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Abstract
Finite detectorresolutionandlimited acceptancerequireoneto applyunfold-
ing methodsin high energy physicsexperiments.Informationon thedetector
resolutionis usuallygiven by a setof MonteCarlo events. Basedon theex-
periencewith awidely usedunfoldingprogram(RUN) amodifiedmethodhas
beendeveloped.

The first stepof the methodis a maximumlikelihoodfit of the Monte Carlo
distributionsto themeasureddistribution in one,two or threedimensions;the
finite statisticsof the Monte Carlo eventsis taken into accountby the useof
Barlow’s methodwith a new methodof solution.A clusteringmethodis used
beforecombiningbins in sparselypopulatedareas.In thesecondstepa regu-
larizationis appliedto thesolution,which introducesonly a small bias. The
regularizationparameteris determinedfrom the dataafter a diagonalization
androtationprocedure.

1 THE UNFOLDING PROBLEM

A standardtaskin high energy physicsexperimentsis themeasurementof a distribution
�������

of some
kinematicalquantity

�
. With anidealdetectoronecouldmeasurethequantity

�
in everyeventandcould

obtain
�������

by a simplehistogramof the quantity
�

. With real detectorsthedeterminationof
�������

is
complicatedby threeeffects:� Limited acceptance:The probability to observe a given event, the detectoracceptance, is less

than1. Theacceptancedependson thekinematicalvariable
�

.� Transformation: Insteadof the quantity
�

a different,but relatedquantity 	 is measured.The
transformationfrom

�
to 	 canbecausedby thenon-linearresponseof adetectorcomponent.� Finite resolution: Themeasuredquantity 	 is smearedout dueto thefinite resolution(or limited

measurementaccuracy) of thedetector. Thusthereis only a statisticalrelationbetweenthe true
kinematicalvariable

�
andthemeasuredquantity 	 .

The really difficult effect in the datacorrectionfor experimentaleffects,or datatransformation
from 	 to

�
is thefinite resolution, causinga smearingof themeasuredquantities.Mathematicallythe

relationbetweenthedistribution
�������

of thetruevariable
�
, to bedeterminedin anexperiment,andthe

measureddistribution 
 � 	 � of themeasuredquantity 	 is givenby theintegral equation,
 � 	 �������� 	�� ����������� d� � (1)

calleda Fredholmintegral equationof thefirst kind. In practiceoftena known (measuredor simulated)
backgroundcontribution � � 	 � hasto beaddedto theright-handsideof equation(1); this contribution is
ignoredin this paper. Theresolutionfunction

��� 	�� ��� representstheeffect of thedetector. For a given
value

�������
thefunction

��� 	�� ����� describestheresponseof thedetectorin thevariable	 for thatfixed
value

���
. Theproblemin determiningthedistribution

�������
from measureddistributions 
 � 	 � is called

unfolding; it is calledaninverseproblem.Unfolding of courserequirestheknowledgeof theresolution
function

��� 	�� ��� , i.e. all theeffectsof limited acceptance,transformationandfinite resolution.
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In addition to the imperfectionsof the detector, theremay be further effects between
�

and 	 ,
which areoutsideof the experimentalcontrol, even with an ideal detector. Oneexampleareradiative
effects,whichin experimentsareoftencorrectedafterwards(radiativecorrections), but arein theireffect
similar to detectoreffects. If the truekinematicalquantityis definedat theparton level, furthereffects
from the fragmentationprocessof partonsto the (observable)hadronsinfluencethemeasuredquantity	 . All theseeffectsareof astatisticalnature.
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measured histogram and original distribution

Fig. 1: TheMonteCarlosimulationof theeffectsof limited

acceptance,transformationand finite resolution. Shown

is the original (true) distribution (line histogram)and the

“measured”distribution (yellow/shadedhistogram).

A typical examplefor theseeffects is shown in Figure1 taken from a Monte Carlo simulation
of all threeeffects. By unfolding, an estimateof the original distribution hasto be determinedfrom
thedistortedmeasureddistribution. Detailson theMonteCarlosimulationaregiven later in Section3,
wheretheunfoldingin thisexampleis discussedin detail.

For thenumericalsolutionof equation(1) thedistributionshave to berepresentedby afinite setof
parameters.Oneposssibilityis to representthedistributionsby histograms,andtheresolutionfunction
by amatrix. Equation(1) canthenberepresentedby thematrixequation� ����� � (2)

which hasto be solved for the vector
�

, given the vector � (datahistogram). The vector � with  
elementsrepresentsa histogramof themeasuredquantity 	 , andthedistribution

�������
is representedby

a histogramof thevector
�

with ! elements.Thevariables	 and
�

maybemultidimensional,andthe
multidimensionalhistogramscanbemappedto  -bin (

�
) and ! -bin histograms( � ), respectively. The

transitionfrom
�

to � is describedby the  -by-! matrix
�

. Theelement"$#&% is relatedto theprobability
to observe anentry in histogrambin ' of thehistogram� , if thetruevalue

�
is from histogrambin ( of

thehistogram
�

. Problemswith standardsolutionsarediscussedin thenext section.

In high energy physicsexperimentstheproblemis evenmoredifficult thanin otherfields. Often
thestatisticsof themeasurementis not high andevery � -bin content(which is distributedaccordingto
the Poissondistribution aroundthe expectedvalue)hasa large statisticalfluctuation. Furthermorethe
resolutionfunction

�)��� �*	 � (or thematrix
�

) is not known analytically, but is representedby a dataset
from MonteCarlosimulationof theprocess,basedon someassumeddistribution

�
MC
�����

,
 MC
� 	 ���  ��� 	�� ����� MC

�����
d
� � (MonteCarlosimulation) (3)

andisalsostatisticallylimited. Standardmethodsfor thesolutionof integralequationsor linearequations
cannotbeusedin this case.

A simplemethodlike theso-calledbin-by-bincorrectionmaybemeaningfulif themeasurements	 arevery closeto the truevalues
�
. Realunfoldingmethods,takingall thecorrelationsinto account,

areessentialif thereare larger effectsof transformationandfinite resolution. A solution
�

hasto be

259



found, with small deviationsbetweenthe elementsof
���

andthe elementsof the actuallymeasured
histogram+ � . In themaximumlikelihoodmethoda function , �-�.� is constructedasthenegative log of
theLikelihoodfunction,whichdescribesthestatisticalrelationsbetweendataandresult:, �-�.���0/214365.78�-� � � � �9� (4)

and the minimum of , �-��� is determined.Wildly fluctuatingresults
�

connectedto large (negative)
correlationsbetweenadjacentbinsarenot acceptable.Theapproachto geta morereasonablesolution
is to imposea measureof the smoothnesson the result

�
; this methodis calledregularization. This

techniquewasproposedindependentlyby Phillips [2] andby Thikhonov [3]. For a function
�������

the
integratedsquareof thesecondderivative:;�<�=���>@? dA �

d
� ACB A d

�
(5)

is oftenusedin theregularizationwhich in the linearizedversionof theproblemcanbeexpressedby a
quadraticform

:;�-�D�.���FEFG��
with a positive-semidefinitematrix

G
(derivativesarereplacedby finite

differences).Equation(4) is thenmodifiedto theform, �-���D�H/914365�78�-� � � � ���=IKJ�L�:M�-��� (6)

with a factor
J

calledregularizationparameter.

The resultof theminimizationof themodifiedfunction , �-�N� of equation(6) will show smaller
fluctuationsthantheresultobtainedfrom equation(4) andmaybemoreusefulto comparethemeasure-
mentwith theoreticalpredictions.However it is clearthat unavoidably the regularizationintroducesa
bias.Themagnitudeof thebiasdependson thevalueof regularizationparameter

J
. A very largevalue

would resultin a linear function
�������

or distribution
�

, respectively. It is clearthatthemethodrequires
ana-priori knowledgeaboutasmoothbehaviour of

�������
. Thefunction

�
MC
�����

usedin theMonteCarlo
simulationof equation(3) is oftenvery closeto thefinal result

�������
, i.e. theratio is rathersmooth.This

suggestsexpressing
�������

in theform
�������D���

MC
�����NO2�

mult
�����

andrewriting equation(1) in theform
 � 	 �D�>QP ��� 	�� ����� MC
�����SRT�

mult
�����

d
�VU

(7)

For the discretizedform the function
�

MC
�����

can be absorbedin a redefinitionof matrix
�

and the
vector

�
is interpretedasdiscretizationof thehopefullysmoothfunction

�
mult
�����

. With this redefinition
theequation(2) canremainunchanged.TheprogramRUN [4, 5] for regularizedunfoldingis available
for almosttwo decadesandhasbeenusedin many experiments;early applicationsare[6] and[7]. It
is basedon the reinterpretationof matrix

�
and

�
, asdescribedabove, andincludesa methodfor the

determinationof theregularizationparameter
J

basedontheavailabledegreesof freedom.In themethod
describedlaterin thispapersomedetailsaretreateddifferently.

2 UNFOLDING AS AN ILL-POSED PROBLEM

Theproblemsinherentto unfoldingarediscussedin asimplespecialcase,assuminga resolutionmatrix�
with somesmearingof datainto neighbourbins. Assuminga true vector

�
the product � �W���

describesthedistribution expecteddueto themigrationeffect. With thesamedimensionsfor thevectors�
and � the matrix

�
is a squarematrix andin the examplelater in this sectionthe following simple

symmetricform is assumedfor the matrix
�

, which dependson a singleparameterX ( X = migration
parameter);for a 5-by-5matrix theform is

�Y�[Z\\\\]
^ / X X _ _ _X ^ /a` X X _ __ X ^ /b` X X __ _ X ^ /a` X X_ _ _ X ^ / X

ceddddf U
(8)
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A directsolutionfor
�

, givena measurement+� differing from theexpectation
���

with thetruevector�
by statisticalfluctuations,is possiblewith inversionof thematrix

�
:

estimate +�a�>�9g�h +� errorpropagation i � +�������2g�h i9jlk �mg�hon E U
The result hascertaingood statisticalproperties,for exampleit hasno bias: p P +�FR��q� g�h p P � R;�� g�h � p P �FRr�s�

. In practicethe result is however satisfactoryonly for a matrix
�

with dominating
diagonal;theresultlooksterrible if thematrix

�
describesa largemigrationto neighbourbins. Conse-

quentlytheproblemis calledanill-posedproblem.In thefollowing thesolutionof theequation� �����
usinganorthogonaldecompositionis discussed;thiswill allow someinsightinto theunfoldingproblem.

Thesymmetricmatrix
�

canbewrittenas �t�vu�wtu E
(9)

with a transformationmatrix
u

with property
u E ux�Hy

, anda diagonalmatrix
w

, wherethediagonal
elementsof matrix

w
aretheeigenvalues z % of matrix

�
(in theorderof decreasingvalue).Thetrans-

formationmatrix
u

containsthecorrespondingeigenvectorswith theeigenvector {|% in the ( -th column.
Theconditionnumber} of a matrix is definedby theratio of eigenvectors} � z max~ z min; thevalueof} is importantfor thequalityof unfolding(seebelow). For valuesabove X � _ U�` _ theconditionnumber} is very rapidly increasing.

A transformationof equation� ����� to a new basisis doneby multiplicationwith matrix
u E

(which is a rotationin the  -dimensionalspace):u E L0� � � ���a�vu�w�u E �KUu E �� ��� ���� � wYu E �� ��� ���� � � ��w � U
Thematrix

u
of eigenvectors{ E% allows oneto transformthevectors

�
and � to vectors� �vu E � and� �xu E � , andto transformthesevectorsbackby

����u � and � ��u � . The transformedequation� �@w � with the diagonalmatrix
w

shows, that eachof the coefficients ��% and �*% is transformed
independentlyof any othercoefficientby thesimplerelation �*% � z�% L ��% . Thisoperationdoesnotdepend
on any assumptionof the solution

�
, and dependsonly on the propertiesof the matrix

�
. Folding

(
� � � ) andunfolding ( � � �

) is multiplicationanddivision by theeigenvalues z$% , respectively, of
thecoefficientsin thetransformedspace.

In order to unfold a measuredvector � , the vector is transformedby � ��u E � to coefficients�*% , which have valuesinfluencedby statisticalfluctuationsof theelementsof vector � . In theunfolding
thecoefficients � % aredivided by theeigenvalues z % to obtain � % � � % ~ z % ; thestatisticalfluctuationof
coefficient ��% is magnifiedfor smalleigenvaluesz�% (i.e. z$%r� ^

). Eventually, for verysmalleigenvaluesz % , the final result
�W��u � will be dominatedby one or by few of the coefficients � % with small

eigenvaluesandlargestatisticalerrors,andthecompleteresultis unsatisfactory.

Example. In anumericalexamplethematrix
�

hastheform of equation(8) with  �>` _ andavalueof
themigrationparameterof X � _ U�`6` . Thefirst eigenvalueis z h � ^ U _ , andthelastoneis z A ��� ^ ~6� U�� ,
giving a conditionnumber} � � U�� . For

�
theidealdistribution of Figure2ais assumed;theunderlying

function is of the form
�������|��/ " ��� . The decompositionof the matrix

�
accordingto equation(9) is

performedandthecoefficients ��% and ��% arecalculated.Thesecoefficientsareshown in Figure3a(with��%V���*% ). In additionthis figure shows, calculatedby standarderror propagation,the almostconstant
errorlevel of thecoefficients,of thefoldeddistributionof Figure2awith Poissondistributedbin contents.
Figure3ashows that thecoefficients ��% of thetruedistribution decreaserapidly with increasingvalue (
of the index of thecoefficient, by roughly threeordersof magnitude.Thecoefficients �*% of the folded
distributiondropevenfaster, becauseit is moresmoothdueto themigrationeffect. Of coursetherelation
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Fig. 2: Original (true)distribution (a) andtwo resultsfrom unfolding ((b) and(c)). Result(b) hasbeenobtainedfrom all 20

coefficients,andfor result(c) asharpcut-off after10coefficientshasbeenapplied(i.e. thecoefficients11 to 20areignored).
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Fig. 3: The absolutevaluesof coefficients §-¨ and ©-¨ areshown for ª¬«®°¯T±²¯*³�³�³S±µ´ . The coefficients §<¨ and ©<¨ for the true

distributionandthefoldeddistribution(withoutmeasurementerrors)areshown in (a),togetherwith the(almostconstant)error

estimatefor the coefficients §<¨ calulatedby error propagation.The coefficients ©<¨ from the simulatedmeasureddistribution

areshown in (b), togetherwith the errorestimate.For ª above ¶± thesmallercoefficientsof the folded distribution become

smallerthanthestatisticalerror. In (b) thecoefficientsfor ª above ¶± aredominatedby statisticalerrorsandeventhesign is

notdeterminedby thedata.

��% ~ �*% � z�% is valid. Thelastcoefficient ��% in Figure3ais reducedto �*% by theinverseof thecondition
numberof thematrix,which is } � � U�� in this case.

Thecomponentsof thefirst eigenvector · h (eigenvalue= 1) areall thesame.Thusthecoefficients� # and � # areidentical,andproportionalto thetotalsumof themeasureddistribution,notatall influenced
by themigration.If visualizedby functions,interpolatingthecomponentstheeigenvector ·¸% (eigenvaluez % ) has ( / ^ zeros,and the curvatureof the visualizedeigenvectorsis rapidly increasingwith index( . Thecomponentsof the lasteigenvector ·C¹ have alternatingsign for thebins; it hasa smallabsolute
valueandits measuredvaluewill have a large relative statisticalerror. Thevalueof � A � is obtainedby� A ��� � U��lL � A � in unfolding,introducinga largebin-to-binoscillationinto theresultof unfolding.

In a simulation,Poissondistributedbin contentsareassumedin themeasurementvector � . The
coefficientsfor thismeasureddistributionareshown in Figure3b,togetherwith thelevel of thestatistical
error. As expectedfrom the sizeof the errors,all coefficientswith an index above about ( � ^ `

are
dominatedby thestatisticalerrorandthereforedo notsignificantlycontributeto theinformationcontent
of themeasurement.For indicesabove ( � ^ ` eventhesignof thecoefficient cannotbedeterminedby
themeasurement.

Usingall the “measured”coefficientsfor theunfolding, theresultof Figure2b is obtained.This
resultshows largefluctuationsaroundtheexpectedvaluesshown by thecurve. Thefluctuationsaredue
to thecontributionsfrom indicesabove ( � ^ ` , whichrepresentnoiseandaremagnifiedin theunfolding
becauseof thelargevaluesof their inverseeigenvalues.Theresultis clearlyunsatisfactory.

Becauseall measuredcoefficients �*% with ( aboveavalueof 12aredominatedby statisticalerrors
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(noise)their usein theunfoldingmakesno sense.A sharpcut-off afterindex ( � ^ ` or evenafterindex( � ^ _ will not remove any usefulinformationfrom themeasurement.Theunfoldingresultusingonly
measuredcoefficients � % upto ( � ^ _ is shown in Figure2c;comparedto Figure2bthelargefluctuations
aresuppressedandtheresultsseemsto beacceptable.Of coursethefinestructureof thetruedistribution
expressedby thetruecoefficients ��% with (�º ^ _ is not includedin thesolutionandthis mayrepresenta
bias.It is anunavoidablebiasbecausethesecoefficientscannotbemeasured.

Thecovariancematrix of the resultcanbecalculatedby standarderrorpropagation.However it
is clearthat thecovariancematrix is singularandhasonly rank10 in this case,becausethe20 binsare
obtainedfrom 10measuredcoefficients(10 degreesof freedom).This propertyis inherentto thecut-off
methodand to the regularizationmethod,andwasalreadymentionedin [4]. Suchsingularityof the
covariancematrixcanbeavoidedif thefinal transformationis to anumberof binsidenticalto thedegree
of freedoms;only alimited numberof binscanbeobtainedin ameasurementwith largemirationeffects.

Thismethodof usingasharpcut-off hasto becomparedto theregularizationmethod.It hasbeen
shown [4] that theuseof a regularizationfunctionof the typeof equation(5) is equivalentto a smooth
cut-off; essentiallythemeasuredcoefficients � % aremultiplied by a factordependingon thecurvatureof
theorthogonalcontributions(seeSection3).1

3 THE PROPOSEDUNFOLDING METHOD

The methodproposedhereis similar to the methodusedin RUN; the differencesareemphasizedin
this section. It is expectedthat the proposedmodificationsresultsin morestablesolutions. The pro-
posedmethodrequiresa large numberof rows andcolumnsin the resolutionmatrix

�
. Like in RUN

the regularizationis determinedby the requirednumberof degreesof freedom,which determinesthe
regularizationparameter.

Figuresin this sectionrefer to the examplealreadymentionedin Section1 In a Monte Carlo
calculationof all threeeffects, limited (

�
-dependent)acceptance,non-lineartransformationandfinite

resolutionaresimulated.Detailson thefunctionandthedistortingeffectsareidenticalto thepublished
examples[4]. In total100000“events”aresimulatedfor “data” andfor theMC definingmatrix

�
. The

input function
�

MC
�����

(equation(7)) is aconstant.

In RUN thediscretizationfor
�������

andfor
��� 	�� ��� wasdoneusingcubicB-splinefunctions;the

effect is thesameasfor simplehistograms,namely, the integral equationis transformedto a systemof
linearequations.However theelementsof thevectorsareB-splinecoefficientsinsteadof bin contents.
The advantageis that the parametrizedsolution is a smoothfunction and the curvatureasdefinedby
equation(5) canbeexactlywrittenasaquadraticform. However theaccuratedeterminationof matrix

�
requiresa goodMonteCarlostatistic.In RUN statisticalfluctuationsof theelementsof matrix

�
could

notbetreated.

Simplehistogramsareinsteadproposedhere;theelementsof thevector � arebin contents(integer
numbers).Thecurvatureof thesolutionis constructedby finite differences:thesecondderivative in bin( is proportionalto

� % g�h /»`¼� % I½� %°¾ h . In a histogramsomeresolutionis lost if bins with a width as
large asexpectedfor thefinal resolutionwould be used. It is recommendedto useinitially ! �Y`  df

bins for
�

for a final numberof degreesof freedomof  df. For 	 a larger numberof bins  ( ºH! ) is
1Sometimesthe iterative solutionof unfoldingproblemsexpressedby theequation¿�«KÀÂÁ is proposedin the literature

withoutexplicit regularization,startingfrom a “good” initial distribution for Á . Of courseequationsof this type(with a square
matrix)haveauniquesolutionanditerativesolutionsareslow comparedto thedirectsolution;afteralargenumberof iterations
with convergencethesameunsatisfactoryresultasby directsolutionwill beobtained.However in theseproposalsonly asmall
numberof iterationsis recommended.It canbe shown that iterative methodscan in fact includean implicit regularization
[8]: thereis a differentspeedof convergencefor thevariousorthogonalcontributionsandthesmallcontributionswith a small
eigenvaluewill converge very slowly. Thusafter a few iterationsthe (large) coefficientswith large eigenvaluesarealready
accurate;the remainingcoefficientsarestill almostunchangedandthus, for a stopafter few iterations,their valuesarestill
closeto thestartingvalues.Thereis of coursesomesubjectivity in stopping“early” enough.
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recommended,to avoid a lossof resolution.Thusthenumber O ! of elementsis large,anda large
sampleof MonteCarlo eventsis requiredto fill thematrix

�
. Thestatisticalerrorof theelements"$#&%

eventuallycannotbeneglected.

Standard Poissonmaximum lik elihood fit. Ignoringinitially eventualstatisticalerrorsof theelements"$#¤% the expectednumberof events in bin ' of � is given by 	6# �ÄÃ®Å% �|h "$#¤% � % . For the expected
number	6# , asgivenby this expression,theobservedvalues+	6# follows thePoissondistribution. Optimal
estimatesfor theelements

� % areobtainedby minimizing the(negative) logarithmof thetotal likelihood
with respectto theelements

� % of vector
�

, assumingthePoissondistribution:, �-���D�0/21ÇÆÉÈ8�-�����H/91ÇÆbÊ ¹Ë# �|h$Ì j¶Í � +	6# �SÎm� ¹Ï # �|h � 	6# / +	6# L²1ÇÆ 	6# ��I const. � (10)

wheretheconstanttermcontaininge.g +	6#ÑÐ canbeommited.Thisexpression(10)correctlyaccountsalso
for binswith asmallnumberof histogramentries+	 # .

An alternative would be to usethe (linear) leastsquaresmethodwith singularvaluedecomposi-
tion for the fit. However for small numberof entriesthe useof the Poissondistribution seemsto be
essential.Furthermorethediagonalizationusedlaterin themethodis almostequivalentto singularvalue
decomposition(eigenvaluesarethesquaresof thesingularvalues).

Fitting with finite Monte Carlo samples. The problemof statisticalfluctuationsof the elements"$#&%
hasbeenneglectedso far. A methodto treatthe problemwithin the maximum-likelihoodmethodhas
beendevelopedby R.Barlow andChr.Beeston[9]. In this methodthereis for eachsourcebin

� % some
(unknown) expectednumberof events

� #&% . For eachelement
� #&% thecorrespondingnumber"$#&% from the

MonteCarlosampleis generatedby a distribution which is takento bePoissontoo. Thenicefeatureof
thismethodis thatabiaswhichwouldbeintroducedby ignoringthestatisticalcharacterof thevaluesof
theelements"$#¤% is avoidedandthemaximumlikelihooderroris morerealistic.A largenumberof slack
variables(onefor eachbin) is introducedandhasto betreatedin theoptimzation.A new fastnumerical
solutionmethodhasbeendeveloped(see[1]).

Combining bins. Thelikelihoodfunctionis asumoverall bins.Combiningalmostemptybinsdoesnot
introducea systematicerror. The total numberof elementsof thematrix may be large,especiallyif

�
and/or 	 aremultidimensional,anda small numberof entries(or even zero)in an elementmay not be
uncommon.Thecombinationof almostemptybinsis donewith aclusteralgorithm,takinginto account
thedistancebetweenbinsin one,two or threedimensions.

First option: sharp cut-off of orthogonal contributions. This methodis rathersimilar to themethod
discussedin Section2. Thecomputationalproblemis to determinetheminimumof , �-��� (seeequation
(10)). Thestandarditerative methodis basedon therepresentationfor thecorrectionÒ �, � Ò ����� ^` Ò � E|Ó Ò �2I Ò � E�Ô I®UeUeU (11)

with theHessian
Ó

(matrix of secondderivativesof , � Ò ��� ) andthegradientvector
Ô

(first derivatives
of , � Ò ��� ). A Newton stepis thencalulatedfrom theequation

Ó Ò �2I Ô � _ . Convergenceis usually
fastfor goodstartingvaluesandthecovariancematrix is equalto theinverseof theHessian.Thestarting
valuescanbecalculatedby alinearleastsquarefit, basedontheapproximationof thePoissondistribution
by aGaussiandistribution for eachbin.

A sharpcut-off asdiscussedin the exampleof Section2 requiresa diagonalizationof the sym-
metric matrix

Ó
by
Ó �Õu�wtu E

with a diagonalmatrix
w

anda transformationmatrix
u

. By a
transformation(rotation)in

�
-spacelinear combinationsof the

�
-componentsareobtainedwith a dia-

gonalcovariancematrix,with variancesof thelinearcombinationsgivenby theinverseof theeigenvalues
of matrix

w
. A cut-off is doneat someindex ( followed by transformationbackto the

�
-spaceof bin

contentsusingthetransformationmatrix
u

.
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Secondoption: regularization. In this option the regularizationis basedon the secondderivative of
theresultaccordingto equation(5), whichcanbeexpressedby aquadraticform

� E GÖ�
with apositive-

semidefinitematrix
G

. In principlethesameprocedureis usedasin RUN; themathematicaldetailsare
givenelsewhere[4]. Herea simpleexplanationis givenon thestandardmathematicaloperations2 used.
Regularizationis doneby addingtheterm

J×Lo� E GÖ�
to thefunction , � Ò ��� of equation(11). Exactlyas

in thefirst optiontheHessianis diagonalized.Ó ��u9wØu E � Ó g�h ��u9w g�h u E �QÙ<u�w g�hÑÚ AµÛ ÙÇw g�hÑÚ A u E Û U (12)

Up to this stepeverythingis identicalto thecut-off option. Using transformationmatrix
u�w g�hÑÚ A the

vector
�

is transformedto linear combinations+� , which areorthogonal,with all variancesequalto 1
(unit covariancematrix). Becausethecovariancematrix is equalto theunit matrix,everyadditionalpure
rotationwill notchangethe(unit) covariancematrix. In termsof thetransformedvectortheregularization
termcannow bewritten in theform

J¬L +� E :ÉÜ +� , where
:ÉÜ

is thetransformedcurvaturematrix
G

. Now
anotherdiagonalizationcanbedoneof matrix

:ÉÜ
:J�LÝ� E GÖ� � J�L +� E G�Ü +�a�ÞJ�L +� E u9ßaà®u E ß +� (13)

with a diagonalmatrix
à

anda rotationmatrix
u ß

. This diagonalizationcanbeusedto definea pure
rotationfrom thelinearcombination+� to anotherlinearcombinationá�+� � á�a��u E ß +�KU (14)

The componentsof the new vector á� still have the unit matrix as covariancematrix. The complete
transformationfrom

�
to á� is theeffect of thetransformationby

u9w g�hÑÚ A andby
u ß

. Thealgebracan
be explainedin otherwords: the error ellipsoid relatedto the Hessianis first rotatedto have the axes
parallelto theaxesof thenew system.By achangeof thescalestheellipsoidis transformedto asphere,
whichwill remainaspherefor any furtherrotation.A lastrotationis doneto bringtheaxesinto theorder
of increasingcurvature.

10 20 30

-0.05

0

0.05

transformation vectors 3, 4 and 16â
Fig. 4: Selectedcolumn vectors of the completetrans-

formation matrix definedin the regularizationprocedure.

They correspondto thecurvatureeigenvaluesãåä<ä , ãåæ<æ andã�çéè�ê çéè . Visualizationis doneby curves interpolatingthe

components.The amplitudeassociatedwhich eachvector

all have thesamestandarddeviation of 1.

Somecolumnsof thecomplete(product)transformationareshown in Figure4. All linear com-
binationsobtainedhave thesameprecision(standarddeviation of thecoefficient is one).As seenin the
Figurelinearcombinationswith largeindex ( areoscillatingwith largeamplitude.Thediagonalelementsë %�% arethe (statisticallyindependent)contributionsof the elementsof á� to the total curvature. Sorted
accordingto increasingvalueof

ë %�% thevalueof
ë %�% will increaseratherfastwith increasingindex ( . The

spectrumof eigenvalues
ë %�% is shown in Figure5. In termsof the linearcombinationsá� regularization

is simply givenby � á� % � reg

�ì? ^^ IKJ�L¼ë %�% B � á� % � unreg

U
(15)
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Fig. 5: Theeigenvaluesafterthecurvaturetransformation.Thevaluesarevery rapidly increasingfor orthogonalcontributions

for increasingindex value(left). Theamplitudesbefore(left bars)andafter regularization(right bars).Thestatisticalerrorof

all amplitudesis equalto 1, which is indicatedby thehorizontalline. Thevertical scaleis linearat the bottomandmakesa

transitionto a logarithmicscaleat thetop (right).

andthissimpleform is thereasonfor thetransformationsmadebefore.

Determination of the regularization parameters
J
. Thefirst factors(small ( ) on the right-hand-side

of equation(15) will becloseto 1; for a value
J)� ^ ~ ë�í�í the factorwill be1/2 andfor indices(îº0ï

will rapidly decreasetowardszero.Thesumof all factorscanbecalledtheeffectivenumberof degrees
of freedom,andcanbeusedto determinethevalueof theregularizationparameter

J
from therequired

numberof degreesof freedom,i.e. theregularizationparameter
J

is determinedfrom thevalueof  df in
theequation  df

� ÅÏ% �|h ? ^^ IKJ�L¼ë %Ñ% B U
(16)

Thustherequirednumberof degreesof freedomhasto bespecifiedanddeterminesthedegreeof regu-
larization.Thisnumbercanbetakenfrom thespectrumof thecoefficientsor amplitudes,shown in Figure
5. The insignificantpart (large ( ) is clearly visible in the spectrumandseparatedfrom the significant
part (small ( ). The selectedvalueof  =ð4ñ shouldbe equalto or larger than the numberof significant
terms. The unregularizedamplitudes,which have standarddeviation one,areshown by the left bars;
amplitudesabove index 15 arecompatiblewith oneandrepresentnoise. They would however make a
large contribution to thesolution,becausethecorrespondingcolumnvectors(Figure4) arelarge. The
regularizationeffectively dampstheamplitude(right bars)aroundandabove index 15, which hasbeen
chosenas the numberof degreesof freedomhere. The significantamplitudesarenot affectedby the
regularization.

Thefinal resultof theexample(measureddistribution in Figure1) is shown in Figure6. Theleft
figure shows 30 datapointswith error barstogetherwith the original (true) distribution; within errors
theoriginal distribution is nicely reproduced.Therankof thecovariancematrix is about15,which was
chosenastheeffective numberof degreesof freedom;thusinversionof thecovariancematrix, needed
e.g. for a least-squarefit of a modelto thedata,is not possible.Althoughthe large numberof 30 data
points seemsto be attractive, the datapoints shouldbe reducedto 15 datapoints by combiningtwo
binsto one,which thenhave a full-rank covariancematrix. This setof datapointsis shown in Figure6
(right). Thebroaderbinsof this setof datapointsareaconsequenceof thelimited acceptanceandfinite
resolutionof themeasurement.

2In a publicationthe methodhasbeendescribedto “havecertain mathematicalcomplications”, but it is basedonly on
standardlinearalgebraof symmetricmatrices.
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Fig. 6: Theunfolding resultafter regularizationwith 15 degreesof freedomwith 30 bins (left) andwith 15 bins (right). For

comparisontheoriginal (true)distribution is shown by a histogram.Thedatafrom Figure1 areusedasinput.
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