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Abstract

Confidencdimits arecommonplacein physicsanalysis.Greatcaremustbe
takenin their calculationanduse,especiallyin casef limited statisticavhen
oftenone-sidedimits arequoted.In orderto estimatethe stability of the con-
fidencelevelsto additionof moredataand/orchangeof cuts,we arguethatthe
varianceof their samplingdistributions be calculatedin additionto the limit

itself. The squareroot of the varianceof their samplingdistribution can be
thoughtof asa statisticalerroron the limit. We thusintroducethe concepiof
statisticalerrorsof confidencdimits andarguethat not only shouldlimits be
calculatecbut alsotheirerrorsin orderto representheresultsof theanalysigo
thefullest. We shav thatcomparisorof two differentlimits from two different
experimentdecomewasiemwhentheirerrorsarealsoquoted.Useof errorsof

confidencdimits will leadto abatemenof thedebateon which methodis best
suitedto calculateconfidencdimits.

1 Intr oduction

Confidencdimits areusedto expressheresultsof experimentghatarenot yet sensitve to discover the
objectof their searchesln suchcasespftena one-sidedimit is usedto delimit the quantityof interest.
Limits from differentexperimentsare comparecandattemptsaremadeto combinethem. Theselimits

canfluctuateup or down with the additionof moredataor the changingof the analysisparametersA

measuref therobustnesof thelimits is given by thewidth of the samplingdistribution of thesdimits,

wherethesamplingdistribution is obtainedover anensemblef similar experimentsimulatedby Monte
Carlo. Thestandardieviation of the samplingdistribution of suchlimits canbethoughtof asanerroron

thelimit.

We introducethe conceptof errorof confidencdimits by a simple Gaussiarexample.Considera
sampleof n events,wheren = 10, characterisedby the variablex distributedasa unit Gaussianyvith
ameanvaluey = 0 andstandarddeviation o = 1. Thenthe averagevalue z of the n eventswill be
distributedasa Gaussiamf meanvaluezeroandstandarcerrora/,/(n). Theunbiasedstimateof o, the
varianceof thedistribution is givenby s where,

1 =n

s’ = > (@ -7 (1)

n—1:=

Figure 1 shaws the distribution z of our sampleof 10 eventsfor a large numberof samples.The ex-

pectedvaluez is zeroandits standarddeviation is 0.32which is consistentvith thetheoreticaivalueof

a/+/(n)=0.316.Figure2 shavs a histogramof s deducedrom asampleof 10 eventsfor alarge number
of suchsamplesTheaveragevalueof s is = 1.0, shaving that s is anunbiasedestimatorof o. Theim-

portantpointto noteis thats also hasavarianceandthatits standardleviationis 0.23. Thisis asexpected
from theorywherethe error on the standarcieviation of a Gaussiarsample[1] is ~ o/+/(2n)=0.223.
Having got the valueof Z ands for our sample onecanproceedo work out confidencdimits for our

obsenation. The two-sided68% CL limits for our obseration of Z will be givenby the standarcerror
o(z) of z andwe would write the obseration of z from our sampleas

T+0(z) =7 +s/\/(n) = ~0.188 % 0.408 @)
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Fig. 1: Thedistribution of the sampleaveragez over alarge sampleof events.
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Fig. 2: Unbiasedestimates of the standarddeviation of the o of the Gaussiardistribution deducedrom a sampleof n = 10
events.Theaveragevalueof s is = 1.0andits standarddeviation is 0.23.

35



wherethe numberscorrespondo our sampleof 10 events. Note that the standarderror o(z) = 0.408
derived from our sampleof 10 eventsis quite differentfrom the theoreticalvalue of 0.32, but this is
merelydueto statisticalfluctuation.

Onecanalsowork out the two-sided90% CL limits for our obsenration of z which would corre-
spondto +1.64 o(z) andquotethe 90% CL limits as—0.188 + 0.669, which is the valueobsered for
our sampleof 10 events.

Figure 3 shavs the distribution of the 90% CL two-sidederrorson the sampleaverage,over a
large numberof samples.The meanvalue of the distribution is 0.505which is closeto the theoretical
valueof 1.640(z)=0.519.Notethatthe standardleviation of the 90% CL errorsin Figure3is 0.12.We
canalsocalculatethe standarddeviation of the 90% CL errorfrom our sampleas1.640(z)//(2n) and
this is plottedin figure 4. The meanvalueof the standarddeviation of the 90% CL errorin figure4 is
0.113,in line with thetheoreticavalueof 0.116. Whenthe meanvalueis of interestwe quotethemean
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Fig. 3: Thedistribution of the calculatedwo-sided90% CL errorsof the meanvalueof the sample.

valueandthe standarderroronthemeanvalueasin equatior?. Thisenablesisto gaugethefluctuations
in the meanvaluefrom sampleto sample.Whenthe confidencdimit is of interest,we proposehatwe
quotethe confidencdimit alongwith its standarcerror This would enableusto gaugethe significance
andstability of the confidencdevel. In our examplewe would write this as

T — 1.640(.’2) Tog<pu<zT+ 1.640’(.’3) + 099 at 90% CL )

wherey is theexpectationvalueof z andthe standarcerroragg onthe 90% CL limit would be givenby

oa0 & o(2)y/ (1 + (1.64)2/(2n) (4)
In our sampleof 10 events,thiswould leadto

—0.857 £0.434 < pu < 0.481 + 0.434 at 90% CL (5)
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Fig. 4: Thedistribution of the calculatederroron the two-sided90% CL errorof the meanvalueof thesample.

Note thatthe error on the lower and upper90% CL limits are correlatedoy the error on z which they
have in common. Half the differencebetweenthe lower anduper90 % CL limits is 1.640(z) andits
erroris 1.647(z)/+/(2n). Thesetwo errorsaddedin quadratureyield the formulain equation4. The
errorin the 90% CL limit indicatesto the readerthe stability of the limit andthe statisticalsignificance
of theresult.

Very often,we arenotinterestedn the meanvalueof our obserationsbut aremoreinterestedn
the confidencdimits, dueto the low statisticsof the obseration. We may only beinterestedn anupper
(one-sidedpound.Sowe would quotea 95% CL upperboundon s as

p < 0.481 4 0.434 at 95% CL (6)
A secondsampleof 10 eventsfrom the samedistribution mayyield aresult
p < 0.354 £0.335 at 95% CL (7

but we do notfall into thetrapof declaringthe secondesulta betterlimit thanthefirst, becausdoththe
limits arethe samewithin errors. If we did not quotethe errorson the limits, we would be temptedto
declarethe secondimit superiorto thefirst.

Similarly, asanalysesproceedin discorery searcheseventscango in and out of samples,as
cutsarerefinedand more datais accumulated.Appearanceof a single eventin a samplecanchange
the confidencelimit drastically as wasthe casein the searchfor the top quark. Thesechangesan
be understoodas fluctuationsof the confidencdimit within errors,if we wereto quotenot only the
confidencdimit but alsoits error.

2 Reconciliation with the Neymandefinition of Confidencelimits

Theconstructiorof confidencdevelsaswritten dowvn by Neyman[2] maybeunderstoodvithin the con-
text of our currentexampleasfollows. Usingour first sampleof 10 eventsdravn from a unit Gaussian,
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we calculatea meanvaluez = —0.188. Let usassumefor the sale of agument,thatwe know the
varianceof themeanvalueto be1.0/,/(10). In this casewe canconstructhe Neymanconfidencdevel

for u, the expectatiorvalueof z, asillustratedin Fig. 5. The parametey is plottedon the ordinateand
z is plottedon the abscissaFor eachvalue of y, the 90% CL limits of z aredelineatedby horizontal
linesthataredelimitedby the curvesz; (1) andZ, (1), assumingg is distributedabouty with variance
1.0/,/(10). If thetruevalueof u is uo, thenZy (uo) < Z < Z2(po) with 90% probability If we now

measuravalueof z = —0.188, thenwe canconstructheinterval AB whichwill containthetruevalue
of po if andonly if z;(uo) < T < z2(uo). In otherwordstheinterval AB hasa probability of 90% (also
called“coverage”)of containingthetrue value ug. Theintenal AB is thusdefinedto be the 90% CL

intenal of .

If we werehowever to repeatour measurementf z by creatingothersamplesf 10 eventseach,
we would getdifferentlines AB, eachof which would have a 90% chanceof containingthe true value
wo- Most of thetime, oneis interestedn a centralvalueof z andaninterval suchasAB to denotethe
statisticalerrors(robustnesspf the measuremendf z. However, in experimentswith poor statisticsthe
centralvaluez is oftennot of interestandthe one-sidedimit (eitherpoint A or B) is often quoted. At
this stagethepointsA or B becomeointmeasurements their own right, andit is informative to quote
their statisticalerrorsin orderto evaluatetheir robustness.

This is illustratedfurtherin Fig. 6, wherewe now no longerassumeve know the varianceof z.
Thisis computedrom thedataandwill fluctuatefrom sampleto sample. Theseso-called'nuisancevari-
ables”areintegratedover to yield afinal confidencdimit in usualpractice which would be appropriate
if onewereinterestedn the centralvalueof z. If however, oneis interestedn the one-sidedimit B, it
would be appropriatdo usethemto estimatethe robustnesof the point B dueto statisticalfluctuations.
We usethe error bandsshawvn for z ando(z) in the figure to computethe samplingerror bandon the
point B.

The Neyman Construction
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Fig. 5: TheNeymanconstructiorof the confidencdevel for our example
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Modified Neyman plot
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Fig. 6: TheNeymanconstructiormadifiedto illustratefluctuationsin z anda(z) for our example.Theerrorbanddueto o (z)
andbandduetheerrorin o(Z) areshovn. Theseareaddedn quadratureo producethe samplingerrorbandof pointB.

3 An lllustrati ve example

We canillustrate the needfor confidencdimits errorsusingthe following example. In 1995,the DG

collaborationpublishedimits on thetop quarkmassandcrosssection[3]. Figure7 shovs [3] the 95%
CL upperlimit on top quarkproductionasa function of top quarkmassusing13.5pb~ of data. The
confidencdimit curve is usedto derive a lower limit of 128 GeV/& for thetop quarkmassat 95% CL.

In the samepapey anotherfigure, reproducechereasFigure 8 shavs the top quark productioncross
sectionasa functionof thetop quarkmass.This curve hasa 1 ¢ errorbandaroundit. But thetop quark
productioncrosssectionmay be thoughtof asthe 50% CL upper/laver boundon the crosssection.
Surely if the50% CL limit hasanerrorbandaroundit, the 95% CL limit shouldalsohave its own error
band. In what follows, we shav how to calculateerrorsin confidenceevelsin generalandusethe
methodto calculatetheerrorin the 95% CL curve shavn in Figure?.

4 A generalalgorithm to calculateerrors in ConfidenceLimits

Most experimentshave elaboratealgorithmsto calculateconfidencdimits for their results. Suchalgo-
rithmswill include detailedcalculationsand parametrizationsf efficienciesandacceptancesin addi-
tion, they will have severalotherinput parametersuchasthenumberof eventsobsered, totalintegrated
luminosity andthe errorontheluminosity Let usdenotetheinput parametergasa;, i = 1,n. Theout-
put of sucha programwill bethe confidencdimits C,,, a = 1, k. Figure9 illustratesthis generakase.
Then,for smallchangesn theinput parameterghe following equationshold.

§Cq = 662‘* 8a; (8)
2
§
< (500(505 >= 56(;0‘% < (5ai(5a]- > 9)
( J
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Fig. 8: Measuredtt productioncrosssection(solid line, shadedband= one standarddeviation error) as a function of top
masg3]. Also shavn arecentral(dottedline), high andlow (dashedines)theoreticakrosssectioncunes[4].

wheretherepeatedndicesi, j aremeantto be summedover andthe symbols< > indicatesthe average
over the enclosedjuantities.The quantityon theleft handsideof the equationis the error matrixin the
confidencdimits C, denotedE¢¢. Theabove equationcanbere-writtenin matrix form as

Ecc = CZ~1l;'aaT1 (10)

whereFE,, is theerrormatrix of theinput parameters;, ¢ = 1,n andT is thetransfermatrix, suchthat
Thi= JC‘* . T canbe determinechumericallyby varylngthelnput parameterso the limits algorithm.
The errormatrlx FE,, shouldbeknown to theexperimenteryielding therequirederrormatrix Ecc.
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4.1 An Example

Let usconsiderthe calculationof C', the 95% CL upperlimit to thetop quarkcrosssectionaspublished
in referencg3]. The outputof the limits algorithmis C. The input parameterganbe taken asthree,
namelya, the total numberof top quark eventsobsenred, as, the luminosityx efficiencgy x branching

ratio of the channelsinderconsiderationsummedover thechannelsaindas, the errorin theluminosity

We have useda singleparameten, summedover the channelgo simplify the calculation.In principle,
all channelsnaybevariedindependentlybut sincethey areuncorrelatedandthe dominanterroris due
to thecommonluminosityfactor theabove simplificationwill result. We usethis examplefor illustrative

purposedo shav how sucha calculationmay proceed.

Theerrormatrix of the parameterds,, is a 3x 3 diagonalmatrix, sincethe parametersireuncor
related. The varianceof a; is the numberof eventsobsenred, the varianceof as is calculatedusingthe
errorin luminosity andthe varianceof a3 is calculatedassuminghatthereis a 50% uncertaintyin the
error in theluminosity Thetransfermatrix 7" is calculatedoy numericaldifferentiation.

Figure 10 shavs the contrilution to o¢, the errorin the 95% CL upperlimit to the crosssection,
dueto the threeparameters, ao andag asa function of the top quarkmass. The overall error o¢,
obtainedby addingthe componenterrorsin quadraturejs also shavn asa function of the top quark
mass It canbeseerthatthe contrikution dueto uncertaintiesn a1, is nggligible. Sowe arenotsensitve
to errorsin our guesf 50%uncertaintyto theerrorin theluminosity Theoverall erroris dominatedy
the fluctuationin the total numberof events. This examplethusgraphicallyillustrateswhy confidence
limits fluctuateup anddown aseventsfall in andout of the selectedsampleasthe analysisproceedsand
moredatais accumulatedThe 95% CL upperlimit to the crosssectionis merelyfluctuatingwithin its
error asall statisticalquantitiesdo. Whenwe areinterestedn a confidencdimit, it thusbehowesus
to computenot only thatlimit but alsoits error We may superimposéheseerrorson Figure7 yielding
Figurell. The 95% CL lower limit to the top quarkmasscanthenbe quotedas 1281“{‘81 GeV/&, the
errorbarsindicatingtherangeof fluctuationfor themasdimit. Thisimpliesthatif onewereto repeathe
D@ experimentnumerougimeswith anintegratediuminosity of 13.5pb~! fluctuatingwithin its errors,
onewould expectto getatop quarklower masdimit thatfluctuateswithin the errorsquoted.

5 Combining limits

Combininglimits from two different experimentsis difficult at best. We remarkherethatin simple
Gaussiartasesguotingthelimit andits errorprovidesuswith enoughinformationto make a combined
result,asmaybeseerby examiningequations3 and4. Usingthevalueof thelimit andits error, we may
deducetr ando(z), if thenumberof eventsn in the samples knovn. Having the meanandits variance
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in eachcasewe canobtainthe sumof squaress? = ¥(z?) for eachmeasuremenfrhesecanbeadded
leadingto a new variancefor the combineddata. The combinedmeanof the two distributions canbe
found asusualby the weightedaverageof the two means the weightsbeingthe inversevariances.lt
mustbe emphasizedhat the combinedimit is not simply the weightedaverageof the two limits asin
the caseof themeans.

Onecanfurtheraskif thetwo limits areconsistenwith eachother if the errorson thelimits are
guoted,asshavn below.

6 Comparing Limits from two differ ent algorithms

Whentwo differentalgorithmsare usedon the samedata,two differentlimits will resultthatarecorre-
lated. The correlationswill be dueto the commoninput into the two algorithms. We canthink of the
“black box” in Fig. 9 asconsistingof two differentalgorithmsproducingasoutputC; andCy, thetwo
confidencdevelsin questionusingthe samecommoninputa;, 2 = 1,n. We canthenuseequationl0
to work out E¢ ¢, the error matrix of the two confidencdevel algorithmsandusethis matrix to decide
whetherthetwo confidencdevelsaresignificantlydifferentfrom eachotherasper,

var(Cy — C) = var(C1) + var(C2) — 2cov(C1,C2) = Ey + E22 — 2F19 (11)

7 Conclusions

We have motivatedthe conceptof statisticalerror for a confidencdimit, asthe standarddeviation of
the samplingdistribution of suchlimits over an ensembleof similar experiments. In casesof limited
statistics our estimate®f the confidencdimits canfluctuatesignificantly Comparingconfidencdimits
becomesnoremeaningfulWwhentheseerrorsarequoted.Differentmethodsxist (e.gBayesianFrequen-
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Fig. 11: The D@ 95% CL upperlimit to thetop quarkcrosssection[3] with its accompaying errorband,ascalculatedby the
methodin thetext.

tist) for calculatingtheselimits. Thedifferencesetweerimits computedn the sameexperimentusing
differentmethodswill lose their significanceif the limits are shavn to be the samewithin their sam-
pling error Oftenin analyseith limited statisticsthe appearancef a new eventcanmake significant
differencedo thelimit calculation. An error analysisof the limit will shav thatthelimit is exhibiting
statisticalfluctuationasit is entitledto. We proposeahatexperimenterpublishconfidencdimits to their
dataaccompaniedby theerroronthelimits.
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