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Abstract
Confidencelimits arecommonplacein physicsanalysis.Greatcaremustbe
takenin theircalculationanduse,especiallyin casesof limited statisticswhen
oftenone-sidedlimits arequoted.In orderto estimatethestability of thecon-
fidencelevelsto additionof moredataand/orchangeof cuts,wearguethatthe
varianceof their samplingdistributionsbe calculatedin additionto the limit
itself. The squareroot of the varianceof their samplingdistribution canbe
thoughtof asa statisticalerroron the limit. We thusintroducetheconceptof
statisticalerrorsof confidencelimits andarguethatnot only shouldlimits be
calculatedbut alsotheirerrorsin orderto representtheresultsof theanalysisto
thefullest. Weshow thatcomparisonof two differentlimits from two different
experimentsbecomeseasierwhentheirerrorsarealsoquoted.Useof errorsof
confidencelimits will leadto abatementof thedebateonwhichmethodis best
suitedto calculateconfidencelimits.

1 Intr oduction

Confidencelimits areusedto expresstheresultsof experimentsthatarenot yet sensitive to discover the
objectof their searches.In suchcases,oftena one-sidedlimit is usedto delimit thequantityof interest.
Limits from differentexperimentsarecomparedandattemptsaremadeto combinethem. Theselimits
canfluctuateup or down with theadditionof moredataor thechangingof theanalysisparameters.A
measureof therobustnessof thelimits is givenby thewidth of thesamplingdistribution of theselimits,
wherethesamplingdistribution is obtainedoveranensembleof similarexperimentssimulatedby Monte
Carlo.Thestandarddeviationof thesamplingdistribution of suchlimits canbethoughtof asanerroron
thelimit.

We introducetheconceptof errorof confidencelimits by asimpleGaussianexample.Considera
sampleof � events,where ������� , characterisedby thevariable � distributedasa unit Gaussian,with
a meanvalue � ��� andstandarddeviation 	 �
� . Thenthe averagevalue �� of the � eventswill be
distributedasaGaussianof meanvaluezeroandstandarderror 	 / �  ��� . Theunbiasedestimateof 	 , the
varianceof thedistribution is givenby � where,

��� � ������
����������� ����� � ���� � (1)

Figure1 shows the distribution �� of our sampleof 10 eventsfor a large numberof samples.The ex-
pectedvalue �� is zeroandits standarddeviation is 0.32which is consistentwith thetheoreticalvalueof	 �!�  ��� =0.316.Figure2 showsahistogramof � deducedfrom asampleof 10eventsfor a largenumber
of suchsamples.Theaveragevalueof � is " 1.0,showing that � is anunbiasedestimatorof 	 . Theim-
portantpointtonoteis that � also hasavarianceandthatits standarddeviationis �$#&%(' . Thisis asexpected
from theorywheretheerroron thestandarddeviation of a Gaussiansample[1] is ")	 �!�  %*��� =0.223.
Having got thevalueof �� and � for our sample,onecanproceedto work out confidencelimits for our
observation. The two-sided68+ CL limits for our observation of �� will begivenby thestandarderror	,-�� � of �� andwewould write theobservationof �� from oursampleas

��/.0	,-�� �,� ��1.2�3�!4  ���5�6�7�$#��98(8 . �$#;:<�<8 (2)

34



Fig. 1: Thedistributionof thesampleaverage=> over a largesampleof events.

Fig. 2: Unbiasedestimate? of thestandarddeviation of the @ of theGaussiandistribution deducedfrom a sampleof ACB�DFE
events.Theaveragevalueof ? is G 1.0andits standarddeviation is 0.23.
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wherethe numberscorrespondto our sampleof 10 events. Note that the standarderror 	,H�� � = 0.408
derived from our sampleof 10 eventsis quite different from the theoreticalvalueof 0.32, but this is
merelydueto statisticalfluctuation.

Onecanalsowork out thetwo-sided90%CL limits for our observationof �� which would corre-
spondto . �3#&I*: 	,-�� � andquotethe90%CL limits as �7�$#��98(8 . �$#&I(I(J , which is thevalueobserved for
oursampleof 10events.

Figure3 shows the distribution of the 90% CL two-sidederrorson the sampleaverage,over a
large numberof samples.The meanvalueof thedistribution is 0.505which is closeto the theoretical
valueof 1.64 	,-�� � =0.519.Notethatthestandarddeviationof the90%CL errorsin Figure3 is 0.12.We
canalsocalculatethestandarddeviationof the90%CL errorfrom oursampleas1.64 	,-�� � � �  %*��� and
this is plottedin figure4. Themeanvalueof thestandarddeviation of the90%CL error in figure4 is
0.113,in line with thetheoreticalvalueof 0.116. Whenthemeanvalueis of interest,wequotethemean

Fig. 3: Thedistributionof thecalculatedtwo-sided90%CL errorsof themeanvalueof thesample.

valueandthestandarderroronthemeanvalueasin equation2. Thisenablesusto gaugethefluctuations
in themeanvaluefrom sampleto sample.Whentheconfidencelimit is of interest,we proposethatwe
quotetheconfidencelimit alongwith its standarderror. This would enableusto gaugethesignificance
andstability of theconfidencelevel. In ourexamplewe wouldwrite thisas

�� ���3#&I*: 	,-�� � .�	LKNMPO��QO6��1R �3#&I*: 	,H�� � .0	�KNMTSVU J3� +6WPX (3)

where� is theexpectationvalueof �� andthestandarderror 	LKNM on the90%CL limit wouldbegivenby

	LKNMY"Z	,-�� � 4  � RZ �3#&I*:V� � �$ %*��� (4)

In oursampleof 10 events,thiswould leadto

�7�$#&8([<\ . �$#;:]'*: O��QO �$#;:]8$� . �$#;:]'*: SVU J3� +^WPX (5)
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Fig. 4: Thedistributionof thecalculatederroron thetwo-sided90%CL errorof themeanvalueof thesample.

Note that the error on the lower andupper90% CL limits arecorrelatedby the error on �� which they
have in common. Half the differencebetweenthe lower anduper90 % CL limits is �3#&I*: 	,-�� � andits
error is 1.64	,-�� � � �  %*��� . Thesetwo errorsaddedin quadratureyield the formula in equation4. The
error in the90%CL limit indicatesto thereaderthestability of thelimit andthestatisticalsignificance
of theresult.

Very often,we arenot interestedin themeanvalueof our observationsbut aremoreinterestedin
theconfidencelimits, dueto thelow statisticsof theobservation.Wemayonly beinterestedin anupper
(one-sided)bound.Sowewouldquotea95%CL upperboundon � as

�QO �$#;:]8$� . �$#;:]'*: S]U J([ +6W_X (6)

A secondsampleof 10 eventsfrom thesamedistribution mayyield a result

�QO �$#&'([*: . �$#&'('([ S]U J([ +6W_X (7)

but wedonot fall into thetrapof declaringthesecondresultabetterlimit thanthefirst, becauseboththe
limits arethesamewithin errors. If we did not quotetheerrorson the limits, we would be temptedto
declarethesecondlimit superiorto thefirst.

Similarly, as analysesproceedin discovery searches,eventscan go in and out of samples,as
cutsarerefinedandmoredatais accumulated.Appearanceof a singleevent in a samplecanchange
the confidencelimit drastically, as was the casein the searchfor the top quark. Thesechangescan
be understoodas fluctuationsof the confidencelimit within errors, if we were to quotenot only the
confidencelimit but alsoits error.

2 Reconciliation with the Neymandefinition of Confidencelimits

Theconstructionof confidencelevelsaswrittendown by Neyman[2] maybeunderstoodwithin thecon-
text of our currentexampleasfollows. Usingour first sampleof 10 eventsdrawn from a unit Gaussian,
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we calculatea meanvalue �� �`�7�$#��98(8 . Let us assume,for the sake of argument,that we know the
varianceof themeanvalueto be �3#a� � �  ���]� . In thiscase,wecanconstructtheNeymanconfidencelevel
for � , theexpectationvalueof �� , asillustratedin Fig. 5. Theparameter� is plottedon theordinateand�� is plottedon the abscissa.For eachvalueof � , the90% CL limits of �� aredelineatedby horizontal
linesthataredelimitedby thecurves �� � �� � and �� � �� � , assuming�� is distributedabout � with variance�3#a� �!�  ���]� . If the truevalueof � is �bM , then �� � ��bM � Oc��dOc�� � ��bM � with 90%probability. If we now
measureavalueof �� �^�7�$#��98(8 , thenwecanconstructtheinterval AB whichwill containthetruevalue
of � M if andonly if �� � �� M � O6��eO6�� � �� M � . In otherwordstheinterval AB hasaprobabilityof 90%(also
called“coverage”)of containingthe true value �bM . The interval AB is thusdefinedto be the90% CL
interval of � .

If we werehowever to repeatour measurementof �� by creatingothersamplesof 10 eventseach,
we would getdifferentlinesAB, eachof which would have a 90%chanceof containingthe truevalue�bM . Most of the time, oneis interestedin a centralvalueof �� andan interval suchasAB to denotethe
statisticalerrors(robustness)of themeasurementof �� . However, in experimentswith poorstatistics,the
centralvalue �� is oftennot of interestandtheone-sidedlimit (eitherpoint A or B) is oftenquoted.At
thisstage,thepointsA or B becomepointmeasurementsin theirown right, andit is informative to quote
their statisticalerrorsin orderto evaluatetheir robustness.

This is illustratedfurther in Fig. 6, wherewe now no longerassumewe know thevarianceof �� .
This is computedfrom thedataandwill fluctuatefrom sampleto sample.Theseso-called“nuisancevari-
ables”areintegratedover to yield a final confidencelimit in usualpractice,which would beappropriate
if onewereinterestedin thecentralvalueof �� . If however, oneis interestedin theone-sidedlimit B, it
wouldbeappropriateto usethemto estimatetherobustnessof thepoint B dueto statisticalfluctuations.
We usetheerror bandsshown for �� and 	,-�� � in thefigure to computethesamplingerror bandon the
point B.

Fig. 5: TheNeymanconstructionof theconfidencelevel for our example
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Fig. 6: TheNeymanconstructionmodifiedto illustratefluctuationsin => and @�fg=>3h for ourexample.Theerrorbanddueto @Lfg=>(h
andbandduetheerrorin @Lfg=>(h areshown. Theseareaddedin quadratureto producethesamplingerrorbandof pointB.

3 An Illustrati ve example

We canillustratethe needfor confidencelimits errorsusingthe following example. In 1995,the DØ
collaborationpublishedlimits on thetop quarkmassandcrosssection[3]. Figure7 shows [3] the95%
CL upperlimit on top quarkproductionasa functionof top quarkmassusing13.5pbi � of data. The
confidencelimit curve is usedto derive a lower limit of 128GeV/c� for thetop quarkmassat 95%CL.
In the samepaper, anotherfigure, reproducedhereasFigure 8 shows the top quarkproductioncross
sectionasa functionof thetopquarkmass.Thiscurve hasa 1 	 errorbandaroundit. But thetop quark
productioncrosssectionmay be thoughtof as the 50% CL upper/lower boundon the crosssection.
Surely, if the50%CL limit hasanerrorbandaroundit, the95%CL limit shouldalsohave its own error
band. In what follows, we show how to calculateerrorsin confidencelevels in generalandusethe
methodto calculatetheerrorin the95%CL curve shown in Figure7.

4 A generalalgorithm to calculateerrors in ConfidenceLimits

Most experimentshave elaboratealgorithmsto calculateconfidencelimits for their results.Suchalgo-
rithmswill includedetailedcalculationsandparametrizationsof efficienciesandacceptances.In addi-
tion, they will haveseveralotherinputparameterssuchasthenumberof eventsobserved,total integrated
luminosityandtheerroron theluminosity. Let usdenotetheinput parametersas S �kjml �)� j � . Theout-
put of sucha programwill betheconfidencelimits Won j5p �q� jsr . Figure9 illustratesthis generalcase.
Then,for smallchangesin theinputparameters,thefollowing equationshold.

t W n � t W nt S � t S � (8)

O t W n t WTuwv � t W nt S �
t WTut S3x O t S � t S*xyv (9)
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Fig. 7: The 95% confidencelevel [3] on @(z|{z asa function of top quarkmass.Also shown arecentral(dottedline) andlow

(dashedline) theoreticalcrosssectioncurves[4].
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Fig. 8: Measured} =} productioncrosssection(solid line, shadedband= onestandarddeviation error) asa function of top

mass[3]. Also shown arecentral(dottedline), high andlow (dashedlines)theoreticalcrosssectioncurves[4].

wheretherepeatedindices l~j�� aremeantto besummedover andthesymbols O�v indicatestheaverage
over theenclosedquantities.Thequantityon theleft handsideof theequationis theerrormatrix in the
confidencelimits W n , denoted����� . Theabove equationcanbere-writtenin matrix form as

����� ���� �Y�s� � (10)

where�Y��� is theerrormatrixof theinput parametersS �gj�l �^� j � and
�

is thetransfermatrix,suchthat� n!� � ��� �!�� �s� .
�

canbedeterminednumericallyby varyingthe input parametersto the limits algorithm.
Theerrormatrix �Y��� shouldbeknown to theexperimenter, yielding therequirederrormatrix ����� .
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Fig. 9: Schematic“black box” representationof a generalconfidencelimit calculatingalgorithm,that hasinput parameters�(�F�������a� ��� andoutputsaconfidencelevel � in a singlevariable.

4.1 An Example

Let usconsiderthecalculationof W , the95%CL upperlimit to thetop quarkcrosssectionaspublished
in reference[3]. The outputof the limits algorithmis W . The input parameterscanbe taken asthree,
namely S � , the total numberof top quarkeventsobserved, S � , the luminosity� efficiency � branching
ratio of thechannelsunderconsideration,summedover thechannelsand S!� , theerrorin theluminosity.
We have useda singleparameterS � summedover thechannelsto simplify thecalculation.In principle,
all channelsmaybevariedindependently, but sincethey areuncorrelated,andthedominanterroris due
to thecommonluminosityfactor, theabovesimplificationwill result.Weusethisexamplefor illustrative
purposesto show how suchacalculationmayproceed.

Theerrormatrix of theparameters�Y��� is a3 � 3 diagonalmatrix,sincetheparametersareuncor-
related.Thevarianceof S � is thenumberof eventsobserved, thevarianceof S � is calculatedusingthe
error in luminosity, andthevarianceof S � is calculatedassumingthat thereis a 50%uncertaintyin the
error in theluminosity. Thetransfermatrix

�
is calculatedby numericaldifferentiation.

Figure10 shows thecontribution to 	 � , theerror in the95%CL upperlimit to thecrosssection,
dueto the threeparametersS � , S � and SV� asa function of the top quarkmass. The overall error 	�� ,
obtainedby addingthe componenterrorsin quadrature,is alsoshown asa function of the top quark
mass.It canbeseenthatthecontribution dueto uncertaintiesin S � , is negligible. Sowearenotsensitive
to errorsin ourguessof 50%uncertaintyto theerrorin theluminosity. Theoverallerroris dominatedby
thefluctuationin the total numberof events. This examplethusgraphicallyillustrateswhy confidence
limits fluctuateupanddown aseventsfall in andoutof theselectedsampleastheanalysisproceedsand
moredatais accumulated.The95%CL upperlimit to thecrosssectionis merelyfluctuatingwithin its
error asall statisticalquantitiesdo. Whenwe areinterestedin a confidencelimit, it thusbehoovesus
to computenot only that limit but alsoits error. We maysuperimposetheseerrorson Figure7 yielding
Figure11. The 95% CL lower limit to the top quarkmasscanthenbe quotedas128� ���i ��� GeV/c� , the
errorbarsindicatingtherangeof fluctuationfor themasslimit. This impliesthatif onewereto repeatthe
DØ experimentnumeroustimeswith anintegratedluminosityof 13.5pbi � fluctuatingwithin its errors,
onewouldexpectto geta topquarklowermasslimit thatfluctuateswithin theerrorsquoted.

5 Combining limits

Combininglimits from two different experimentsis difficult at best. We remarkherethat in simple
Gaussiancases,quotingthelimit andits errorprovidesuswith enoughinformationto makeacombined
result,asmaybeseenby examiningequations3 and4. Usingthevalueof thelimit andits error, wemay
deduce�� and 	,-�� � , if thenumberof events � in thesampleis known. Having themeanandits variance
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Fig. 10: Thecomponentsof @<  , theerror in the95%CL top quarkcrosssectionupperlimit, dueto uncertaintiesin (a) error
in luminosity(b) Luminosity¡ efficiency ¡ branchingratio (c) Theoverall numberof eventsobservedasa functionof topquark
mass.(d) shows theoverall error @   .

in eachcase,we canobtainthesumof squares¢ � �¤£ �� �� � for eachmeasurement.Thesecanbeadded
leadingto a new variancefor the combineddata. The combinedmeanof the two distributionscanbe
found asusualby the weightedaverageof the two means,the weightsbeingthe inversevariances.It
mustbeemphasizedthat thecombinedlimit is not simply theweightedaverageof the two limits asin
thecaseof themeans.

Onecanfurtheraskif the two limits areconsistentwith eachother, if theerrorson thelimits are
quoted,asshown below.

6 Comparing Limits fr om two different algorithms

Whentwo differentalgorithmsareusedon thesamedata,two differentlimits will resultthatarecorre-
lated. The correlationswill be dueto the commoninput into the two algorithms.We canthink of the
“black box” in Fig. 9 asconsistingof two differentalgorithmsproducingasoutput W � and W � , the two
confidencelevels in question,usingthesamecommoninput S �Fj5l �¥� j � . We canthenuseequation10
to work out ����� , theerrormatrix of the two confidencelevel algorithmsandusethis matrix to decide
whetherthetwo confidencelevelsaresignificantlydifferentfrom eachotherasper,

¦ SV§¨�W � � W � �©�ª¦ SV§«�W �¬� R ¦ S]§«�W %<���%3®H¯�¦ �W � j W %<�T� � �N� R�� %(%_�% � � � (11)

7 Conclusions

We have motivatedthe conceptof statisticalerror for a confidencelimit, as the standarddeviation of
the samplingdistribution of suchlimits over an ensembleof similar experiments. In casesof limited
statistics,ourestimatesof theconfidencelimits canfluctuatesignificantly. Comparingconfidencelimits
becomesmoremeaningfulwhentheseerrorsarequoted.Differentmethodsexist (e.gBayesian,Frequen-
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Fig. 11: TheDØ 95%CL upperlimit to thetopquarkcrosssection[3] with its accompanying errorband,ascalculatedby the

methodin thetext.

tist) for calculatingtheselimits. Thedifferencesbetweenlimits computedin thesameexperimentusing
differentmethodswill lose their significanceif the limits areshown to be the samewithin their sam-
pling error. Oftenin analyseswith limited statistics,theappearanceof anew eventcanmake significant
differencesto the limit calculation.An erroranalysisof the limit will show that the limit is exhibiting
statisticalfluctuationasit is entitledto. Weproposethatexperimenterspublishconfidencelimits to their
dataaccompaniedby theerroron thelimits.
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