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Abstract

The Mini-BooNE experimentis aboutto run at Fermilabsearchindor v, —
v, oscillations.Statisticalmethodgfor settingconfidencentenals for param-
etersin this andrelatedexperimentswill bediscussed.

1 INTRODUCTION

In the mini-BooNE neutrinooscillation experimentat Fermilab,an 8 GeV proton beamhits a tamget
producingpionsandkaons.Somedecayin a 50 (25) m decaylengthproducingneutrinos.The detector
is 500 m downstream.Most neutrinoscrossingthe detectorarev,,. The experimentis a searchfor v,
oscillatinginto v, in the sameparameterangeasthe signalreportedoy the LSND experiment[]. The
oscillationprobabilityis:

1.27Am?L
Pp,am2(E) = sin® 2¢ sin” (7Tm> ’

whereneutrinoenegy E is in MeV, Am? isin eV2, L is in meters,and ¢, Am? are parameterso be
determined.

Thereare 3 sourcesof background. Thereis backgroundfrom real v, from p decayand K3
decay from v, N — p~ N’ eventsmistalenly identifiedasv, events,andalsofrom v, N — u,ﬂrON’
eventsmistalenly identifiedasv, events.

Thenumberandspectrumof thesebackgroundaventswill be known (with someuncertainty).In
two yearsof runningat nominalintensity 1500intrinsic v, background5007° mis-id backgroundand
500v, mis-id backgroundareexpected.

Theremayor maynotbeasignal.If LSND is confirmed,about1000o0scillationsignaleventsare
expected.

2 SETTING LIMITS IF NO SIGNIFICANT SIGNAL IS SEEN
2.1 A Simplified Problem

Considerthe simplified situationof a simplePoissordistribution. Several methodshave beenproposed
over thelastfew yearsfor settinglimits.

2.11 TheUnifiedMethod

The Unified Methodwasintroducedinto particle physicsby G. FeldmanandR. Cousins[2. Let f, be
the PDFof aPoisson(y) distribution. If  signalandb backgroundeventsareexpected,

L(Oln) = foeoln) = (b -+ 6)e=+).

Let X
0 = max(n — b,0),
Ro(n) = L(o|n) _ ( b+6 )nemax(n,b)—(b+0),
L(fln)  \max(n,b)
and

Py{n: Ry(n) > cp} >1—a.
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ThentheUnifiedintenalsare{6 : Ry(n) > cg}. Thatis, theunifiedintervalsconsistof takingregionsof

highlikelihood,relative to the maximumlikelihood,in the spaceof theallowableparametersExtensve

tablesare given by Feldmanand Cousins. This methodalways finds a non-null interval, eveniif the
experimentalresultis improbable. It goesautomaticallyfrom a one sidedlimit to two-sidedinterval.

Theintenals areinvariantundera changeof variable. Regionsof high relative likelihoodarea general
methodfor obtainingconfidencesetsthathaslong beenrecommendedy statisticiansasnotedin [2]. In

thepresentontet, themethodis reliableif theobseredn is muchlargerthantheexpectedbackground
b. However, it cangive ananomaloushjfow upperboundif » is smallerthand, asnotedin [4]. Feldman
andCousinsrecognizedhis andsuggestedhatthe expectedsensitvity be quotedaswell asthelimit.

TheKarmenexperiment[3 expectedl .25 + .25 neutrinooscillationsignaleventsgiventhe LSND
experimentresultsandexpected3 backgroundvents.Observing0 eventsthey quoteda Unified Method
90%UCB as1.08. This valueis too small. For if nosignaleventsareobsered,thenthereareno signal
eventsandno backgroundvents;andif we simply obsered no signalevents,thenthe NeymanPearson
intenals andBaysianintenalswith a uniform prior, describedelow, both produceanupperconfidence
boundof 2.3.

2.12 ConditionalConfidencéntervals
Let N bethenumberof obseredeventsand B the (random)backgroundlf N = n, thenclearly B < n.
If it wereknown that B < m apriori, thenthelikelihoodwould be

L(o}n) = ﬁme(m; n<m,

L(O}n) = ﬁ > hlis(n = ks n>m,

where f,, and F,, arethe PDF and DF of the Poissory) distribution. The Conditional Confidence
method[4 usesthis likelihoodwith m = n andappliesthe Unified Methodto it.

Cond. Conf. Intvl.
P Unified Conf. Intvl~

Signal Mean O

Me%sureé n
Poisson Confidence Region (b=3.)

Fig. 1: Unified andConditionalintervals
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The confidencenterval obtainedis a conditionalconfidencdntenal. This methodhasthe same
advantagesasdoesthe Unified Method,and,in addition,givessensibleresultsif fewer eventsareseen
than expectedfrom background. However, a problemwasfound[q. Supposehe methodis applied
to the continuousproblemof measuringa parameteknown to be greaterthan zero, with a normally
distributed measuremergrror The ConditionalConfidenceMethodleadsto a positive lower limit for
all positive obsenations,in contrastto the sensibldower limit obtainedwith the Unified Method. The
presentmethodalsohasa lower limit problemfor large numbersof eventsin the Poissondistribution
problem.

2.13 Flat Prior BayesCredibleInterval
If ® is givenauniform prior, let g andG denotethe posteriordensityandDF of ©. Thus

9(6n) o foro(n).
TheBayesiarcredibleintenalsare
[an,bn] = {6 : g(0In) > cn}

wherec, is sochoserthatG(b,|n) — G(ap|n) =1 — a.

Bayes Cred. Intvl.
P Cond. Conf. Intvl. -

Q

Signal Mean O

‘ Me%sureé n
Poisson Confidence Region (b=3.)

Fig. 2: Bayesiarnintenalswith Flat Prior

Examinethefrequentistonfidencdevel of this Bayesiarcredibleintenal. For theproblemwith a
normally distributedmeasuremergrror, it canbe shavn thatthefrequentisicoverageprobability (FCP)
of the Bayesianntenal is always

1_
FCP> —2.
1+«

Thislimit is very conserative. For a = 0.1, thislimit gives0.8182 but numericalevaluationsshaw the

limit to be > 0.86. In addition,asmalladhocmodificationcanmake thedifferencen valuesof the FCP
andl — « very smallindeed.Similar resultshold for the Poissorcase[§.
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Supposéhenuisancevariables for the normally distributedmeasuremergroblemor b for Pois-
sonproblemhasanuncertainty This canbetreatedin a Bayesianrmanner:setthe priorsto be1/0? for
thenormalande—? for the Poissorproblem.For thenormalcasewo independentandonmvariablesX ~
Normalf,o?] andW ~ o?x? areobsered. The secondvariablegivesa measureof o. The Bayesian
crediblelimits arewidenedasexpected.However, if examinedfrom the frequentistview, the deviation
of the frequentistconfidencerom Bayesiancrediblevalueis lessened[[l With the nuisancevariables
smearedthelimits getwider for far negative results,asc becomegesscertain.

Confidence Belt For Continuous Example

Fig. 3: ConfidenceandCredibleBeltsfor the ContinuousExample

Us and u/s

t

Fig. 4: 90% Credibleintervalsfor Variousr

This methodhasmostof the good advantagesof both the Unified Method and the Conditional
ConfidenceMethod. However, the frequentistconfidencdimits are not completelyconstant(varying
from 0.86to > .9) for the 90% crediblelimit Poissoncase,andthe intenals are not invariantunder
a changeof variablesincethe intervals have beenchosento minimize lengthin the #-scale. (Other
statisticaltoolsalsolack invariance,e.g.,the CramerRaoinequality)

31



0.94

0.92

Coverage Probability
090

0.88

Fig. 5: FrequentisCoverageProbability

2.2 PoissonProblemwith Extra Information for Each Event

Considemext the lesstrivial casewherethereis partial informationfor eacheventasto whatkind of
eventit is. This canbe modelledasa “marked Poisson”process[@ The enegy of the eventsarethe
“marks” with intensity
Ap,am2(e,z) = N[0g(e, ) + bh(e, z)],

whereg andh arenormalizecto integrateto 1; # dependsn ¢ andAm? andg dependon Am?. (¢ is
usuallycalledd, but | have changedhe namehereto avoid confusion.)N is proportionalto the overall
lengthof the run. The normalizationof 8 andb arethenindependenof run length. ¢ andh arealso
dependenbn z, an eventshapeparametgrsuchasthe outputof a neuralnetdistinguishingy, from v,
or neutralcurrenteventswith a «°.

The “marked Poisson”processcorresponds$o binning with bin width approachingzero. If 0 <
e1 < ey <ez - < e, < 00, thenthe probability of observingn eventswith e; < E < e; + de;, and
z;, < X <zj+dz;, i=1,---,nis

n
L= (H ’\¢,Am2 (€3, 2;) x deidxi> X e*A(¢,Am2)’

i=1

where,

Emam

A, am®) = [

Enmin

/)\¢7Am2(€, x)dxde = 0 + b.

If aBayesmethodwith uniform prior is usedthe marginal PDFis

n 00 n
fnea) = [T hewsn) [ @ T]b+ br(er, zi)le*as,
k=1 0 k=1
with r(ek,xk) = g(ek,xk)/h(ek,wk).
Let fy(n, e, z) bethedensityfunctionfor givend. ThentheposteriorPDFis
_ foln,e,z)
q(0|n’ w) - f(n7 67 '/E) .

The appropriateBayescredibleinterval/limit canthenbe found by iterationtechniques.The present
situationis a little more complicatedthanthat describedn Roe and Woodroofe[8, in thatg is now a
functionof the parametersf interest.
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3 Determining Valuesof Parametersif a Signalis Seen

If the LSND resultsare correct, of the order of 1000 signal eventsand 2500 backgroundeventsare
expected.Sinceg = ga,,,2, definedifferentvariables

1.27Am2L>

0(¢, Am*)gam2 (e, ) = a(e, x) sin? 24 sin? ( ;

wherea(e, z) is notafunctionof ¢, Am?2. If LSND is correcttheresultswill notbenearthebackground
boundary The Unified Methodshouldwork well here.Letw = In L,

n
L= H N[ag(ekaxk) + bh(ek,ﬂ,‘k)]e_/\,
k=1

Emam 2
A= / / Ndzde [a(e,x) sin? 2¢ sin? (M) + bh(e,x)] .
e

Enin

where

1.27Am?2

n
w=nlnN —A+ Zln [a(ek,xk) sin® 2¢ sin? (
€k
k=1

) o]

The maximumlikelihood correspondso the minimum of —w. A grid of nearbypointscanthen
be examinedusingmary Monte Carlosimulationsof the experimentat eachpoint. Find for eachMonte
Carloexperimentthevalueof Riest = Liest/ Limaz—test SUChthat100a% of thetime the R foundwould
belowerthan R;.;. Plot outtheregion(s)of ¢, Am? whereR;.; correspondso the R obtainedin the
experimentfor that ¢, Am? point.

Enegy smearingcan be includedin the MC experiments,as canthe effect of uncertaintiesn
nuisancevariablesg, h, andb. Thelatterwould be includedassystematierrors,somavhatalleviating
the conceptuaproblemof mixing Bayesandfrequentistconcepts.
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