrandomlydivide the datainto two parts,useonepartto find the optimal
cut combination,usethe otherto find the limits. This approachhastwo major flaws: first thereis the
questionof what the relative size of the two partsshouldbe, and then thereis the problemthat the
partshave evenlower statisticsthanthe whole, thusworseningthe effectsof fluctuations.In this paper
we proposeto usea differentmethodto minimize this bias. Our methodis a variantof a well knovn
techniquein Statisticsthe bootstrap.We will shav thatthis methodhasneitherof thetwo problemsof
split samplesandthatit leadsto unbiasedestimate®f the branchingratio.

Whenwe choosea cut combinationwe needan optimality criterion. In this work we usethe
experimentakensitvity, avariablewhichis derivedfrom thesensitvity definedin FeldmarandCousins
[1] andin Review of Particle Physics[2]. The experimentalsensitvity is definedasthe averageof the
upperlimits thatwould be quotedfor anensemblef experimentswith no true signal. It canbe thought
of asa measurdor the sizeof an effect that could be discoreredby a certainexperiment. The smaller
the experimentakensitvity of acutset,themorelikely we areto discover asignalthatis truly present.

2 Why there might beabias

Thebiasintroducedby combininga minimizationandan evaluationstepinto oneprocedurds actually
quite common. As one example, considerthe problemof fitting a parametriccurve to a histogram.
Herewe usuallystartby estimatingthe parameter®f the parametridunction to befit, for exampleby
finding the estimatesf the parametershatyield the lowesty?. Thenwe wantto know whetherour fit
is suficiently good,sowe proceedo find the confidencdevel of the x? statistic.But in factthe x?, and
thereforethe confidencdevel, will be biasedbecausghe parameteestimateserechoseno make the
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x?assmallaspossible.In the next sectionwe will give theresultsof aMonte Carlostudythatshovs the
presencef this type of biasin thesearcHor smallsignals.

Of coursewe have known for almosta centuryhow to adjustfor this biasin the caseof the x2,
namelyby adjustingthe degreesof freedomof the x? distribution. Unfortunately in generalit is very
difficult to find this kind of ananalyticcorrection.

Oneimportantquestionis whetherthis biasis large or small comparedo the statisticalerror. In
the analysisof small signalsthe endresultis typically a confidencdimit, eitheratwo sidedconfidence
intenval or justanupperlimit. Whetheror nota methodto computeconfidencentervalsworkscorrectly
hasto bejudgedsolelybasednthetruecoveragerateof thelimits. If two or moremethodswith correct
coverageare available, then one may use other criteria to make the choice of method. For example,
in physicsone might preferto usea methodthat never yields an emptyintenal, or onemight prefera
methodthatyields on averagethe shortestintenals. Sucha choicehasto madebeforeexaminingthe
data,of course.

We will usethe methodof Rolke andLb6pez[3] to computethe confidencantenals. Thisis the
only methodcurrentlyknown thattreatstheuncertaintyin thebackgroundateasa statisticalerror Feld-
manandCousing[4] independentlysolved this problem,and proposeda modificationto their solution.
Like Feldmanand Cousins[1] the Rolke-Lopezmethodsolvesthe "flip-flop” problem,andit always
resultsin physicallymeaningfullimits. The problemdescribedchereaswell asits solution,though,do
not dependon what methodof computationis usedfor eitherthe sensitvity or the limits. As long as
thereis someuncertaintyin the backgroundate the biaswould be equally presentf we had usedfor
exampleFeldmanandCousing1] or a Bayesiammethod.

To getanideaof the size of the biaswe performeda Monte Carlo study of the analysisof the
D° — u*pu~ decayusingdatafrom FOCUS[5]. Oneproblemin doingthis MC is obtaininga large
sampleof backgroundevents. In our studythis samplewasobtainedby assuminghe backgroundvas
dueto otherparticlesbeingmisidentifiedasmuons.

Fake datasetsweregeneratedby randomlychoosingM eventsfrom the simulatedsignalsetand
N eventsfrom the backgroundset. For the purposef this studywe chosethe numberof background
eventsN from a Poissordistribution with rate16 asin therealdimuondata,and M waschoserfrom a
Poissordistribution with rate A, where\ wasvariedfrom 0 (meaningno signalwaspresent)o 6. For
eachvalue of the rate A we generated000 fake datasetsin this manner To eachof thesedatasets
we appliedeachof 13122 cuts. The cutsusedfor this simulationwerethe samecutsthathadpreviously
beenchoserasappropriatdor thisanalysis.Thecutthathadthelowestexperimentakensitvity wasthen
appliedto the signalregion andthe Rolke-Lopezmethodwasusedto find the correspondingonfidence
limits. Finally those5000 confidencdimits wereusedto calculatethetrue coveragerates.To make sure
thatary obsered biasis really dueto the minimization-estimatiorproblem,we alsorandomlychose9
individual cutsandalwaysappliedthosesamecutsto thefake data.Clearlyin this caseno minimization
takesplace,andsothereshouldbeno bias.

Theresultsof this MC studyareshawn in figure 1. As expectedthelimits for the individual cuts
have correctcoverage with the true coveragenot droppingmuchbelon the nominalrateof 0.9. Thata
few of thecoverageratesontheright sideof thegrapharebelov the0.9line is dueto randomfluctuations
in the MC aswell asthe discretenatureof the Poissondistribution. The apparentropin the coverage
ratesfrom the left to the right doesnot continue,with the ratesfor \'s largerthan6 all just above 0.9.
Thiswasverified by runningthe MC for variousvaluesof A upto A = 15.

Correctcoverageis not the only characteristia good methodshouldhave. It is alsoimportant
to obtainthe strictestlimits possible. Thatis whatthe minimum sensitvity cut methodologyattempts
to do but usingthe limits from this methodresultsin true coveragerateswell belov the nominalrate.
Thegraphis basedon just 15 differentvaluesfor X, andit would be purecoincidencef the lowesttrue
coveragewereobtainedfor oneof thosevalues. Thereforethe worst coverageshouldbe expectedto be
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Fig. 1. True coverageratesfor individual cuts (dottedline) and for minimum sensitvity cut (solid line). The ratesfor the
individual cutsarealwayslargerthanthe nominalrateasis desired wherasthe true coveragefor the minimum sensitvity is
oftenwell below thenominalrateof 0.9.

well belon theworstoneobseredof about).845. We canthereforeconcludethatwe have asizablebias
in our confidencdimits dueto the cut selectionbias.

3 TheBootstrap

The statisticalbootstrapmethodis a non-parametri@lternatve for finding error and bias estimatesn
situationswherethe assumptiorof a Gaussiardistribution is not satisfiedand whereit is difficult or
evenimpossibleto develop an analyticsolution. In this sectionwe will shav the reasoningoehindthe
bootstrapmethodandhow it is appliedin practice.

Let usassumeve areinterestedn estimatinga certainparametef suchasthe width of a signal
or abranchingratio. Let usalsoassumehatwe have obserations X, .., X,, from adistribution F' that
depend®né. Furthermoreve have amethodfor finding anestimate) of0 saye T(X1,..,X,). The
estimator!” might be assimpleascomputingthe meanof the obserationsor ascomplicatedasfitting a
Dalitz plot.

Now, in additionto & we will alsoneedan error estimateaswell asan ideaof the biasin the
estimator?’. If 7' is fairly simplewe might be ableto find its distribution and getan error anda bias
estimateanalytically If the situationis more complicatedwe might insteadtry a Monte Carlo study
To do this we would simulatesamplingfrom the distribution ¥, generatingnary (sayk) independent
samplef sizen, applythe estimatorT” to eachandtherebygeta sampleof estimatordy, .., 0. Then
we canlook at a histogramof the estimatorscomputetheir standardieviation, andsoon.

46



But whatcanwe doif we donotknow thedistribution F'? In thatcasethedataX,, .., X,, is all we
have, andary analysishasto be basedon theseobserations. The bestestimateof the distribution func-
tion F(x) istheempiricaldistriwtionfunctionﬁ(a:) givenbyﬁ(z) = 1.(numberof obserationsX; < z),
z € R, thatis the percentagef eventssmallerthanz. The basicideaof the bootstraps to replacethe
distribution F' in the MC studyabove by its empiricaldistribution function F.

It canbe shawvn that samplingfrom the empiricaldistribution function meanssamplingwith re-
placemenfrom theobserations X, .., X,,. A bootstrapsamplehasthe samesamplesizeastheoriginal
data.lt is madeup out of theoriginal obserations,someof which mightappeamorethanoncewhereas
othersmight not be includedat all. As in the MC study we will drav mary (say B) of thesebootstrap
samplesapply the estimatorT” to eachof them andtherebygetbootstrapestimateﬁ{, - OA}; of §. We
canthenstudythesebootstrapestimatedo getanideaof the errorandthe biasof 7.

The bootstrapmethodas describedabore wasfirst developedby B. Efronin [6]. Sincethena
greatdealof theoreticalWwork hasbeendoneto shov why andwhenthe bootstrapmethodworks, seefor
exampleHall [7], andit hasbeensuccessfullyusedin awide variety of areas.Previous applicationsof
thebootstrapn High Enegy Physicscanbefoundin Hayes,PerlandEfron [8] andin Alfieri etal. [9].
For avery readablentroductionto the subjectseeEfron andTibshirani[10].
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Fig. 2: True coverageratesfor the limits of the signalrate basedon the cut setwith the smallestsensitvity (solid line) and
for the dualbootstrapmethod.Clearly the dual bootstrapcorrectlyadjuststhe limits andyields correctlimits with the correct
coveragerate.

4 The Dual Bootstrap and Bias Corrected Limits

As discussedn theintroduction,the usualapproactfor dealingwith this bias,namelythe split sample
method,hassomeseriousproblemsof its own. Insteadwe will usea variantof the bootstrap:we will
draw onebootstrapsamplefrom the dataandfind the cutwith the smallestsensitvity for this bootstrap
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sample thenwe will drav anotherbootstrapsamplejndependentrom thefirst, to find thelimits. This
procedurewill thenberepeatedB times,with a B of about5000. In this mannemwe will get B lower
andupperlimits. Finally we will usethe medianof the lower and the medianof the upperlimits as
our estimates.We usethe medianbecausat is lesssensitve thanthe meanto a few unusuallylarge
obserations. Also, in the casewherethe signalrateis zero,if evenafew of the B bootstrapestimates
of thelower limit arepositve, the meanwould alsobe positve (andwrong), whereaghe medianis still
zero(andthereforecorrect).

In thisway for eachbootstrapsamplewe geta cutsetthatis optimalfor thefirst bootstrapsample
but notnecessarilyor thesecondwhichis representate of theunderlyingdistribution. We cantherefore
expectto getunbiasecdestimatedor thelimits or, in otherwords,limits with the correctcoveragerate.

We repeatedhe MC studydiscussedn section2, now usingthe dualbootstrapmethod.Figure2
shaws thatthe dual bootstrapmethodyields limits with the correctcoverage effectively removing the
minimization-@aluationbias. Similar MC studieswith differentnominal coverageratesand different
backgroundates pothsmallerandlargerthantherateof 16 shavn here have confirmedthis conclusion.

5 Conclusion

We have shavn thatperforminga blind analysisis notenoughto eliminatethe cut selectionbias. A MC
studyof the D° — u*u~ decayindicatesthat this biasis quite large. We have developeda method
basedon the bootstraptechniquefrom Statisticsthat correctsfor this type of bias. A MC studyfor the
D% — u*pu~ decayshaws thatthis new methodperformsvery well.

FORTRAN routinesfor thedualbootstrapnethodaswell asfor computingthe Rolke-Lopezlimits
areavailablefrom the authorsby sendinganemailto w_rolke@rumac.uprm.edu.

References

[1] R.D. Cousins,G.J.Feldman,’A Unified Approachto the ClassicalStatisticalAnalysis of Small
Signals”,Phys.Rev, D57, (1998)3873.

[2] C.Casoetal. (ParticleDataGroup),Eur. Phys.J.C 3, 1(1998)177.

[8] W.A. Rolke, A.M. Lopez,"Confidencelntenals andUpperBoundsfor Small Signalsin the Pres-
enceof BackgroundNoise”, Nucl. Inst.and MethodsA458(2001)745-758

[4] G. Feldman,”Multiple measuementsand parametes in the unified approad”, talk at Fermilab
Workshopon Confidencd.imits 27-28March, 2000, http://conferences.fhgov/clRk/ , p.10-14.

[5] J.M. Link etal., Proceeding®f HeavyQuarksat Fixed Target 1998,AIP Conf Proc. 459, eds.H.
W. K. CheungandJ. N. Butler (1998)261

[6] B.Efron,”Bootstrapmethods:anotheldook atthejacknife”, Ann. Statistics 7, (1979)1-26.
[7] P Hall, TheBootstap and Edgeworth ExpansionSpringerVerlag,(1992)

[8] K.G.HayesM. L. Perl,B. Efron,”Application of theBootstrapStatisticalMethodto the TauDecay
Mode Problem”,Phys.Re. D39: (1989)274

[9] R.Alfieri etal., "Understandingtochasti@erturbatiortheory:toy modelsandstatisticalanalysis”,
hep-lat/00020182000)

[10] B. Efron,R.J.Tibshirani,AnIntroductionto the Bootstap, Chapmar& Hall, (1993)

48



