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This glossarybrings togethersomestatisticalconceptgshat physicistsmay happenuponin the

courseof theirwork. Theaimis notabsolutenathematicaprecision—fev physicistavouldtoleratesuch
aburden.Instead,(onehopes)}hereis just enoughprecisionto be clear We begin with anintroduction
anda list of notations.We hopethis will make the glossarywhich is in alphabeticabrder somevhat
easierto read.

Themistalesthatremaincanbeentirelyattributedto stubbornnessiH.B.P)

Probability, Cumulative Distrib ution Function and Density

1) A samplespaceS is thesetof all possibleoutcomeof anexperiment.

2) Probability cannotbe definedon every subsetof the samplespacebut only thosesetsin a o-
algebra. (A o-algebrais the setof subsetof S, that containsthe emptyset, A if it containsA,
U A; if it containsthesequencel;.) Don't panic—thisisn’t usedelsavherein this glossary

3) Statisticiangdefinearandomvariable(r.v.) X asa mapfrom the samplespacento therealnum-
bers,thatis, X : S — R (atleastin onedimension).

4) The (cumulative) distribution functionis definedby F(z) = P(X < z). Herex is arealnum-
ber X is arandomvariable,and P(X < z) is interpretedas P(A) whereA = {X <z} =
{we S: X(w) <z}. We talk aboutthe probability of an event (set). Note that this definition
doesnot distinguishbetweendiscreteand continuousrandomvariables. The distribution may
dependon parameters.

5) In thediscretecasewe definethe probability massfunction(pmf) by

Notethatif X is acontinuous.v., all theseprobabilitiesare0. In the continuouscase we define
the probability densityfunction (pdf) by

T

Fla)= [ ple)d,

—00

or equialentlyp(z) = £ F(z).

Notation

P(A) Probabilityof A

P(AB) Probabilityof A andB
P(A+ B) Probabilityof A or B
P(A|B) Probabilityof A given B
UA; Unionof setsA;

NA; Intersectiorof setsA;
X Randonmvariable

x Particularinstanceof arandomvariable
t(X) Statistic

d(X) Estimator
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0 Parameter®f somemodel M
6 Estimateof parametef
p(X16) Probabilitydensityof X givend

P(X|0) = p(X|0)dX

Probabilityof X givené

D(p||q) Kullback-Lieblerdivergencebetweerdensitiegp andg
X ~ p(X16) X is distributedaccordingto the probability densityp( X |6)
iid identicallyandindependentlylistributed

P(0|z) = p(0)|z)do
P(M)

Posteriomprobability of 8 givendataz
Prior probabilityof model M/

p(z|M) Evidencefor model M (probability densityof dataz givenmodel M)
P(M|x) Posteriomprobability of modelM givendataz

b(0) Bias

Ex|#] Expectatioroperator

Vi [#] Varianceoperator

L(#) Likelihoodfunction

L(d, ) Lossfunction

R(0) Risk function
Remp(0) Empiricalrisk function

GLOSSARY
Ancillary Statistic

Considera probability densityfunction p(X|0). If the distribution of the statistict(X) is inde-
pendenf # andthe statisticis alsoindependenof 8, thenthe function¢(X) is saidto be anancillary
statisticfor 8. The namecomesfrom the factthat sucha statisticcarriesno informationaboutf itself,
but may carry subsidiary(ancillary) information, suchasinformationaboutthe uncertaintyof the esti-
mate.Exampleln a seriesof n obserationsz;, n is anancillary statisticfor #. Theindependencef the
distribution on the ancillary statisticsuggestshe possibility of inferenceconditionalon the valueof an
ancillary statistic. SeealsoConditioning,Distribution Free,Pivotal Quantity Sufficient Statistic.
BayesFactor

SeePosteriorOdds.

Bayes’ Theorem

P(B|A) = P(A|B)P(B)/P(A),

isadirectconsequencef thedefinitionof conditionalprobability P(A|B) P(B) = P(AB) = P(B|A)P(A).
A similar algebraicstructureappliesto densities

p(z|w) = p(wl|z)p(z)/p(w),

wherep(w) = [ p(w|z)p(z)dz. FrequentistandBayesiangrehapyy to usethistheoremwhenboththe

variablesz andw arerelatedto frequeng data.Bayesianshowever, arequite happy to usethetheorem
whenw is notarandomvariable;in particular whenw maybeanhypothesior oneor moreparameters.
SeealsoProbability

Bayesian

The schoolof statisticsthatis basedon the degree of belief interpretationof probability whose
adwcatesncludedBernoulli,Bayes | aplace GaussandJefreys. For thesehinkers,probabilityandfre-
gueng areconsideredogically distinctconcepts.The dominantsub-groupamongBayesianss knowvn
asthe Subjectve school,interpretingprobability asa personaldegreeof belief; for these,usein a sci-
entific settingdependson acceptingconclusionsshavn to be robust againstdiffering specificationof
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prior knowledge.Sufiicientdata(andthe consequenpeakingof thelik elihoodfunction) makessuchro-
bustnessnorelikely. Theinjunctionof distinguishedAmericanprobabilistMark Twain againstoverly-
informative prior densitiess apposite:“lt ain’'t whatpeopledont know thathurtsthem,it’s whatthey
do know thatain’t so” SeealsoPrior Density Default Prior, PosterioDensity andExchangeability

Bias
Let d(X) beanestimatorof theunknavn parametef. Thebiasis definedby

b(0) = Ex[d(X)] - 6,

wherethe expectation€x [d] is with respecto anensembleof randomvariables{ X }. The biasis just
thedifferencebetweerthe expectatiorvalue,with respecto a specifiecensembleof the estimatord(X)
andthevalueof the parametebeingestimatedIf the ensemblas not given,thebiasis undefinedIf an
estimatoiis suchthatb(6) = 0 V6 thentheestimatoiis saidto beunbiasedotherwiseijt is biased Bias,
in generaljs afunctionof the unknownparametef) andcan,therefore pnly be estimated Further bias
is a propertyof a particularchoiceof metric. In high enegy physics,mucheffort is expendedo reduce
bias. However, it shouldbe notedthatthis is usually at the costof increasingthe varianceand being
furtheraway, in the root-mean-squarsensefrom the true value of the parameter SeealsoEnsemble,
Quadratid_ossFunction,Re-parameterizatiolmvariance.

Central Credible Interval

In Bayesianinference a credibleintenal definedby apportioningthe probability contentoutside
theregionequallyto theleft andright of theinterval boundariesThis definitionis invariantunderchange
of variable but maybeunsatiséctoryif the posteriordensityis heavily pealednearboundariesSeealso
Centralintenal, HighestPosterioDensityRegion, Re-parameterizatiomvariance.

Central Interval

An intenal estimatewherethe probability in questionis intendedto be in somesensecentered,
with the probability of being outsidethe interval equally disposedabore and belov the the interval
boundariesSeeConfidencdntenal, CentralCrediblelntenal.

Compound Hypothesis
Seesimplehypothesis.

Conditional Probability
Thisis definedby

P(A|B) =

The symbol P(A|B) is readasthe “probability of A given B.” Theideais very intuitive. Saywe
wantto guessthe probability whetheran experimentwill resultin an outcomein the set A. Without
ary additionalinformationthis is givenby P(A), wherethis probability is computedusingthe sample
spaceS. Now saywe do have somemoreinfo, namelythatthe outcomels in thesetB. Thenoneway
to proceedis to changefrom the samplespaceS to the samplespaceB, andthis is indicatedby the
notationP(A|B). TheformulaP(A|B) = P};‘ng) saysthatinsteadof computingoneprobabilityusing
the samplespaceB we canfind two probabilitiesusingthe old samplespaceS, which is often easier
SeeProbability

Conditioning

Making an inferencecontingenton somestatistict(z) of the obsered dataz. Conditioning
amountsto selectingthat sub-ensemblepf the ensembleof all possibledata X, consistentwith the
obsered data. Bayesianinferenceentailsthe mostextremeconditioning,namely conditioningon the
dataobsered andnothingelse.
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Confidencelnter val

A setof randomintenals [I(X), u(X)], definedover anensemblef randomvariablesX, is said
to beasetof confidencantenalsif thefollowing is true

Prob{f € [I(X),u(X)]} > 8 V0 and ¥\,

where# is the parameteof interestand A represenall nuisancegarametersThevalues!(X) andu(X)
are called confidencdimits. Confidenceintervals are a frequentistconcept;therefore,the probability
“Prob” is interpretedasarelative frequeng.

For fixed valuesof § and X thereis an associatecset C(X,0,\) = {[I(X),u(X)] : 6,A =
constant} of intenals, of which somefractionbraclet the (true) valued. Thatfraction“Prob” is called
the coverage probability. In generalaswe move aboutthe parametespace2(6, \), thesetC (X, 6, A)
changesasdoesits associatedoverageprobability“Prob” Neymanintroducedhetheoryof confidence
intenalsin 1937,requiringthattheir coverageprobabilitiesnever fall belov a pre-definedvaluecalled
the confidencdevel (CL), whatever thetrue valuesof all the parametersf the problem.We referto this
criterion asthe NeymanCriterion. A setof intenvals C(X) is saidto have coverage, or cover, if they
satisfythe Neymancriterion. Exactcoveragecanbe achievzed for continuousvariables but for discrete
variablestheintenal over-coversfor mosttruevalues.

Tofully specifyaconfidencentenal, the CL alonedoesnotsufice: it merelyspecifiegsheproba-
bility contentof theinterval, nothow it is situated. Adding a specificatiorthatduring constructiorof an
intenal of sizeCL, theremainingprobability (1 — CL) is apportionecequallydefinesCentralintenals;
otherprocedureprovide upper(/(X) = 0) or lower limits (u(X) = oc),0or move smoothlyfrom limits
to centralintenals.

Confidencdntenal (Cl) EstimationandHypothesisTestingarelike two sidesof the samecoin:
if you have oneyou have the other Technically if [[(X),u(X)] isa (1 — «)100% CI for a parameter
0, andif you defineC(6y) = {X : 6y € [I(X),u(X)]} thenthis is a critical region (seeHypothesis
Testing)for testingHy : 8 = 6, with level of significancen. The mostimportantuseof this duality is
to find a Cl: Firstfind atest(which is ofteneasieecauseave have a lot of methodgor doingthis) and
then“invertthetest”to find the correspondinCl.

It is importantto note the probability statement$or Confidencentervals concernthe probabil-
ity thatthe limits calculatedfrom datain a seriesof experimentssurroundthe true with the specified
probability This is a statemenaboutprobability of data,giventheory It is not a statementaboutthe
probabilitythatthe true valuelies within the limits calculatedor this particularexperiment(a statement
of probability of theory given data). To make sucha statementpne needsthe Bayesiandefinition of
probability asa degreeof belief, anda statemenbf ones degreeof belief in the theory (or parameter
values)prior to the measurement.

Seealso Neyman Construction,HypothesisTesting, Re-parameterizatioinvariance. Contrast
with CredibleReagion.

ConfidenceLevel
SeeConfidencdntenal.
ConfidenceLimit
SeeConfidencdntenal.
Consistency

An estimatord(X) is consistenfor aparametef if d(X) corvergesin probabilityto # asn (the
numberof samplespoesto infinity, thatis P(|d(X) — | > €) — 0 for all e > 0. Thatmeansboththe
biasandthe variancealsohave to go to 0. Estimatorsobtainedusing Bayesianmethodsor maximum
likelihoodareusuallyconsistent.
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Coverage
SeeConfidencdntenal.
CoverageProbability
SeeConfidencdntenal.
Cramér-RaoBound
SeeMinimum VarianceBound.
Credible Interval
SeeCredibleRegion.
Credible Region

In Bayesianinferencethis is ary sub-setw of the parametesspacef) of a posteriorprobability
P(6|z) having agivenprobability contents, thatis, degreeof belief A credibleregionw is definedby

/3=/MP(0|x) :/wp(mx)de.

If 8 is one-dimensionalpnespeaksf a credibleinterval The latteris the Bayesiananalogof a
confidencenterval, afrequentisiconcepintroducedoy Neymanin 1937.

Theabove specificatiorof probability contentis insuficientto fully definetheregion, evenin the
caseof asingleparameterpnemustfurtherspecifyhow to chooseamongthe classof intervals with the
correctprobability content.SeealsoHighestPosterioDensityRegion, CentralCrediblelntenal.

Default Prior

Default, referencecorventional,non-informatve etc. arenamesgivento priorsthattry to cap-
ture the notion of indifferencewith respecto entertainedhypothesesAlthough suchpriors areusually
improper(seelmproperPriors),they areoftenusefulin practiceandpracticallyunaoidablein comple
multi-parameteproblemsfor which subjectve elicitationof prior densitiess well-nigh impossible.

Distrib ution Free

A distribution, of a statistict(X), is saidto be distribution free if it doesnot dependon the
parametersf theunderlyingprobability distribution of X. The classicexampleof suchadistribution is
thatof the statistict(X) = [(X — u)/0]?, whereX ~ Gaussian(u, o) with o known andz unknawn.
Although the distribution of X dependson the two parameterg: and o the distribution of #(X), a
x? distribution, dependson neither This is a useful featurein frequentiststatisticsbecausat allows
probabilisticstatementsiboutt(X) to be transformednto exact probabilisticstatementsabouty. See
alsoAncillary Statistic.

Empirical Risk Function

In mary analysestherisk function,obtainedby averagingthelossfunctionover all possibledata,
is usuallyunknawvn. (SeeLossFunction,Risk Function.)Instead onemustmale do with only asample
{z;} of data,usuallyobtainedby Monte CarlomethodsThereforejn lieu of therisk function R (#) one
is forcedto usetheempiricalrisk function

1
N
(2

NE

Remp(0) = L(d;,9),

[
—_

whered; = d(z;) areestimate®f  andL(d;, #) is thelossfunction. Empirical risk minimizationis the
basisof mary methodsusedin dataanalysisyangingfrom simpley? basedits to thetraining of neural
networks.

Ensemble

Onewould be hard-pressetb find this termusedby statisticians But onewould be evenharder
pressedo exciseit from the physicsliterature! In the contet of statistics,an ensemblds the set of
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repeatedrials or experimentspr their outcomesTo defineanensembl®nemustdecidewhataspect®f
anexperimentarevariableandwhataspectarefixed. If experimentsareactuallyrepeatedo difficulty
arisesbecausehe actualexperimentsconstitutethe ensemble A difficulty ariseshowever, if oneper
formsonly asingleexperiment:In thatcase pecaus¢heensemblés now anabstractiontheembedding
of theexperimentin anensembldecomes matterof debate

Theensemblealefinitionis necessaryfor example,to write simulationsthatevaluateuncertainties
in frequentiserrorcalculationsandassuchtypically requiresdefinitionof therelevantmodeldeadingto
probability densitiegp(z|0) for the contrituting processesandthe StoppingRule for datatakingwhich
defineshow eachexperimentin the ensembleends.SeealsoStoppingRule, LikelihoodPrinciple.
Estimate

Seeestimator
Estimator

Any procedurethat provides estimatesof the value of an unknavn quantity§. In simple cases,
estimatorsare well-definedfunctionsd(X) of randomvariablesX. In high enegy physics,they are
oftencomplicateccomputemprogramsvhosebehaiour, in generalcannotbe summarizealgebraically
Whena specificsetof datax areenterednto thefunctiond(X') oneobtainsanestimated = d(x) of the
valueof theunknavn quantity.
Evidence

Givenprior P(0|M) = p(0| M )dé for model M, characterizetby parameteré andthelikelihood
L(0) = p(z|6, M), theevidencep(z| M) for themodelM is givenby

pla|M) = [ p(alo, M)p(6|M)do.

Thisis avery importantquantityin Bayesiannference.SeealsoModel Comparison.
Exchangeability

Exchangeableventsarethosewhoseprobabilityis independentf the orderin which they occur
The correspondingonceptin frequentiststatisticsis that of independenthandidentically distributed
events. In Bayesiarstatistics,de Finetti's theoremmalkesa connectiorbetweerdegreeof belief proba-
bilities andclassicalfrequeng probabilities.If the numberof successfubutcomess S andthe number
of trials T, thetheoremstateghatunderrathergenerakonditions thelimit

lim S/T —r

T—00

existswith probability 1 for any exchangeablsequencef events.For afuller discussionseefor exam-
ple O’Hagan,Kendalls AdvancedTheoryof Statistics Volume2B: Bayesiarinference Edward Arnold
(1994). Seealsoiid, Law of Large Numbers.

Expectation

&.[*] is theexpectatioror averaging opemator with respecto thevariablez. Givenafunction f(z)
its expectations

&)= [ 1)

wherep(z) is theprobabilitydensityof z. In frequentisinferencez is arandomvariableX; in Bayesian
analysist canbeaparameter

Fisher Information

Considerthe probability densityp( X |#), whereboth X and® may be multi-dimensional Define
therandomvector®(X) = % In p(X|0). TheFisherinformation(matrix) is definedby

J(0) = ex[0(X)O(X)T].
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Example:Let X ~ Poisson(6) = exp(—0) 8% /X!; thenO(X) = X2, Therefore J(0) = £x[(£;%)%]
1/6; J ! is thevarianceof the Poissordistribution.

SeealsoLikelihood,Jefreys’ Prior, Minimum VarianceBound,andQuadratid_ossFunction.
Flat Prior

An attemptat specifyinga default prior with minimal structureby specifyingthatthe prior prob-
ability is independenof the parametewalue. It hasthe seductve appealbf mathematicasimplicity, but
hidessomepitfalls, encapsulateth the question:*flat in whatvariable?”If theflat prior representgour
actualsubjectve prior knowledgeof valuesof possibleparametersyou shouldbereadyto answer‘why
flat in massyratherthancrosssection,In(tan3), or Poissormean?”If you areconsistentyou shouldre-
expresgqtransform)your flat prior to othervariablesby multiplying by a Jacobianflat priorsin different
variablesexpressinconsistenstatesof prior knowledge. Sometry to justify this choice,in a particular
variable,by finding numericalsimilaritiesof credibleintenals or limits to confidencantervals, despite
the differentinterpretationf theseintenvals. Any attemptto estimateprobabilitiesor calculatelimits
by “integratingthe likelihoodfunction” hasimplicitly assumedh flat prior in a particularvariable,and
almostcertainlyis thenvulnerableto makinginconsistent(but Bayesiandegree-ofbelief) probability
statementsjependingon which parameterizationf thelikelihoodfunctionis chosen.

Seealso,BayesianDefault Prior, ImproperPrior, Prior Density Re-parameterizatioimvariance.
Frequentist

The schoolof statisticsthatis basedon therelativefrequencyinterpretatiorof probability whose
adwocatesincludedBoole, Venn, Fisher Neymanand Pearson.This schoolseesno logical distinction
betweerprobabilityandfrequeng.
GoodnesdOf Fit

SeeP-value.
Highest Posterior Density (HPD) Region

The smallestcredibleregion with a given probability content3. (SeeCredibleRegion.) In one
dimensiorthis regionis found by minimizing thelengthof theintenal [a, b] definedby

5= [ pOla)do.

Accordingto thisdefinition,disjointregionsarepossiblaf theposteriomprobabilityis multi-modal.HPD
regions are not invariantundera changeof variable: a probability integral transformof the posterior
densitywould renderthe posteriorflat, ratherhinderingthe choiceof a HPD region. SeealsoCentral
Crediblelnterval, ProbabilityIntegral Transform Re-parameterizatiomvariance.

HypothesisTesting

A hypothesigs a statemengtiboutthe stateof nature often abouta parameterHypothesigesting
compareswo hypotheses;alledthenull hypothesisi, andthealternatve hypothesisH; . A hypothesis
may be simple,suchas Hy : p = 0.5, or compoundsuchas H, : p < 0.5. In practiceHj is usuallya
simplehypothesisvhereasH; is oftencompound.Thenull hypothesiss theboring, blandexplanation.
The alternatve hypothesiss why you did the research:the more interestingand exciting possibility
for which evidencemustbe offered. Nature,alas,is not constrainedo be describedby either of the
hypothesesinderconsideration.

A hypothesigestis aprocedurehatdecidesvhetherH, or H; istrue. Thesubspacef thesample
spaceor which Hy is rejectedis calledthe critical region (or therejectionregion). Whenperforminga
hypothesigestwe facethefollowing possibilities:
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True Stateof Nature
Decisionmadeby hypothesigest | Hj is true Hy isfalse
Fail to rejectHy (“Accept” Hy) correctdecision Typell error(falsenegative),
with probability 8
RejectH, (“Accept” Hy) Typel error(falsepositive), | correctdecision
with probability

The probability « is calledthe significanceof the test;1 — g is calledthe power of thetest. If H; is
compoundthe power is afunctionof thetrue parameterMore lateron why onecanonly “Accept”, not
simply Accept,hypotheses.

Thelogic of hypothesidestingis asfollows: ChooseH,, Hy, « andthetestprocedure.ldeally
theseshouldbe chosenbeforelooking at the data,althoughthis is often not practical. The choiceof
« shouldbe madeby consideringhe consequencesf committingthe type | error (suchasclaimingto
have discoveredanew decaymodethatreally doesnotexist) or thetypell error(suchasnotpublishinga
discorery andthenhave the glory go to somebodyelse).Thecrucialpoint hereis thatmakinga: smaller
usuallymeangyettingalarger 3.

One very important,and often overlooked, point in hypothesigestingis the role of the sample
size. What canwe concludeafter we performeda hypothesigest,andfailed to reject Hy? Thereare
two possibilities:either Hy is actuallytrue (andwe shouldaccepit), or we did not have the samplesize
necessaryo rejectit. As anillustration of the role of the samplesize considerthis mini MC: generate
n obserationsfrom a normaldistribution with mean0.1 andvariancel. Thendo the standardestfor
Hy:p=0vs. Hy: p#0,usinga = 0.05. Repeathis 500 timesandcheckhow often Hy, which we
know is wrong,is actuallyrejected.Theresultis asfollows:

samplesizen 10 20 30 40 50 60 70 80
% thatcorrectlyrejectHy, 29 60 79 90 93 97 98.6 98.8

Clearlywhetherwe rejectthe null hypothesiglependsiery muchon the samplesize. In reallife,
we never know why we failed to reject Hy andsothe terminology“failedto rejectHy” really is more
correctthan“acceptH,”.

SeealsoNeyman-Pearsoiiest,SimpleHypothesis.

iid A setof measurementareiid (identicallyandindependentlyistributed)if they areindependentand
all governedby the sameprobability distribution.

Impr oper Prior

A prior densityfunction that cannotbe normalizedto unity. A flat prior densityover aninfinite
domainis anexampleof animproperprior.

Indicator Function

Any functionI(z, ..), of oneor morevariablesthatassume®nly two values,0 or 1, depending
on the valuesof the variables.An exampleis the Kronecler §(i, j), whichis equalto 1 if i = j and0
otherwise Anotheris the Heaviside stepfunction h(x), whichis 1 if z > 0, 0 otherwise.

Invariance
SeeRe-parameterizatiolmvariance.
Jeffreys’ Prior
Jefreys suggestedhefollowing generaddefault prior density

basedon the Fisherinformation J(6). (SeeFisherinformation.) It is re-parameterizatiomvariantin
the sensehatif onetransformsfrom 6 to the new setof variables¢ the Jefreys priors w(¢) and«(6)
arerelatedby the Jacobiarof the transformation.Many differentargumentsyield this prior. (See,for
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example,Kullback-LieblerDivergence.) However, while it works extremelywell for one-dimensional
problemstypically, it is lessthansatisfctoryin higherdimensions.

Use of this prior may violate the Likelihood Principle, asthe form taken by Jefreys’ Prior can
dependon the stoppingrule. For example,the binomial and negative binomial distributions produce
differentJefreys’ priors,eventhoughthey produceik elihoodswhich areproportionalto eachother

Jefreys also had madeother suggestiongor priors in specific cases(location parametersfor
example).Confusingly theseotherspecificsuggestiongwhich mayconflictwith thegeneratule above)
arealsosometimeseferredto asJefreys’ prior or Jefreys’ rule.

SeealsoStoppingRule, Re-parameterizatiomvariance Lik elihoodPrinciple.
Kullback-Liebler Divergence

This is a measureof the “dissimilarity”, or divergence,betweentwo densitieswith the property
thatit is zeroif andonly if thetwo densitiesareidentical. Giventwo densitieg (X |6) andq(X|¢), the
Kullback-Lieblerdivergenceis givenby

D(plla) = [ p(X16) Wip(X|6)/a(X|$)ldX.

BecauseD(p||q) is not symmetricin its agumentst cannotbe interpretedasa “distance”in the usual
sense.However, if the densitiesp andq are not too different, thatis, ¢(X|¢) = p(X|0 + A6), it is
possibleto write D(p||q) ~ 3A6T J(9)A8, which may be interpretedas the invariantdistancein the
parametespacebetweenthe densities(Vijay Balasubramaniaradap-og/960100). The metric turns
out to be the Fisherinformationmatrix J(#). Consequentlyit follows from differentialgeometrythat
theinvariantvolumein the parametespaces just /.J (#) df, which we recognizeasnoneotherthanthe
Jefreys prior. SeealsoJefreys Prior.

Law of LargeNumbers

Thereare several versionsof the weakandstronglaws of large numbers.We shall considerone
versionof theweaklaw. Theweaklaw of largenumberss thestatementirst provedby Jalob Bernoulli,
abouttheprobability thattheratio of two numbersnamelythenumberof successfubutcomesS overthe
numberof independentrials T", corvergesto the probability p of asuccessassuminghatthe probability
of successés the samefor eachtrial. The statements

Ve> 0, Prob(lp— S/T| >€) > 0as T — .

In words: The probabilitythat.S/T deviatesfrom p goesto zeroasthe numberof trials goesto infinity.
A sequencehat convergesin this manneris said to corverge in probability. This theoremprovides
the connectiorbetweerrelative frequenciesS/T andprobabilitiesp in repeatedxperimentsin which
the probability of successloesnot change. While the theoremprovides an operationaldefinition of
the probability p, in termsof S/T, it leaves un-interpetedthe probability “Proh” Note thatit is not
satishctoryto interpret‘Prob” in the sameway asp because¢hatwould entailaninterpretatiorof p that
is infinitely recursve. For this reasonBayesiansarguethat“Prob” is to be interpretedassomesort of
degreeof beliefaboutthe statemenS/T — p asT — co.

The stronglaw of large numberdgs similar to the weakin thatit is a statemenaboutthe corver
gencein probability of S/T to p, exceptthatthe corvergencein probabilityis to unity ratherthanzero.
(Seefor example,E. Parzen ModernProbability Theoryandlts Applications(Wiley, New York, 1992),
Chapterl10.)

Lik elihood

Thecommonnotationfor alikelihoodis L(#) = p(z|#), foundby evaluatinga probability density
function p(X|0) at the obsered dataX = z. Note the distinction betweenthe probability density
functionp(X1@), whichis a function of therandomvariable X andthe parametes, andthelikelihood
function L(0), which, becausehe dataarefixed,is afunctionof & only. In practice the structureof the
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probability calculusis often clearerusingthe notationp(z|0) ratherthan L(0); contrastp(f|z)p(z) =
p(z]0)p(0) with p(0|z)p(z) = L(0)p(0). If z aremultipleiid obserations thelikelihoodmaybewritten
asaproductof pdf's evaluatedattheindividual obserationsz;. Thelikelihoodconceptwaschampioned
by Fisher In the methodof MaximumLikelihood,thevalueof the parameteat whichthelikelihoodhas
amodeis usedasanestimateof theparameterBecausef theirgoodasymptotigropertiesfrequentists
oftenusemaximumlik elihoodestimatorsSeel.ik elihoodRatio, Lik elihoodPrinciple,andcontrastwith
PosterioMode.

Lik elihood Principle

The principle that inferencesoughtto dependonly on the dataobsered andrelevant prior in-
formation. Thusary two choicesof pdf (probability model)which producethe sameor proportional
likelihoodsshould,accordingto the Lik elihoodPrinciple,producethe sameinference.

Acceptancef this principledoesnotimply thatonemust,of necessityesches ensemblesindeed,
ensemblesnustbe consideredn thedesignof experimentstypically, to testhow well aprocedurepeit
frequentistor Bayesianmight be expectedto performon the average.But ensemblesrenot neededo
effectaninferencein methodssuchasstandardayesianinference thatobey the LikelihoodPrinciple.
Frequentismethodssuchasuseof minimum varianceunbiasedestimatorsviolate the Lik elihood Prin-
ciple. This canbe seenby examiningthe definition of bias,which involves Expectationover all values
of z of the valuesof the statistic. This averageincludesp(z|6) for valuesof = otherthanthatactually
obsered,andthusnotpartof thelikelihood. SeealsoEnsembleStoppingRule,andJefreys’ Prior.

Lik elihood Ratio
L(H1)

Theratioof two likelihoods: ()" Likelihoodratiosareimportantin mary statisticaprocedures,
suchastheNeyman-Pearsotestof simplehypothesesH; andH,. SeealsoNeyman-Pearsomest,Prior
andPosteriorOdds,SimpleHypothesis.

LossFunction

Any functionthatquantifiesthelossincurredin makinga decision,suchasdeciding,givensome
data,on a particularvaluefor anunknavn parameterin practice thelossfunction £(d, ) is afunction
of theestimator/(X') andtheunknavn quantityé to beestimatedThelossfunctionis arandomvariable
by virtue of its dependencen the randomvariabled(X). For a specificexample,seeQuadraticLoss
Function.

Mar ginal Distrib ution
Givenary distribution p(X, Y’) themaginal distribution is

p(X) = [ p(x,V)a.

Mar ginalization

Summatioror integrationover oneor morevariablesof a probabilitydistribution or density Such
a procedurdollows directly from the rulesof probability theory In Bayesianinferenceit is the basic
techniquefor dealingwith nuisanceparameters), in a posteriorprobability density

plbla) = [ p(0.X)ax

thatis, oneintegratesthemout of the problemto arrive atthe maginal posteriordensityp(é|z).

Mean
Thefirst moment,aboutzero,of adistribution p(X)

Mean= /Xp(X)dX.
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Median

For aone-dimensionallistribution, the medianis the point at which the distribution is partitioned
into two equalparts.

Minimum Variance Bound
A lower boundon thevarianceof anestimatoybasedn the FisherInformation.

The Fisherinformation describesn somesensethe informationin a (prospectre) dataset. As
such,it providesa boundon thevarianceof anestimatord for a parametef of theform

Vx[d] > (1+ 0b/06)*/ J(6) ,

whereb is thebiasof theestimator Thatis, theparameteis betterestimatedvhenthe Fisherinformation
is larger (for exampleif more measurementare made). The FisherInformation, from its definition,
is clearly relatedto the (expected)curvature of the likelihood function, and is thus sensitve to how
well-definedis the peakof the likelihoodfunction (particularfor a maximumlikelihood Estimator).In
the multidimensionalcase,one comparesdiagonalelementsof the covariancematrix and the Fisher
Information. SeealsoFisherinformation,Variance Bias,andQuadraticLossFunction.

Mode

The point at which a distribution assumests maximumvalue. The modedependsn the metric
chosenSeeRe-parameterizatiomvariance.
Model

A modelis the abstracunderstandingf underlyingphysicalprocessegeneratingsomeor all of
the dataof a measurementA well specifiedmodelcanbe realizedin a calculationleadingto a pdf.
This might follow directly if the modelis simple, suchasa processsatisfyingthe assumptiongor a
Poissondistribution; or indirectly, via a Monte Carlo simulation, for a more complex modelsuchas
p(x]0), 0 = Mp;qe45, for anumberof potentialHiggsmassesSeealsoModel Comparison.
Model Comparison

The useof posteriorprobabilitiesP(M;|z) to ranka setof models{M;} accordingto how well
eachis supportedy theavailabledataz. The posteriorprobabilitiesaregivenby

p(z|M;) P(M;)
PMile) = S~ Pty

wherep(z|M;) is the evidencefor model M; and P(M;) is its prior probability Seealso, Model,
EvidenceandPosteriorOdds.

Moment
Therth momentA/, (a), aboutthe pointa, is definedby

My(a) = [ (X = a) p(X)dX.

Neyman Construction

The methodby which confidencentenals are constructed (See,for example,the discussionin
G. FeldmamandR. CousinsPhys.Rev. D57, 3873(1998),0r the Statisticssectionof the currentReview
of Particle Propertiespublishedby the Particle Data Group.) The theoryof confidencentenals was
introducedby JerzyNeymanin aclassic1937paper

Neyman-RearsonTest

A frequentisttestof a simplehypothesisH, whoseoutcomeis eitherrejectionor non-rejection
of Hy (for example,thatanobserationis from a signalwith aknow pdf). Thetestis performedagainst
an alternatve simple hypothesisH; (for example,that the obseration is dueto a backgroundwith a
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known pdf). For two simplehypotheseshe Neyman-Pearsotestis optimalin the senseahatfor agiven
probability o to commitatypel error, it achieresthe smallestpossibleprobability 5 to committypell
errors.(SeeTypel andTypell Errors.)

Theteststatisticis theratio of probabilitydensities

p(X|H1)
MO = DX o)
Thecritical region is definedby C = {X : A(X) > k} with the significanceor sizeof the testgiven
by « = P(X € C|H,), supposingH, to betrue. The basisof the testis to include regions of the
highest\ (ratio of probability densities)irst, addingregionsof lower valuesof A until the desiredsize
is obtained. Thus, nowhereoutsidethe critical region, where Hy would fail to be rejected,is the ratio
p(X|H1)/p(X|Hy) greatetthanin thecritical region. Thetest,basednalikelihoodratio, is notoptimal
if the hypothesearenotsimple.SeealsoHypothesisTesting,SimpleHypothesis.

NuisanceParameter

Any parametewhosetruevalueis unknavn but which mustbe excisedfrom the problemin order
for aninferenceon the parameteof interestto be made.For example,in anexperimentwith imprecisely
known backgroundthatlatteris a nuisancegparameter

Null Hypothesis
SeeP-value,HypothesisTesting,andNeyman-Pearsoifiest.
OccamFactor

In Bayesianinference the Occamfactoris a quantitythatimplementsOccams razor: “Plurality
shouldnt be positedwithout necessity”(William of Occam,1285-1349). Basically keepit simple!
Considerthe evidencep(z|M) = [ p(z|0, M)p(0|M)dé. Let p(z|0, M) bethe valueof the likelihood
L(#) = p(z|0, M) atits mode. Supposehatthe likelihoodis tightly pealed aboutits moded with a
width Af. We canwrite theevidenceas

p(z|M) ~ p(z|6, M) x p(6] M)Ab.

Thefactorp(é|M)A9 is calledthe Occamfactor. Complex modelstendto have prior densitiesspread
over largervolumesof parametespaceandconsequentlgmallervaluesof p(6|M). Ontheotherhand,a
modelthatfits thedatatoowell tendsto yield smallervaluesof Af. TheOccamfactoris seerto penalize
modelsthatareunnecessarilgomple or thatfit the datatoo well.

From the form of the Occamfactorone may be temptedto concludethat the absolutevalue of
the prior densityis important. This is not so. Whatmattersis that prior densitieshe correctlycalibrated
acrosghe setof modelsunderconsiderationThatis, theratio of prior densitiesacrossanodelsmustbe
well-defined.SeealsoModel, Model Comparison.

P-value

The probability that a randomvariable X could assumea value greaterthanor equalto the ob-
senedvaluez. Considera hypothesisH, obsered dataz anda probability densityfunctionp(X |H)
thatis contingenton the hypothesideingtrue. We supposeahatX > z representsaluesof X thatare
judgedmoreextremethanthatobsered—usually thosevaluesof X thatrenderthe hypothesisH less
likely. Thep-valueis definedby

p= /:o p(Y|H)dY.

P-valuesare the basisof a frequentistprocedurefor rejecting H: Before an experiment,decideon a
significancex; performthe experiment;if p < a—implying thatthe dataobsered are consideredoo
unlikely if H is true—onerejectsthe hypothesisiH. A hypothesighatcanberejectedaccordingto this
protocolis calleda null hypothesis
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A significancetestrequiresone to decideaheadof time the value 2y of X, with significance
a = [~ p(Y|H)dY, suchthatif the obseredvaluez > x, the hypothesiss to berejected. Clearly
thisis equialentto rejectionwhenp < a.

Note thatsmallerp-valuesimply greaterevidenceagainsthe hypothesidbeingtested.Notealso,
that a goodnesof fit testis just a particularapplicationof a significancetest. “Goodnessof fit” is a
misnomerbecausea significancaestprovidesevidenceagainstanentertainedypothesisd. Sowhatto
doif p > « or equivalentlyz < z,? Do anotherexperiment,sinceonemayonly concludethatthe data
andthetesthave failedto rejectthe hypothesis The questionis not the naturalone“Doesthe curve fit?”
but rather‘Doesthe curve not fit?”!

Thereis an (unfortunatelywidespreadjncorrectapplicationof the p-value. Using the p-value
approacho hypothesigesting,which is what statisticiansadwocate requiresthe analystto worry about
thelevel of significancex. Indeed,decidingon an« is the very first thing oneneeddo do, evenbefore
ary dataare analyzedor maybeeven beforeary dataare taken. For example,an experimentshould
decideaheadof time whatlevel of significances requiredto claim a certaintype of discovery. It is not
correctto dotheanalysisfind p = 0.0012, say andthendecidethatthis is suficient to reject Hy. What
the p-value addsto the processs anideaof how closeonegot to rejecting Hy insteadof failing to do
so,or vice versa.lf onedecidedbeforehandthatanappropriatex is 0.005, andthenfindsp = 0.0007,
one can be much more certainof not committing a type | error (rejectinga true hypothesis)han if
p = 0.0041, but, in eithercase onewouldrejectHy. SeealsoHypothesisTesting.

Pivotal Quantity

A function of dataandparametersvhosedistribution, given the parametersgoesnot dependon
the valueof the parametersf the samplingdistribution . ExampleSupposehat X ~ Gaussian(u, o),
with meany andknown standardieviation o. Thedistribution of the statistict(X) = [(X — p)/0)? (a
x? variate)is independentf 4. Thereforet(X) is a pivotal quantityfor x ando, but notanancillary
statistic,becauset includesy ande in its definition. Any ancillary statisticis alsoa pivotal quantity
but not vice versa;ancillary statisticsare muchrarer Pivotal quantitiesmay be usefulin generating
Confidencd.imits. SeealsoAncillary Statistic.

Posterior Density
GivenalikelihoodL(#) = p(x|0) andprior densityp(#), the posteriordensity by Bayestheorem,

p(0la) = —LOWO)___palop(0)

JL(O)p(0)do [ p(x|0)p(6)do
whereé represent®neor moreparameterspneor moreof which could be discrete.ExampleSuppose
thatthelikelihooddependon threeclasseof parametersé;, A; andM;, whered;, the parametersf
interestand)\;, thenuisancegarametergyertainto modelM;. Theposteriordensityin this cases given

by

is

_ L(6;, Aj, M;)p(0;, A, M;)

Plir X, Mile) = X5 S S L(65, Aj, My)p(05, Az, Mj)dA;d6;
Theposteriordensitycanbe mamginalizedto obtain,for example the probability P(M;|z) of model},
givendataz. SeeMarginalization,Model.
Posterior Mean

Themeanof a posteriordensity SeeMean.
Posterior Median

Themedianof a posteriordensity SeeMedian.
Posterior Mode

The modeof a posteriordensity;it is nearthe maximumof thelikelihoodif the prior densityis
flat nearthe peakof thelikelihood. SeeMode.
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Posterior Odds
Given modelsM; and M, with posteriorprobabilitiesP(M;|z) and P(M,|x), respeciiely, the
posterioroddsis theratio
P(Mi|z) _ p(z|M;) P(M;)
P(Mjlz)  p(z|M;) P(M;)
Thefirstratio ontheright, thatof theevidencep(z| M;) for modelM; to theevidencep(z| M) for model
M;, is calledthe BayesFactor. Thesecondatio, P(M;) to P(M;), is calledthePrior Odds In words

Posteriorodds= Bayesfactorx Prior odds

Seealso,Model, Evidence.
Power
Theprobabilityto rejectfalsehypothesesSeealsoHypothesisTesting.
Predictive Density
The probability densityto obsere datay given that one hasobsered dataz. The predictve
densityis givenby
pllo) = [ p(310)p(0l2)dp,

wherep(0|z) is the posteriorprobability densityof the parameter®. The predictive probability finds
applicationin algorithms,suchasthe Kalmanfilter, in which onemustpredictwherenext to searchor
data.
Prior Density or Prior

Theprior probability (andprior densityfor thecaseof continuougparametersjescribeknovledge
of the unknawn hypothesisor parameterbeforea measurementlf onechoosedo expresssubjectve
prior knowledgein a particularvariabler(6), thencoherencempliesthatonewould expressthatsame
knowledgein a differentvariableby multiplying by the Jacobian:7(¢) = =(0)96/9¢. Specification
of prior knowledge can be difficult, and even controrersial, particularly whentrying to expressweak
knowledgeor indifferenceamongparametersSeealsoBayesianDefault Prior, Flat Prior, OccamFactor
Re-parameterizatiolmvariance.

Prior Odds
SeePosteriorOdds.
Probability
Probabilityis commonlydefinedasa measure?(A) onasetA € S thatsatisfiesheaxioms
1. P(A) >0 VA.
2. P(S)=1.
3. P(UA]') =3 P(Aj), if A; ﬂAj = @ fori # j.
A measureroughlyspeakingjs areal-\aluednumberthatassignsa well-definedmeaningto the size of
aset.Probabilityis anabstractiorof which thereareseveralinterpretationsthe mostcommonbeing
1. Degreeof belief,
2. Relatve frequeng.

Statisticiansometimesienotearandomvariableby anuppercassymbol X andaspecificvaluethereof
by its lowercasepartnerz. For example,p(X) represents function of the randomvariable X while
p(z) representds valueat the specificpoint X = .
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Abst@act notation Description

P(A) Probabilityof A

P(AB) Probabilityof A and B
P(A+ B) Probabilityof A or B
P(A|B) Probabilityof A given B.

Thisis calleda conditionalprobability:
P(A|B) = P(AB)/P(B)
P(B|A) = P(AB)/P(A)
which leadsto Bayes’theorem:
P(B|A) = P(A|B)P(B)/P(4)

Concetenotation Description

P(X10) = p(X|0)dX p(X]0) is aprobabilitydensityfunction (pdf);
P(X6) is aprobability

X ~ p(X16) meanghatthevariableX is distributed
accordingto thepdf p(X6).

Probability Integral Transform
For acontinuousandomvariable,a (cumulatve) distribution function

X
R=F(X|6)= [ p(YIo)ay,
—0o0

mapsX into anumberR betweer) and1 by knowledgeof thedensityp(X|0). If the X aredistributed
accordingto p(X|0), the R aredistributeduniformly. Soif the pdf is known in onechoiceof variable,
one canusethat knowvledgeto transform(choosea new variable)in which the pdf is flat. A statistic
formedby applyingthis transformto obserationssatisfieghedefinitionof Pivotal Quantity andassuch
canbeusefulfor calculatingconfidencentenals. Suchatransformatioralsomaybeusedio mapdataof
potentiallyinfinite rangeinto afinite range which maybe corvenientduringmultidimensionabnalyses.
Theinversion(often numerical)of this transformis a commontechniquein Monte Carlo generatiorof
randomvariates astheinversemapsa uniform randomnumberr; into anvaluez; with thedistribution
p(z]0). SeealsoPivotal Quantity HighestPosterioDensity

Profile Lik elihood

Givena likelihood L(9, >‘); which is a function of the parametef and one or more parameters
A, the profile likelihoodis L(8, ) where ) is the maximumlikelihood estimateof the parametersh.
Theprofile likelihoodis usedin circumstances which the exacteliminationof nuisancegparameterss
problematicasis true,in generaljn frequentisinference.
Quadratic LossFunction
Thisis definedby
‘C(da 0) = (d - 0)27

whered is anestimatorof §. Thecorrespondingisk function,€x[(d — #)?], obtainedby averagingwith
respecto anensemblef possibledataX, is calledthe meansquareerror Its squarerootis calledthe
root meansquareg(RMS). This is onemeasurdthe mosttractable)of averagedeviation of anensemble
of estimatedgrom thetruevalueof a parameterThe RMS, biasandvariancearerelatedasfollows

RMS? = Ex[(d — 0)?] = b*(0) + Vx (d).

SeealsoBias, Variance.
Re-parameterizationInvariance

This propertyholdsif a procedures metric independentthatis, it producesequvalentresults,
no matterwhich variableis chosenfor the analysis. For example,invarianceholdsif a procedurefor
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obtainingan estimatef, in a new variable, producesan estimateg(d), where ¢(9) is a new variable
whichis a(possiblynonlinear)functionof 8. More fundamentallyprobabilitydensitiedransformby the
Jacobianp(z) = p(w)0w/dz, sothatthe probability (integralsover the density)for regionscontaining
valuesof z areequalto the probabilitiesfor regionscontainequialentvaluesw(z), assumings andz
arerelatedby a oneto one,monotonictransformation However, the valuesof the densitieshemseles
atequivalentpointsarenotthe same.

Physiciststendto place more emphasison this propertythando statisticians:we aretrying to
understandhature,anddont wanta particularchoiceof coordinateso changeour conclusions.Max-
imum Likelihood Estimatorshave the property: the value of the likelihooditself is unchangedy re-
parameterizationf.(¢) = L($(0)); andsincedL/0¢ = (0L/00)00/0¢, zerosof the deriative occur
at the correspondinglaces. By construction frequentistConfidencdntenals alsohave this property:
the Neyman Constructionbegins with probability statementd$or rangesof measuredraluesfor z, so
with a correctchangeof variablein the densityfor z, the sameprobabilitywill be foundfor the equi-
alentregionin y(z). For Confidencentenals, that meansfor example,u(Y) = u(Y (X)) However,
the propertyof un-biased-ness notinvariantunderre-parameterizatiorfor example,the squareof the
expectationof X doesnot equalthe expectationof X2,

In the samesense,integrals on PosteriorDensities(pdf's for parametersyalculatedwith Jef-
freys’ Prior also have this property sincethis Prior transformsby a Jacobian.andthe Likelihood is
unchangedasdiscussedibore. Similarly, subjectve prior knovledgedescribedn onevariablecanbe
transformedby a Jacobiannto a correspondindPrior in anothervariable. Thus,with thesechoicesof
priors (Jefreys or subjectve knowvledge),the posteriormedian centralcredibleintervals, andary other
estimatorglefinedaspercentilepointsof the posteriordensityareinvariant. However, evenwith these
choicesof priors, posteriormeansandmodes,andHighestPosteriorDensity CredibleRegions,arenot
re-parameterizatiomvariant. SeealsoConfidencdnterval, Prior Density Jefreys’ Prior.

Risk Function

The expectationvalue, R(0) = Ex[L(d,0)], with respectto an ensembleof possiblesetsof
dataX, of thelossfunction £(d, #). Givenarisk function, the optimal estimatoris definedto be that
which minimizestherisk. In frequentisttheory the risk functionis a function of the parameteg. In
Bayesiantheory thereis a further averagingwith respecto 8, in which eachvalue of 6 is weighted
by the associategbosteriorprobability P(6|z). However, minimizing this risk functionwith respecto
the estimatord(X) is equivalentto minimizing the risk function over an ensemblecontaininga single
value X = z. Onecansummarizahe situationasfollows: frequentistisk is thelossfunction averaged
with respectto all possibledataX for fixed, while Bayesianrisk is the lossfunction averagedwith
respecto all possiblef for fixeddataX = x. Thisis anillustration of thefactthatBayesiarinference
typically obeysthelikelihoodprinciple, whereadrequentisinferencetypically doesnot. Seelikelihood
Principle.

SampleMean
Givenarandomsamplez, zo, . .. , z,, Of sizen, thesamplemeanis justtheaverage

Mn:($1+$2+“‘+$n)/na

of the sample.lts convergenceto the true meanis governedby the law of large numbers.SeeLaw Of
Large Numbers.

Sampling Distrib ution

The samplingdistribution is the (cumulatve) distribution function of a statistic,thatis, of a (pos-
sibly vectorvalued)functionof thedata.

Sampling Rule
A rulethatspecifieshov arandomsampleis to be constructed.
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SignificanceTest
SeeP-value.
Simple Hypothesis

A completelyspecifiedhypothesis.Contrastthe simple hypothesi®) = 42 with the non-simple,
thatis, compoundhypothesis# > 42. Thatan eventis dueto a signalwith a knowvn pdf with no
free parameterss a simple hypothesis. That an eventis dueto one of two backgroundseachwith a
known pdf, but whoserelatve normalizationis unknavn, is a compoundhypothesis. If the relative
normalizationof thetwo backgroundss known, thisis againa simplehypothesisSeeNeyman-Pearson
test,HypothesisTesting.

Statistic

Any meaningfulfunction of the data,suchasthosethat provide usefulsummariesfor example,
the samplemean.SeeSampleMean.

Stopping Rule

A rulethatspecifieghecriterion(or criteria)for stoppinganexperimenin whichdataareacquired
sequentially It isamatterof debatevhetheraninferenceshould,or shouldnot, dependiponthestopping
rule. Thisis relatedto the questionof how to embeda finite sequencef experimentinto anensemble.

A classicexamplearosein connectionwith the measurementf the top quark massby the D&
collaboration. The experimentalteamfound 77 events,of which about30 were estimatedo be dueto
top quarkproduction.To assessystematieffectsandvalidatethe method=f analysisrequiredtheem-
beddingof the 77 eventsinto anensembleThe conundrumwasthis: Shouldthe ensemblde binomial,
in whichthesamplesizeis fixedat 77? Or shouldit bea Poissorensemblavith fluctuatingsamplesize?
Or, thoughthis wasnot consideredshouldit be the ensemblepertainingto experimentsthat run until
77 eventsarefound, yielding a negative binomial distribution? The answey of coursejs thatthereis no
uniqueanswer Nonethelessthe choicemadehasconsequenceshe Poissonand binomial ensembles
producedifferentlikelihoods;the binomial and negative binomial produceequialentlikelihoods,but
would producedifferentconfidenceantenals.

SeealsoEnsemblel.ikelihoodPrinciple,Jefreys’ Prior.
Sufficient Statistic

If alikelihood function canbe re-written solely in termsof one or more functionst(x) of the
obsereddatar thenthet(z) aresaidto besuficient statistics.They aresuficientin thesensehattheir
usedoesnot entaillossof informationwith respecto the dataz. ExampleConsiderasamplezy, ..., z,
with likelihood function L(8) = [, exp(—0)6#%. This canbere-writtenas L(0) = exp(—n0)0™,
wherethe statistict is the samplemean. Sincethelikelihoodcanbe written solely in termsof n andt,
thesetogetheraresuficient statistics.SeealsoAncillary Statistic.

Typel and Typell Errors

Onecommitsatypel errorif atrue hypothesids rejected.A typell erroris committedif afalse
hypothesigs accepted.

Variance
Thevarianceof a quantityd, for exampleanestimatord(X), is definedby

Vx|d] = Ex[d*] — Exd],

wherefx [«] is the expectationor averaging opemtor with respecto anensemblef valuesX . Seealso
Quadratid_ossFunction.
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