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Abstract
I survey several multivariatemethodsof interestto physicistsandexplore to
whatextenteachcanbeviewedasanalgorithmto approximatethesamemath-
ematicalobject,namely, theBayesdiscriminantfunction.

1 INTR ODUCTION

High energy physicistshave hadconsiderablesuccessin usingmultivariatemethodsof analysis[1]. It
seemslikely, therefore,thatasanalysesbecomemorechallengingthesemethodswill beusedroutinely.
We have alreadyagreedthatour field would benefitfrom animprovementin our knowledgeandunder-
standingof statistics.Perhapswecouldagreeontheneedto dothesamething for multivariatemethods.
If a methodis consideredto be a “black box” this is surelyan invitation for us to openit up andlook
inside.

Whenonepeersin, onefinds that eachmethodis typically well characterizedmathematically.
Peeringabit deeper, they seem(at leastto me)to belessdifferentthanthey might appearat first glance.
Indeed,I shallarguethatmany of themultivariatemethodsof interestto physicistsaresimply different
algorithmsto approximatethe samemathematicalobject. Moreover, the problemsthey solve, when
viewed with sufficient detachment,are relatively few in numberwhereasnew methodsare invented
almostevery day. A typical list of problemsis� Signalto backgrounddiscrimination� Variableselection(e.g.,to give themaximumsignal/backgrounddiscrimination).� Dimensionalityreductionof the feature space� Findingregions of interest in data� Simplifying optimization(by

�������	�
�
)� Model comparison� Measuringparameters(e.g., �
����� in SUSY).

BeforeI discusstheir commontheme,I survey someof thesemethodsin a way that emphasizestheir
differences.

2 SURVEY OF METHODS

Thissectionprovidessketchesof severalmultivariatemethods.I shallrestrictmy attentionto theproblem
of discriminatingbetweensignal( � ) andbackground( � ). Thenotationusedis givenin theglossary.

2.1 Fisher Linear Discriminant (FLD)

Purpose

Signal/backgrounddiscrimination.

Mathematical Object��������� — Bestseparatinghyper-planebetweenthesignalandbackgroundclasses,that is, theplane
that maximizesthe between-classdistancewhile minimizing the within-classdistances.� is the unit
vectornormalto theplaneand � � � thedistanceof theplanefrom theorigin.
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Algorithm

Let � � �"!$# �&%('*)+%(, !-�.� betheprojecteddistancebetweenthemeans%/' and %$, of thesignaland
backgroundclasses,respectively, alongthedirectionspecifiedby � andlet �10324� �5!/# � � 06)7% 2 !8�.� be
theprojecteddistancebetweenthepoint � 0 andthemean% 2 of theclass9 ( � or � ) to which it belongs.
Thebestseparatinghyper-planeis foundby maximizingFisher’s criterion[2]� � �"!-# ��:; 0=< 2?> ' < , � :0326@ (1)

with respectto thedirection � .

2.2 Principal ComponentAnalysis (PCA)

Purpose� Find linearlyuncorrelatedvariables.� Reducedimensionalityof data.

Mathematical ObjectA orthogonalunit vectors�*B alongwhich thevariancesaremaximal.

Algorithm

1CED principalcomponent— For eachpoint � 0 , computethedistance� 0 � �"!F#G���H� 0 of thepoint from
theorigin alongthedirection � andmaximize

; 0 � :0 � �I! , that is, thevariance,with respectto � . This
yieldsthefirst principalcomponent�KJ .
2LNM principalcomponent— Collapsethedistribution ontotheplane,passingthroughtheorigin, whose
orientationis definedby the first principal component�IJ , that is, performthe operation� 0 � � 0�)�10O� ��JP!Q�KJ . Then,usingthetransformedpoints,proceedasfor thefirst principalcomponent.This gives
thesecondprincipalcomponent� : . Thealgorithmproceedsrecursively until all A principalcomponents
have beenfound.

In practice,onecomputestheeigenvaluesRS0 andeigenvectorsTU0 of thecovariancematrixCov � �V!�#W � �-�8X8! ) W � �V! W � �YX8! of the points � . Then,given the transformationmatrix Z # Col �[T 0 ! X , whose
columnsaretheeigenvectors,onetransformsto thelinearly uncorrelatedvariables\ #�]^� .

2.3 IndependentComponentAnalysis (ICA)

Purpose� Find statisticallyindependentvariables.� Reducedimensionalityof data.

Mathematical ObjectA non-orthogonalunit vectors�_B suchthat thevariablesdefinedby displacementsalongthesevectors
areasstatisticallyindependentaspossible.
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Algorithm

Assumethat ��# �=` J @bababac@ `ed ! is a linear sum ��#gf"h of unknown independent componentsh�#�&i J @bababaj@ ikd ! X . Themixing matrix l is unknown. Theaim is to estimateh by findingade-mixing matrixZ suchthatthevariables\ # Z � areasstatisticallyindependentaspossible.To do so,minimize,with
respectto thematrix Z , theKullback-Lieblerdivergencem � � �n� o !V# Z p � �=Z �V!rq �ts � �=Z �V!Ou o �=Z �V!wv � � @ (2)

between
� �[\ ! , theprobabilitydensityof \ , and oU�[\ !�#yx 0 � 0Q�=z{0 ! , thedensityformedfrom theproduct

of the1-dimensionalmarginal densitiesof
� �[\ ! . m � � �n� o ! is zeroif, andonly if,

� # o , that is, if the
variables\ # �=z J @bababa6@ z d ! arestatisticallyindependent.Note that sincethedensity

�
is unknown, it

toomustbeestimated.

2.4 SelfOrganizingMap (SOM)

Purpose� Find regionsof interestin data;that is, clusters.� Summarizedata.

Mathematical ObjectA unit vectors�*B suchthatall vectors� mappedto a given �*B arecloserto it thanto all remaining� B .

Algorithm

Thenotionof a self-organizingmapwasfirst introducedby Kohenenin 1988. Onebeginswith A ran-
domlydirectedvectors,usuallymodeledasaneuralnetwork nodewhoseweightsarethecomponentsof
thevector �*B andwhoseinputsarethecomponentsof thevector � . Defineadistancemeasurebetween
vectors(eitherthe Euclideandistance�n� �*B ) � �n� or the vectordot product �_By�1� .) For eachvector� find the closestvector � B to the vector � (that is, find which neuralnetwork node“wins”). One
thenadjuststhe winning vector �*B to be closerto � andadjuststheothervectorsby lesseramounts,
dependingon their distancefrom thewinning vector. This is repeatedfor eachvector � andonecycles
throughuntil the vectors �*B aresufficiently stable,that is, their directionschange,per cycle, by less
thanaspecifiedamount.

2.5 RandomGrid Search (RGS)

Purpose

Rapidsearchfor optimalcuts[3].

Mathematical Object

Estimatesof |_�[} ~ � ��� !���� )��_� � ��� ! and |_�[} ~ � � � !���� )��_� � � � ! for the signal and
backgroundclasses,respectively, where �_�[}G��� ! and �_�[}�� � ! arethe corresponding�e) dimensional
signalandbackgrounddistribution functions. Given theseestimates(in practice,basedon signaland
backgroundcounts)onecomputes,for eachsetof cuts,anoptimalitymeasureandchoosesthecut thatis
optimal.
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Algorithm

For eachsignal or backgroundevent, eachcharacterizedby a point � , compute
; }�� ����� 0 where� ' # �=` J @bababac@ `e� ! arethefeaturevectorsof thesignal classand � 0 areeitherthesignalor background

event-by-event weights. } ~ � representsa setof cuts(calleda cut-point) definedasfollows: � J ~` J @bababaj@ ����~�`e� . In therandomgrid searchthesetof cut-pointsis identicalto thepointsof thesignal
distribution.

The randomgrid searchis similar to thewell-known searchover a uniform grid, exceptthat the
grid, which is definedby the signalpoints,hasrandomspacings.The key practicaldifferenceis that
whereasthe uniform grid searchsuffers the “curse of dimensionality”1 the time for the randomgrid
searchscaleslike thenumberof signalpoints.

2.6 Probability Density Estimation (PDE)

Purpose� Signal/backgrounddiscrimination.� Parameterestimation.

Mathematical Object

Estimatesof �8�[}���� ! and�Y�[}�� � ! for thesignalandbackgroundclasses,respectively.

Algorithm

The idea,introducedby Parzenin the 1960s,is very simple: oneapproximatesan unknown probabil-
ity densityasa sumof probability densitiesof known functionalforms,usuallywith a few adjustable
parameters.TheParzenmethod �8�[} !V#�� d�� �&} @ � d ! @ (3)

estimates�8�[}G��� ! and �8�[}G� � ! by placinga density � , calleda kernel, at eachpoint � d of a sample
of points;onesamplefrom thesignalclassandonefrom thebackgroundclass.Thereis considerable
freedomin thechoiceof kernelfunction. See,for example,Ref. [4] andreferencestherein. Themain
mathematicalrequirementis that � �[} @ � d ! ��� �[}�) �V! asthesamplesizesgrow indefinitely. Note,if�

is thesamplesizeof eachclassthis methodrequiresevaluatingthekernelfunction
�

timesfor each
classseparately. Thecomputationalburdencanbereducedby usingrelatively few densitiesin thesums
andlocatingthem,andchoosingtheir shapes,soasto provide thebestestimateof thedensity�8�[} !

�8�[} !-#�� 2 � �[}�� 9 !�� �n9 ! @ (4)

where� �n9 ! aresuitablychosenweights.Oneway to locatethedensitiesis to useaself-organizingmap.
ThesePDEalgorithmsarecalledmixture models.

2.7 Artificial Neural Networks (ANN)

Purpose� Signal/backgrounddiscrimination.� Parameterestimation.� Functionestimation.� Densityestimation.
1Thetime to considerall possiblecut-pointsscaleslike �k� , where � is thenumberof bins(in eachcoordinate)and � is the

dimensionalityof thefeaturespace
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Mathematical Object

Estimateof �¡ .�8�= b� } ! �1  , thatis, thefirst momentof theposteriorprobabilitydensity�8�= k� } ! [5].

Algorithm

Givenasampleof pairsof variables�= Q0 @ � 0 ! minimizetheempiricalrisk function¢¤£ B8¥¦# �§ � s  �0U) A � � 0 @O¨ !wv : @ (5)

with respectto the parameters¨ , called weights, of a non-linearfunction A � � 0 @O¨ ! , called a neural
network. If wechoose  #�� when �ª© � andzerootherwise,theposteriormean�¡ .�8�= b� } ! �1  collapses
to theprobability

|*�«�¬� �V!�# �8� � ��� ! |_�«� !�8� � ��� ! |_�«� !6� �Y� � � � ! |*�[� ! @ (6)

of thesignal � givendata� , where|_�«� ! and |_�[� ! aretheprior probabilitiesof signalandbackground,
respectively[6].

2.8 Support Vector Machines(SVX)

Purpose� Signal/backgrounddiscrimination.� Parameterestimation.

Mathematical Object���­���®� — Bestseparatinghyper-plane,in a suitablyhigh-dimensionalspace,betweenthesignaland
backgroundclasses.� is theunit vectornormalto theplaneand � � � thedistanceof theplanefrom the
origin.

Algorithm

Performa non-linearmap
�®� � � �¯�-°{±N²O³

of data � into a spaceof sufficiently high dimension,such
thatthesignalandbackgroundclasseshave thebestseparationthatcanbehadusinga hyper-plane.For
detailsseethecontribution by Tony Vaiciulis in theseproceedings.

3 DISCUSSION

With theexceptionof PCA, ICA andSOM, eachof themethodssketchedabove effectssignalto back-
grounddiscriminationby trying to minimize the probability of mis-classification.Consequently, al-
though in practiceeachmethodminimizesa different empirical risk function all such functionsare
equivalentto minimizinganapproximationto thefunction´ � m !-#�µ �«� ! pS¶�· }�¸[¹{º �8�[}G��� ! |_�«� ! �4} �»µ �[� ! p¼¶�· }�¸[½{º �8�[}G� � ! |_�[� ! ��} @ (7)

with respectto thefunction
m �[} ! , which is suchthat

m �[} !¿¾ÁÀ leadsto theassignmentof } to the
signalclass� and

m �[} !(ÂÃÀ leadsto theassignmentof } to thebackgroundclass� . |_�«� ! and |_�[� !
arethesignalandbackgroundprior probabilities,respectively, and µ �«� ! and µ �[� ! quantify thecostof
eachtypeof mistake: classifyingasignaleventasbackgroundandviceversa.When ´ is minimizedwith
respectto

m
onefindsthatthecondition

m �[} !(¾®À holdsif andonly ifµ �«� ! �Y�[}Ä��� ! |_�«� ! ) µ �[� ! �8�[}G� � ! |_�[� !(¾®À (8)
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while
m �[} !(ÂÃÀ holdsif andonly ifµ �«� ! �8�[}G��� ! |_�«� ! ) µ �[� ! �8�[}�� � ! |*�[� !$Â®À a (9)

In otherwords, �8�[}���� ! |_�«� !�8�[}�� � ! |_�[� ! ¾ µ �[� !µ �«� !"Å�ÆSÇ � m �[} !/¾®À (10)

and �8�[}���� ! |_�«� !�8�[}�� � ! |_�[� ! Â µ �[� !µ �«� ! Å�Æ¼Ç � m �[} !$Â®À a (11)

The inequalitieswill be satisfiedif
m �[} ! is a monotonicfunction of the left-handside. Any such

functionwill do. Normallyonechoosesthesimplestm �[} !�# �8�[}���� !�Y�[}�� � ! |_�«� !|_�[� ! a (12)

Theratio �Y�[}���� !�8�[}�� � ! |_�«� !|_�[� ! # |*�«�¬� } !|_�[�I� } ! (13)

is calledtheBayes discriminant function (BDF). Theclassificationrule it determinesis calledtheBayes
rule[5] andis closelyrelatedto theNeyman-Pearsontestfor simplehypotheses.(Seetheglossaryfor
details.)

The point I wish to stressis that the methodsdescribedabove aremerely different algorithms
to approximate

m �[} ! or somefunction (or functional) thereof. In somecases,suchas the various
probabilitydensityestimationmethods,this is doneby calculatingestimatesof thedensities�Y�=�»��� ! and�8�=�ª� � ! . In othercases,suchasartificial neuralnetworks(ANN), somesimplemonotonicfunction,e.g.,m u � �(� m ! , of

m �[} ! is estimated.Therandomgrid search(RGS)estimatesintegralsof thedensities.
TheFisherlineardiscriminant(FLD) canbeconstruedasanestimateof

m �[} ! in whicheachdensityis
approximatedby a Gaussianwhosecovariancematrix is thequadraturesumof thoseof thesignaland
backgroundclasses.If oneallows differentcovariancematricesfor thesignalandbackgroundclasses,
oneobtainsa quadraticdiscriminant,sometimesreferredto asa Gaussiandiscriminant. The support
vector machinemethodcanbe regardedasan algorithmto “Gaussianize”distributions by projecting
theminto a spaceof sufficiently high dimensionwhereinthe Fishercriterion canbe appliedto good
effect.

Thereis muchdebateaboutwhich methodis superior. Experiencesuggeststhatnoneis superior
in everycircumstance.For agivenproblem,areasonabledefinitionof “bestmethod”is thatwhichyields
themostaccurateestimateof thephysicalquantity(or quantities)of interestfor a givencomputational
budget. Unfortunately, finding the bestmethodcansometimesbe asdemandinga computationaltask
asthe problemto be solved! Oneway to reducethe sizeof this task is to apply eachmethodto a � -
dimensionalproblemwith known densitiesthatapproximatetheactual(but unknown) densitiesfor the
signalandbackgroundclasses.Sincethedensitiesareknown onecancomputetheBayesdiscriminant
function(BDF) andthenassessto whatdegreeeachmethodapproachesit. But, of course,thereis always
the pitfall that the densitiesusedfail to approximatethe unknown densitieswell enoughto provide a
reliableguideasto whichmethodis bestfor theactualproblemto besolved.

The goodnews is that for the problemsaddressedin our field the non-linearmethodssketched
abovegiveapproximatelythesameperformance.A farmorepressingissuethanthechoiceof methodis
theabsenceof awell-founded(thatis,non-heuristic)procedureto testwhethera � -dimensionaldensityis
well-modeled.Typically, whatonedoesis analyze1-� and2-� projectionsandapplystandard“goodness
of fit” teststo them.However, evenif onefindsthatall suchprojectionsfit well this doesnot guarantee
thatall is well in � -dimensions.Weneedaprocedurethatindicateswhichsub-setsof the � -dimensional
spacearepoorlymodeledsothatthesub-setscanbeexcludedfrom furtherconsideration.
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4 SUMMAR Y

I surveyed a few methodsthat eitherhave been,or arelikely to be, usedby high energy physiciststo
analyzemulti-dimensionaldata. Thereis a bewildering numberof methodsanda seeminglyendless
debateaboutwhich methodis best. Ratherthanengagein abstractdebate,it is moreusefulto follow
Rudy Bock’s[1] systematicapproach:try a few methodsandseehow they perform. But, in the end,
it shouldbe borne in mind that eachof thesemethodsapproximatesthe samemathematicalobject.
Therefore,to the degreethat the methodsareproperlyapplied(andsufficiently non-linear)they must
give aboutthesameresults,modulotheusualuncertainties.

Links to webarticlesdescribingsomeof themethodsdiscussedin this papercanbefoundat the
siteof theFermilabRunII AdvancedAnalysisGroup[7].
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