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Abstract

Variousdistribution free goodness-of-fitestproceduredrave beenex-
tractedfrom literature. We presentwo new binningfree tests,the uni-
variatethree-rgion-testandthe multivariateenegy test. The power of
the selectedestswith respecto differentslowly varying distortionsof
experimentalistributionsareinvestigated Noneof thetestsis optimum
for all distortions.The enepgy testhashigh powerin mary applications
andis superiorto the x? test.

1 INTRODUCTION

Goodness-of-fifgof) testsare designedo measurdhe compatibility of a randomsamplewith a
theoreticalprobability distribution function (pdf). The null hypothesisH, is thatthe samplefol-
lows the pdf. Underthe assumptiorthatH, appliesthefractionof wrongly rejectedexperiments
- the probabilityof committinganerror of thefirst kind - is fixedto typically afew percentA test
is consideredpowerful if the probability of acceptingH, when Hj is wrong - the probability of
committinganerrorof thesecondkind - is low. Of coursewithout specifyingthealternatves,the
power cannotbe quantified.

A discrepang betweena datasampleandthe theoreticaldescriptioncan be of different
origin. The problemmay bein the theorywhich is wrong or the samplemay be biasedby mea-
suremenerrorsor by backgroundcontamination.In naturalsciencesve mainly have the latter
situation. Eventhoughthe statisticaldescriptionis the samein both caseghe choiceof the spe-
cific testmay be different. In our applicationswe are mainly confrontedwith “slowly varying”
deviationsbetweerdataandtheoreticablescriptionwhereasn otherfieldswherefor exampletime
seriesareinvestigated;high frequeng” distortionsaremorelikely.

Goodness-of-fitestsare basedon classicalstatisticalmethodsand are closely relatedto
classicalinterval estimation,but they containalsoBayesianelements.Those,however, areonly
relatedwith someprejudiceon the alternatve hypothesisvhich affectsthe purity of theaccepted
decisionsandnottheerrorof thefirst kind.

The power of onedimensionakestsis not alwaysinvariantagainsttransformationf the
variates.In morethanonedimension(numberof variates) aninvariantdescriptioris not possible.

Testsare classifiedin distribution dependentaind distribution free tests. The former are
adaptedo specialpdfs like Gaussiangxponentialor uniform distributions. We will restrictour
discussiomainlyto distribution freetestsandtestswhich canbeadaptedo arbitrarydistributions.
Herewe distinguishtestsappliedto binneddataandbinningfreetests.Thelatterarein principle
preferablebut sofarthey arealmostexclusively limited to onedimensionatistributions. A further
distinctionconcernghealternatve hypothesislUsually it is notrestrictedout thereexist alsotests
whereit is parametrized.

Physicistsendto be contentwith x? testswhich arenot necessariloptimumin all cases.
A very usefuland comprehense suney of goodness-of-fitestscanbe foundin Ref. [1] from
1986.Sincethen,somenew developmentdave occurredandtheincreasen computingpower has
openedhe possibilityto apply moreelaboratdests.

In Section2 we summarizehe mostimportanttests. To keepthis article shortwe do not
discuss testsbasedon the order statisticand spacingtests. In Section3 we introducetwo new
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teststhethreeregion testandthe enegy test. To comparehetestswe applythemin Section4 to
somespecificalternatve hypotheseswWe do not considerexplicitly compositehypotheses.

2 SOME RELEVANT TESTS
2.1 Chi-squared test

The x? testis closelyconnectedo leastsquardits with thedifferencethatthe hypothesiss fixed.
Theteststatisticis

B (¥ - 1)
:Z( 2 )

i=1

with therandomvariableY;, ¢; the expectationE(Y;) andé? theexpectationE((Y; — t;)?). Obvi-
ouslythe expectatiorvalueof x? is

E(x*)=B

In the Gaussiarapproximationy; follows a Gaussiarwith meant; andvariances? andthe test
statisticfollows a x? distribution function Fiz (x?) with B degreesof freedom.The probability of
anerrorof thefirst kind « (significanceevel, p-value)definesy with Fg(x3) = 1 — a. Thenull
hypothesiss rejectedf in anactualexperimentwe find x? > x3.

We obtainthe PearsoriestwhentherandomvariablesV; arePoissordistributed.
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In thelarge sampldimit theteststatisticy? hasapproximatelya x? distribution with B de-
greesof freedom.Whenwe have a histogramwhereatotal of N eventsaredistributedaccording
to amultinomial distribution amongthe B binswith probabilitiesp; we get
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which againfollows asymptoticallya x? distribution, this time with B — 1 degreesof freedom.
Thereducechumberof degreesof freedomis dueto theconstrain®N; = N.

Nowadays the distribution function of the teststatisticcanbe computedhumericallywith-
outmucheffort. The x? testthencanalsobe appliedto smallsamplesThe Gaussiarapproxima-
tionis nolongerrequired.

The x? testis very simpleandneedsonly limited computationapower. A big advantage
comparedo mostof the othermethodss thatis canbe appliedto multidimensionahistograms.
Therearehowever alsoseriousdravbacks:

e Its power in detectingslowly varying deviationsof a histogramfrom predictionsis rather
poordueto the neglectof possiblecorrelationdetweeradjacenbins.

e Binningis requiredandthe choiceof thebinningis arbitrary

e Whenthe statisticsis low or the numberof dimensionss high, the event numbersper bin
may be low. Thenthe asymptoticpropertiesareno longervalid andsystematiaeviations
arehiddenby statisticalfluctuations.
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Thereareproposaldo fix the bin widths by the requiremenbof equalnumberof expected
entriesperbin. Thisis not necessarilyhe optimumchoice[2]. Oftenthereareoutliersin regions
whereno eventsareexpectedwhich would be hiddenin wide bins.

For the numberof binsa dependencenthe samplesizen
B = 2n?/%

is proposedn Ref. [3]. Ourexperienceis thatin mostexperimentghe numberof binsis chosen
too high. The sensitvity to slowly varying deviations roughly goeswith B=/4 [2]. In multi-
dimensionalcasesthe pawer of the test often can be increasedby applyingit to the mamginal
distributions.

Thereis a whole classof x? like tests. Many studiescanbe foundin the literature. The
readeris referredto Ref. [3].

2.2 Binning-free empirical distribution function tests
Thetestsdescribedn this sectionhave beentakenfrom the article by Stephengn Ref. [1].

Supposinghata randomsampleof sizen is given,we form theorderstatisticX; < X, <
... < X,,. We considertthe empiricaldistribution function (EDF)

_ #of obserations < z

Fo(2) -
or
Fo(z) =0 z<Xy
Fu(r) =+ X;i <1< Xip
F,(z)=1 X,<=z
F,(z) is astepfunctionwhich is to becomparedo the distribution F'(z) correspondingo
H,.
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Fig. 1. Comparisorof empiricalandtheoreticadistributions
The EDF is consistenbindunbiased.Thetestsdiscussedn this sectionareinvariantunder

transformatiorof therandomvariable. Becausef this feature we cantransformthe distribution
to theuniform distribution andrestrictour discussiorto thelatter
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2.21 Probability integral transformation
Theprobabilityintegral transformatior(PIT)

Z =F(X)
transformsageneralpdf f(X) of X into theuniform distribution f*(Z) of Z .

ff(Z) =1, 0<z<1
F*(2) = Z

Theunderlyingideaof this transformatioris thatthenew EDF of Z, F*(Z) is extremelysimple
andthatit conseresthedistribution of thetestquantitiesdiscussedh this section.It is easilyseen
that

Fu(w) — F(z) = F(2) — 2

Note, however, thatthe PIT doesnot necessarilyconsere all interestingfeaturesof the gof
problem.Resolutioreffectsarewashedutandfor examplein alifetime distribution, anexcessof
eventsat smallandlarge lifetimes may be judgeddifferently but aretreatedsimilarly aftera PIT.
It is notlogicalto selectspecificgofsfor specificapplicationsbut to transformall kinds of pdfsto
the sameuniform distribution. The PIT is very usefulbecauseét permitsstandardizatiofout one
hasto be awareof its limitations.

2.22 Supremum statistics

The maximumpositive (negative) deviation of F,,(z) from F(z) D, (D-) (seeFig. 1) areused
astestsstatistics. Kolmogorw (Kolmogorw-Smirnor test) hasproposedo usethe maximum
absolutedifference.KuiperusesthesumV = D_ + D_. This teststatisticis usefulfor obser
vations“on thecircle” for examplefor azimuthaldistributionswherethe zeroangleis a matterof
definition.

Dy = Sgp{Fn(w)—F(w)}

D- = sup{F(z) - Fu()}

D = sup{|F,(z) — F(x)|} (Kolmogorw)
VvV = D$++D_ (Kuiper)

The supremunrstatisticsareinvariantunderthe PIT.

2.23 Integrated deviations - quadratic statistics

The Cramervon Misesfamily of testsmeasuresheintegratedquadraticdeviation of Fy,(z) from
F(z) suitablyweightedby aweightingfunction:

Q=n [ [F@ - Fa@)l y(z)dF

In the standardizedorm we have

1
=n 2 — F*(2)]2 (2)dz
Q= /0[ Fi ()2 9(2)d 1)
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Sincetheconstructiorof £} (Z) includesalreadyanintegration, F; (z;) andF;; (z;) arenot
independenandthe additionalintegrationin Equationl is not obvious.

With 9car = 1 we getthe Cramervon Misesstatistici2 and«4p = [2(1 — 2)] ! leads
to the Anderson-DarlingstatisticA2.

1
w? = n/ [z — F*(2)]* dz (Cramesvon Mises)
0
1, ()2
A% = n/ mdz (Anderson- Darling)
o 2(1-2)

The Anderson-Darlingstatistic A2 weightsstrongly deviationsnearz = 0 andz = 1. Thisis
justifiedbecaus¢heretheexperimentalleviationsaresmalldueto theconstraint$z — F;i(z)] = 0
atz =0andz = 1.

Watsonhasproposed quadraticstatisticon thecircle:

2

U2 = n/01 {F;(z) e /01 [F*(2) — 7] dz} iz (Watson)

2.3 The Neyman statistic test

This testis differentfrom all previously discussedests. It parametrizeshe alternatve hypoth-
esisandappliesthe likelihoodratio test. The alternatve hypothesiscorrespondso a pdf of the
exponentiafamily:

k
gr(z) = C(01,6,...0;) exp [Z 9i7ri(z)]

i=1

gk (z) aresmoothalternatvesto uniformity. Thefunctionsr; areLegendrepolynomialsof orders,
0; arefree parametersindC is a normalizationfunction. The numberk of parameterss selected
by theuser

Thelikelihoodratio leadsto theteststatistic

2
k n

Ne= 237 o mls)

i=1 \j=1

Asymptotically for large valuesof N, N, is distributed accordingto the x? distribution
with k£ degreesof freedom.

3 NEW TESTS
3.1 Threeregion test

Oftenexperimentalistributionsarebiasedoy anexcessor lack of eventsin certainregionsof the
randomvariable. We have designeda testwhich subdvidesthe variablespaceinto threepieces,
containingni,n2,n3 = n — n1 — ne events,suchthatthe deviation betweerdataandprediction
from Hy is maximum. Thetestquantityis

O = sup {w1 (n1 — np1)2 + wa(ng — npz)2 + ws(ns — np3)2}

n1,mn2
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wherenp,, arethe expectatiorvaluesandw; weightsdependingn np,. Thespecificchoice

1
wp = —
NPk
2 2 2
ny —n ng —n ng —n
Oy = Sup{(l 1) +(2 P2) +(3 P3) }
ni,nsg np1 np2 nps

maximizesy? of thethreebins. In the comparisorbelov we have choserweightsequalto one.
Of coursethetestcanbe generalizedo a highernumberof subrgjions.

3.2 Minimum energy test
321 Theidea

Let us assumethat we have a continuouschage distribution p(7) of positve electric chages
anda sampleof negative point chageswith total chage equalto minusthe integratedpositve
chage. The potentialenegy is minimumwhenthe negative point chagesfollow p. Then,up to
effectsdueto the discretenatureof the point chages,the chage densityis zeroeverywhere . Any
displacemenof chageswould increasehe enegy. We usethis propertyto constructa binning
freetestprocedure.

We simulatethe theoreticaldistribution by m chagesof chage 1/m each.Usually these
chagesaredistributedusinga Monte Carlosimulation.To then experimentakamplepoints(data
points)we associatehages—1/n. Thetestquantity ¢ correspondgo the potentialenegy. It
containstwo termseg1, ¢o correspondindo theinteractionof the experimentalchageswith each
otherandto theinteractionof the experimentalchageswith the positive simulationchages.

b= 3 Rldy) @
1<j
1
b= =D Rlty) ®
v
¢=¢1+ ¢2 4

Here d;; is the distancebetweentwo datapointsandt;; is the distancebetweena data
pointanda simulationpointand R is a correlationfunctiondefinedbelon. The sumsrun over all
combinations.

Remark: The minimum enegy requiremenfor the equality of experimentalandtheoret-
ical distribution is strictly correctonly whenthe numberm of simulationchagesis equalto the
numbern of experimentakchages.For the generakasewith a continuougheoreticadistribution
or simulationsampleandexperimentakampleof differentsize,theoptimumagreementf thetwo
distributionsis notwell definedandthereis a slight dependencef the minimum enegy configu-
rationon the correlationfunction. This is however a purely academigroblem,theteststatistico
remainsa powerful indicatorfor anincompatibility of the experimentalsamplewith Hy.

3.22 The correlation function

We notethat the minimum enegy configurationdoesnot dependon the applicationof the one-
overdistancepower law of electrostaticsWe mayapplyawide classof correlationfunctionsR(r)
with theonly requirementhat R hasto decreasenonotonicallywith the distancer.
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We have investigatedhreedifferenttypesof correlationfunctions,power laws, alogarith-
mic dependencandGaussians.

Rulr) = ©)
Ry(r)=—Inr (6)
Rs(r) = e 7/25%) (7)

Thefirst type is motivatedby the analogyto electrostaticsthe secondis long rangeand
thethird emphasizesa limited rangefor the correlationbetweerdifferentpoints. The power  of
thedenominatoin Equ. 5 andthe parametes in Equ. 7 may be choserdifferently for different
dimension®f thesamplespaceanddifferentapplications For long rangedistortionsasmallvalue
of k around0.1 is recommendedFor shortrangedeviationsthe testquantitywith larger values
around0.3 is moresensitve.

Theinversepower law andthe logarithmhave a singularityat » equalto zero. Very small
distanceshowever, shouldnot beweightedtoo stronglysincedistortionswith sharppeaksarenot
expectedandusuallyinhibited by thefinite experimentakesolution.We eliminatethe singularity
by introducingalower cutof d,;, for thedistances! andt. Distancedessthand,,;, arereplaced
by dmin. Thevalueof this parameters notcritical, it shouldbe of theorderof theaveragedistance
d in theregionswherethe f, is maximumandnotlessthanthe experimentakesolution.

Theenegy testwith Gaussiarcorrelationfunctionis closelyrelatedto the Pearsony? test.
A moredetaileddescriptionof the enepy testis presentedn Ref. [4].

3.3 Comparison of uni-variatetests

We have testedthe null hypothesif a uniform distribution in theintenal [0, 1] usinga uniform
distribution contaminatedy the backgroundlistributionsdisplayedn Figure?2.
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Fig. 2: Differenttypesof backgroundlistributions

BackgrounchypothesisA modifiesthe mean hypothese8, C changethevarianceof Hy.

The power of varioustestsdescribedabove is presentedn Figure3.

As expected,non of the testsis optimumfor all kind of distortions. Several testsperform
betterthanthe x? test. The Neymantest,the Anderson-Darlingestandthe Kolmogora-Smirnor
testare sensitve to a shift in the mean. Andersons testdetectsespeciallydeviations at the bor

dersof theintenal. Watsons andKuiper’s testsare usefulfor the detectionof distortionsof the
variance.Thetwo new testscompareavorably with the standardnes.
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Fig. 3: Histogramsshaw the powersof differenttestsat 5% level for the samplesizen=100.

4 MULTIVARIATETESTS

The Mardiatest[5] andthe Neymansmoothtest[6] canbe usedto investigatetwo-dimensional
Gaussiardistributions. The only distribution free testknown to us which is independenbf the
dimension®f thevariatespacds thex? test.A generalized&olmogora-Smirnor test[7] depends
on the ordering schemeof the variates. The binning free enegy testdevelopedby us is also
independentf the numberof variateshowever the distribution of teststatistichasto becomputed

for the specificsampledistribution understudy

4.1 Comparison of multivariate tests

We have useda two-dimensionalGaussiamull hypothesisandcontaminatedhe samplewith the

backgroundlistributionsshavn in Figure4.

logIN(0,1)] N(0,1)

corr=0.9

Fig. 4: Differenttypesof backgroundlistributionsin two dimensions

The power of thetwo Mardiatests,the Neymansmoothtestandthe enepgy testwith loga-

rithmic andGaussiarcorrelationfunctionis presentedn Figure5.

In mostcaseghe two enepgy testsperformbetterthanthe alternatves even thoughthose

have beendesignedor a Gaussiamull hypothesis.
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Fig. 5: Pover comparison®f testsof bivariatenormality for the samplesizen=200at 5% significancdevel.
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Fig. 6: Comparisorof experimentabistribution (squaresyvith Monte Carlosimulation(dots). Theexperimentaknegy
computedrom the scattemlot (left) is comparedo a Monte Carlo simulationof the experiment(right).

4.2 Example: Comparing experimental datato a Monte Carlo prediction

In Figure6, left handside,we comparethe positionandmomentunof afew J /4 decaytracksto
aMonte Carlosimulation. Theight handplot comparesheenegy computedrom thedistribution
ontheleft handsideto a Monte Carlo simulationof the null hypothesis.The experimentalpoint,
indicatedby the arrow, is largerthanall Monte Carlo values. Apparently the datado not follow
the prediction.
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5 CONCLUSIONS

The x? testsuffers from the requiremento choosea binning. In one dimensionit should be

replacedby the well establishedinning free testslike the Kolmogorw test. The choiceof a

specifictesthasto dependntheexpectedkind of possibladistortionof thetheoreticabistribution.

Foralocalizedbackgroundve adviseto usethenew threeregiontest. For multivariateapplications
thenew enepy testis anattractie alternatve to the y? test.
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