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Abstract

Two standardnethod=f combiningresultsarediscussedhroughcasestudies
from W Physicsat LEP: the BLUE methodusedin the W Masscombination
andalikelihoodmethodin the presencef correlatecerrorsthatis usedfor the
estimateof gaugecouplings.Difficultiesencountere@ndpointsfor consider
ationin performingthesecombinationsarepresented.

1 LEPW MassCombination
1.1 Introduction

Improving theaccurag of the W Massmeasurementasthe principalaim of the CERN LEP2 collider
measurementgrogramme.Due to the excellentperformanceof the acceleratoandthe four LEP de-
tectorsthe measuremens now dominatedby systematiauncertainties.Resultsare provided by each
experimentfor eachof the five yearsof datataking. W bosonsare pairproducedat LEP andthe mass
is measuregbrimarily from two WW decaymodes:thefirst is wherebothW bosonsdecayhadronically
andthe otherwhereonedecayshadronicallyandthe otherleptonically

1.2 BLUE Method

The BLUE method[1] for the combinationof correlatedmeasurementis usedfor the LEP W Mass
determinatior{2] andseveral otherhigh profile measuremenitst LEP2.

Theaimis to producethe unbiasedinearcombinationof n measurementg;, with the minimum
variance. The errorson the measurementareassumedo be symmetric,Gaussiarandindependenof
thevalueof themeasuregharameter

n
§="> wy;
i=0

wherew; is theweightof themeasurementin thecombinationand";* , w; = 1.
It is simpleto shav that
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whereFE;; is themeasurementgovariancematrix.

The total error canbe calculated,and broken down into its componentontritutions from each
independenérrortypek
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wherep”ii is the correlationcoeficient for measurementsandj arisingfrom errortypek.
0
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1.3 Remarkson Usage

The error catggoriesmay be definedin two ways, both of which arein commonusage:by correlation,
or by physicalerror source. Naturally thesetwo error division formatsare identicalfor calculational
purposedut notfor sociologicalconsiderations.

In the former, all error sourceswith the samecorrelationsourceare quotedin a combinedform.
For examplein the W Massmeasuremengnecatgory would bethoseerrorsourceshatarecorrelated
betweerthefour LEP experimentsaandbetweertheresultsof differentyearsbut areuncorrelatedetween
thetwo decaychannelsn which the measuremens made.Suchaformatcanbe problematicandlead
to unphysicalsituationswhich are not readily apparent.experimentA may decidethatan error source
is fully correlatedwith experimentB, B thatit is fully correlatedwith C, but C thatit is uncorrelated
with A. Thealternatve methodof specifyingthe valuesof eacherrorsourceandits correlationds to be
preferredfor its transparenc

In practice,it is rarely necessaryo specifythe full correlationmatrix for eacherror source: a
short-handform will sufice and aids clarity. In the W Masscombinationeachexperimentspecifies
for eachof fourteenerror sourceshe correlationsof measurements their experimentfrom a given
decaychannel,and betweenthe decaychannels.The equvalentcorrelationsbetweernthe experiments
arediscusse@nd,wherever possible determinedhroughtests.

Listing all the physicalerror sourceshasthe additionalbenefitthatit ensureghatall experiments
have consideredhe full rangeof error sourcesand flags ary wildly varying estimatesas points for
furtherstudy Thevaluesof theerrorcomponents* andmeasurememneightsw; areusefulin directing
peoples time andavailable CPU power to addresshe areaghatarecritical to thefinal result.

1.4 Example Casesof Error Sources

In the exampleof a systematiauncertaintydominatedmeasuremerguchasthe W Mass, the estimate
of the correlationsaswell asthe errorvaluesarecritical. However, thereare often significantpractical
difficultiesin the estimateof thesecorrelations.

ConsideitheW Masscaseof ameasuremergrrorsourceobtainedrom thecomparisorof several
phenomenologicamodelsof particle hadronization. Sufficient Monte Carlo simulation events must
be obtainedwith eachmodelto ensurethatthe statisticalerror on this testis not a dominanterror: this
requiresof order10% minutesof CPUona 1GHzprocessorWith theseresourcaequirementsgstimating
thecorrelationbetweerniwo modelswith severalfreeparametersaysimply notbepractical.ln practice,
when other alumentscannotreadily be applied, such casesare often resohed by making the most
conserative assumption$or thecorrelations for theW masshis turnsoutto bethatthemeasurements
arefully correlated,but when performingthe cross-checlof the differencein massobtainedfrom a
measuremernh two WW decaychannelghis errorsourceshouldbe consideredincorrelated.

Whendeterminingheoptimalmethodof treatingsource®f uncertaintyconflictingpressuremay
occurdependingnthetypeof estimateghatyou consideiis beingperformed.TheW Massmeasurement
canbe consideredothasa point estimatejn the sensehatonewould like to quotea centralvaluethat
is the mostprobableW Massvalue,andof aninterval with a certainfrequentistcoverage.The caseof
thefinal stateinteractionerrorsillustratewhy this canraisedifficulties.

Thedecayof thetwo W bosonsn theWW systemmaybe cross-connectedthenbothW's decay
to hadronicfinal states(colour reconnectiorand Bose-Einsteireffects). Many modelsof theseeffects
may predictno shift in thereconstructedV Mass.A casecould be madethatthe mostprobableshift in
the centralvaluedueto an effect, sayBose-Einsteircorrelationsjs zero. For a point estimatethis may
bethemostreasonabl@rocedureHowever, it is not possibleto make a crediblecasethatno uncertainty
shouldbeascribedo thissourceassereraltheoreticallyjjustifiedmodelspredictsignificantshifts. Hence,
the symmetricerror could be minimisedfor the optimal intenal estimateby applying half the shift of
the mostextrememodeland quotingthe uncertaintyaroundthis. Fortunately in practice,independent
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experimentalmeasurementsf thesefinal stateeffectsare nov becomingavailable which will helpto
clarify thesituation.

1.5 Limitations

The BLUE methodrequiresspecifiederror componentghat are independenbf the fitted value. For
example,thetheoreticalerroron the WW cross-sectiots 0.5%o0f its value,if significant(this example
is not) this couldbeincludedthroughiteration: a similar situationis discussedn [3].

Theformulationdoesnotreadilyallow thetreatmenbf the physicallycommoncaseof asymmetric
errorsources An exampleof a combinationin which this methodis unsuitableasthe errorsarehighly
non-Gaussiars discussedn thefollowing section.

2 Gauge Coupling Combination
2.1 Introduction

The triple gaugebosoncouplingsbetweentwo W bosonsanda Z or a photonhave beenmeasuredat

LEP2[4]. The Z andphotonvertex couplings,which arezeroin the StandardModel, have alsobeen
determinedat LEP2. The measurementarestill typically statisticallydominatedout the uncertainties
from systematicsourcesaresuficiently significantthatthey mustbeincludedin the combinationin an

acceptablenanner

Themeasurementombineinformationfrom two sourcesThetotal cross-sectiohasa parabolic
dependencenthegaugecouplingparametersyith nonStandardModel couplingdeadingto anincrease
in the obsered cross-sectionThe differential cross-sectiomlso containsgaugecouplinginformation,
with the most powerful variablebeing the angleof the producedW bosonsto the incoming electron
beam:this informationdistinguishedetweerthe signsof the couplings.

Simultaneougletermination®f the threeprincipal chaged coupling parametersre performed.
As the measurementare highly correlatedjn the eventof a discosery suchmulti-dimensionaparam-
eterdeterminationsvould be necessaryo disentanglehe natureof the non-Standardviodel coupling
structure.

2.2 Likeihood Curves

Dueto thequadraticdependencef thetotal cross-sectiomn the couplings measuringa cross-sectiofm
excessof the Standardviodel will typically producealikelihoodwhich hasa doublemaximastructure
asa function of the coupling parameter An asymmetrywill be createdn the likelihood, so thatone
maximumis the preferredsolution,from the differentialcross-sectiomformation.

Whenestimatingthe systematiaincertaintiescaremustbe takenthatthey arenot over-estimated
dueto flips in the preferredmaxima. For examplea changein detectoresponsealibrationmay affect
the measuredlifferentialdistribution but not the total cross-sectiomndthe positionof a given maxima
may changeonly slightly but the preferredmaximamay flip to the otherstate. The systematiauncer
tainitiesshouldbe determinedsimultaneouslyor all the couplingparametersonsideredThesevectors
of systematiaincertainitiesr§, on measurementsandfrom sourcesS areusedin themethoddescribed
below.

In the absenceof systematicuncertaintieghe triple gaugebosoncoupling parametersnay be
extractedby themaximumlik elihoodmethodfrom thesumof theindividual resultdog likelihoodcurves.
However, a methodwas requiredto includethe effect of correlatedsystematicsn the gaugecoupling
determination.
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2.3 Method

The methodadoptedfor this problemof including fully correlatedsystematicuncertaintiesn multi-
dimensionaparametemtenal estimatiorwith non-parabolitatisticalerrorswassuggestedh [5].

In the standardnaximumlik elihoodmethodfor combiningresults(y), therequiredparameters
X = (%1, %25 s TNogupt )1

areobtainedrom the minimum,with respecto x of thelikelihoodfunction

—logL(x) = " ~log(£}(x))
J

If we assumethat the systematicuncertaintiesare Gaussiarthey canbe includedas parabolic
termsin thelikelihoodcurvesthroughtheintroductionof nuisanceparameters

A= (A Agy ey An,y,,)-

We definethe uncertaintiess), as the systematicshifts obsered in the parametersc for mea-
surement; whenthe sourceS variesby one standarddeviation. For the case,relevant to the gauge
couplings,of including a setof independeneérror sourcesachof which s fully correlatedbetweerthe
measurementsye get

~loglx, &) = 3 ~log(£(x - X ods) + 3 T(A)"
S S

J

wherethelikelihoodcurvesusedarethoseobtainedfor the statisticalanduncorrelatedystematics.

The minimisationis thenperformedwith respecto boththe requiredcouplingparameters and
the additional parametersA. The resultinguncertaintieson x now take into accountall sourcesof
uncertaintyyieldingameasuremertf thecouplingswith theerrorrepresentingtatisticalandsystematic
sources.

3 Closing Remarks

Thefractionof thetime of a‘combination’ groupspenton the mathematicaform of the combinationor
indeedactually performingthe combinationis minimal. The W Masscasestudy llustratesthis point,
the combinationis in principle mathematicallyery straightforvard but significantdecisionswith con-
siderablampacton thefinal result,still needto betaken by the combinationgroup.

Furthermorethe aim of animproved parameteestimatas achiezed not just throughthe combi-
nationitself but throughtheincreasedlialoguebetweerthe measuremergroups. Theseconsiderations
suggesthata combinationgroupshouldbe setup earlyin thelife of the measuremerdandconcentrate
asmuchon providing feedbaclkonimprovementsn the measuremerdason the actualcombination.
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