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Abstract

In this notewe considercoverageof confidencentervals calculatedwith and
without systematicuncertainties. Thesecalculationsfollow the prescription
originally proposedoy Cousins& Highlandbut hereextendedto accountfor
differentshapessize andtypesof systematiauncertainties.Also two differ-
entorderingschemesreconsideredthe Feldman& Cousinsorderingandits
variantwhereconditioningon the backgroundexpectationis appliedas pro-
posedby Roe& Woodroofe.

Withoutuncertainties-eldman& Cousinanethodover-coversasexpectedoe-
causeof the discretenessef the Poissordistribution. For Roe& Woodroofes
methodwe find undercoveragefor low signalexpectations.
Whenincludinguncertaintiest becomesmportantto definethe ensembldor
whichthecoverages determinedWe considettwo differentensemblesyhere
in ensembleA all nuisanceparametersarefixed andin ensembleB the nui-
sanceparametersirevariedaccordingto their uncertainties We alsodiscuss
thesubtletiesof therealizationof the ensemblevith varyingsystematiaincer
tainties.

1 INTRODUCTION

Theincorporationof systematiaincertaintiesn the calculationof confidencentervalsis to someextent

anunsohed problem. A semi-Bayesiamethodwhich hasa satishctoryintuitive behaior andis rela-

tively easyto computehasbeensuggestedy R. Cousins& V. Highlandin 1992[1]. Despiteattempts
[2], at presentno satishctory solution exists within a completelyfrequentistframenork. Coverageis

the defining propertyof confidencantenals calculatedwith frequentistmethods.Whereadrequentist
methodsshouldgive correctcoverageby construction Bayesianmethodswhich fulfill the requirement
of correctcoverageare usually much easierto acceptby the particle physicscommunity Therefore,
coveragein contect of Cousins& Highland(CH) type methodss of interest.

Coverages only ameaningfulquantityif it is definedin termsof anensembleA usualdefinitionis (see
e.g[3]):

Analgorithmis saidto havethe correctcoverage if it providesintervalswhich containthe“true” value
of the testedparameterin a fraction 1- « of infinitely manyidentical experimentyindependenbf the
testedparameter)

However, in presencef systematiaincertaintiest seemspracticalto relaxthis definitionby substituting
identical by similar. Similar heremeanghatthe experimentsareselectedandomlyfrom adistribution

of experimentswith varying nuisanceparameters.

In the next sectionwe will describean extensionof the CH methodand shav how coveragemay be
calculatedor anensemblef identicalexperiments.We will thendiscusscoveragecalculationdor the
caseof varying nuisanceparametersThefinal sectionwill be devotedto discussiorandconclusionsin

particularwe will pointto a subtletyof definingthe ensemblevith varyingnuisanceparameters.
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2 THE GENERALIZED COUSINS& HIGHLAND METHOD

In the following we will considerthe calculationof confidencentenals for the parameters, of a Pois-
sondistribution with known backgroundp. The mainideaof the CH methodis to include systematic
uncertaintiedy integratingover a probability densityfunction (PDF) describingtheseuncertainties. The
requiredorderingschemas thenappliedwith a PDFwhich resultsfrom this integration.

Consideifor example(asdonein their original paper)anuncertaintyo., in thesignalefficiency, e. Then
the PDFusedin the confidencebelt constructioris modifiedto:
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The Gaussiardescribeshe a posterioriprobability for the “true” efficiengy €, giventhe measuredor
assumedegfficiency e.

Backgrounduncertaintiecanbetakeninto accountn asimilarway. In the presencef anuncertainty
oy, in the predictionof thelevel of backgroundgrocessegshe PDFbecomes:
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In generabothuncertaintieslescribechbore andanadditionaluncertaintyin the backgroundefficiengy
arepresentCorrelationdbetweerthemmightfurthercomplicatethe problem.

g(n|s+b) =

2.1 POissonian Limit Estimator: POLE

POLEis a FORTRAN 77 program[4] which implementghe extendedCH methoddescribedabore. It
performsa frequentistconstructionof confidencebeltsand usesa Monte Carlo methodto performthe
integrals. At presenfollowing typesof uncertaintiesreincluded:

- Uncertaintyin the signalandbackgrouncefficienciesandcorrelations.
- Uncertaintyin thelevel of backgroundprocesses.

Thefollowing possibleforms of PDFsdescribingthe uncertaintiegareincluded:

- Gaussiarftruncated)
- Flat (symmetric,asymmetric)
- Log - normal(mean/peakenterecn 1)

Theusercanchoosebetweerthefollowing orderingschemes:

- Neyman(5]

- Neymanwith Conditioning

- Feldman& Cousing(FC)[6]

- FCwith Conditioning(the Roe-Wbodroofe(RW) method)[7]

Tablel shavs the FC andRW intenals for two examplesof obsered eventsandexpectedbackground
andfor differentvaluesof theuncertaintyin signalefficiengy. Theintuitive andgenerallyobseredeffect
of including systematiauncertaintiess a wideningof the confidencentervals. Here one examplewas
chosenexplicitly to illustrate the counterintuitve behaior of the Feldman& Cousinsintenals when
thereare significantly lesseventsobsered than backgroundoredicted. The interval doesnot become
wider with increasinguncertaintiesbut narraver. Interestinglythisis notthe casefor the RW intenals.
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Tablel: Exampledor intenalswith Gaussiarsystematiaincertaintiesn, denotegshe numberof
obseredevents,b the expectedbackground.

ng | b | signalefficiengy uncertainty| FC RW

6 |12 0 0; 1.65 | 0;4.00
0.2 0; 1.50 | 0;4.20
0.4 0;1.35 | 0;5.15

11]112|0 0;5.80 | 0;6.90
0.2 0;5.85| 0;7.30
0.4 0;6.65 | 0;8.95

3 COVERAGE CALCULATION FOR STRICTLY IDENTICAL EXPERIMENTS

In caseof consideringan ensembleof strictly identicalexperimentsj.e. with the nuisanceparameters
fixed, the distribution of experimentaloutcomegnumberof obsered events)will follow a Poissordis-
tribution, similarto thecasewithoutuncertaintiesThe coveragecanthenbecalculatedisingthe Poisson
distribution (seee.g.[8] for arecentexampleof this method):

(1 — a(s))catc = Z P(n|s +b) 3)

n|s€[s1,s2]

Thesumrunsover all n which give anintenal which containsthetruevalueof s. For the coveragecal-
culationsa variety of assumptionsn magnitude shapeof the distribution andtype of uncertaintiehave
beenconsidered.Theresultsareexemplifiedin figures1 and2. Figurel shavs the coverageobtained
without uncertaintiesndwith 40 % uncertainty in the signalefficiengy for differentassumptiongbout
the shapeof the PDF. Figure 2 shavs the samefor Roe & Woodroofeintenals. The coverageof the
intenals without uncertaintiess interestingin itself. As alsomentionedn [9] the RW intenals under
cover for certainsignalexpectationsvenin the casewithout uncertaintieswheread-C is over-covering
for all consideredraluesof the signalexpectations.With uncertaintiesncluded,the resultsare similar
independentf theshapeof theuncertaintydistributions. Generally thereis anadditionalover-coverage
asconsequencef introducingthe systematiaincertaintiesThe effectis strongesfor the Gaussiarand
log-normaldistributionswhereast is somevhatwealer for uniformly distributeduncertainties.

4 COVERAGE CALCULATIONWITH MONTE CARLO EXPERIMENTS

In this sectionwe will consideradefinitionof anensemblef repeatedxperimentanoresuitablein the
presenc®f systematiancertaintiesyiz. similar experiments.Theensemblas realizedby Monte Carlo
experimentswherefor eachexperiment:

e theefficiengy, ¢, is randomlyselectedrom a Gaussiaristribution (seeequationl)

e for eachtrial us, € us is taken as meanof a Poissondistribution, P(ns, us), from which the

“measurement™ng, is selected.

As opposedo the casedescribedn section3, the PDF usedin the coveragetestis consistentith the
PDFusedn thecalculationof confidencentervals. Thus,perconstructionwe donotexpectto introduce
additionalcoverage.Thisis confirmedin figure 3.

5 DISCUSSION & CONCLUSION

As a sideremark,it canbe arguedthatthe ensembleconsideredn section3 (strictly identical experi-
ments)canbeinterpretedasanensemblavhichis conditionedwith respecto anancillary parameterin

!meanings in caseof a Gaussiartistribution andLog-normaldistribution andhalf width in caseof theflat distribution
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Fig. 1: Coverageof FC intenals for variousassumptionn signal efficiengy uncertainties. The coverageobtainedwith
uncertaintiess comparedto the one obtainedwith zero uncertainties. The plot on the lower right compareghe coverage
obtainedor differentshape®f PDFdescribingthe uncertaintiesassumingheir magnitudeto be 40 %.
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Fig. 2: Coverageof RW intenals for variousassumption®n signal efficiency uncertainties. The coverageobtainedwith
uncertaintiess comparedo the oneobtainedwith zerouncertainties.
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Fig. 3: MeanCoveragecalculatedrom anensembleavith varying signalefficiengy. Meanheretakenfor a signalexpectation
rangebetweerd and35 andconstanbackgroundexpectationof b = 10.

this casethe efficiengy. Theapplicability of the conditionalityprinciple[9], in this contet is beyondthe
scopeof this contritution. However, it hasbeenestablishedn this note,thatthe conditionalcoverageof
the CH methodis notthe sameasthe coveragefor the unconditionedcensembleonsidered.

It appeardo be generallyacceptedhat,in presencef systematiancertaintiespneshouldconsideran
ensemblevith varyingnuisancegparametersThereare, however, differentwaysof realizingthis ensem-
ble in the coveragetest. We presentereone possibility of varying the nuisanceparameterspicking a
new “true” efficiengy every single experiment. In real life, thisin principle implies retuilding the de-
tectorfor eachof the repetitions. With respecto this ensemblethe CH methodis in agreementvith
frequentiststatistics.Thereis no additionalover-coverageintroduced.

However, a typical ensembleof experimentsencounteredn particle physicsis not onewherethe true
efficiengy (¢' in equationl) variesfrom experimentto experiment,but insteadthe measurementf the
efficiengy (e in equationl). To realizethis ensemblds computationallymore cumbersomesincethe
constructionof confidencebeltshasto be repeatedn eachexperiment. Thereareindicationsthatwith
respectto suchan ensemblghe HC methodover-covers[11]. Preliminarytestswe madefor two sig-
nal/backgroundxpectationgtrue signalequals3 and6, no backgroundsupportthat. If including40 %
uncertaintiesn signalefficiency, thecoveragancreasesrom ~ 92 % to ~ 94 % for required90 % confi-
dencdevel. Thisseemgo indicatearathermodestdditionalovercoverage However, conclusve results
requirea moredetailedstudyof coveragefor a rangeof signal/backgrounéxpectationsandsystematic
uncertainties.
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