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Abstract
ThestandardBayesiantreatmentof systematicuncertaintiesis to integrateout
thecorrespondingnuisanceparametersfrom thejoint posteriordensityfor all
parameters.We applythis formalismto measurementsin which thedatacan-
not distinguishbetweennuisanceparametersandparametersof interest,and
show that it leadsto posteriordensitieswith undesirableproperties.To solve
this problem,we proposeto introducecorrelationsbetweenthe parameters
of interestand the nuisanceparametersin the prior, in sucha way that the
nuisanceparameterinformationdoesnotgetupdatedby themeasurement.Fi-
nally, wedescribeamethodto replaceBayesianmarginalizationintegralsover
nuisanceparametersby convolutions over the parametersof interest. Such
convolutionsarecomputationallymoretractableandprovide insightinto some
usefulapproximations.

1 INTR ODUCTION

The Review of Particle Physics[1] describesthe following methodfor incorporatingsystematicun-
certaintiesin a Bayesiananalysis.Supposewe have a likelihood

���������
	���
expressingthe probability

densityof thedata
�

givena parameterof interest
�

anda nuisanceparameter
�
. Becausethedatacor-

relate
�

and
�
, a lack of knowledgeabout

�
givesriseto a systematicuncertaintyon

�
. If � ���
	��� is the

prior density, Bayes’theoremgivestheposteriorprobabilitydensityas:� ���
	��������� �� ���� ���������
	��� � ���
	����	 (1)

where� ���� is themarginal probabilitydensityof thedata:� ��������! "���# "�$���������
	��� � ���
	����% (2)

To obtaina probabilitydensityfor
�

only, onesimply integratesout thenuisanceparameter
�

from the
joint posterior: � ���&��������# '� � ���(	��)�����% (3)

Systematicuncertaintiesareoftensuchthatthedataalonecannotprovideindependentinformation
aboutboth

�
and

�
, asfor examplein thecaseof a crosssectionmeasurementin thepresenceof accep-

tanceuncertainties.Wediscussthisexample,andthedifficultiesit presents,in section2. Section3 offers
a solutionbasedon introducingcorrelationsbetweenparametersof interestandnuisanceparametersin
theprior. Finally, a methodby which integralsover nuisanceparametersarereplacedby convolutions
over parametersof interestis describedin section4.

2 CASE STUDY OF A CROSSSECTION MEASUREMENT WITH ACCEPTANCE UNCER-
TAINTIES

We apply themarginalizationformalismto themeasurementof a signalcrosssection* in thepresence
of + observed events, , expectedbackgroundevents,an acceptance- with uncertainty .�- , and an
integratedluminosity / . Thelikelihoodis givenby thePoissonprobabilityfor observing+ events:��� + � * 	 - 0� � *�/1-324, �5+76 8:9�;=<'>?9�@ % (4)
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For obvious reasonswe consider* theparameterof interestand - thenuisanceparameter. Thesepa-
rametersaregenerallytreatedasbeinga priori uncorrelated,sothattheir combinedprior factorizes.We
will furtherassumethattheprior for - is a truncatedGaussian,whereasthatfor * is flat:� � * 	 - �� � � *  � � - A�CBD� *  8 9FEGIHKJILMJONP JRQ GS T �)UV.�- BD� - WBA� �YX - �	 (5)

where
B

is Heaviside’s stepfunction(
BA����Y� � if

�AZ\[
, and0 otherwise),and U is a normalization

constant.Notethattheabove prior is improper(i.e. non-integrable)with respectto * .

Accordingto eq. (1), thecalculationof posteriorintervalsor upperlimits on * requiresamarginal
datadensitythatis finite. In thepresentcase,we have from eq.(2):� � + ]�^�`_a  - �cba  * ��� + � * 	 -  � � * 	 - 0� �/08M9�@ 5degf a ,

eh 6 �]_a  - �- 8 9FEG H JIL:JiNP J Q GS T �$UV.�- % (6)

Unfortunately, becauseof the �=j - factor in the integrand,this integral divergesat its lower limit (ex-
changingthe orderof integrationdoesnot remove the divergence). The posteriordensityis therefore
improperandcannotbeusedto extract intervals [2]. An obvioussolutionis to regularizethecrosssec-
tion prior by introducinga cut-off *(kml�n . Therequirement*Aop*�kml�n at theprior level thenguaranteesa
properposteriordensity, but posteriorintervalsandupperlimits will dependon * kml�n . Regrettably, users
of this methoddo notalwaysquotetheir choiceof *�kml�n , makingit difficult to interprettheir results.

In thenext subsectionswe consideralternative choicesof prior to illustratesomeissuesandmoti-
vateasomewhatdifferenttreatmentof systematicuncertaintiesin section3.

2.1 Alter native prior 1: log-normal in q , flat in r
Sincethe integrandof the marginal datadensity(6) hasa non-integrable �=j - divergenceat - �s[

, a
betterchoiceof prior might be onewhich is 0 in - �t[

, soasto cancelthe �=j - factor. A convenient
choiceof prior which satisfiesthe above condition and characterizespositive parameters,is the log-
normal(normalizedto 1 over therange

[ o3-uo � ):� � * 	 - �� � � *  � � - ��vBA� * xw T� 8M9FEG �zy { JILM|}  G-c~�� ��X]�������0�� �O�
�'� BA� - WBD� ��X - �	 (7)

where� and ~ arefunctionsof themean �- andstandarddeviation .�- of - :� �C��� �-� � 2 H .�- j �- Q � and ~ � w �g� � � 2 H .�- j �- Q � � % (8)

It is easyto verify that the resultingposteriordensityis proper, even thoughthe prior densityis still
improperwith respectto * .

Althoughoneis usuallyonly interestedin themarginalposteriordensityfor thecrosssection,it is
instructive to look at themarginal posteriordensityfor theacceptance.It canbecalculatedexplicitly:� � - � + ���w T�38 � 9 } GG 8 9 EG �zy { J
L:|}  G- � ~ � ��X������ � � 9 � G� �O� �'� BA� - WBD� ��X - �% (9)

This expressionhastwo striking aspects:it doesnot dependon the data + , andis a different function
of - thanthe prior (7). No matterhow weakthe informationcontainedin the data,the posteriorwill
never matchtheprior. This lack of consistency is dueto theimproprietyof theprior with respectto the
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crosssection* . If we regularizetheprior by introducinganuppercutoff * kml�n on thecrosssection,the
posteriorbecomes: � � - � + �� � � -  8 9�@W� 5degf a ,

e X 8 9�;��
����<'> � * kml�n /1-424,  e� *(kml�n�/�-  h 6 � 	 (10)

anddependsnow explicitly onthedata+ . For low integratedluminosity / onerecovers� � - � + m� � � -  ,
asexpected.

2.2 Alter native prior 2: Gaussianin q , Gaussianin r
Herewe settheprior for

� * 	 -  to theproductof a truncatedGaussianfor * anda truncatedGaussian
for - . Sucha prior is properwith respectto both - and * . It is not a very commonchoice,sincein
generalonewill selecta non-informative prior for thecrosssection.However, it providesa convenient
modelto studyhow informationflows from thepriorsto theposterior. In particular, we wantto contrast
situationswheretheprior informationagreeswith thedataandsituationswherethetwo arein conflict.
For theexamplesbelow we set + ��� , , � T , - a ��[I% [ T , .�- �¡[I% [M[O¢ , and / � � [M[ pb9 _ .

For thereto be no conflict betweenpriors anddata,the crosssectionprior shouldbe centered
around * a �£� + X ,  j � /1- a ¤� � %¥� pb. This is illustratedin the top two entriesof Table1 for two
differentprior uncertaintieson the crosssection,30% and5%. In both casesthe measurementaffects
only theuncertainties,notthemeanvalues.For thebottomtwo entriesof thetable,thecrosssectionprior
wasgivena meanof 7 pb in orderto demonstratetheeffect of a conflict betweenpriorsanddata.Both
posteriorsarenow shiftedwith respectto the priors. Comparingmeasurements3 and4, oneobserves
thattheacceptanceshift increasesastheprior uncertaintyon thecrosssectionis reduced.

Table1: Summaryof four measurementsof a crosssection,basedon 5 eventsobserved over an expectedbackgroundof 2

eventsin a datasampleof 100pbL E . TheacceptanceandcrosssectionpriorsaretruncatedGaussians.Measurements1 and2

illustratetheeffecton theposteriorof a reinforcementbetweendataandpriors,whereasmeasurements3 and4 show theeffect

of a conflict betweenthetwo.
Mean RMS/mean(%)

Measurement Prior Posterior Prior Posterior

1: Acceptance 0.02 0.02 30.0 27.9
Crosssection(pb) 1.5 1.5 30.0 27.9

2: Acceptance 0.02 0.02 30.0 27.6
Crosssection(pb) 1.5 1.5 5.0 5.0

3: Acceptance 0.020 0.014 30.0 41.3
Crosssection(pb) 7.0 4.9 30.0 41.3

4: Acceptance 0.020 0.010 30.0 39.2
Crosssection(pb) 7.0 6.9 5.0 5.1

2.3 Summary of prior study

Ourfirst two choicesof prior, eqs.(5) and(7), show thatimproperpriorscanleadto posteriorpathologies
suchasdivergenceor inconsistency. Nevertheless,improperpriors arewidely usedasapproximations
to properdistributionsrepresentingweakinformation. This is justifiedon thegroundsthat “if theprior
informationis weakrelative to the informationin the data,thenposteriorinferenceswill be robust to
mis-specificationof theprior” (section4.35in [3]). Fromourexampleit would thereforeappearthatan
impropercrosssectionprior is notagoodrepresentationof weakinformationwhentheacceptanceprior
givesnon-zeroprobabilityto zeroacceptance.
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On theotherhand,it is possibleto approachthis problemdifferently, namelyasthecombination
of two independentmeasurements:oneof theacceptance- , summarizedby theprior � � -  , andoneof
theexpectednumberof signalevents ¦ , summarizedby a posterior� � ¦ � +  . The latter is obtainedvia
Bayes’theoremfrom thelikelihood

� ¦F2¤, �5 8 9(§i9�@ j +76 andaprior � � ¦  . A simpleconvolutionof � � ¦ � + 
with � � -  thenyieldsthecrosssectionposterior� � * � +  . Now, it turnsout that � � * � +  remainsproper
even if � � -  is a truncatedGaussianand � � ¦  is uniform andimproper. This suggeststhata different
parametrizationof theproblemof section2 at theprior level, in termsof ¦ and - insteadof * and - ,
wouldyield amorerobustsolution.

Our lastchoiceof prior, in section2.2,demonstrateshow measurementscanupdatethenuisance
parametersin a way thatdependsnot only on thedata,but alsoon prior beliefsabouttheparametersof
interest.This is of coursetheprimaryreasonwhy onenevercaresto look atupdatednuisanceparameter
information,evenwhenthenuisanceparameteris asinterestingasthereusablecalibrationor efficiency
of aninstrument.If updatingnuisanceparameterinformationservesnopurpose,it seemsthenlegitimate
to wonderwhetherit is possibleto avoid this featurein a Bayesiananalysis,so thatall the information
in thedatais appliedonly to theparametersof interest.We look at this issuein moredetail in thenext
section.

3 THE METHOD OF POSTERIOR AVERAGING

A salientfeatureof theexamplediscussedin section2 is thatthedataonly dependsontheproductof the
crosssectionandtheacceptance.In thissectionwegeneralizethis featureby consideringmeasurements
in which thedatacannotdistinguishbetweentheparameterof interest

�
andthenuisanceparameter

�
.

In mathematicalterms,we assumethat thereexistsa function ¨ ���(	��� , independentof thedata
�
, such

thatthelikelihooddependson
�

and
�

only througḧ :���������(	����� ©������� ¨ ���
	���ª�% (11)

If thereis morethanoneparameterof interestor morethanonenuisanceparameter, weassumethat ¨ is
avectorwith thesamedimensionas

�
, andthattheJacobianof thetransformation

��« ¨ is non-singular.

In order to addressthe last issueraisedin section2, we would like to setup the measurement
problemin sucha way thatnuisanceparametersdo not getupdatedby themeasurement.Thus,givena
nuisanceprior � �¬�� , we searchfor acombinedprior � ���
	��� suchthat:�! i� � ���
	����� � �¬�� M�(® � �¬�¯������ � �¬���% (12)

With thehelpof Bayes’theorem,theequationon theright canberewritten as:°  i�$���������(	��� � ���
	���°  "� °  i�)���������(	��� � ���
	��� � � �¬���% (13)

Next, we note that undera changeof variable
��« ¨V±²¨ ���
	��� , probabilitiesremaininvariant; in

particular: � ���(	���³ i�\� � � ¨ 	���m ¨ . Equation(13)canthereforeberewritten as:°  ¨ ©������� ¨  � � ¨ 	���°  '� °  ¨ ©������� ¨  � � ¨ 	��� � � �¬���	 (14)

andis satisfiedby any � � ¨ 	��� that factorizesinto � � ¨  � �¬�� . Transformingbackto
���(	���

, thesolution
is: � ���
	����� � � ¨ ���(	���ª � �¬���´ ¨´ � 	 (15)

where ´ ¨ j ´ � is ashorthandfor theJacobianof thetransformation
��« ¨ .
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UsingBayes’theorem,themarginal posteriorprobabilityfor
�

canbewritten asfollows:� ���Y������^�# '� � ���Y�µ�I	ª�� � �¬����������! "�·¶ ©������� ¨ ���
	���ª � � ¨ ���
	���ª°  ¨"¸ ©������� ¨'¸  � � ¨"¸  ´ ¨´ �º¹ � �¬���% (16)

The expressionbetweensquarebrackets is the posteriordensityof ¨ given
�
, written asa function of�

and
�

with the help of the Jacobiań ¨ j ´ � . The marginal posteriorfor
�

is thenthe averageof this¨ posteriorover the nuisanceparameter, andwe will thereforerefer to this methodfor getting rid of
nuisanceparametersas “posterior averaging”. In a typical applicationof this formalism, one would
identify the function ¨ ���
	��� , choosea prior for ¨ , calculatethe posteriordensityfor ¨ andexpressit
in termsof

�
and

�
, andfinally averagethis posteriorover theprior nuisancedistribution. An alternate

method,appropriatewhenonehassignificantprior informationabouttheparameterof interest
�
, consists

in solvingthefollowing integral equationfor the ¨ prior:� ���"]���! "� � � ¨ ���
	���ª � �¬��$´ ¨´ � % (17)

This ¨ prior is thenhandledin thesamewayasin thefirst method.

Whencomparedwith thestandardmethodfor gettingrid of nuisanceparameters,posterioraverag-
ing hastwo mainadvantages.First, it involvesonelessintegrationin thecalculationof themarginaldata
density� ���� , makingit lesslikely to yield divergentresultswhenimproperpriorsareused.Second,it
exploits thefactthatthedatacannotdistinguishbetweenparametersof interestandnuisanceparameters
by channelingall thedatainformationinto theparametersof interest.

We emphasizethatposterioraveragingis derived from Bayes’theoremusingthe rulesof proba-
bility without any additional,externalprinciple, otherthanour methodfor choosinga prior. It canbe
appliedwhenever theconditionembodiedin eq.(11) is satisfied.

3.1 Example

We apply the posterior-averaging formalismto the exampleof section2. From the likelihood(4) it is
clear that the data + cannotdistinguishbetweenthe crosssection * andthe acceptance- . A natural
choicefor the function ¨ is thereforë

� * 	 - #� *�/�-\2\, , i.e. the expectednumberof events. An
arguablynon-informative prior for ¨ is a truncatedflat distribution from ¨ � , up to ¨ � ¨ kml�n . For the
acceptancewekeepthetruncatedGaussianprior of eq.(5). Usingeq.(15),thecombinedprior for * and- is: � � * 	 - 0� BA� * 7BA� ¨ kml�n X *�/1- X , ¨Mkml�n X , 8 9FEGIHKJILMJONP J�Q GS T �)U].�- BD� - 7BA� �
X -  /�- 	 (18)

which doesnot factorizeasa functionof * and - . Themarginal prior for * however, canbecalculated
explicitly:

� � * C� »¡BA� * ½¼¾¾¿ 8 9 � JONÀ G P J � G X 8 9 �'Á�ÂÄÃzÅ LMJONÀ G P J � GÆ � j T � - a j .Ç-  2 �����(È - aS T .�-�É 2 �����(È�Ê � *  X - aS T .�-vÉWË¥ÌÌÍ 	 (19)

Î&ÏÑÐ�Ò » ± /1- a� ¨ kml�n X ,  U M�(® Ê � *  ±CÓ Ï � È � 	 ¨ kml�n X ,*)/ É %
In the limit of small .�- this expressionreducesto a stepfunction that is non-zerofrom * �Ô[

up to* �V� ¨ kml�n X ,  j � /1- a  . Themarginal posteriordensityfor * is givenby:� � * � + Õ� �Ö BD� * Ç�#×MØ ;ÚÙa  - � *�-&/`24, �5+76 8 9 Ø ;=>º<IÛ�@ÜÙ -�/ 8 9 EG H J
L:JONP J Q GS T �)UV.�- 	 (20)
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ÎYÏgÐ�Ò Ö ± 5d egf a �h 6 � 8M9�@ , e X 8M9(Ý��
��� ¨ ekml�n � %
Although the priors (18) and (19) dependon the expectedbackground, , this dependenceis hardly
visible for large valuesof ¨ kml�n . In any case,if this is a problemonecanalwayschoosea * prior that
is independentof , andthenuseeq. (17) to extract the ¨ prior. An easiersolutionis to choosea flat
improperprior for ¨ by removing

� ¨ kml�n X ,  from the denominatorin eq. (18) and taking the limit¨Mkml�n «ßÞ
. Themarginal prior for * thenbecomesalsoimproper, while its posteriorsimplifiesto:� � * � + C� �Ö b BA� * Ç�]_a  - � *�-�/c24, �5+76 8:9 Ø ;=>º<'Û�@ÜÙ -&/ 8 9 EG H JILMJONP J Q GS T �)UV.�- 	 (21)ÎYÏÑÐ�Ò Ö b ± 8 9�@ 5degf a ,

eh 6 %
Thanksto thefactor - in theintegrandthisposterioris proper, in contrastwith thecalculationof section
2. In ref. [4], eq. (21) is incorrectlyderivedasa simpleapplicationof thetechniqueof marginalization.
The authorstartswith a properlynormalizedprobability densityfor the parametersof interest,condi-
tionalon thenuisanceparameters.Thisdensityis thenaveragedover thenuisanceprior. However, asthe
first equalityin eq. (16) indicates,Bayes’theoremrequiresthattheposteriordensityfor theparameters
of interestbeaveragedover thenuisanceposterior, not its prior. Only in specialcircumstances,suchas
thoseoutlinedat thebeginningof section3, canthetwo bemadeequal.

4 THE CONVOLUTION METHOD

In this sectionwe briefly investigatewaysto simplify computationof theposterioraveragingintegral of
eq. (16). Often, the only prior informationavailableaboutthe nuisanceparameteris its mean

�Mà
and

standarddeviation . � , anda Gaussianprior is thenassumed.Theposterioraveragingintegral therefore
takestheform: � ���&��������! "� � ���&�µ�I	ª�� 8 9FEG �âá L áÜãP á  GS T �¤. � %

(22)

Whenthedependenceof � ���Y�µ�I	ª�� on
�

is notaseasilyobtainableasits dependenceon
�
, it is tempting

to replaceeq.(22)by aGaussianconvolutionover
�
, with somewidth * to bedeterminedasafunctionof. � . A convolution will automatically“widen” theprobabilitydensityfor

�
, which is thedesiredeffect

of asystematicuncertainty. To derive suchaprocedure,oneintroducesashift function ä"å �¬æ� , definedas
follows: ç ���Y�µ� à 2 æ�	ª���� ç ��� 2Aä'å �¬æ���µ� à 	ª���	 (23)

where
ç ���&�µ�
	ª�� ± ° å9 b  "� ¸ � ��� ¸ �µ�I	ª�� . After performingthesubstitution

�¤«ßè ± � 2Aä"å �¬� X � à  , the
averagingintegral (22)becomes:� ���Y��������! "è � �¬è&�µ� à 	ª�� 8 9 EG HYé L:êÃ=Â êªë é Å Q GS T �Ç* ���
	�è'íì � 2 è X �* ���
	�è' ´ * ���
	�è'´ � î 	 (24)

where: * ���(	�è" ± è X �ä 9 _å �¬è X �" . �
% (25)

Equation(24) is a goodstartingpoint for approximations.First, notethatdueto theGaussianfactorin
eq.(22),eq.(23)only needsto holdfor

æ
valuesof theorderof a few . � ’s. If . � is smallenough,ä'å �¬æK

canbeassumedto beapproximatelylinearin
æ
, sothateq. (25)simplifiesto * ���(	�è"7� ä'å � . �� .
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A furthersimplificationoccurswhenconsideringasystematicuncertaintywhosemaineffect is to
shift thewholedensity� ���Y�µ�I	ª�� along

�
without(toomuch)distortingitsshape.In thatcaseä"å �¬æ�7��ï:ðñæ ,

with
ï

a constantindependentof
�
, andtheposteriordensitybecomes:� ���Y������ò�! "è � �¬èY�µ� à 	ª�� 8:9FEGOó êªL éô P á�õ GS T � ï . � % (26)

If on the otherhandthe systematicuncertaintyunderconsiderationmainly affects the width of� ���Y�µ�I	ª�� , then ä"å �¬æKm� X ö÷ ã Û ö ��� X �:à� , with
�Úà

thelocationparameterof � ���&�µ�I	ª�� , and:� ������������! "è � �¬è&�µ� à 	ª�� 8 9FEGºø êªL éÂ é L:ê ã Å P á�ù�áÜãÚú GS T � �¬è X � à  . � j � à % (27)

Systematicuncertaintiesthataffect boththelocationandwidth of � ���Y�µ�
	ª�� , suchasacceptanceuncer-
tainties,will give riseto non-trivial Jacobianfactorsin theconvolution integral.

Finally, we notethat in the above discussionwe have ignoredthe transformationof integration
limits. Thisobviously needsto betakeninto accountin specificapplications.
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