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Abstract
The unbinnedmaximimumlikelihood fitting method,usedin many current
analysesincludingBelle’s measurementsof sin

�����
andlifetimes,maximizes

theuseof availableinformationto obtaintheshapeof adistribution in theface
of limited statistics.However, a significantdifficulty is that therehasbeenno
methodfor evaluatinggoodness-of-fitfor theresult.We examinesomeissues
surroundingthis questionandconcludethat an unbinnedgoodness-of-fittest
maybepossible.

1 INTRODUCTION

The measurementof sin
�����

at Belle[1] includesa procedureof fitting the distribution of eventsin a
measuredquantity(propertimedifference��� ) to a functionwhoseshapeis dependenton sin

�����
. If the

numberof eventsis sufficient, thedistribution maybebinnedandfitted via the leastsquaresor binned
maximumlikelihoodmethods,andthequality of resultsobtainedby differentmethodsis approximately
equivalent.For thefirst measurements,however, thenumberof eventsis limited, andto mosteffectively
useall availableinformation,theunbinnedmaximumlikelihoodmethod(UMxL) hasbeenused.

Onetroublesomeaspectof fitting with this methodhasbeenthelack of any prescriptionfor eval-
uatinggoodness-of-fit,to determinewhetherthedataarestatisticallyconsistentwith thefitted shape.A
poorfit could indicatethat thefitting function is inappropriateor inaccurate,or, if thereis background,
that it is not correctlyestimated.For any resultto becredible,it is importantto know that thefits have
reasonableconfidence.For binnedmethods,suchasleast-squares,thechisquarevaluegivesa straight-
forwardmeasureof confidence.To date,noanalogousmethodhasbeenfoundfor UMxL, andit hasbeen
necessaryto useothermeans,suchasrevertingto binningor generating“toy MonteCarlo” distributions,
to make thisdetermination.We reportheresomepreliminaryfindingsfrom a searchfor a formal means
of evaluatinggoodnessof fit within UMxL.

2 OUTLINE OF THE UMxL METHOD

We begin with anexperimentthathascollected� eventsin which thequantity 	 , which maybemulti-
dimensional,is measuredfor eachevent. Theset 
�	��� is fitted to a normalizedprobabilitydistribution
function(p.d.f.), ����	������ , wheretheunknown parameter� mayalsobemultidimensional,by maximizing
thelikelihood, � ������� � � ����	!�"�����$#
with respectto � . ��%'&�( is definedto be the valueof � that maximizes

� ����� in a given dataset. It is
equivalent,andsomewhatsimpler, to maximize

)+* � �����',.-/������� 01 � )+* ����	 � �����
Theprocedureis describedin Ref. [2].
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3 ENSEMBLE DISTRIBUTIONS OF -
In themethodof leastsquares,the 2�3 valueis ameasureof themagnitudeof fluctuationsof adistribution
from the fitted function. Thereis a well-establishedprescriptionfor goodness-of-fitwherebyonecan
determinewhetherthe value is statisticallyconsistentwith the fitted distribution. Analogously, one
might look at thedistribution in -/����%4&5(6� over anensembleof experimentsto determinefit quality. As
we will show, however, the -/����%4&5(7� valueitself is not useful. Nevertheless,it is instructive to explore
thisavenue,asit mayprovide insightinto thereasonsandsuggestpromisingdirections.

Onewould first like to determinehow the -�����%'&�(6� aredistributedover an ensembleof experi-
mentswith � eventseach,wherethetrueprobabilitydensityis ����	/�68��� . Thedistribution is presumably
peaked,with a well-definedmeanvalueandfinite width dueto statisticalfluctuations.We first consider
a distribution with fixed parameters,wherethe distribution is straightforwardly obtainable,and then
examinetheeffect of allowing parametervariations,wherethepictureis considerablydifferent.

3.1 Fixed Distributions

If no parametersarevariedin thefitting function ����	��78��� , thenthelikelihoodis well-defined.Thevalue
of -��98���;:<� is theaveragevalueof

)+* ����	/�68��� over thedataset
�	!�=� . If thetruep.d.f. is also ����	/�68��� , and
N is very large, -/��8���;:<� approachesthemean

)+* ����	��>8��� over thedistribution ����	��78��� , or

)+?+@04ACB -/��8�����D�FE G�	H����	��78��� )+* ����	/�68����,D�JI-/�98���
which is equalto theensemblemeanfor finite � . Thestatisticalvarianceof -/��8��� is[3]

)K?+@0'ACBMLON -/�98����PQ� �R
SE GT	U����	/�68��� N )+* ����	��78����P 3WV I- 3 �98�����
, � IX 3Y �98���

It canbe shown that the distribution in -��98���;:<� is Gaussianfor large � . Distributonsin -��98���;:<� for
otherp.d.f.’s fitted to ����	��78��� may be found in a similar way. Onemay thenconstructa teststatisticZ 3 , N -��98��� V � I-/��8����P 3 :<� IX 3Y �98��� wherelargevaluesimply incompatibilitybetweenthehypothesisand
data.A smallvalueof

Z 3 signalsconsistency with thehypothesisbut is notasstrongasatruegoodness-
of-fit testin that it cannot rule out all alternative hypotheses.What it is ableto do is to placelimits on
specificclassesof alternatives,which for many applicationsmaybeconsideredsufficient.

3.2 Distributions with free parameters

Moreusually, � is allowedto vary, andthebestestimatefor � , ��%'&5( , is thatfor which -/����� is maximum.
Theensembledistribution in -�����%'&�(6� is relatedto but differentfrom thatin -/��8��� . For eachexperiment,-/��� %4&5( �\[D-/�98��� sothedistribution mustshift in thepositive direction. If theshiftscouldbecharacter-
ized,onemight expectto beableto extract thegoodness-of-fitby comparing-/����%4&5(6� to theexpected
meanandwidth. However, a recentstudyby J. Heinrich[4] indicatesthat themaximumlog likelihood
valuemaybeequalto theexpectedvaluefor thefitted valueof ��%'&�( :

-/����%'&5(>���]�JI-/����%'&5(6�_^.�a`cbedgfihjd�kelnmKopk<qSf!r6b�k<s=th�bu� (1)

He studiedtwo specificp.d.f.’s, with Monte Carlo andanalytically. If this is observation holdsmore
generally, asHeinrichspeculates,the“confidencelevel” isalways100%andthelikelihoodvaluecontains
no informationaboutthegoodnessof fit. Wefirst examinethisconjectureandthenreturnto thequestion
of theensembledistribution of -/��� %'&5( � .
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Fig. 1: Distributionof w7xzy|{};~e���"� vs. y|{U}�~ for �7xz�7��yn�n� ����� ~;��=� �����9���g� , �y����9� � , and �����;�_�<� .
3.21 Heinrich’s conjecture

It is convenientto rewrite theparametrizedp.d.f. as ����	/�5�>���]f�������b��!�j� (j  ¡�¢ andthesetof measurements,
�	!�"� , asa “measuredp.d.f.,” £U��	H�'� �0¥¤ 0�+¦ �!§ ��	 V 	!��� , sothat

-/�����'�]�¨E G�	©£H��	H� )+* ����	/�������]�¨E G�	©£H� )+* f V lU���]�ª� )+* f V�« l¬;� (2)

where « lU¬�,®¯G�	�£>l is the “expectationvalue” of the function l over the measuredp.d.f., £ . At the
maximum,thefirst derivatives ° Y° ¡�± arezero:² -² ��� �]³´�D�¥�

² )+* f² ��� V�«
² l² ��� ¬;�_^

Onecanseethat,once � %4&5( is determined,thevaluesof « ° �° ¡�± ¬ ¡ {};~ arealsofully defined.To establish
the -�����%'&�(6� value,oneneedsin additionthevalueof « l¬"¡ {U};~ .

Lookingat thetwo p.d.f.’sexaminedby Heinrich,it is now clearthatthey arespecialcaseswhere« l¬"¡ {U};~ is alwaysfully determinedby « ° �° ¡�± ¬"¡ {U};~ ( d5^µb�^ , l¶� ¤ �j· ������� ° �° ¡�± ):¸ ����	/������� �¡ bj� (9¹�¡ : here,lO�J	H:j� , so ° �° ¡ � V l:j� , and « ° �° ¡ ¬"¡ {U};~ � V´« l¬"¡ {U};~ :j��%4&5( .¸ ����	/��� � #�� 3 ��� �º 3�» ¡ � be	�¼�� �i� ( � ¡ � ¢
�

3 ¡ �� � : heretherelevantconstraintis ° �° ¡ � � V � l:j� 3 .
In otherwords, -/��� %4&5( � is to befoundwith no furtherinput from data:

-/����%4&5(6���]�ª� )+* f�����%'&�(6� V 1 � · �5����%'&5(6�
² )+* f² � �¾½ ¡ {U};~ �_^

While thesearespecialcaseswheretherelationshipbetween« lU¬ ¡ {};~ and « ° �° ¡�± ¬ ¡ {};~ hasnodependence
on data,thisderivationshows thatmany casesmayhave partialcorrelations.For example,taking

����	/������� ¿4À ��	U3� � ¿4À ��:jÁ��
where ½ 	 ½HÂ ¿ , it is clearthat l andits derivativeshave differentdependenceson 	 . However, if l and° �j� (j  ¡�¢° ¡ aredisplayedaspower seriesexpansions:

« l���	/�����;¬4� V´« )K* � ¿4À ��	 3 �;¬��
B1
�+¦ � � V ¿ �

� « ����	 3 � � ¬d � V � « 	 3 ¬ À � 3 « 	Ãu¬� À ^z^z^
« ² l/��	������² � ¬�� ¿�

B1
�+¦ � � V ¿ � � « ����	 3 � � ¬�� ¿� N V � « 	 3 ¬ À � 3 « 	 Ã ¬ À ^z^z^z^ P
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Fig. 2: Relationof w7xzy|{};~e� to w7x;�yn� for �7xz�7�ayn�!� ��nÈ$É ~ ��� , �Ê����� , and �y����<� � . Themagentacurve is theexpectedmean,�ÌËw7xzyn� , thedashedcurvesarethe �!ÍÏÎ envelope,�ÌËw7xzy|�SÐÒÑ �ÓÎ �Ô , andthegreencurve is w7xzyn� for oneexperiment,with the

indicatedvalueof w7x5�yn� .
it is clearthattherearesharedterms.If thetruedistribution follows thesameparametrization,thestatis-
tical fluctuationsabouttheremaininguncorrelatedpartresultin smallfluctuationsof -/����%4&5(6� aboutthe
expectedvalue.Figure1 shows thetwo-dimensionaldistribution of ��%'&�( and -/����%'&5(6� . In this casethe
fluctuationsaresmall comparedto thetotal statisticalspreadof -/����%4&5(7� , so thatHeinrich’s conjecture
holdsapproximately. Themagnitudeof thefluctuationsrelative to theoverallspreadin -/����%'&5(6� depends
on the functionalform of thep.d.f.. Distributionsthat differ greatlyfrom theparameterizedform may
have -�����%'&�(6� valuesthatdivergefrom � I-������ , but noquantitative studyhasyetbeenmade.In any case,
thelackof auniversalrecipewouldseemto beaseriousimpedimentto developingagoodness-of-fittest.

3.22 Distribution in -�����%'&�(6�
While we have concludedthat -/����%'&5(6� by itself cannotcontaingoodness-of-fitinformation, thereis
still somemotivationfor studyingits ensembledistribution. For example,if onehasa combinedfit over
differentsetsor typesof data,thevaluesof -/��� %'&5( � in subsetsof thedatamaybe comparedwith the
expectation,asdescribedin Section3.1,to determinewhetherthey areindividually andcollectively con-
sistentwith theoverall result. In addition,a formal methodof deriving thedistribution would provide a
quickmeansof gleaninginformationequivalentto thatproducedby thecumbersome“toy MonteCarlo”
method,facilitating a more thoroughexplorationof statisticalandfitting issuesthanwould otherwise
bepractical.Knowledgeof theensembledistribution mayalsoallow for a betterdeterminationof con-
fidencelimits on parametervalues. We presentherea very preliminaryresulton this topic. If it can
beassumedthat -/��� %4&5( �Õ�Ö� I-/��� %'&5( � [Eq. (1)] is a goodapproximation,thenfor a givenexperiment,-/����%4&5(6� may be found from the -��98��� valueby noting that -������ , which is an invertedparabolain the
region of interest,intersects� I-/����� at �¨�×��%4&5( with zeroslope. A valuefor the secondderivative
of -������ canbe found from Eq. (2) with £U��	i�Ø�Ù����	/����%4&5(6� . Figure2 illustratesthis reasoning.If the
averagechangein ½ ��%'&�( V 8� ½ is of theorderof theerroron ��%4&5( , X ¡ , thentheaverage-/����%4&5(6� V -/�98���
is (by definition) of order0.5, which suggeststhat for eachparametertheshift beweenthemean -/�98���
andthe mean -�����%'&�(7� is of order0.5. A simplenumericaltest for several caseswith oneparameter,
shown in Table1, appearsto supportthis hypothesis.We expectto reporta morerigorousdiscussionin
thenearfuture.

A corollary of this finding is that the processof maximizing -������ causesthe mean ��%'&�( to be

shiftedfrom the truevalue. A shift of 0.5 in - is ³>^µÚ�:7Û � IX 3Y timesthestatisticalerror, andonewould

expect � %4&5( to alsobeshiftedby thecorrespondingamount,in thedirectionof increasingI-/����� .
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����	/����� 	 range 8� � mean-��98��� mean-/��� %'&5( � �Ò-�¡ b � (9¹�¡ N ³>#_ÜÝP 1.0 10 V ¿�Þ ^µß�ÁÏàá³>^â³ ¿ V ¿�Þ ^äã � àá³>^â³ ¿ ³>^µÚ ¿ àª³>^â³ ¿�¡ b � (9¹�¡ N ³>#_ÜÝP 1.0 100 V ¿�Þ ß7^µÚÏàª³>^ ¿ V ¿�Þ ß7^â³Óàª³>^ ¿ ³>^µÚ\àª³>^ ¿�=å ¡j( �3<� �=å ¡�¹�æ5¢ N V ¿ # À©¿ P 0.5 1000 V Þ�ç Ú7^ ¿ àª³>^ ¿ V Þ�ç ã|^ Þ àª³>^ ¿ ³>^µÚ\àª³>^ ¿
Table1. Differencebetweenmean-�����%'&�(6� and -/��8��� for threenumericalMonteCarloexperiments.

4 ADDITIONAL INFORMATION FROM DATA

Thusfar in this searchfor a goodness-of-fittestfor UMxL, it hasbeendemonstratedthat thereis a cor-
relationbetweenthemaximumlikelihoodvalueandthevalueof fitted parametersin theUMxL method
of parameterestimationandthat the degreeof correlationdependson the shapeof the parameterized
function. While by notbinningthedatatheresolutionof themeasuredquantity 	 is usedto bestadvan-
tagein estimating� , the informationthat comesout of thefit, � %'&�( and -/��� %4&5( � , dependson only a
few averagesover thedataset,« lU¬"¡ {};~ and « ° �° ¡�± ¬"¡ {U}�~ . Onewould think thatmoreinformationcanbe
extractedfrom thedata,andthatsomeof it mayberelevantto goodness-of-fit.

Anotherwayto understandtherelationshipof -/����%'&5(6� to thedatacanbeseenfrom equation(1),
which shows that -/�����;:<� is simply theaverageof

)K* ����	!�"����� over thedataset
�	!�"� . If thetruep.d.f. is����	���� %'&�( � , thenthedistribution of
)+* ����	 � ��� %'&�( ��,Ùè- � in thelimit of large � is

é �_è-���.E.GT	Ì����	�����%'&�(6� § �_è- V )K* ����	�����%'&5(6�;�_^
-/��� %4&5( �;:<� is thenthefirst momentof

é
, andits ensembledistribution approachesaGaussianfor large� , accordingto theCentralLimit Theorem.In principle,highermomentscanprovide additionalinfor-

mationaboutthe data. Or, moresimply, onemight testgoodness-of-fitby performinga Kolmogorov-
Smirnov teston 
|è-|�"� . If 	 is multidimensionalthis is anattractive possiblity, sincethereexists thusfar
no satisfactorymultidimensionalgoodness-of-fittest.Thiswill beinvestigatedin thenearfuture.

5 CONCLUSION

In searchingfor anunbinnedgoodness-of-fittestfor UMxL, we have examinedtheinformationcontent
of -/��� %4&5( � , startingwith theensembledistribution for a p.d.f. with fixedparametersandfollowing the
effect of varyingparametersto maximize -������ . Thebehavior of -�����%'&�(6� in this processrevealsthata
conjectureby J. Heinrich is approximatelytrue andleadsto the reasonswhy the -�����%'&�(7� valueitself
provideslittle or no informationaboutfit quality. At thesametime, it suggestssomepathsthatmaylead
to aworkablegoodness-of-fittest.A preliminarycalculationof themeanof theensembledistribution of-/��� %4&5( � revealsashift dueto maximizationwhich resultsin asystematicshift of thefittedparameter(s)
from thetruevalueswith a well-definedmagnitudeanddirection.
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