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Abstract
Two standardmethodsof combiningresultsarediscussedthroughcasestudies
from W Physicsat LEP: theBLUE methodusedin theW Masscombination
anda likelihoodmethodin thepresenceof correlatederrorsthatis usedfor the
estimateof gaugecouplings.Difficultiesencounteredandpointsfor consider-
ationin performingthesecombinationsarepresented.

1 LEP W Mass Combination

1.1 Introduction

Improving theaccuracy of theW Massmeasurementwastheprincipalaim of theCERNLEP2collider
measurementsprogramme.Due to the excellentperformanceof the acceleratorandthe four LEP de-
tectorsthe measurementis now dominatedby systematicuncertainties.Resultsareprovided by each
experimentfor eachof thefive yearsof datataking. W bosonsarepair-producedat LEP andthemass
is measuredprimarily from two WW decaymodes:thefirst is wherebothW bosonsdecayhadronically
andtheotherwhereonedecayshadronicallyandtheotherleptonically.

1.2 BLUE Method

The BLUE method[1] for the combinationof correlatedmeasurementsis usedfor the LEP W Mass
determination[2] andseveralotherhighprofilemeasurementsatLEP2.

Theaim is to producetheunbiasedlinearcombinationof � measurements,��� , with theminimum
variance.Theerrorson themeasurementsareassumedto besymmetric,Gaussianandindependentof
thevalueof themeasuredparameter.
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It is simpleto show that
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where� � � is themeasurements’covariancematrix.

The total error canbe calculated,andbroken down into its componentcontributions from each
independenterrortypek
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is thecorrelationcoefficient for measurementsi andj arisingfrom errortypek.

211



1.3 Remarks on Usage

Theerrorcategoriesmaybedefinedin two ways,bothof which arein commonusage:by correlation,
or by physicalerror source. Naturally, thesetwo error division formatsare identical for calculational
purposesbut not for sociologicalconsiderations.

In the former, all errorsourceswith thesamecorrelationsourcearequotedin a combinedform.
For examplein theW Massmeasurement,onecategory would bethoseerrorsourcesthatarecorrelated
betweenthefour LEPexperimentsandbetweentheresultsof differentyearsbut areuncorrelatedbetween
thetwo decaychannelsin which themeasurementis made.Sucha formatcanbeproblematic,andlead
to unphysicalsituationswhich arenot readilyapparent:experimentA maydecidethatanerrorsource
is fully correlatedwith experimentB, B that it is fully correlatedwith C, but C that it is uncorrelated
with A. Thealternative methodof specifyingthevaluesof eacherrorsourceandits correlationsis to be
preferredfor its transparency.

In practice,it is rarely necessaryto specify the full correlationmatrix for eacherror source:a
short-handform will suffice and aids clarity. In the W Masscombinationeachexperimentspecifies
for eachof fourteenerror sourcesthe correlationsof measurementsin their experimentfrom a given
decaychannel,andbetweenthedecaychannels.The equivalentcorrelationsbetweenthe experiments
arediscussedand,wherever possible,determinedthroughtests.

Listing all thephysicalerrorsourceshastheadditionalbenefitthat it ensuresthatall experiments
have consideredthe full rangeof error sourcesand flags any wildly varying estimatesas points for
furtherstudy. Thevaluesof theerrorcomponents

� !
andmeasurementweights
 � areusefulin directing

people’s timeandavailableCPUpower to addresstheareasthatarecritical to thefinal result.

1.4 Example Cases of Error Sources

In the exampleof a systematicuncertaintydominatedmeasurementsuchasthe W Mass,the estimate
of thecorrelationsaswell astheerrorvaluesarecritical. However, thereareoftensignificantpractical
difficultiesin theestimateof thesecorrelations.

ConsidertheW Masscaseof ameasurementerrorsourceobtainedfrom thecomparisonof several
phenomenologicalmodelsof particle hadronization. Sufficient Monte Carlo simulationeventsmust
beobtainedwith eachmodelto ensurethat thestatisticalerroron this testis not a dominanterror: this
requiresof order �/.�0 minutesof CPUona1GHzprocessor. With theseresourcerequirements,estimating
thecorrelationbetweentwo modelswith severalfreeparametersmaysimplynotbepractical.In practice,
when other argumentscannotreadily be applied,suchcasesare often resolved by making the most
conservative assumptionsfor thecorrelations- for theW massthis turnsout to bethatthemeasurements
are fully correlated,but when performingthe cross-checkof the differencein massobtainedfrom a
measurementin two WW decaychannelsthiserrorsourceshouldbeconsidereduncorrelated.

Whendeterminingtheoptimalmethodof treatingsourcesof uncertainty, conflictingpressuresmay
occurdependingonthetypeof estimatethatyouconsideris beingperformed.TheW Massmeasurement
canbeconsideredbothasa point estimate,in thesensethatonewould like to quotea centralvaluethat
is themostprobableW Massvalue,andof an interval with a certainfrequentistcoverage.Thecaseof
thefinal stateinteractionerrorsillustratewhy thiscanraisedifficulties.

Thedecaysof thetwo W bosonsin theWW systemmaybecross-connectedwhenbothW’sdecay
to hadronicfinal states(colour reconnectionandBose-Einsteineffects). Many modelsof theseeffects
maypredictno shift in thereconstructedW Mass.A casecouldbemadethatthemostprobableshift in
thecentralvaluedueto aneffect, sayBose-Einsteincorrelations,is zero. For a point estimatethis may
bethemostreasonableprocedure.However, it is notpossibleto makeacrediblecasethatnouncertainty
shouldbeascribedto thissourceasseveraltheoreticallyjustifiedmodelspredictsignificantshifts.Hence,
the symmetricerror could be minimisedfor the optimal interval estimateby applyinghalf the shift of
themostextrememodelandquotingtheuncertaintyaroundthis. Fortunately, in practice,independent
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experimentalmeasurementsof thesefinal stateeffectsarenow becomingavailablewhich will help to
clarify thesituation.

1.5 Limitations

The BLUE methodrequiresspecifiederror componentsthat are independentof the fitted value. For
example,thetheoreticalerroron theWW cross-sectionis 0.5%of its value,if significant(this example
is not) this couldbeincludedthroughiteration:asimilar situationis discussedin [3].

Theformulationdoesnotreadilyallow thetreatmentof thephysicallycommoncaseof asymmetric
errorsources.An exampleof a combinationin which this methodis unsuitableastheerrorsarehighly
non-Gaussianis discussedin thefollowing section.

2 Gauge Coupling Combination

2.1 Introduction

The triple gaugebosoncouplingsbetweentwo W bosonsanda Z or a photonhave beenmeasuredat
LEP2 [4]. The Z andphotonvertex couplings,which arezeroin the StandardModel, have alsobeen
determinedat LEP2. The measurementsarestill typically statisticallydominatedbut the uncertainties
from systematicsourcesaresufficiently significantthat they mustbe includedin thecombinationin an
acceptablemanner.

Themeasurementscombineinformationfrom two sources.Thetotalcross-sectionhasaparabolic
dependenceonthegaugecouplingparameters,with nonStandardModelcouplingsleadingto anincrease
in theobserved cross-section.Thedifferentialcross-sectionalsocontainsgaugecouplinginformation,
with the mostpowerful variablebeing the angleof the producedW bosonsto the incomingelectron
beam:this informationdistinguishesbetweenthesignsof thecouplings.

Simultaneousdeterminationsof the threeprincipal chargedcouplingparametersareperformed.
As themeasurementsarehighly correlated,in theeventof a discovery suchmulti-dimensionalparam-
eterdeterminationswould be necessaryto disentanglethe natureof the non-StandardModel coupling
structure.

2.2 Likelihood Curves

Dueto thequadraticdependenceof thetotalcross-sectiononthecouplings,measuringacross-sectionin
excessof theStandardModel will typically producea likelihoodwhich hasa doublemaximastructure
asa function of the couplingparameter. An asymmetrywill be createdin the likelihood,so that one
maximumis thepreferredsolution,from thedifferentialcross-sectioninformation.

Whenestimatingthesystematicuncertainties,caremustbetakenthatthey arenot over-estimated
dueto flips in thepreferredmaxima.For examplea changein detectorresponsecalibrationmayaffect
themeasureddifferentialdistribution but not thetotal cross-sectionandthepositionof a givenmaxima
may changeonly slightly but the preferredmaximamay flip to the otherstate. The systematicuncer-
tainitiesshouldbedeterminedsimultaneouslyfor all thecouplingparametersconsidered.Thesevectors
of systematicuncertainities

�21 3
onmeasurements4 andfrom sources5 areusedin themethoddescribed

below.

In the absenceof systematicuncertaintiesthe triple gaugebosoncoupling parametersmay be
extractedby themaximumlikelihoodmethodfromthesumof theindividualresultslog likelihoodcurves.
However, a methodwasrequiredto includethe effect of correlatedsystematicsin the gaugecoupling
determination.
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2.3 Method

The methodadoptedfor this problemof including fully correlatedsystematicuncertaintiesin multi-
dimensionalparameterinterval estimationwith non-parabolicstatisticalerrorswassuggestedin [5].

In thestandardmaximumlikelihoodmethodfor combiningresults(4 ), therequiredparameters687 �:9 � � 9 # � ,;,;,;, � 9=<�>:?'@BADC'" �
areobtainedfrom theminimum,with respectto 6 of thelikelihoodfunction

EGF HJI)K � 6 " � �
1 EML:NPO � K 1 � 6 "B"

If we assumethat the systematicuncertaintiesare Gaussianthey can be includedas parabolic
termsin thelikelihoodcurvesthroughtheintroductionof nuisanceparameters

Q 7 �SR � � R # � ,;,;,;, � R�<�T UDT VXWX"*,
We definethe uncertainties

� 1 3
as the systematicshifts observed in the parameters6 for mea-

surement4 when the source 5 variesby onestandarddeviation. For the case,relevant to the gauge
couplings,of includinga setof independenterrorsourceseachof which is fully correlatedbetweenthe
measurements,weget

EGF HJI)K � 6 � Q " � �
� EMF:HJI � K � � 6 E �ZY � 1 3 R Y "�[ �\ �ZY �SR Y " # �

wherethelikelihoodcurvesusedarethoseobtainedfor thestatisticalanduncorrelatedsystematics.

Theminimisationis thenperformedwith respectto boththerequiredcouplingparameters6 and
the additionalparameters

Q
. The resultinguncertaintieson 6 now take into accountall sourcesof

uncertainty, yieldingameasurementof thecouplingswith theerrorrepresentingstatisticalandsystematic
sources.

3 Closing Remarks

Thefractionof thetimeof a ‘combination’groupspenton themathematicalform of thecombinationor
indeedactuallyperformingthe combinationis minimal. The W Masscasestudyillustratesthis point,
thecombinationis in principlemathematicallyvery straightforwardbut significantdecisions,with con-
siderableimpacton thefinal result,still needto betakenby thecombinationgroup.

Furthermore,theaim of an improvedparameterestimateis achievednot just throughthecombi-
nationitself but throughtheincreaseddialoguebetweenthemeasurementgroups.Theseconsiderations
suggestthata combinationgroupshouldbesetup early in the life of themeasurementandconcentrate
asmuchon providing feedbackon improvementsin themeasurementason theactualcombination.
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