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Abstract

| suney sereral multivariatemethodsof interestto physicistsand explore to
whatextenteachcanbeviewedasanalgorithmto approximatehesamemath-
ematicalobject,namely the Bayesdiscriminantfunction.

1 INTRODUCTION

High enegy physicistshave had considerablesuccessn using multivariatemethodsof analysis[]. It
seemdikely, therefore thatasanalysedvecomemorechallengingthesemethodswill be usedroutinely
We have alreadyagreedhatour field would benefitfrom animprovementin our knovledgeandunder
standingof statistics.Perhapsve couldagreeonthe needto do the samething for multivariatemethods.
If a methodis consideredo be a “black box” this is surelyaninvitation for usto openit up andlook
inside.
When one peersin, onefinds that eachmethodis typically well characterizeanathematically
Peeringa bit deeperthey seem(atleastto me)to belessdifferentthanthey might appeaat first glance.
Indeed,| shallaguethatmary of the multivariatemethodsof interestto physicistsaresimply different
algorithmsto approximatethe samemathematicabbject. Moreover, the problemsthey solve, when
viewed with suficient detachmentare relatively few in numberwhereasnen methodsare invented
almostevery day A typicallist of problemss
e Signalto backgroundiscrimination
¢ Variableselection(e.g.,to give the maximumsignal/backgroundiscrimination).
¢ Dimensionalityreductionof the feature space

Findingregions of interest in data

Simplifying optimization(by f : RY — R)

Model comparison

Measuringparameterge.g.,tan 8 in SUSY).

Beforel discusstheir commontheme,| suney someof thesemethodsin a way thatemphasizesheir
differences.

2 SURVEY OF METHODS

Thissectionprovidessketcheof severalmultivariatemethodsl shallrestrictmy attentionto theproblem
of discriminatingbetweersignal(S) andbackground B). Thenotationusedis givenin theglossary

2.1 FisherLinear Discriminant (FLD)
Purpose
Signal/backgroundiscrimination.

Mathematical Object

w - ¢ + b — Bestseparatindiyperplanebetweerthe signalandbackgrounctlassesthatis, the plane
that maximizesthe between-classdistancewhile minimizing the within-classdistances.w is the unit
vectornormalto the planeand|b| the distanceof the planefrom the origin.
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Algorithm

Letd(w) = (ng — pp) - w bethe projecteddistancebetweerthe meansu g and 5 of the signaland
backgrounctlassestespectiely, alongthe directionspecifiedoy w andlet d;;(w) = (z; — p;) - w be
the projecteddistancebetweerthe pointz; andthemeanu; of theclass; (S or B) to whichit belongs.
Thebestseparatindiyperplaneis foundby maximizingFishers criterion[Z]

d2

flw)= =—
Ei,j:S,B d?j

1)
with respecto thedirectionw.

2.2 Principal ComponentAnalysis (PCA)
Purpose

e Findlinearly uncorrelatedrariables.
¢ Reducalimensionalityof data.

Mathematical Object
n orthogonalunit vectorsw,,, alongwhich thevariancesaaremaximal.

Algorithm

1%t principal component— For eachpoint x;, computethe distanced;(w) = w - x; of the point from
the origin alongthe directionw andmaximize", d? (w), thatis, the variance with respecto w. This
yieldsthefirst principalcomponentw; .

224 principal component— Collapsethe distribution onto the plane,passinghroughthe origin, whose
orientationis definedby the first principal componentw, thatis, performthe operationz; — x; —
d;(w1)wi. Then,usingthetransformedpoints,proceedasfor thefirst principalcomponentThis gives
thesecondrincipalcomponentws. Thealgorithmproceedsecursvely until all » principalcomponents
have beenfound.

In practice onecomputesheeigervalues); andeigevectorsw; of thecovariancematrixCov(x) =
E(xaT) — E(x)&E(x™) of the pointsz. Then, given the transformatiormatrix T' = Col(v;)”, whose
columnsaretheeigervectors,onetransformgo thelinearly uncorrelatedariablesu = T'x.

2.3 IndependentComponentAnalysis (ICA)
Purpose

¢ Find statisticallyindependentariables.
¢ Reducadimensionalityof data.

Mathematical Object

n non-orthogonaunit vectorsw,,, suchthatthe variablesdefinedby displacementalongthesevectors
areasstatisticallyindependenaspossible.

92



Algorithm
Assumethatz = (z1,...,z,) is alinearsuma = As of unknavn independent components =
(s1,--- ,8,)T. Themixing matrix A is unknavn. Theaimis to estimates by finding a de-mixing matrix

T suchthatthevariablesu = Tz areasstatisticallyindependenaspossible.To do so, minimize,with
respecto thematrix T', the Kullback-Lieblerdivergence

D(fllg) = T/f(Tw) n[f(Tz)/9(Tz)) de, (2)

betweenf (u), the probabilitydensityof w, andg(u) = []; fi(u;), thedensityformedfrom the product
of the 1-dimensionamamginal densitiesof f(u). D(f||g) is zeroif, andonly if, f = g, thatis, if the
variablesu = (uy,... ,u,) arestatisticallyindependentNote that sincethe density f is unknawn, it
too mustbe estimated.

2.4 SelfOrganizing Map (SOM)
Purpose

e Findregionsof interestin data;thatis, clusters.
e Summarizedata.

Mathematical Object

n unit vectorsw,, suchthatall vectorsxz mappedo a givenw,, arecloserto it thanto all remaining
Wi

Algorithm

The notion of a self-oganizingmapwasfirst introducedoy Kohenenin 1988. Onebegins with n ran-
domly directedvectorsusuallymodeledasa neuralnetwork nodewhoseweightsarethe component®f
thevectorw,,, andwhoseinputsarethecomponent®f thevectorz. Defineadistancaneasurdetween
vectors(eitherthe Euclideandistance||w,,, — || or the vectordot productw,, - .) For eachvector
« find the closestvector w,, to the vectorz (thatis, find which neuralnetwork node“wins”). One
thenadjuststhe winning vectorw,,, to be closerto  andadjuststhe othervectorsby lesseramounts,
dependingon their distancefrom the winning vector This is repeatedor eachvectorz andonecycles
throughuntil the vectorsw,, are sufiiciently stable,thatis, their directionschange percycle, by less
thana specifiedamount.

2.5 Random Grid Search (RGS)
Purpose
Rapidsearchor optimalcuts[J.

Mathematical Object

Estimatesof P(X > #|S) = 1 — F(«|S) and P(X > z|B) = 1 — F(x|B) for the signaland
backgroundclassesrespectiely, where /(X |S) and F'(X |B) arethe correspondingl—dimensional
signaland backgrounddistribution functions. Given theseestimategin practice,basedon signaland
backgroundtounts)onecomputesfor eachsetof cuts,anoptimality measureandchooseshecutthatis
optimal.
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Algorithm

For eachsignal or backgroundevent, eachcharacterizedy a point z, computeZX>$S w; where
zs = (z1,... ,x4) arethefeaturevectorsof thesignal classandw; areeitherthesignalor background
event-by-eentweights. X > x represents setof cuts(calleda cut-point) definedasfollows: X; >

z1,... ,Xq > xq. In therandomgrid searchthe setof cut-pointsis identicalto the pointsof the signal
distribution.

The randomgrid searchis similar to the well-knovn searchover a uniform grid, exceptthatthe
grid, which is definedby the signal points, hasrandomspacings.The key practicaldifferenceis that
whereasthe uniform grid searchsuffers the “curse of dimensionality® the time for the randomgrid
searchscaledike thenumberof signalpoints.

2.6 Probability Density Estimation (PDE)
Purpose

e Signal/backgroundiscrimination.
e Parameteestimation.

Mathematical Object
Estimateof p(X|S) andp(X|B) for thesignalandbackgroundlassestespectiely.

Algorithm

Theidea,introducedby Parzenin the 1960s,is very simple: one approximatesn unknavn probabil-
ity densityasa sumof probability densitiesof known functionalforms, usuallywith a few adjustable
parametersThe Parzenmethod

p(X) =) ¢ (X,zn), 3)

estimatep(X |S) andp(X|B) by placinga density ¢, calleda kernel, at eachpoint z,, of a sample
of points; one samplefrom the signal classandonefrom the backgrouncclass. Thereis considerable
freedomin the choiceof kernelfunction. See,for example,Ref. [4] andreferencesherein. The main
mathematicatequirements that¢ (X, z,,) — 6(X — x) asthesamplesizesgrow indefinitely Note, if
K is thesamplesizeof eachclassthis methodrequiresevaluatingthe kernelfunction K timesfor each
classseparatelyThe computationaburdencanbereducedby usingrelatively few densitiedn the sums
andlocatingthem,andchoosingtheir shapessoasto provide the bestestimateof the densityp(X)

p(X) =Y d(X|j)w(j), 4)
J

wherew(;j) aresuitablychosenweights.Oneway to locatethe densitiess to usea self-oganizingmap.
ThesePDE algorithmsarecalledmixture models.

2.7 Artificial Neural Networks (ANN)
Purpose
¢ Signal/backgroundiscrimination.
e Parameteestimation.
e Functionestimation.
¢ Densityestimation.

1Thetime to considerall possiblecut-pointsscaledike k2, wherek is the numberof bins (in eachcoordinate)andd is the
dimensionalityof the featurespace
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Mathematical Object
Estimateof [ ¢ p(¢|X) dt, thatis, thefirst momentof the posteriomprobability densityp(¢| X )[5].

Algorithm
Givenasampleof pairsof variables(t;, ;) minimizetheempiricalrisk function

Remp = %Z[tz - n($i, w)]Qa (5)

with respectto the parametersv, called weights, of a non-linearfunction n(z;,w), called a neural
network. If wechoose = 1 whenz € S andzerootherwisetheposteriomean| ¢ p(t|X) dt collapses
to the probability

p(z|S)P(S)
(z|S)P(S) + p(z|B)P(B)’

of thesignalS givendatazx, whereP(S) and P(B) aretheprior probabilitiesof signalandbackground,
respectiely[6].

P(Sle) = (6)

2.8 Support Vector Machines(SVX)
Purpose

e Signal/backgroundiscrimination.
o Parametegestimation.

Mathematical Object

w - ¢ + b — Bestseparatindiyperplane,in a suitablyhigh-dimensionaspace petweerthe signaland
backgrounctlassesaw is the unit vectornormalto the planeand|b| the distanceof the planefrom the
origin.

Algorithm

Performanon-linearmap f : R¢ — R1e¢ of dataz into a spaceof sufficiently high dimension,such
thatthe signalandbackgroundtlassedave the bestseparatiorthatcanbe hadusinga hyperplane. For
detailsseethe contritution by Tony Vaiciulisin theseproceedings.

3 DISCUSSION

With the exceptionof PCA, ICA andSOM, eachof the methodssketchedabove effectssignalto back-
grounddiscriminationby trying to minimize the probability of mis-classification. Consequentlyal-
thoughin practiceeachmethodminimizes a different empirical risk function all suchfunctionsare
equivalentto minimizing anapproximatiorto thefunction

(D) = ¢(S) / p(X|S)P(S)dX + c(B) / p(X|B)P(B)dX, @
D(X)<0 D(X)>0
with respecto the function D(X), whichis suchthat D(X) > 0 leadsto theassignmenbf X to the
signalclassS andD(X) < 0 leadsto theassignmenodf X to thebackgroundtlassB. P(S) andP(B)
arethe signalandbackgroundorior probabilities,respectrely, and¢(S) andc¢(B) quantify the costof
eachtypeof mistale: classifyinga signaleventasbackgroundandvice versa.Whene is minimizedwith
respecto D onefindsthatthe conditionD(X) > 0 holdsif andonly if

c(S)p(X|S)P(S) — c(B)p(X|B)P(B) = 0 (8)
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while D(X') < 0 holdsif andonly if

c(8)p(X|S)P(S) — ¢(B)p(X|B)P(B) < 0. )
In otherwords,
p(X|S)P(S) _ ¢(B)
p(X|B)P(B) = oF) Vhen D(X) 20 (10)

and
p(X|S)P(S) _ ¢(B)
p(X|B)P(B) ~ (S)
The inequalitieswill be satisfiedif D(X) is a monotonicfunction of the left-handside. Any such
functionwill do. Normally onechooseghe simplest

when D(X) < 0. (11)

_ p(X|S) P(S)
PX) = x1B) P(B) ¢
Theratio
p(X|S) P(S) _ P(S|X) (13)

p(X|B) P(B)  P(B|X)
is calledthe Bayes discriminant function (BDF). The classificatiorrule it determiness calledthe Bayes

rulegl5] andis closelyrelatedto the Neyman-Pearsotestfor simple hypotheses(Seethe glossaryfor
details.)

The point | wish to stressis that the methodsdescribedabore are merely differentalgorithms
to approximateD(X) or somefunction (or functional) thereof. In somecasessuchasthe various
probability densityestimatiormethodsthisis doneby calculatingestimate®f thedensitiep(X|S) and
p(X|B). In othercasessuchasartificial neuralnetworks (ANN), somesimplemonotonicfunction,e.g.,
D/(1+ D), of D(X) is estimated . Therandomgrid search(RGS)estimatesntegralsof the densities.
TheFisherlineardiscriminant(FLD) canbe construedasanestimateof D(X') in which eachdensityis
approximatedy a Gaussiarwhosecovariancematrix is the quadraturesumof thoseof the signaland
backgrouncclasses.If oneallows differentcovariancematricesfor the signalandbackgrouncdclasses,
one obtainsa quadraticdiscriminant,sometimegeferredto asa Gaussiardiscriminant. The support
vector machinemethodcan be regardedas an algorithmto “Gaussianizedistributions by projecting
theminto a spaceof suficiently high dimensionwhereinthe Fishercriterion can be appliedto good
effect.

Thereis muchdebateaboutwhich methodis superior Experiencesuggestshatnoneis superior
in every circumstanceFor agivenproblem,areasonabléefinitionof “bestmethod”is thatwhichyields
the mostaccurateestimateof the physicalquantity (or quantities)of interestfor a given computational
budget. Unfortunately finding the bestmethodcan sometimese asdemandinga computationatask
asthe problemto be solved! Oneway to reducethe size of this taskis to apply eachmethodto a d-
dimensionabproblemwith known densitieshat approximatehe actual(but unknavn) densitiesfor the
signalandbackgroundtlasses Sincethe densitiesareknowvn one cancomputethe Bayesdiscriminant
function(BDF) andthenassesto whatdegreeeachmethodapproached. But, of coursethereis always
the pitfall that the densitiesusedfail to approximatethe unknavn densitieswell enoughto provide a
reliableguideasto which methodis bestfor theactualproblemto be solved.

The goodnews is that for the problemsaddressedhn our field the non-linearmethodssketched
above give approximatelythe sameperformanceA far morepressingssuethanthe choiceof methodis
theabsencef awell-founded(thatis, non-heuristicprocedurdo testwhethera d-dimensionatiensityis
well-modeled.Typically, whatonedoesis analyzel-d and2-d projectionsandapplystandardgoodness
of fit” teststo them. However, evenif onefindsthatall suchprojectionsfit well this doesnot guarantee
thatall is well in d-dimensionsWe needa procedurghatindicateswhich sub-setof thed-dimensional
spacearepoorly modeledsothatthe sub-setsanbe excludedfrom furtherconsideration.
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4 SUMMARY

| suneyed a few methodsthat eitherhave been,or arelikely to be, usedby high enegy physiciststo

analyzemulti-dimensionaldata. Thereis a bewildering numberof methodsand a seeminglyendless
debateaboutwhich methodis best. Ratherthanengagen abstractdebate,t is moreusefulto follow

Rudy Bock’s[1] systematicapproach:try a few methodsand seehow they perform. But, in the end,
it shouldbe bornein mind that eachof thesemethodsapproximateghe samemathematicabbject.
Therefore,to the degreethat the methodsare properly applied(and sufiiciently non-linear)they must
give aboutthe sameresults,modulothe usualuncertainties.

Links to web articlesdescribingsomeof the methodsdiscussedn this papercanbe foundatthe
siteof the FermilabRunll AdvancedAnalysisGroup([7.
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