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Abstract

In this paperwe discusshow to includethe Am, informationin the CKM fits
startingfrom the amplitudespectrumgiven by the LEP Oscillation Working
Group. The numberusually quotedby the Working Groupis the 95% C.L.
limit. The possibility of usingthe Likelihood Ratio methodis discussednd
defended.

1 A brief intr oduction onthe CKM Fits

The aim of the CKM fit is to extract the bestestimateof the parametersf the CabibboKobayashi
Maskava (CKM) matrix from the availableexperimentaimeasurementsndtheoreticacomputations.

Theelementf the CKM matrix areusuallyexpressedn termof four parameter§l]: A, [Ves|, p,

7.
In the Bayesianframework, adoptedn this work, for the caseof N parametergexceptfor p and
1) andM constraintghefollowing relationholds:

f(ﬁaﬁaxlax%"'7$N|615627"-56M) (08 H fj(éjlﬁaﬁa$lax25"'7$N) H fz(-’L'z) Xfo(ﬁ’ﬁ)
]:l,M Z:1,N

wheref;; arethep.d.f. for theparameters;; arethe constraintglikelihoods)comingfrom experimen-
tal measurementnd f, is thea-priorip.d.f. for (p, 7).

Thep.d.f.for (p, ) (thetwo leastknown parametersis obtainedoy integratingover theparameter
space:

f(ﬁaﬁ) O(/ H fj(éj|ﬁ7ﬁaxla$2a"'7xN) H fl(xz)dx’t X fo(ﬁaﬁ) (1)

j:l,M jzl,N
Theprior p.d.f. f, is choserto beuniform overthe p, 7 plane.

The measurementsf the oscillation frequenciesAm, and Am; in the neutral BY, BY meson
systemsareimportantconstraintsn the (p-77) plane:

Amg o [RBpe((1- )+ n?)
Ama/Am, o (fpaBrg/ faBrg)(1 - p)2 +17)

f%qBBq is a theoreticalparametemvhich encapsulatethe non-perturbatie effects. Sincethe value of
the ratio of theseparameterss theoreticallybetterdeterminedthan their absolutevalues,the second
constraints in principle moreeffective.

Unfortunately whereasAm, hasbeenpreciselymeasuredno evidencehasbeenfound, until
now, for BY-B? oscillations.Neverthelesshe datasampleusedto extractlimits on Am,, containsmore
informationthanis summarizedn the limit itself. In this work we proposeandtesta methodto fully
exploit thisinformation.
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2 B?Y oscillationsand the Amplitude method

The searchfor a B — B? oscillationssignalis usually pursuedat LEP, SLD and CDF by usingthe
Amplitudemethod3]. Eventsaredividedin two classesorrespondingo oscillatingandnon-oscillating
candidatesaccordingto the informationobtainedby taggingthe presencef a B or a B mesonat the
beaminteractiontime andat the b-hadrondecaytime. The expecteddecay-timedistribution of eventsis
obtainedby usingafunctionwhich containghetime distributionsfor all componentsiakinginto account
theimperfecteventtagging,the differentbehaiour of b-hadrondecaysvhich dependontheir type (B9,
B, B_Q or b-baryon),andthe backgrounccomponent®riginatingfrom charmandlight flavours. The
time distribution for the oscillating(non-oscillating)signalis given by
0 5 0 1 —t/Tg0

P(B, — BY(BY)) = Ee Bs[1 — (4) cos(Amst)]. (2)
Suchtheoreticaltime distributions are corvoluted with the expectedtime resolution,the mistagprob-
ability andall the non-B? backgrounddistributions are includedto get the p.d.f. for like and unlike
events.

Niike Nuniike )
L(Ams) = [[ P™e(ti,Am,) [ P e (t;, Amy)
i=1 i=1

Theamplitudemethodconsistof changinghep.d.f. for B? oscillationsby multiplying the cosineterm
by A

1 — (4) cos(Amgt) = 1 — (+).Acos(Amst)
L(Amg) — L(Amg, A)

L(Amg, A) is thenmaximizedw.r.t. A atdifferentvaluesof Am; thetypical outputof ananalysiss a
setof valuesA(Am,) with theirerrorso 4(Ams).

Fitted amplitudevaluesfrom differentanalysesare combined[7] usinga commonsetof deter
minationsfor external parametersnd taking into accountpossiblecorrelationsbetweenthe different
analyses.n this respecthe useof the oscillationamplitudeprovides a simpleframeawvork for incorpo-
ratingall theseeffects. The 95% C.L. upperlimit on Amg for excludingoscillationscorrespondso the
value Am!™ for which A + 1.645 o4 = 1, whereasthe sensitvity is the value Am?¢™s at which the
95% C.L. limit would besetif A = 0 andis obtainedrom: 1.645 o 4 = 1. TheWorld Averagecomputed
by the LEP OscillationWorking Group[7] setsalower limit at15.0ps~! with asensitvity at18.0ps~!
(seeFigure 2).

3 Amg Information for CKM fits

The 95% C.L. limit is useful,aswell asthe sensitvity, to summarizen onesingle numberthe results
of the analysis. However to include Am; in a CKM fit andto determineprobability regions for the
variablesp and#, continuousnformationaboutthe degreeof exclusionis needed.

Two differentmethodgo include Am, in CKM fit will bereviewedandcompared.Therequire-
mentsfor anoptimalmethodare:
¢ themethodshouldwork independentlyf the significanceof the signal: this criterionis important
to avoid switchingfrom onemethodto anothebecausef the presencéabsencedf a significant
signal(whosedefinitionis arbitrary);
e theprobabilityregionsderived shouldhave correctcoverageé.

1In theBayesiarframavork correctcoveragds notguaranteedin particularit depend®nthechoiceof priors. Nevertheless
the variationsof the coverage becausef differentchoiceof the priors, have beenevaluatedin the caseof studyandfoundto
be nggligible comparedwith thevariationsdueto differentmethods.
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Fig. 1: World AverageAmplitude spectrumasa functionof the B? oscillationfrequeng (Am).

3.1 Likelihood Ratio method R

Recentlyit hasbeenproposedo usethelog-likelihoodfunction A log £>°(Am) referencedo its value
obtainedfor Ams; = oo [8, 2]. Thelog-likelihoodvaluescaneasilybe deducedrom A ando 4, in the
Gaussiarapproximationpy usingexpressiongjivenin [3]

Alog L*(Amg) = log L(o0) — log L(Amy) = 1 [(A_ 1>2 - (£>21 = (l - A) é ,  (3)

2 oA oA 2
Alog L2 (Amg)miz = —%;15 , 4)
Alog ‘Coo(Ams)nomia: = %ULZ . (5)
A

Thelasttwo equationgivetheaveragdog-likelihoodvaluewhenAm, correspondo thetrue (Amr4¢)
oscillationfrequenyg (mixing case)andwhenAm is far from the true oscillationfrequeng (|Am; —
Am!re| > T'/2, no-mixing case).T" is thefull width at half maximumof the amplitudedistribution in
the caseof asignal;typically I' ~ 1/7po.

ThelLikelihoodRatioR, definedas:

R(Amy) = e—Alog L7(Ams) _ L(Am,)

~ L(Ams =0)’ ©

hasbeenadoptedn [2] to incorporatehe Am, constrainin Eq. 1.
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Fig. 2: World Averageamplitudeanalysis:a) amplitudespectrumbp) A log £°(Am), C) comparisorbetweerthe
LikelihoodRatiomethod(R) andthe Modified x2 method(x?2). Theinformationin b) andin the solid histogram

in c) isidentical.

3.2 Modified x? method
In thefirst CKM fits [4, 5, 6] the x? of the completeamplitudespectrumw.r.t. 1 wasused:

XZ_(l_A>2 ™)

= o

This methodhastwo maindravbacks:

¢ thesignof thedeviation of theamplitudewith respecto thevalue A = 1 wasnotusedwhereast
is expectedthatevidencefor a signalwould manifestitself by giving anamplitudevaluewhichis
simultaneouslyompatiblewith A = 1 andincompatiblewith 4 = 0;
valuesof A > 1 aredisfavouredw.r.t. A = 1, while it is expectedthat, becauseof statistical
fluctuations the amplitudevalue correspondingo the “true” Am, valuecould be higherthan1.
This problemwas solwved, in the early daysof the useof Amg in CKM fits, by taking A = 1
whenever it wasin facthigher
A modifiedy? hasbeenintroducedn an“ad hoc” wayin [10] to solve the secondproblem:

2=2. [Erfc_1 (%Erfc (b;(;j))r (8)

4 Comparison of the two methodsusing the World AverageAmplitude Spectrum

The variation of the amplitudeas a function of Am, andthe correspondingA log £L*(Am,) value
areshawvn in Figure 2-a),b). The constraintobtainedusingthe Likelihood Ratio method(R) andthe
Modified x? method(x?) areshavn in Figure 2-c). For this comparisorthe Modified x? methodhas
beencornvertedto alikelihoodfunctionusing £ « ¢=3X°, Thisis possible with the presendata,since
all theamplitudemeasurementsreGaussian.

It is clearthatthetwo methodgR andx?) give very differentconstraintsin particularthe Modi-
fied x? method with the presenWorld Average corresponds$o a lesstight constraintfor the CKM fits
(andin particularfor thedeterminatiorof the p and~y parameters).

It is thusimportantto establishwhichis the correctmethod especiallyasdoubtswereformulated
in [10] concerningheLikelihoodRatioapproach.
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Fig. 3: Comparisonbetweenthe error distribution computedwith the toy-MC (solid line) and the measured
amplitudeerrors(circles).

5 The Toy Monte Carlo

In orderto testthetwo methodst is necessaryo generateseveral experimentshaving similar character
isticsto thedatausedfor the World Average We will call equivalentthoseexperimentshaving the same
o 4 behaiour.

The 04 dependencen Am, canbe reproducedy tuning the parameter®f a fastsimulation
(toy-MC). The methodusedhereis similar to the onepresentedn [9]. Theerrorson theamplitudecan
bewritten as:

whereN is the total numberof events,npgo the purity of the sampleof B decays.q(p) the purity of
the taggingat the decay(production)time, o, is the B? flight lengthuncertaintyandop the relative
uncertaintyon its momentumW is the functionthataccountdor the dampingof the oscillationdueto
thefinite propertime resolution.

Theparameters,, o p andtheglobalfactorthatmultiply the W functionareobtainedy adjusting
thesimulatederrordistribution to the onemeasureavith realevents.

Figure3 shows the agreemenbetweerthe toy-MC calculationandrealdataup to Am,=25ps !
(theupperAmg valueat which amplitudesaregivenin thecombinedplot).

An additionalproblemwhenusingthe World Averageamplitudespectrumto constructthe like-
lihood functionfor Am is that,in principle,onewould like to definethelikelihoodwithin theintenal
[0, oo] whereagheamplitudespectrumis definedonly up to a certainvalue(for the presentVorld Aver-
agethevalueis 25 ps~1). A proceduréhasto beintroducedo continues 4 and.A.

The continuationfor o 4 is shavn in Figure3. It hasbeenverified (with anindependentoy-MC)
thatthe extrapolatecerrorsapproximatewnell the simulatederrordistribution.

The continuationof A is moredelicate. In particularit is more sensitve to the real amplitude
spectrum. Neverthelessf Am?™ << Amlst, the significanceS (S = A/o4) is approximately

constant. It is thena good approximationto take A(Am;,) = %UA(A’IRS). Although this
procedurds reasonableit shouldbe stressedhatit is very desirableto have all the amplitudes(with
errors)up to the Am, valuewherethe significancds reasonablystable.

6 Comparison of the methodsin caseof an oscillation signal
In this sectionwe testthebehaiour of thetwo methodsn thepresencef aclearAm, oscillationsignal.
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Fig. 4: Toy-MC analysesvith Am, generatedt 17 ps—! correspondingdo four virtual experiments.Eachexperi-
mentis summarizedn threeplots: a)amplitudespectrumb) A log £°°(Amy), ¢) comparisorbetweerLik elihood
Ratiomethod(R) andthe Modified x2 method(x?).

For this reasonwe performsereral Am, Toy-MC analyseawith the sameo 4 versusAmg be-
haviour asthe World Averageanalysis. For this study we have generateca Am, signalat 17 ps—*
(correspondingdo thevaluewherethereis thebumpin the World Averageamplitudespectrum).

Resultsareshavn in Figure4. It is clearthatthe LikelihoodRatiomethodis ableto seethesignal
atthecorrectAm, value,whereaghe Modified x? methodfailed. The sameexercisehasbeenrepeated
for differentgeneratedaluesof Amg, alwaysgiving the sameresult.

7 Testof the coverageof the two methodsapplied to CKM Fits

In absencef aclearsignal,theLikelihoodRatiomethodresultsn a Am, rangewhich extendsto infinity
atary C.L. A criticismwasmadein [10] claimingthatit is dangerouso usesuchinformationin CKM
fits. We think thatthe bestway to answerthis remarkis to testthe coverageof the probability regions
computedoy thefit.

Todothiswe have preparedsimplified CKM fit wherewe measurghequantity R, (= /(1 — p)2 + 72),
whichis onesideof the Unitarity Triangle,usingonly the Am, andthe Am4/Am, constraints.

Thesetof constraint®n the quantity R is:

Amg = a’R}
Amg/Ams =b’R?  (or Ams = a?/b?)

wherea andb areGaussiardistributedparametersvith errorso, = 20% ando, = 10% (simulatingthe
theoreticauncertaintiesnvolvedin the computation).

Several experimentshave beengeneratedgachof them characterizedy the following set of
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parameters:

Ry

Qtheo extractedfrom thea distribution

biheo extractedfrom theb distribution

Amg(theo) computedrom R; anda

Amg(theo) computedrom R; andb

Amgy(exp) from Amg(theo) smearedy the experimentakresolution

Amplitudespectrum from atoy-experimentgenerateavith Amg(theo)

For eachexperimentafit for R, wasperformedandit waschecledwhetherthegeneratedalueof R; was
insidethe 68%, 95% and99% probability regionsdefinedby the LikelihoodRatio andby the Modified
x2 methods This exercisewasrepeated 000times,with similar andindependentits.

Thefrequeng for experimentfoundinsidethe specifiedntervals obtainedwith thetwo methods
aregivenin Tablel and2 respecirely.

TheLikelihoodRatio methodalwayshascloseto the correctcoverage.This is not the caseof the
Modified x? method.

68% 95% 99%
Amg =10 67.5+15|93.1+0.8|98.1+04
Amgs=18.2 | 71.4+14 | 96.1 £0.6 | 99.6 = 0.2
Amg =25 69.5+1.5|964£0.6 |99.3+0.3

Table1: Resultsobtainedwith the Lik elihood Ratio method. For threedifferentvaluesof generatedAm; (left
column)we indicatethe percentagef “experiments”for which the generatedrue value of R; falls insidethe
68%,95% and99% probabilityinterval.

68% 95% 99%
Amg =10 48.6 £1.6 | 83.8 £1.2 | 94.3 £0.7
Amg =182 | 64.6 1.5 | 93.0£0.8 | 99.2 £ 0.3
Amg =25 7r.5+1.5|982+0.4|99.7+0.2

Table2: As for Table1, but for the Modified x2 method.

8 Conclusions

In this paperwe have studiedthe problemof including, in CKM fits, the information containedn the
Amg World Averageanalysis.

We have demonstratethattheLikelihoodRatiomethod proposedn [8, 2], is the optimalmethod
becausét givesprobability intenals with correctcoverage.As expected,t alsogivesthe correctmea-
suremenbf Amg, in the caseof asignal.
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