
STATISTICS ISSUESFOR THE MINI-BOONE EXPERIMENT

Byron P. RoeandMichaelWoodroofe;reportedby B. Roe
Universityof Michigan,Ann Arbor, Michigan48109,U.S.A.

Abstract
TheMini-BooNE experimentis aboutto run at Fermilabsearchingfor �������� oscillations.Statisticalmethodsfor settingconfidenceintervals for param-
etersin thisandrelatedexperimentswill bediscussed.

1 INTR ODUCTION

In the mini-BooNE neutrinooscillation experimentat Fermilab,an 8 GeV proton beamhits a target
producingpionsandkaons.Somedecayin a 50 (25) m decaylengthproducingneutrinos.Thedetector
is 500m downstream.Most neutrinoscrossingthedetectorare ��� . The experimentis a searchfor ���
oscillatinginto ��� , in thesameparameterrangeasthesignalreportedby theLSND experiment[1]. The
oscillationprobabilityis: �	��
 ��
���������������� �"!$#%�����&�('*)�+ !$,�-�. �0/� 132
whereneutrinoenergy � is in MeV, -�. � is in eV� , / is in meters,and # , -4. � areparametersto be
determined.

Thereare3 sourcesof background.Thereis backgroundfrom real ��� from 5 decayand 6 �87
decay, from ���:9;� 5=< 9?> eventsmistakenly identifiedas ��� events,andalsofrom ���@9;� ��� ACBD9?>
eventsmistakenly identifiedas ��� events.

Thenumberandspectrumof thesebackgroundeventswill beknown (with someuncertainty).In
two yearsof runningatnominalintensity, 1500intrinsic ��� background,500 ACB mis-idbackground,and
500 ��� mis-idbackgroundareexpected.

Theremayor maynotbeasignal.If LSND is confirmed,about1000oscillationsignaleventsare
expected.

2 SETTING LIMITS IF NO SIGNIFICANT SIGNAL IS SEEN

2.1 A Simplified Problem

Considerthesimplifiedsituationof a simplePoissondistribution. Severalmethodshave beenproposed
over thelastfew yearsfor settinglimits.

2.11 TheUnifiedMethod

TheUnified Methodwasintroducedinto particlephysicsby G. FeldmanandR. Cousins[2]. Let E � be
thePDFof aPoisson( 5 ) distribution. If F signaland G backgroundeventsareexpected,/ � F	H I �J� E�KMLON � I �P� )IJQ � GPRSF �UT@V <CW KMLON�X +
Let YF ��Z\[�]"� I_^`G 2�a � 2b N � I �J� / � FcH I �/ � YFcH I � � ' GPRdFZ\[�]"� I 2 G � 1 T V0ePf8g Wih 
 j X <CW j LON�X 2
and k N�lmIon b N � I ��prq N�s p ) ^ut +
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ThentheUnifiedintervalsare lvF4n b N � I ��prq N�s + Thatis, theunifiedintervalsconsistof takingregionsof
high likelihood,relative to themaximumlikelihood,in thespaceof theallowableparameters.Extensive
tablesaregiven by Feldmanand Cousins. This methodalways finds a non-null interval, even if the
experimentalresult is improbable. It goesautomaticallyfrom a onesidedlimit to two-sidedinterval.
The intervalsareinvariantundera changeof variable.Regionsof high relative likelihoodarea general
methodfor obtainingconfidencesetsthathaslongbeenrecommendedby statisticians,asnotedin [2]. In
thepresentcontext, themethodis reliableif theobserved I is muchlargerthantheexpectedbackgroundG . However, it cangiveananomalouslylow upperboundif I is smallerthan G , asnotedin [4]. Feldman
andCousinsrecognizedthisandsuggestedthattheexpectedsensitivity bequotedaswell asthelimit.

TheKarmenexperiment[3] expected)�+ !�wyx + !�w neutrinooscillationsignaleventsgiventheLSND
experimentresultsandexpected3 backgroundevents.Observing0 eventsthey quotedaUnifiedMethod
90%UCB as1.08.This valueis too small.For if no signaleventsareobserved,thenthereareno signal
eventsandno backgroundevents;andif wesimplyobservednosignalevents,thentheNeymanPearson
intervalsandBaysianintervalswith auniformprior, describedbelow, bothproduceanupperconfidence
boundof 2.3.

2.12 ConditionalConfidenceIntervals

Let 9 bethenumberof observedeventsand z the(random)background.If 9{� I , thenclearly z}|~I .
If it wereknown that z�| . apriori, thenthelikelihoodwouldbe/ � F	H I �J� )� K ��.�� E�KMLON � I ��� I3| . 2/ � FcH I ��� )� K ��.�� 
��D� B E�K ����� E�N � I_^ ����� I3� . 2
where E � and

� � are the PDF and DF of the Poisson(5 ) distribution. The ConditionalConfidence
method[4] usesthis likelihoodwith .�� I andappliestheUnified Methodto it.

Fig. 1: UnifiedandConditionalIntervals
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Theconfidenceinterval obtainedis a conditionalconfidenceinterval. This methodhasthesame
advantagesasdoestheUnified Method,and,in addition,givessensibleresultsif fewer eventsareseen
thanexpectedfrom background.However, a problemwas found[5]. Supposethe methodis applied
to the continuousproblemof measuringa parameterknown to be greaterthanzero,with a normally
distributedmeasurementerror. TheConditionalConfidenceMethodleadsto a positive lower limit for
all positive observations,in contrastto thesensiblelower limit obtainedwith theUnified Method. The
presentmethodalsohasa lower limit problemfor large numbersof eventsin the Poissondistribution
problem.

2.13 Flat Prior BayesCredibleInterval

If � is givenauniform prior, let � and � denotetheposteriordensityandDF of � . Thus� � F	H I �P� E�KMLON � I � +
TheBayesiancredibleintervalsare � � T 2 G T:� � lvF4n�� � F	H I ��prq T s
whereq T is sochosenthat � � G T H I � ^u� � � T H I �J� ) ^`t +

Fig. 2: BayesianIntervalswith Flat Prior

Examinethefrequentistconfidencelevel of thisBayesiancredibleinterval. For theproblemwith a
normallydistributedmeasurementerror, it canbeshown thatthefrequentistcoverageprobability(FCP)
of theBayesianinterval is always ��� k p ) ^`t) R~t +
This limit is very conservative. For t � a�+�) , this limit gives0.8182,but numericalevaluationsshow the
limit to be p a�+���� . In addition,asmalladhocmodificationcanmake thedifferencein valuesof theFCP
and ) ^`t very smallindeed.Similar resultshold for thePoissoncase[6].
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Supposethenuisancevariable � for thenormallydistributedmeasurementproblemor G for Pois-
sonproblemhasanuncertainty. This canbetreatedin a Bayesianmanner:setthepriorsto be )v� � � for
thenormaland V < K for thePoissonproblem.For thenormalcasetwo independentrandomvariables� �
Normal

� F 2 � � � and ¡ �}� �D¢y�£ areobserved. Thesecondvariablegivesa measureof � . TheBayesian
crediblelimits arewidenedasexpected.However, if examinedfrom thefrequentistview, thedeviation
of the frequentistconfidencefrom Bayesiancrediblevalueis lessened[7]. With thenuisancevariables
smeared,thelimits getwider for far negative results,as � becomeslesscertain.

Fig. 3: ConfidenceandCredibleBeltsfor theContinuousExample
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Fig. 4: 90%CredibleIntervalsfor Various¤
This methodhasmostof the goodadvantagesof both the Unified Methodandthe Conditional

ConfidenceMethod. However, the frequentistconfidencelimits arenot completelyconstant(varying
from 0.86 to � +�¥ ) for the 90% crediblelimit Poissoncase,and the intervals arenot invariant under
a changeof variablesincethe intervals have beenchosento minimize length in the F -scale. (Other
statisticaltoolsalsolack invariance,.e.g.,theCramer-Raoinequality.)
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Fig. 5: FrequentistCoverageProbability

2.2 PoissonProblem with Extra Inf ormation for Each Event

Considernext the lesstrivial casewherethereis partial informationfor eachevent asto what kind of
event it is. This canbe modelledasa “marked Poisson”process[8]. The energy of the eventsarethe
“marks” with intensity ¦ ��
 ��
�����V 2¨§ �P�©9 � F�� ��V 2¨§ � R~GDª ��V 2¨§ � � 2
where� and ª arenormalizedto integrateto 1; F dependson # and -�. � and � dependson -�. � . ( # is
usuallycalled F , but I have changedthenamehereto avoid confusion.) 9 is proportionalto theoverall
lengthof the run. The normalizationof F and G arethenindependentof run length. � and ª arealso
dependenton § , aneventshapeparameter, suchastheoutputof a neuralnetdistinguishing��� from ���
or neutralcurrenteventswith a A B .

The “marked Poisson”processcorrespondsto binning with bin width approachingzero. If a3«V�¬ « V � « Vm7=­0­0­ « V T «¯® , thentheprobabilityof observingI eventswith V0° | � | V0° R²± Vm° 2 and§ ° |~�³| § ° RS± § ° 2_´ � )�2 ­0­0­ 2 I is/ �¶µ T·° � ¬ ¦ ��
 ��
�����Vm° 2¨§ °��¹¸ ± Vm° ± § °�º»¸?V <�¼cW ��
 ��
 � X 2
where, ½ �M# 2 -4. � �J�¿¾SÀÂÁcÃ¨ÄÀ ÁOÅiÆ ¾ ¦ �$
 ��
�����V 2¨§ � ± § ± VÇ� F%R~G +

If a Bayesmethodwith uniform prior is used,themarginal PDFisE � I 2 V 2¨§ ��� T·�0� ¬ ª ��V � 2¨§ � �&¾~ÈB V <CW KMLON�X T·�D� ¬ � GPRdF$É ��V � 2¨§ � � � V <CW KMLON�X ±:F 2
with É ��V � 2¨§ � �P� � ��V � 2¨§ � � � ª ��V � 2¨§ � � .

Let E�N � I 2 V 2¨§ � bethedensityfunctionfor given F . ThentheposteriorPDFisÊ&� F	H I 2¨§ �J� E�N � I 2 V 2¨§ �E � I 2 V 2¨§ � +
The appropriateBayescredibleinterval� limit canthenbe found by iteration techniques.The present
situationis a little morecomplicatedthanthat describedin RoeandWoodroofe[6], in that � is now a
functionof theparametersof interest.
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3 Determining Valuesof Parametersif a Signal is Seen

If the LSND resultsare correct,of the order of 1000 signal eventsand 2500 backgroundeventsare
expected.Since� � � �y
�� , definedifferentvariablesF �M# 2 -�._�m� � ��
�����V 2¨§ �P� � ��V 2¨§ � �����Â�"!$#Ë�Ì���&�('*)�+ !$,�-�. �v/V 132
where

� ��V 2¨§ � is notafunctionof # 2 -�. � . If LSND is correcttheresultswill notbenearthebackground
boundary. TheUnified Methodshouldwork well here.Let Í ��Î�� / ,/ � T·�0� ¬ 9 � F�� ��V � 2¨§ � � RrGÏª ��V � 2¨§ � � � V <�¼ 2
where ½ �¿¾ À Á	Ã¨ÄÀ ÁOÅiÆ ¾Ð9 ± § ± V4Ñ � ��V 2¨§ � �Ì�����"!$#%�����&� ' )�+ !$,�-4. � /V 1 R~GDª ��V 2¨§ �ÓÒ +

Í � I Î���9 ^ ½ R T��0� ¬ Î�� Ñ � ��V � 2¨§ � � ����� � !$#%����� � ' )�+ !$,�-�. �V � 1 RSGÏª ��V � 2¨§ � � Ò +
Themaximumlikelihoodcorrespondsto theminimumof ^*Í . A grid of nearbypointscanthen

beexaminedusingmany MonteCarlosimulationsof theexperimentateachpoint. Find for eachMonte
Carloexperimentthevalueof

bÕÔ �×Ö Ô � / Ô �8Ö Ô � / 
�Ø�Ù < Ô �×Ö Ô suchthat )0a�a t=Ú of thetime the
b

foundwould
belower than

b Ô �×Ö Ô . Plot out theregion(s)of # 2 -�. � where
b Ô �8Ö Ô correspondsto the

b
obtainedin the

experimentfor that # 2 -4. � point.

Energy smearingcanbe includedin the MC experiments,as can the effect of uncertaintiesin
nuisancevariables� 2 ª 2 and G . The latterwould be includedassystematicerrors,somewhatalleviating
theconceptualproblemof mixing Bayesandfrequentistconcepts.
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