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Abstract
In this paperwe discusshow to includethe ���� informationin theCKM fits
startingfrom the amplitudespectrumgiven by the LEP OscillationWorking
Group. The numberusuallyquotedby the Working Group is the 95% C.L.
limit. The possibility of usingtheLikelihoodRatio methodis discussedand
defended.

1 A brief intr oduction on the CKM Fits

The aim of the CKM fit is to extract the bestestimateof the parametersof the CabibboKobayashi
Maskawa (CKM) matrix from theavailableexperimentalmeasurementsandtheoreticalcomputations.

Theelementsof theCKM matrixareusuallyexpressedin termof four parameters[1]: � , ��������� , �� ,�� .

In theBayesianframework, adoptedin this work, for thecaseof N parameters(exceptfor �� and�� ) andM constraintsthefollowing relationholds:��� �� � ��!�#" � �#" � �%$&$&$&�#"!' �)(* � � (* � �%$&$&$&� (*%+�,.- /021 �#3 + � 0 � (* 0 �4���� ��5�#" � �#" � �%$&$&$&�#"!'6,7/891 �#3 ' � 8 � " 8 ,;: �=<>� �� � ��?,
where

� 0%@A8 � arethep.d.f. for theparameters,(* 0 aretheconstraints(likelihoods)comingfrom experimen-
tal measurementsand

�=<
is thea-priori p.d.f. for

� ���� ���, .
Thep.d.f. for

� ���� ���, (thetwo leastknown parameters)is obtainedby integratingovertheparameter
space: ��� �� � ��?,�-CB /021 �#3 + � 0 � (* 0 �4�� � ��!�#" � �#" � �%$&$&$&�#"!'6,D/021 �#3 ' � 8 � " 8 ,FEG" 8 : �=<>� �� � ���, (1)

Theprior p.d.f.
�=<

is chosento beuniform over the ���� �� plane.

The measurementsof the oscillation frequencies��IH and �J��� in the neutral KJLH , KJL� meson
systemsareimportantconstraintsin the( �� - �� ) plane:�J�IH - � �MONP K M NP �#�RQTS ��U, �WV � � ,�J�IHYX=�J��� - �4� �M NP K M NP X � �M NZ K M NZ , �#�RQTS ��U, � V � � ,� �M�[ K M [ is a theoreticalparameterwhich encapsulatesthe non-perturbative effects. Sincethe valueof
the ratio of theseparametersis theoreticallybetterdeterminedthan their absolutevalues,the second
constraintis in principlemoreeffective.

Unfortunately, whereas�J�IH hasbeenpreciselymeasured,no evidencehasbeenfound, until
now, for K L� - �K L� oscillations.Neverthelessthedatasampleusedto extractlimits on �J��� containsmore
informationthanis summarizedin the limit itself. In this work we proposeandtesta methodto fully
exploit this information.
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2 KJL� oscillationsand the Amplitude method

The searchfor a KJL� S �K L� oscillationssignal is usuallypursuedat LEP, SLD andCDF by using the
Amplitudemethod[3]. Eventsaredividedin two classescorrespondingto oscillatingandnon-oscillating
candidates,accordingto the informationobtainedby taggingthepresenceof a K or a �K mesonat the
beaminteractiontime andat the \ -hadrondecaytime. Theexpecteddecay-timedistribution of eventsis
obtainedby usingafunctionwhichcontainsthetimedistributionsfor all components,takinginto account
theimperfecteventtagging,thedifferentbehaviour of \ -hadrondecayswhichdependon their type( �KJLH ,K^] , �K L� or \ -baryon),andthebackgroundcomponentsoriginatingfrom charmandlight flavours. The
timedistribution for theoscillating(non-oscillating)signalis givenby_ � K L�a` �K L� � K L� ,#,.b Qc=d M NZ!e ]?fhgFi�j NZ!k QlS�� V ,nmpoGq � �J� �#r ,ts�$ (2)

Suchtheoreticaltime distributions areconvolutedwith the expectedtime resolution,the mistagprob-
ability andall the non-K L� backgrounddistributions are includedto get the p.d.f. for like andunlike
events. u � ���� ,.b 'Ov�wAxFy/891 � _az 8&{2| � r 8 � �J��� , 'O}�~2v�w�xFy/891 � _6���=z 8&{p| � r 8 � �J��� ,
Theamplitudemethodconsistsof changingthep.d.f. for K L� oscillationsby multiplying thecosineterm
by � QlS�� V ,nmpoGq � �J��� r , ` QlS�� V , � mpoGq � �J��� r ,u � ���� , ` u � �J��� � � ,u � �J��� � � , is thenmaximizedw.r.t. � at differentvaluesof �J��� ; thetypicaloutputof ananalysisis a
setof values� � �J��� , with theirerrors��� � �J��� , .

Fitted amplitudevaluesfrom differentanalysesarecombined[7] usinga commonsetof deter-
minationsfor externalparametersand taking into accountpossiblecorrelationsbetweenthe different
analyses.In this respecttheuseof theoscillationamplitudeprovidesa simpleframework for incorpo-
ratingall theseeffects.The ���G� C.L. upperlimit on �J� � for excludingoscillationscorrespondsto the
value �J� z 8��� for which ��V Q $��>� ����� = 1, whereasthe sensitivity is the value �J� � | � �� at which the���G� C.L. limit wouldbesetif � b�� andis obtainedfrom:

Q $��>� �T�?� = 1. TheWorld Averagecomputed
by theLEPOscillationWorkingGroup[7] setsa lower limit at15.0 �!� ]O� with asensitivity at18.0�5� ]O�
(seeFigure 2).

3 �J��� Inf ormation for CKM fits

The 95%C.L. limit is useful,aswell asthesensitivity, to summarizein onesinglenumberthe results
of the analysis. However to include �J��� in a CKM fit and to determineprobability regions for the
variables �� and �� , continuousinformationaboutthedegreeof exclusionis needed.

Two differentmethodsto include �� � in CKM fit will bereviewedandcompared.Therequire-
mentsfor anoptimalmethodare:� themethodshouldwork independentlyof thesignificanceof thesignal:this criterionis important

to avoid switchingfrom onemethodto anotherbecauseof thepresence(absence)of a significant
signal(whosedefinitionis arbitrary);� theprobabilityregionsderivedshouldhave correctcoverage1.

1In theBayesianframework correctcoverageis notguaranteed.In particularit dependsonthechoiceof priors.Nevertheless
thevariationsof thecoverage,becauseof differentchoiceof thepriors,have beenevaluatedin thecaseof studyandfoundto
benegligible comparedwith thevariationsdueto differentmethods.
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Fig. 1: World AverageAmplitudespectrumasa functionof the   NZ oscillationfrequency ( ¡W¢ Z ).
3.1 Lik elihoodRatio method £
Recentlyit hasbeenproposedto usethelog-likelihoodfunction �¥¤ o�¦ u¨§ � �J��� , referencedto its value
obtainedfor �J� � bD© [8, 2]. The log-likelihoodvaluescaneasilybededucedfrom � and � � , in the
Gaussianapproximation,by usingexpressionsgivenin [3]�ª¤ o�¦ u § � �J��� ,�b ¤ o�¦ u � ©ª, S ¤ o�¦ u � �J��� ,.b Qc¬«= � SªQ� � ® � S  �� �6® �°¯ b  Qc S � ® Q�O�� � (3)

�¥¤ o�¦ u § � �J� � , �±8�² b S �� �³µ´¶ � (4)�ª¤ o�¦ u § � �J��� , � < �±8�² b �� �³µ´¶ $ (5)

Thelasttwoequationsgivetheaveragelog-likelihoodvaluewhen�J��� correspondsto thetrue( ��·f&¸ � |� )
oscillationfrequency (mixing case)andwhen ���� is far from the trueoscillationfrequency ( � ���� S�J�·f&¸ � |� �n¹»º¼X c , no-mixing case).º is thefull width at half maximumof theamplitudedistribution in
thecaseof a signal;typically º¾½ Q X d M NZ .

TheLikelihoodRatioR, definedas:¿ � ���� ,�b e S �¥¤ o�¦ u¨§ � �J� � , b u � �J��� ,u � �� � b7©ª, � (6)

hasbeenadoptedin [2] to incorporatethe �J��� constraintin Eq.1.
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Fig. 2: World Averageamplitudeanalysis:a)amplitudespectrum,b) Æ�Ç�ÈµÉËÊ¼ÌÍÎÆTÏJÐ	Ñ , c) comparisonbetweenthe
LikelihoodRatiomethod( Ò ) andtheModified Ó!Ô method( Ó!Ô ). Theinformationin b) andin thesolid histogram
in c) is identical.

3.2 Modified Õ¼� method

In thefirst CKM fits [4, 5, 6] the Õ � of thecompleteamplitudespectrumw.r.t. 1 wasused:Õ � b  QlS ��?� ® � (7)

Thismethodhastwo maindrawbacks:� thesignof thedeviationof theamplitudewith respectto thevalue � b Q
wasnotused,whereasit

is expectedthatevidencefor a signalwould manifestitself by giving anamplitudevaluewhich is
simultaneouslycompatiblewith � b Q

andincompatiblewith � bÖ� ;� valuesof �»× Q
aredisfavouredw.r.t. � b Q

, while it is expectedthat, becauseof statistical
fluctuations,theamplitudevaluecorrespondingto the “true” �J��� valuecouldbehigherthan1.
This problemwassolved, in the early daysof the useof �J� � in CKM fits, by taking � b Q
whenever it wasin facthigher.

A modified Õ¼� hasbeenintroducedin an“ad hoc” way in [10] to solve thesecondproblem:Õ � b cÙØ�Ú9ÛaÜ � * ]O�  Qc ÛaÜ � *  QlSÞÝß c � � ®.®�à � (8)

4 Comparison of the two methodsusing the World AverageAmplitude Spectrum

The variation of the amplitudeas a function of �J��� and the corresponding�¥¤ o�¦ u § � �J��� , value
areshown in Figure2-a),b). The constraintsobtainedusingthe LikelihoodRatio method( £ ) andthe
Modified Õ � method( Õ � ) areshown in Figure2-c). For this comparisonthe Modified Õ � methodhas
beenconvertedto a likelihoodfunctionusing

u - e ]âá´2ã ´ . This is possible,with thepresentdata,since
all theamplitudemeasurementsareGaussian.

It is clearthatthetwo methods( £ and Õ � ) give very differentconstraints.In particulartheModi-
fied Õ¼� method,with thepresentWorld Average,correspondsto a lesstight constraintfor theCKM fits
(andin particularfor thedeterminationof the �� and ä parameters).

It is thusimportantto establishwhich is thecorrectmethod,especiallyasdoubtswereformulated
in [10] concerningtheLikelihoodRatioapproach.
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5 The Toy Monte Carlo

In orderto testthetwo methodsit is necessaryto generateseveralexperimentshaving similar character-
isticsto thedatausedfor theWorld Average.Wewill call equivalentthoseexperimentshaving thesame�?� behaviour.

The �?� dependenceon �J��� canbe reproducedby tuning the parametersof a fast simulation
(toy-MC). Themethodusedhereis similar to theonepresentedin [9]. Theerrorson theamplitudecan
bewrittenas: � ]O�� b ß ê � M NZ � c�ë H S�Q , � c�ë�ì SªQ ,îí � � ï � � ð � ���� ,
where

ê
is the total numberof events, � M NZ the purity of the sampleof KJL� decays,

ë H @ ì � the purity of
the taggingat the decay(production)time, ��ï is the K L� flight lengthuncertaintyand � ð the relative
uncertaintyon its momentum,í is thefunctionthataccountsfor thedampingof theoscillationdueto
thefinite propertime resolution.

Theparameters� ï , � ð andtheglobalfactorthatmultiply the í functionareobtainedbyadjusting
thesimulatederrordistribution to theonemeasuredwith realevents.

Figure3 shows theagreementbetweenthetoy-MC calculationandrealdataup to �J��� =25ps]O�
(theupper �J��� valueat whichamplitudesaregivenin thecombinedplot).

An additionalproblemwhenusingtheWorld Averageamplitudespectrumto constructthe like-
lihood functionfor �J� � is that, in principle,onewould like to definethelikelihoodwithin theintervalk �U�°©ñs whereastheamplitudespectrumis definedonly up to acertainvalue(for thepresentWorld Aver-
agethevalueis

c �.�5��]O� ). A procedurehasto beintroducedto continue� � and � .

Thecontinuationfor �?� is shown in Figure3. It hasbeenverified(with anindependenttoy-MC)
thattheextrapolatederrorsapproximatewell thesimulatederrordistribution.

The continuationof � is moredelicate. In particularit is moresensitive to the real amplitude
spectrum. Neverthelessif �J� � | � �� òaò �J� z�ó � f� , the significanceô ( ô b ��X>�?� ) is approximately

constant. It is then a good approximationto take � � �� � ,�b � @Aõ¼� v ö Zø÷Z �³ ¶ @Aõ¼� v ö Zø÷Z � � � � �� � , . Although this
procedureis reasonable,it shouldbe stressedthat it is very desirableto have all the amplitudes(with
errors)up to the �J��� valuewherethesignificanceis reasonablystable.

6 Comparison of the methodsin caseof an oscillation signal

In thissectionwetestthebehaviour of thetwo methodsin thepresenceof aclear �J��� oscillationsignal.
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Fig. 4: Toy-MC analyseswith ÆTÏJÐ generatedat ����� ����� correspondingto four virtual experiments.Eachexperi-
mentis summarizedin threeplots:a)amplitudespectrum,b) Æ�Ç�ÈµÉËÊ¼ÌÍÎÆTÏJÐ	Ñ , c) comparisonbetweenLikelihood
Ratiomethod( Ò ) andtheModified Ó Ô method( Ó Ô ).

For this reasonwe performseveral �J��� Toy-MC analyseswith the same�?� versus�J��� be-
haviour as the World Averageanalysis. For this study we have generateda �J��� signal at 17 ps]O�
(correspondingto thevaluewherethereis thebumpin theWorld Averageamplitudespectrum).

Resultsareshown in Figure4. It is clearthattheLikelihoodRatiomethodis ableto seethesignal
at thecorrect �J��� value,whereastheModified Õ � methodfailed.Thesameexercisehasbeenrepeated
for differentgeneratedvaluesof �J� � , alwaysgiving thesameresult.

7 Testof the coverageof the two methodsapplied to CKM Fits

In absenceof aclearsignal,theLikelihoodRatiomethodresultsin a ���� rangewhichextendsto infinity
at any C.L. A criticism wasmadein [10] claimingthat it is dangerousto usesuchinformationin CKM
fits. We think that thebestway to answerthis remarkis to testthecoverageof theprobability regions
computedby thefit.

TodothiswehavepreparedasimplifiedCKM fit wherewemeasurethequantity	 f � b�
 �RQlS �î, � V � � , ,
which is onesideof theUnitarity Triangle,usingonly the �J�IH andthe �J�IHµX=�J��� constraints.

Thesetof constraintson thequantity 	 f is:�J�IH b� ��	6�f�J�IHYX=�J� � b \2��	6�f �
or �J� � b�� ��X=\2� ,

where� and \ areGaussiandistributedparameterswith errors � ó b c � � and ��� b Q � � (simulatingthe
theoreticaluncertaintiesinvolvedin thecomputation).

Several experimentshave beengenerated,eachof them characterizedby the following set of
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parameters:

	 f� f�� | < extractedfrom the � distribution\ f�� | < extractedfrom the \ distribution�J�IH � r�� e�� , computedfrom 	 f and ��J��� � r�� e�� , computedfrom 	 f and \�J�IH � e " � , from �J�IH � r�� e�� , smearedby theexperimentalresolution
Amplitudespectrum from a toy-experimentgeneratedwith �J� � � r�� e�� ,

For eachexperimentafit for 	 f wasperformedandit wascheckedwhetherthegeneratedvalueof 	 f was
insidethe68%,95%and99� probabilityregionsdefinedby theLikelihoodRatioandby theModifiedÕ � methods.Thisexercisewasrepeated1000times,with similar andindependentfits.

Thefrequency for experimentsfoundinsidethespecifiedintervalsobtainedwith thetwo methods
aregivenin Table1 and2 respectively.

TheLikelihoodRatiomethodalwayshascloseto thecorrectcoverage.This is not thecaseof the
Modified Õ � method.

68% 95% 99%�J� � b Q � ��� $ ��� Q $ � ��� $ Q � �U$�� � �n$ Q � �U$���J��� b Q �n$ c � Q $�� � Q $�� � �n$ Q � �U$�� ��� $�� � �U$ c�J��� b c � � � $ ��� Q $ � � �n$�� � �U$�� ��� $ ��� �U$ �
Table1: Resultsobtainedwith the LikelihoodRatio method. For threedifferentvaluesof generatedÆTÏ Ð (left
column)we indicatethe percentageof “experiments”for which the generatedtrue valueof  "! falls inside the
68%,95%and99%probabilityinterval.

68% 95% 99 %�J��� b Q � �#�n$�� � Q $�� � � $�� � Q $ c � �î$ ��� �U$$��J��� b Q �n$ c �>�î$�� � Q $ � ��� $ � � �U$�� ��� $ c � �U$ ��J� � b c � ��� $ ��� Q $ � � �n$ c � �U$�� ��� $$� � �U$ c
Table2: As for Table1, but for theModified Ó Ô method.

8 Conclusions

In this paperwe have studiedthe problemof including, in CKM fits, the informationcontainedin the�J� � World Averageanalysis.

WehavedemonstratedthattheLikelihoodRatiomethod,proposedin [8, 2], is theoptimalmethod
becauseit givesprobability intervals with correctcoverage.As expected,it alsogivesthecorrectmea-
surementof �J��� , in thecaseof asignal.
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