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Abstract
In this notewe considercoverageof confidenceintervals calculatedwith and
without systematicuncertainties.Thesecalculationsfollow the prescription
originally proposedby Cousins& Highlandbut hereextendedto accountfor
differentshapes,sizeandtypesof systematicuncertainties.Also two differ-
entorderingschemesareconsidered:theFeldman& Cousinsorderingandits
variantwhereconditioningon the backgroundexpectationis appliedaspro-
posedby Roe& Woodroofe.
WithoutuncertaintiesFeldman& Cousinsmethodover-coversasexpectedbe-
causeof thediscretenessof thePoissondistribution. For Roe& Woodroofe’s
methodwe find under-coveragefor low signalexpectations.
Whenincludinguncertaintiesit becomesimportantto definetheensemblefor
whichthecoverageis determined.Weconsidertwodifferentensembles,where
in ensembleA all nuisanceparametersarefixed andin ensembleB the nui-
sanceparametersarevariedaccordingto their uncertainties.We alsodiscuss
thesubtletiesof therealizationof theensemblewith varyingsystematicuncer-
tainties.

1 INTRODUCTION

Theincorporationof systematicuncertaintiesin thecalculationof confidenceintervals is to someextent
anunsolved problem.A semi-Bayesianmethodwhich hasa satisfactory intuitive behavior andis rela-
tively easyto computehasbeensuggestedby R. Cousins& V. Highlandin 1992[1]. Despiteattempts
[2], at presentno satisfactorysolutionexists within a completelyfrequentistframework. Coverageis
thedefiningpropertyof confidenceintervals calculatedwith frequentistmethods.Whereasfrequentist
methodsshouldgive correctcoverageby construction,Bayesianmethodswhich fulfill therequirement
of correctcoverageareusuallymucheasierto acceptby the particlephysicscommunity. Therefore,
coveragein context of Cousins& Highland(CH) typemethodsis of interest.
Coverageis only ameaningfulquantityif it is definedin termsof anensemble.A usualdefinitionis (see
e.g[3]):

An algorithmis saidto havethecorrectcoverage if it providesintervalswhich containthe“true” value
of the testedparameterin a fraction 1- � of infinitely manyidentical experiments(independentof the
testedparameter)

However, in presenceof systematicuncertaintiesit seemspracticalto relaxthisdefinitionby substituting
identical by similar. Similar heremeansthattheexperimentsareselectedrandomlyfrom adistribution
of experimentswith varyingnuisanceparameters.
In the next sectionwe will describean extensionof the CH methodandshow how coveragemay be
calculatedfor anensembleof identicalexperiments.We will thendiscusscoveragecalculationsfor the
caseof varyingnuisanceparameters.Thefinal sectionwill bedevotedto discussionandconclusions,in
particularwe will point to asubtletyof definingtheensemblewith varyingnuisanceparameters.
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2 THE GENERALIZED COUSINS & HIGHLAND METHOD

In thefollowing we will considerthecalculationof confidenceintervals for theparameter, � , of a Pois-
sondistribution with known background,

�
. Themain ideaof the CH methodis to includesystematic

uncertaintiesby integratingoveraprobabilitydensityfunction(PDF)describingtheseuncertainties.The
requiredorderingschemeis thenappliedwith aPDFwhich resultsfrom this integration.
Considerfor example(asdonein theiroriginalpaper)anuncertainty, ��� , in thesignalefficiency, � . Then
thePDFusedin theconfidencebelt constructionis modifiedto:�	��

����������� �� ��� ����

�� ��� �! #" ��

�$� �&% �'�! �!�)(+*-,/.0*�.21�3$44�5 4. (1)

The Gaussiandescribesthea posterioriprobability for the “true” efficiency �  , given the measured(or
assumed)efficiency � .
Backgrounduncertaintiescanbetaken into accountin a similar way. In thepresenceof anuncertainty,�76 , in thepredictionof thelevel of backgroundprocesses,thePDFbecomes:

�	��

� � %8� �&� �9 ��� � �6
�� �:� �  " ��

� � %;�  �<( *=,/>?*�>@1$3$44�5 4> (2)

In generalbothuncertaintiesdescribedabove andanadditionaluncertaintyin thebackgroundefficiency
arepresent.Correlationsbetweenthemmight furthercomplicatetheproblem.

2.1 POissonian Limit Estimator: POLE

POLEis a FORTRAN 77 program[4] which implementstheextendedCH methoddescribedabove. It
performsa frequentistconstructionof confidencebeltsandusesa MonteCarlo methodto performthe
integrals.At presentfollowing typesof uncertaintiesareincluded:

- Uncertaintyin thesignalandbackgroundefficienciesandcorrelations.
- Uncertaintyin thelevel of backgroundprocesses.

Thefollowing possibleformsof PDFsdescribingtheuncertaintiesareincluded:

- Gaussian(truncated)
- Flat (symmetric,asymmetric)
- Log - normal(mean/peakcenteredon 1)

Theusercanchoosebetweenthefollowing orderingschemes:

- Neyman[5]
- Neymanwith Conditioning
- Feldman& Cousins(FC) [6]
- FC with Conditioning(theRoe-Woodroofe(RW) method)[7]

Table1 shows theFC andRW intervals for two examplesof observedeventsandexpectedbackground
andfor differentvaluesof theuncertaintyin signalefficiency. Theintuitiveandgenerallyobservedeffect
of including systematicuncertaintiesis a wideningof theconfidenceintervals. Hereoneexamplewas
chosenexplicitly to illustrate the counterintuitive behavior of the Feldman& Cousinsintervals when
therearesignificantly lesseventsobserved thanbackgroundpredicted. The interval doesnot become
wider with increasinguncertainties,but narrower. Interestingly, this is not thecasefor theRW intervals.
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Table1: Examplesfor intervalswith Gaussiansystematicuncertainties.

�

denotesthenumberof
observedevents,

�
theexpectedbackground.
 � �

signalefficiency uncertainty FC RW
6 12 0 0; 1.65 0; 4.00

0.2 0; 1.50 0; 4.20
0.4 0; 1.35 0; 5.15

11 12 0 0; 5.80 0; 6.90
0.2 0; 5.85 0; 7.30
0.4 0; 6.65 0; 8.95

3 COVERAGE CALCULATION FOR STRICTLY IDENTICAL EXPERIMENTS

In caseof consideringan ensembleof strictly identicalexperiments,i.e. with the nuisanceparameters
fixed,thedistribution of experimentaloutcomes(numberof observedevents)will follow a Poissondis-
tribution,similar to thecasewithoutuncertainties.ThecoveragecanthenbecalculatedusingthePoisson
distribution (seee.g.[8] for a recentexampleof thismethod):� �BA �C� � �!�ED?FHG�D
� IJ)K L �EM LONQP L 4SR "

��

� � %;� � (3)

Thesumrunsover all 
 which give aninterval which containsthetruevalueof � . For thecoveragecal-
culationsavarietyof assumptionsonmagnitude,shapeof thedistribution andtypeof uncertaintieshave
beenconsidered.Theresultsareexemplifiedin figures1 and2. Figure1 shows thecoverageobtained
withoutuncertaintiesandwith 40% uncertainty1 in thesignalefficiency for differentassumptionsabout
theshapeof thePDF. Figure2 shows thesamefor Roe& Woodroofeintervals. The coverageof the
intervals without uncertaintiesis interestingin itself. As alsomentionedin [9] theRW intervals under-
cover for certainsignalexpectationsevenin thecasewithoutuncertainties,whereasFC is over-covering
for all consideredvaluesof thesignalexpectations.With uncertaintiesincluded,the resultsaresimilar
independentof theshapeof theuncertaintydistributions.Generally, thereis anadditionalover-coverage
asconsequenceof introducingthesystematicuncertainties.Theeffect is strongestfor theGaussianand
log-normaldistributionswhereasit is somewhatweaker for uniformly distributeduncertainties.

4 COVERAGE CALCULATION WITH MONTE CARLO EXPERIMENTS

In this sectionwe will consideradefinitionof anensembleof repeatedexperimentsmoresuitablein the
presenceof systematicuncertainties,viz. similarexperiments.Theensembleis realizedby MonteCarlo
experiments,wherefor eachexperiment:T theefficiency, �  , is randomlyselectedfrom aGaussiandistribution (seeequation1)T for eachtrial U L , �  U L is taken as meanof a Poissondistribution, " ��
 LWV U L � , from which the

“measurement”,

�
, is selected.

As opposedto thecasedescribedin section3, thePDFusedin thecoveragetestis consistentwith the
PDFusedin thecalculationof confidenceintervals.Thus,perconstruction,wedonotexpectto introduce
additionalcoverage.This is confirmedin figure3.

5 DISCUSSION & CONCLUSION

As a sideremark,it canbe arguedthat the ensembleconsideredin section3 (strictly identicalexperi-
ments)canbeinterpretedasanensemblewhich is conditionedwith respectto anancillaryparameter, in

1meaningX in caseof a GaussiandistributionandLog-normaldistributionandhalf width in caseof theflat distribution
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Fig. 1: Coverageof FC intervals for variousassumptionson signal efficiency uncertainties. The coverageobtainedwith

uncertaintiesis comparedto the one obtainedwith zero uncertainties.The plot on the lower right comparesthe coverage

obtainedfor differentshapesof PDFdescribingtheuncertainties,assumingtheir magnitudeto be40 %.
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Fig. 2: Coverageof RW intervals for variousassumptionson signal efficiency uncertainties.The coverageobtainedwith

uncertaintiesis comparedto theoneobtainedwith zerouncertainties.
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Fig. 3: MeanCoveragecalculatedfrom anensemblewith varyingsignalefficiency. Meanheretakenfor a signalexpectation

rangebetween9 and35andconstantbackgroundexpectationof egfih!j .
this casetheefficiency. Theapplicabilityof theconditionalityprinciple[9], in thiscontext is beyondthe
scopeof this contribution. However, it hasbeenestablishedin thisnote,thattheconditionalcoverageof
theCH methodis not thesameasthecoveragefor theunconditionedensembleconsidered.
It appearsto begenerallyacceptedthat,in presenceof systematicuncertainties,oneshouldconsideran
ensemblewith varyingnuisanceparameters.Thereare, however, differentwaysof realizingthisensem-
ble in thecoveragetest. We presenthereonepossibilityof varying thenuisanceparameters:picking a
new “true” efficiency every singleexperiment. In real life, this in principle implies rebuilding the de-
tectorfor eachof the repetitions.With respectto this ensemble,the CH methodis in agreementwith
frequentiststatistics.Thereis noadditionalover-coverageintroduced.
However, a typical ensembleof experimentsencounteredin particlephysicsis not onewherethe true
efficiency ( �  in equation1) variesfrom experimentto experiment,but insteadthemeasurementof the
efficiency ( � in equation1). To realizethis ensembleis computationallymorecumbersome,sincethe
constructionof confidencebeltshasto be repeatedin eachexperiment.Thereareindicationsthatwith
respectto suchan ensemblethe HC methodover-covers [11]. Preliminarytestswe madefor two sig-
nal/backgroundexpectations(truesignalequals3 and6, nobackground)supportthat. If including40 %
uncertaintiesin signalefficiency, thecoverageincreasesfrom k 92% to k 94% for required90% confi-
dencelevel. Thisseemsto indicatearathermodestadditionalovercoverage.However, conclusive results
requirea moredetailedstudyof coveragefor a rangeof signal/backgroundexpectationsandsystematic
uncertainties.
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