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Abstract
Variousdistribution free goodness-of-fittestprocedureshave beenex-
tractedfrom literature.We presenttwo new binning free tests,theuni-
variatethree-region-testandthemultivariateenergy test. Thepower of
theselectedtestswith respectto differentslowly varyingdistortionsof
experimentaldistributionsareinvestigated.Noneof thetestsis optimum
for all distortions.Theenergy testhashigh power in many applications
andis superiorto the ��� test.

1 INTRODUCTION

Goodness-of-fit(gof) testsaredesignedto measurethecompatibilityof a randomsamplewith a
theoreticalprobabilitydistribution function(pdf). Thenull hypothesis��� is that thesamplefol-
lows thepdf. UndertheassumptionthatH � applies,thefractionof wrongly rejectedexperiments
- theprobabilityof committinganerrorof thefirst kind - is fixedto typically a few percent.A test
is consideredpowerful if theprobabilityof accepting� � when � � is wrong - theprobabilityof
committinganerrorof thesecondkind - is low. Of course,withoutspecifyingthealternatives,the
powercannotbequantified.

A discrepancy betweena datasampleand the theoreticaldescriptioncanbe of different
origin. Theproblemmaybe in the theorywhich is wrongor thesamplemaybebiasedby mea-
surementerrorsor by backgroundcontamination.In naturalscienceswe mainly have the latter
situation. Eventhoughthestatisticaldescriptionis thesamein bothcasesthechoiceof thespe-
cific testmay be different. In our applicationswe aremainly confrontedwith “slowly varying”
deviationsbetweendataandtheoreticaldescriptionwhereasin otherfieldswherefor exampletime
seriesareinvestigated,“high frequency” distortionsaremorelikely.

Goodness-of-fittestsarebasedon classicalstatisticalmethodsandareclosely relatedto
classicalinterval estimation,but they containalsoBayesianelements.Those,however, areonly
relatedwith someprejudiceon thealternative hypothesiswhich affectsthepurity of theaccepted
decisionsandnot theerrorof thefirst kind.

The power of onedimensionaltestsis not alwaysinvariantagainsttransformationsof the
variates.In morethanonedimension(numberof variates),aninvariantdescriptionis notpossible.

Testsare classifiedin distribution dependentand distribution free tests. The former are
adaptedto specialpdfs like Gaussian,exponentialor uniform distributions. We will restrictour
discussionmainlyto distribution freetestsandtestswhichcanbeadaptedto arbitrarydistributions.
Herewe distinguishtestsappliedto binneddataandbinningfreetests.Thelatterarein principle
preferablebut sofarthey arealmostexclusively limited to onedimensionaldistributions.A further
distinctionconcernsthealternativehypothesis.Usually, it is not restrictedbut thereexist alsotests
whereit is parametrized.

Physiciststendto becontentwith � � testswhich arenot necessarilyoptimumin all cases.
A very usefulandcomprehensive survey of goodness-of-fittestscanbe found in Ref. [1] from
1986.Sincethen,somenew developmentshaveoccurredandtheincreasein computingpowerhas
openedthepossibilityto applymoreelaboratetests.

In Section2 we summarizethe mostimportanttests.To keepthis article shortwe do not
discuss testsbasedon the orderstatisticandspacingtests. In Section3 we introducetwo new
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tests,thethreeregion testandtheenergy test.To comparethetestswe applythemin Section4 to
somespecificalternative hypotheses.Wedonot considerexplicitly compositehypotheses.

2 SOME RELEVANT TESTS

2.1 Chi-squared test

The � � testis closelyconnectedto leastsquarefits with thedifferencethatthehypothesisis fixed.
Theteststatisticis � ��� �	 
 ��� �� 
�����
�� �� �

with therandomvariable

� 

,

��

theexpectation� �� 
�� and

� �
 theexpectation� ��� 
�����
�� � � . Obvi-
ouslytheexpectationvalueof ��� is �  � � � ���
In the Gaussianapproximation

� 

follows a Gaussianwith mean

��

andvariance

� �
 andthe test
statisticfollows a � � distribution function  �  � � � with � degreesof freedom.Theprobabilityof
anerrorof thefirst kind ! (significancelevel, p-value)defines���� with  �  ���� � �#" � ! . Thenull
hypothesisis rejectedif in anactualexperimentwe find � �%$ � �� .

WeobtainthePearsontestwhentherandomvariables& 
 arePoissondistributed.� � � �	 
 ���  & 
�����
�� ���

In thelargesamplelimit theteststatistic��� hasapproximatelya ��� distribution with � de-

greesof freedom.Whenwe have ahistogram,wherea total of & eventsaredistributedaccording
to amultinomialdistribution amongthe � binswith probabilities' 
 weget� � � �	 
 ���  & 
�� &(' 
�� �&(' 

which againfollows asymptoticallya � � distribution, this time with � � " degreesof freedom.
Thereducednumberof degreesof freedomis dueto theconstraint)*& 
 � & .

Nowadays,thedistribution functionof theteststatisticcanbecomputednumericallywith-
outmucheffort. The � � testthencanalsobeappliedto smallsamples.TheGaussianapproxima-
tion is no longerrequired.

The � � test is very simpleandneedsonly limited computationalpower. A big advantage
comparedto mostof theothermethodsis that is canbeappliedto multidimensionalhistograms.
Therearehowever alsoseriousdrawbacks:+ Its power in detectingslowly varying deviationsof a histogramfrom predictionsis rather

poordueto theneglectof possiblecorrelationsbetweenadjacentbins.+ Binning is requiredandthechoiceof thebinningis arbitrary.+ Whenthestatisticsis low or thenumberof dimensionsis high, theeventnumbersperbin
maybe low. Thentheasymptoticpropertiesareno longervalid andsystematicdeviations
arehiddenby statisticalfluctuations.
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Thereareproposalsto fix thebin widthsby the requirementof equalnumberof expected
entriesperbin. This is not necessarilytheoptimumchoice[2]. Oftenthereareoutliersin regions
wherenoeventsareexpectedwhichwouldbehiddenin widebins.

For thenumberof binsadependenceon thesamplesize ,�#�.- , �0/21
is proposedin Ref. [3]. Our experienceis that in mostexperimentsthenumberof bins is chosen
too high. The sensitivity to slowly varying deviations roughly goeswith �43 � /�5 [2]. In multi-
dimensionalcasesthe power of the test often can be increasedby applying it to the marginal
distributions.

Thereis a whole classof � � like tests. Many studiescanbe found in the literature. The
readeris referredto Ref. [3].

2.2 Binning-free empirical distribution function tests

Thetestsdescribedin thissectionhave beentakenfrom thearticleby Stephensin Ref. [1].

Supposingthata randomsampleof size , is given,we form theorderstatistic6 �87 6 � 79:9:9 7 6<; . Weconsidertheempiricaldistribution function(EDF) �; >= � � # of observations ? =,
or  ; >= � ��@ = 7 6 � A; >= � � 
; 6 
 ? = 7 6 
CB � A; >= � �#" 6<;4? = A; >= � is a stepfunctionwhich is to becomparedto thedistribution  >= � correspondingto�(� .

Fig. 1: Comparisonof empiricalandtheoreticaldistributions

TheEDF is consistentandunbiased.Thetestsdiscussedin this sectionareinvariantunder
transformationof therandomvariable.Becauseof this feature,we cantransformthedistribution
to theuniform distribution andrestrictourdiscussionto thelatter.
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2.21 Probability integral transformation

Theprobabilityintegral transformation(PIT)D �   6 �
transformsageneralpdf E  6 � of 6 into theuniform distribution E�F  D � of

D
.E F  D � � "HG @ ? D ? " F  D � � D

Theunderlyingideaof this transformationis that thenew EDF of

D
,  F  D � is extremelysimple

andthatit conservesthedistribution of thetestquantitiesdiscussedin thissection.It is easilyseen
that  �; >= �I�  >= � �  F; �J �K� J

Note,however, thatthePIT doesnotnecessarilyconserve all interestingfeaturesof thegof
problem.Resolutioneffectsarewashedoutandfor examplein a lifetime distribution,anexcessof
eventsat smallandlarge lifetimesmaybejudgeddifferentlybut aretreatedsimilarly aftera PIT.
It is not logical to selectspecificgofsfor specificapplicationsbut to transformall kindsof pdfsto
thesameuniform distribution. ThePIT is very usefulbecauseit permitsstandardizationbut one
hasto beawareof its limitations.

2.22 Supremum statistics

Themaximumpositive (negative) deviation of  ; >= � from  >= �KL B (

L 3 ) (seeFig. 1) areused
as testsstatistics. Kolmogorov (Kolmogorov-Smirnov test) hasproposedto usethe maximum
absolutedifference.Kuiperusesthesum M � L�BONPL 3 . This teststatisticis usefulfor obser-
vations“on thecircle” for examplefor azimuthaldistributionswherethezeroangleis a matterof
definition. L�B � Q0RTSUWV  A; >= �I�  >= �YXL 3 � Q0RTSU V  >= �I�  A; >= �YXL � Q0RTSU V[Z  A; >= �I�  >= � Z X (Kolmogorov)M � L�B\N]L 3 (Kuiper)

ThesupremumstatisticsareinvariantunderthePIT.

2.23 Integrated deviations - quadratic statistics

TheCramer-von Misesfamily of testsmeasurestheintegratedquadraticdeviation of  ; >= � from >= � suitablyweightedby aweightingfunction ^ :_ � ,a`cb3 b�d  >=
�I�  A; >= �fe � ^ >= ��g  

In thestandardizedform wehave_ � , ` �� d J
�  F; �J �fe � ^ �J ��g J (1)
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Sincetheconstructionof  hF;  D � includesalreadyanintegration,  hF; �J 
 � and  hF; �Jji � arenot
independentandtheadditionalintegrationin Equation1 is notobvious.

With ^lknmpo �q" we gettheCramer-von Misesstatistic r � and ^Ksut � d J� "
� J �fe 3 �

leads
to theAnderson-Darlingstatistic v � .r � � ,a` �� d J

�  F; �J �fe � g J (Cramer-von Mises)v �w� , ` �� d J
�  F; �J �fe �J� " � J � g J

(Anderson- Darling)

The Anderson-Darlingstatistic v � weightsstronglydeviationsnear
J �x@ and

J �y" . This is
justifiedbecausetheretheexperimentaldeviationsaresmalldueto theconstraintsd J

�  F; �J �fe ��@
at
J �z@ and

J �#" .
Watsonhasproposedaquadraticstatisticon thecircle:{ ��� , ` ��}|  F; �J �I� J � ` �� d  F; �J

�I� J e~g J�� � g J
(Watson)

2.3 The Neyman statistic test

This test is different from all previously discussedtests. It parametrizesthe alternative hypoth-
esisandappliesthe likelihoodratio test. The alternative hypothesiscorrespondsto a pdf of the
exponentialfamily: � i��J � �.� �� ��� � � 9:9:9 �~i ����� S]� i	 
 ��� � 
��T
 �J �f�� i��J �

aresmoothalternativesto uniformity. Thefunctions

�T

areLegendrepolynomialsof order � ,� 


arefreeparametersand � is a normalizationfunction. Thenumber� of parametersis selected
by theuser.

Thelikelihoodratio leadsto theteststatistic& i � ", i	 
 ������ ;	� ��� � 
 �J � ���� �
Asymptotically, for large valuesof & i , & i is distributedaccordingto the � � distribution

with � degreesof freedom.

3 NEW TESTS

3.1 Three region test

Oftenexperimentaldistributionsarebiasedby anexcessor lackof eventsin certainregionsof the
randomvariable. We have designeda testwhich subdividesthevariablespaceinto threepieces,
containing, ��� , � � ,�� � , � , � � , � events,suchthat thedeviation betweendataandprediction
from ��� is maximum. Thetestquantityis� ��Q0RTS;��2� ;H����� �  , � � ,�' � � � N � �  , � � ,�' � � � N � �  , � � ,�' � � � �
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where,�' i aretheexpectationvaluesand � i weightsdependingon ,�' i . Thespecificchoice� i � ",�' i��¡ � Q0R¢S;��2� ;H� |  , � � ,�' � � �,�' � N  , � � ,�' � � �,�' � N  ,�� � ,�'n� � �,�'£� �
maximizes� � of thethreebins. In thecomparisonbelow we have chosenweightsequalto one.

Of coursethetestcanbegeneralizedto ahighernumberof subregions.

3.2 Minimum energy test

3.21 The idea

Let us assumethat we have a continuouscharge distribution ¤ �¥¦ � of positive electric charges
anda sampleof negative point chargeswith total charge equalto minus the integratedpositive
charge. Thepotentialenergy is minimumwhenthenegative point chargesfollow ¤ . Then,up to
effectsdueto thediscretenatureof thepoint charges,thechargedensityis zeroeverywhere.Any
displacementof chargeswould increasethe energy. We usethis propertyto constructa binning
freetestprocedure.

We simulatethe theoreticaldistribution by § chargesof charge "j¨ § each.Usually, these
chargesaredistributedusingaMonteCarlosimulation.To the , experimentalsamplepoints(data
points)we associatecharges

� "j¨ , . The testquantity © correspondsto the potentialenergy. It
containstwo terms © �ª� © � correspondingto theinteractionof theexperimentalchargeswith each
otherandto theinteractionof theexperimentalchargeswith thepositive simulationcharges.© � � ", � 	 
>« �¬  g�
 � � (2)© � � � ",�§ 	 
 � � ¬  � 
 � � (3)© � © � N © � (4)

Here

g�
 � is the distancebetweentwo datapoints and

��
 � is the distancebetweena data
point anda simulationpoint and ¬ is a correlationfunctiondefinedbelow. Thesumsrun over all
combinations.

Remark: Theminimumenergy requirementfor theequalityof experimentalandtheoret-
ical distribution is strictly correctonly whenthenumber§ of simulationchargesis equalto the
number, of experimentalcharges.For thegeneralcasewith acontinuoustheoreticaldistribution
or simulationsampleandexperimentalsampleof differentsize,theoptimumagreementof thetwo
distributionsis not well definedandthereis a slight dependenceof theminimumenergy configu-
rationon thecorrelationfunction. This is however a purelyacademicproblem,theteststatistic ©
remainsapowerful indicatorfor anincompatibilityof theexperimentalsamplewith ��� .
3.22 The correlation function

We notethat the minimum energy configurationdoesnot dependon the applicationof the one-
over-distancepower law of electrostatics.Wemayapplyawideclassof correlationfunctions¬  ¦ �with theonly requirementthat ¬ hasto decreasemonotonicallywith thedistance¦ .
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We have investigatedthreedifferenttypesof correlationfunctions,power laws, a logarith-
mic dependenceandGaussians. ¬¯®  ¦ � � "¦ ® (5)¬¯°  ¦ � � �²±C³ ¦ (6)¬¯´  ¦ � �zµ 3T¶ � /p·¸� ´ ��¹ (7)

The first type is motivatedby the analogyto electrostatics,the secondis long rangeand
thethird emphasizesa limited rangefor thecorrelationbetweendifferentpoints.Thepower º of
thedenominatorin Equ. 5 andtheparameter» in Equ. 7 maybechosendifferently for different
dimensionsof thesamplespaceanddifferentapplications.For longrangedistortionsasmallvalue
of º around@ 9 " is recommended.For shortrangedeviationsthe testquantitywith larger values
around@ 9½¼ is moresensitive.

The inversepower law andthe logarithmhave a singularityat ¦ equalto zero. Very small
distances,however, shouldnotbeweightedtoostronglysincedistortionswith sharppeaksarenot
expectedandusuallyinhibitedby thefinite experimentalresolution.We eliminatethesingularity
by introducinga lower cutoff

g�¾K¿ÁÀ
for thedistances

g
and

�
. Distanceslessthan

g ¾K¿ÁÀ
arereplaced

by

g ¾K¿ÁÀ
. Thevalueof thisparameteris notcritical, it shouldbeof theorderof theaveragedistance

g
in theregionswherethe EH� is maximumandnot lessthantheexperimentalresolution.

Theenergy testwith Gaussiancorrelationfunctionis closelyrelatedto thePearson� � test.
A moredetaileddescriptionof theenergy testis presentedin Ref. [4].

3.3 Comparison of uni-variate tests

We have testedthenull hypothesisof a uniform distribution in the interval d @ � "
e

usinga uniform
distribution contaminatedby thebackgrounddistributionsdisplayedin Figure2.

Fig. 2: Differenttypesof backgrounddistributions

BackgroundhypothesisA modifiesthemean,hypothesesB, C changethevarianceof � � 9
Thepower of varioustestsdescribedabove is presentedin Figure3.

As expected,nonof the testsis optimumfor all kind of distortions.Several testsperform
betterthanthe ��� test.TheNeymantest,theAnderson-DarlingtestandtheKolmogorov-Smirnov
testaresensitive to a shift in themean.Anderson’s testdetectsespeciallydeviationsat the bor-
dersof the interval. Watson’s andKuiper’s testsareusefulfor thedetectionof distortionsof the
variance.Thetwo new testscomparefavorablywith thestandardones.
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Fig. 3: Histogramsshow thepowersof differenttestsat 5%level for thesamplesizen=100.

4 MULTIVARIATE TESTS

TheMardia test[5] andtheNeymansmoothtest[6] canbeusedto investigatetwo-dimensional
Gaussiandistributions. The only distribution free testknown to us which is independentof the
dimensionsof thevariatespaceis the ��� test.A generalizedKolmogorov-Smirnov test[7] depends
on the orderingschemeof the variates. The binning free energy test developedby us is also
independentof thenumberof variates,however thedistribution of teststatistichasto becomputed
for thespecificsampledistribution understudy.

4.1 Comparison of multivariate tests

We have useda two-dimensionalGaussiannull hypothesisandcontaminatedthesamplewith the
backgrounddistributionsshown in Figure4.

Fig. 4: Differenttypesof backgrounddistributionsin two dimensions

Thepower of the two Mardia tests,theNeymansmoothtestandtheenergy testwith loga-
rithmic andGaussiancorrelationfunctionis presentedin Figure5.

In mostcasesthe two energy testsperformbetterthanthe alternativeseven thoughthose
have beendesignedfor aGaussiannull hypothesis.
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Fig. 5: Power comparisonsof testsof bivariatenormalityfor thesamplesizen=200at5% significancelevel.

Fig.6: Comparisonof experimentaldistribution(squares)with MonteCarlosimulation(dots).Theexperimentalenergy

computedfrom thescatterplot (left) is comparedto a MonteCarlosimulationof theexperiment(right).

4.2 Example: Comparing experimental data to a Monte Carlo prediction

In Figure6, left handside,we comparethepositionandmomentumof a few Â ¨ ^ decaytracksto
aMonteCarlosimulation.Theright handplot comparestheenergy computedfrom thedistribution
on theleft handsideto a MonteCarlosimulationof thenull hypothesis.Theexperimentalpoint,
indicatedby thearrow, is larger thanall MonteCarlovalues.Apparently, thedatado not follow
theprediction.
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5 CONCLUSIONS

The � � test suffers from the requirementto choosea binning. In one dimensionit shouldbe
replacedby the well establishedbinning free testslike the Kolmogorov test. The choiceof a
specifictesthasto dependontheexpectedkind of possibledistortionof thetheoreticaldistribution.
Foralocalizedbackgroundweadviseto usethenew threeregiontest.Formultivariateapplications
thenew energy testis anattractive alternative to the � � test.
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